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Abstract. We develop a new method for the construction of metric, probabilistic and dimensional
theories for families of representations of real numbers via studies of special mappings, under which
symbols of a given representation are mapped into the same symbols of other representation from
the same family, and they preserve the Lebesgue measure and the Hausdorff–Besicovitch dimension
(for such mappings the set of points of discontinuity can be everywhere dense). These mappings are
said to be G-mappings (G-isomorphisms of representations). Probabilistic, metric and dimensional
theories of G-isomorphic representations are identical. We show a rather deep connection between the
faithfulness of systems of coverings, generated by different representations, and the preservation of the
Hausdorff-Besicovitch dimension of sets by the above mentioned mappings.
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Q∞

Φ [0, 1]
ε > 0

[0, 1] Ej ∈ Φ |Ej | < ε [0, 1] =
⋃

j Ej

α α E
Φ

Hα(E, Φ) = lim
ε→0

⎡⎣ inf
|Ej|≤ε

⎧⎨⎩∑
j

|Ej |α
⎫⎬⎭
⎤⎦ ,

ε {Ej}
E Ej ∈ Φ

Φ M
Hα(·, Φ) α Hα(·)

n0 > 1

Hα(E) ≤ Hα(E, Φ) ≤ n0 · Hα(E), ∀E ⊂ M.



E
Φ

dimH(E, Φ) = inf{α : Hα(E, Φ) = 0}.

Φ
M
E ⊂ M

dimH(E, Φ) = dimH(E).

s
Q Q∗

infk{q0k, q(n−1)k} > 0

Q∞ I Q∞

Q∞
{qi} A

(i+1)s ≤ qi ≤ B
(i+1)s

A B

F

ϕ F1

F2

ϕ(ΔF1
α1(x)α2(x)...αk(x)...) = ΔF2

α1(y)α2(y)...αk(y)...
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I − F

t ∈ [0, 1] ΔQ̃
i1(t)i2(t)...ik(t)... Q̃ t ΔQ̃

i1(t)i2(t)...ik(t) Q̃

k t Q̃
y = F (t)

F (0) = 0 F (1) = 1
F (t) [0, 1]

Nk = {0, 1, . . . , nk} 0 < nk ≤ +∞ ΔF
i1i2...ik

:= F (ΔQ̃
i1i2...ik

)
ΔF

i1i2...ik
F k (i1i2 . . . ik) y = F (t)

F

ΔF
i1i2...ik−1

=
⋃

ik∈Nk
ΔF

i1i2...ik

ΔF
i1
⊃ ΔF

i1i2
⊃ . . . ⊃ ΔF

i1i2...in
⊃ . . .

|ΔF
i1i2...ik

| → 0 k → ∞
{ik} ik ∈ Nk

ΔF
i1

⊃ ΔF
i1i2

⊃ . . . ⊃ ΔF
i1i2...in

⊃ . . .
[0, 1]

x ∈ [0, 1)

ΔF
i1(x) ⊃ ΔF

i1(x)i2(x) ⊃ . . . ⊃ ΔF
i1(x)i2(x)...ik(x) ⊃ . . . ,

x

x =
∞⋂

k=1

ΔF
i1(x)i2(x)...ik(x) =: ΔF

i1(x)i2(x)...ik(x)....

F x
F {Nk}

Nk = {0, 1, . . . , nk} 0 < nk ≤ ∞
{Nk}

ΔF
i1 i1 ∈ N1

∣∣ΔF
i1

∣∣ = qi1 i1 ∈ N1

ΔF
i1 F

k k > 1 (k − 1) ΔF
i1i2...ik−1

ΔF
i1i2...ik∣∣∣ΔF

i1i2...ik−1ik

∣∣∣∣∣∣ΔF
i1i2...ik−1

∣∣∣ = q
(i1,...,ik−1)
ik

,
∑

ik∈Nk

q
(i1,...,ik−1)
ik

= 1, ∀(i1, . . . , ik−1) ∈ N1×N2×. . .×Nk−1.

ΔF
i1i2...ik

k F
{ik} ik ∈ Nk∏∞

j=1 q
(i1,...,ij−1)
ij

{ik} ik ∈ Nk

ΔF
i1 ⊃ ΔF

i1i2
⊃ . . . ⊃ ΔF

i1i2...ik
⊃ . . . ,

|ΔF
i1i2...ik

| → 0 k → ∞ x

ΔF
i1 ΔF

i1i2 ΔF
i1i2...ik

, . . .
x ∈ [0, 1)

ΔF
i1(x) ⊃ ΔF

i1(x)i2(x) ⊃ . . . ⊃ ΔF
i1(x)i2(x)...ik(x) ⊃ . . . ,



x

x =
∞⋂

k=1

ΔF
i1(x)i2(x)...ik(x) =: ΔF

i1(x)i2(x)...ik(x)....

Q̃
[0, 1] F F (0) = 0 F (1) = 1

F F
F F

Q̃ F
F

Q̃ F
F I F

I

I =
∞∑

k=1

βk(I)
2k

=: 0, β1(I)β2(I) . . . βk(I) . . . , βk(I) ∈ {0, 1}.

{Nk} Nk = {0, 1, . . . , nk}
0 < nk ≤ ∞ I ∈ [0, 1]

{βk(I)} {Nk}

β1(I) = 1
β1(I) = 0 ΔI-F

i1
i1 ∈ N1∣∣ΔI-F

i1

∣∣ = qi1 i1 ∈ N1 ΔI-F
i1

I-F
k k > 1 (k − 1) ΔI-F

i1i2...ik−1

βk(I) = 1 βk(I) = 0
ΔI-F

i1i2...ik∣∣∣ΔI-F
i1i2...ik−1ik

∣∣∣∣∣∣ΔI-F
i1i2...ik−1

∣∣∣ = q
(i1,...,ik−1)
ik

,
∑

ik∈Nk

q
(i1,...,ik−1)
ik

= 1, ∀(i1, . . . , ik−1) ∈ N1×N2×. . .×Nk−1.

ΔI-F
i1i2...ik

k I-F I-F

{ik} ik ∈ Nk

ΔI-F
i1 ⊃ ΔI-F

i1i2
⊃ . . . ⊃ ΔI-F

i1i2...ik
⊃ . . . ,

∀(i1, i2, . . . ik, . . .) : |ΔI-F
i1i2...ik

| → 0 k → ∞
x ΔI-F

i1
ΔI-F

i1i2

ΔI-F
i1i2...ik

, . . .
x ∈ (0, 1)

n

ΔI-F
i1(x) ⊃ ΔI-F

i1(x)i2(x) ⊃ . . . ⊃ ΔI-F
i1(x)i2(x)...ik(x) ⊃ . . . ,

x

x =
∞⋂

k=1

ΔI-F
i1(x)i2(x)...ik(x) =: ΔI-F

i1(x)i2(x)...ik(x)....
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I-F x

F I F
I = 1 Q∗ Q∞

I F

D = D(I) I F

D = {x : x ∈ [0, 1], ∀n ∈ N∃ΔI-F
α1(x)...αn(x) : x ∈ Δα1(x)...αn(x)}.

x I F
n0 = n0(x) x

n0

x = ΔI-F
α1(x)α2(x)...αk(x)... I F

{Nk} D

I F Φ̂ = Φ̂(I-F )
I-F

I-F
c ≥ 1

1
c
≤ |ΔI-F

α1...αkm|
|ΔI-F

α1...αk(m+1)|
≤ c, ∀k ∈ N, m ∈ Nk+1, (m + 1) ∈ Nk+1,

Φ̂(I-F )
D Φ̂(I-F )

Hα(E) ≤ Hα(E, Φ̂(I-F )) ≤ 4c · Hα(E), ∀E ⊂ D.

E D ε > 0 α > 0
{Ej} ε E Ej = (aj , bj) aj ∈ B bj ∈ B |Ej | ≤ ε

B I-F
I-F

Ej Δα1α2...αnj
Ej

Ej aj

bj Δα1α2...αnj

[0, 1]
I = 0, β1(I)β2(I) . . . βk(I) . . . Δα1α2...αnj

(nj + 1) βnj+1(I) = 1
(nj +1) nj

M0 (nj + 1)
(aj , bj) cj := sup Δα1(aj)...αnj+1(aj) dj := inf Δα1(bj)...αnj+1(bj)

M0 = ∅

M0 �= ∅ M0 ∈ Φ̂ |M0| ≤ |Ej |
Ej M0 (nj +1) Lj :=

Δα1(aj)α2(aj)...αnj+1(aj) (nj + 1) Rj := Δα1(bj)α2(bj)...αnj+1(bj)

|M0| ≤ |Ej | |Lj | ≤ c · |Ej | |Rj | ≤ c · |Ej |
M0 = ∅

Δα1(aj)α2(aj)...αnj+1(aj) Δα1(bj)α2(bj)...αnj+1(bj)



k s (aj , cj) (nj+k)

Lj := Δα1(aj)α2(aj)...αnj+k(aj)

Mk (nj+k)

Δα1(aj)α2(aj)...αnj+k−1(aj) ∩ Ej ,

Mk ∈ Φ̂ |Mk| ≤ |Ej | |Lj| ≤ c · |Ej | (cj , bj)
(nj + s) Rj := Δα1(bj)α2(bj)...αnj+s(bj)

Ms (nj + s)
Δα1(bj)α2(bj)...αnj+s−1(bj) ∩ Ej Ms ∈ Φ̂ |Ms| ≤ |Ej | |Rj | ≤ c · |Ej |

Ej Mk

(nj + k)

Δα1(aj)...αnj+k−1(aj) ∩ Ej ,

Ms (nj + s)

Δα1(bj)...αnj+s−1(bj) ∩ Ej ,

(nj + k) Lj := Δα1(aj)...αnj+k(aj) (nj + s)
Rj := Δα1(bj)...αnj+s(bj) c · |Ej |

α > 0 E ⊂ D

Hα(E) ≤ Hα(E, Φ̂(I-F )) ≤ 4c · Hα(E).

dimH(E, Φ̂(I-F )) = dimH(E)
E ⊂ D �

F I-F
I = 1

x = ΔF
α1(x)α2(x)...αk(x)... F

{Nk} c ≥ 1

1
c
≤ |ΔF

α1...αkm|
|ΔF

α1...αk(m+1)|
≤ c, ∀k ∈ N, m ∈ Nk+1, (m + 1) ∈ Nk+1,

Φ̂(F ) [0, 1)
Φ̂(F )

Hα(E) ≤ Hα(E, Φ̂(F )) ≤ 4c · Hα(E), ∀E ⊂ [0, 1).

|ΔL
c1...cmi|

|ΔL
c1...cm

| =
1

i(i + 1)
.

|ΔL
c1...cm(s+1)|
|ΔL

c1...cms|
=

s

s + 2
.

1
3 ≤ s

s+2 ≤ 1 c
c = 3

Φ̂(L)
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|ΔOSP
c1c2...cms|

|ΔOSP
c1c2...cm

| =
σm + 1

(σm + s)(σm + s + 1)
, σm = c1 + c2 + . . . + cm.

|ΔOSP
c1c2...cm(s+1)|
|ΔOSP

c1c2...cms|
=

σm + s

σm + s + 2
, σm = c1 + c2 + . . . + cm.

1
3 ≤ 1+c+σm

3+c+σm
≤ 1 c

c = 3 Φ̂(OSP )

|ΔO2
c1c2...cncn+1

|
|ΔO2

c1c2...cn |
=

cn(cn + 1)
cn+1(cn+1 + 1)

.

|ΔO2
c1c2...cm(s+1)|
|ΔO2

c1c2...cms|
=

s

s + 2
.

1
3 ≤ s

s+2 ≤ 1 c

c = 3 Φ̂(O2)

|ΔE
c1c2...cms|

|ΔE
c1c2...cm

| =
σm + 1

(σm + s)(σm + s + 1
, σm = c1 + c2 + . . . + cm.

|ΔE
c1c2...cm(s+1)|
|ΔE

c1c2...cms|
=

σm + s

σm + s + 2
, σm = c1 + c2 + . . . + cm.

1
3 ≤ 1+s+σm

3+s+σm
≤ 1 c

c = 3 Φ̂(E)

|ΔS
g1g2...gni)|

|ΔS
g1g2...gns|

=
qn(qn − 1)

(qn(qn − 1) + i)(qn(qn − 1) + i − 1)
,

q1 = g1 + 1, qk+1 = gk+1 + qk(qk − 1), 1 < k ≤ m

|ΔS
g1g2...gm(s+1)|
|ΔS

g1g2...gms|
=

qm(qm − 1) + s − 1
qm(qm − 1) + s + 1

,

q1 = g1+1, qk+1 = gk+1+qk(qk−1), 1 < k ≤ m 1
2 ≤ qm(qm−1)+s−1

qm(qm−1)+s+1 ≤ 1
c c = 2

Φ̂(S)



|Δc.f.
c1c2...cms|

|Δc.f.
c1c2...cm | =

1
s2

·
1 + Qm−1

Qm(
1 + Qm−1

sQm

)(
1 + 1

s + Qm−1
sQm

) ,

Qm m

|Δc.f.
c1c2...cm(s+1)|
|Δc.f.

c1c2...cms|
=

s · Qm + Qm−1

(s + 2) · Qm + Qm−1
,

Qm m
1
2 ≤ s·Qm+Qm−1

(s+2)·Qm+Qm−1
≤ 1 c

c = 2 Φ̂(C)

ϕ

ˆΦ(F ) Φ̂(I-F )

I [0, 1] Φ̂(F ) Φ̂(I-F )
ϕ

ϕ(ΔF
α1α2...αk...) = ΔI-F

α1α2...αk...

Φ̂ = Φ̂(F )
E ⊂ [0, 1)

Kj ∈ Φ̂
K ′

j = ϕ(Kj) Kj

I F K ′
j ∈ Φ̂′ |Kj | = |K ′

j|
E [0, 1) {Kj} ε

Φ̂ {K ′
j} ε E′ = ϕ(E)

α

Hα
ε (E, Φ̂) = Hα

ε (E′, Φ̂′).

ε → 0

Hα(E, Φ̂) = Hα(E′, Φ̂′).

dimH(E, Φ̂) = dimH(E′, Φ̂′).

Φ̂ Φ̂′

dimH E = dimH E′, ∀E ⊂ [0, 1).

ϕ [0, 1) �

ϕ

Φ̂(F ) Φ̂(I-F )
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I-F

I-F

ϕ [0, 1)

ϕ
A = (a, b) (0, 1) A′ := ϕ ((a, b))

ε > 0 Δ̂j⎛⎝⋃
j

Δ̂j

⎞⎠ ⊃ (a, b)
∑

j

λ(Δ̂j) ≤ (b − a) + ε;

Δ̌j⎛⎝⋃
j

Δ̌j

⎞⎠ ⊂ (a, b)
∑

j

λ(Δ̌j) ≥ (b − a) − ε.

A′ {Δ̂′
j} {Δ̌′

j}∑
j

λ(Δ̂j) − ε ≤ λ((a, b)) ≤
∑

j

λ(Δ̌j) + ε

∑
j

λ(Δ̂′
j) − ε ≤ λ(A′) ≤

∑
j

λ(Δ̌′
j) + ε.

λ((a, b)) − 2ε ≤ λ(A′) ≤ λ((a, b)) + 2ε, ∀ε > 0.

λ(A′) = λ((a, b)) �

F
I-F

Φ̂(F ) Φ̂(I-F )

Q∞
Q∞

q2i−1 = A
2i q2i−2 = A

3i i ∈ N A = 2
3

Φ̂(Q∞) Φ̂(I-Q∞)



Φ̂ = Φ̂(Q∞)

ri :=
∑+∞

k=i+1 qk

∃c > 0:
qi

ri
≤ c, ∀i ∈ N,

∀ E ⊂ [0, 1) dimH E = dimH(E, Φ̂)

Φ̂′ = Φ̂(I-Q∞)

Φ̂(Q∞)
I ∈ [0, 1]

Q∞
Φ̂(I-Q∞)

Φ̂(I-Q∞)
I ∈ [0, 1]

Q∞− I-Q∞

Φ̂(Q∞) Q∞

Φ̂(Q∞)
[0, 1) Q∞

(aj , bj) aj

bj A
A

Q∞
Q∞

E [0, 1) ε > 0 α > 0 {Ej}
ε E Ej = (aj , bj) aj ∈ A bj ∈ A |Ej | ≤ ε

Ej Δα1α2...αnj
Ej

Ej aj

bj Δα1α2...αnj

[0, 1]
Δα1α2...αnj

(nj + 1) M0(j)
(nj + 1) (aj , bj) cj :=

sup Δα1(aj)α2(aj)...αnj+1(aj) dj := inf Δα1(bj)α2(bj)...αnj+1(bj) M0(j) = ∅

M0(j) �= ∅ M0(j) ∈ Φ̂(Q∞) |M0(j)| ≤ |Ej |
(aj , cj) [dj , bj)

Φ̂(Q∞)
[dj , bj) kj ∈ N Δα1(bj)α2(bj)...αnj+kj

(bj)0

[dj , bj) Δα1(bj)α2(bj)...αnj+kj−1(bj)0 [dj , bj)
[dj , bj) R(j) := Δα1(bj)α2(bj)...αnj+kj−1(bj)0

1
q0
|Ej |



G

L1 (nj + 2)
(aj , cj)

L1 :=
∞⋃

i=1

Δα1(aj)α2(aj)...αnj+1(aj)(αnj+2(aj)+i).

Lk :=
⋃∞

i=1 Δα1(aj)α2(aj)...αnj+1(aj)...(αnj+k+1(aj)+i)

(aj , cj)
⋃∞

k=1 Lk

Lk ∈ Φ̂(Q∞)
q := maxi qi Lk (nj + k)

|Lk| ≤ qnj+k ≤ qk

E ⊂ [0, 1) α ∈ (0, 1] ε > 0
δ ∈ (0, α) α Ej

Φ̂(Q∞)
∞∑

k=1

|Lk|α + |M0(j)|α + |R(j)|α ≤
∞∑

k=1

|Lk|α−δ · |Lk|δ + (1 +
1
qα
0

)|Ej |α

≤ |Ej |α−δ
∞∑

k=1

|Lk|δ + (1 +
1
qα
0

)|Ej |α−δ

≤ |Ej |α−δ ·
∞∑

k=1

qkδ + (1 +
1
qα
0

)|Ej |α−δ

= |Ej |α−δ(1 +
1
qα
0

+
qδ

1 − qδ
).

∀ε > 0 Ej

Φ̂(Q∞) 1
q0
|Ej |

α S(α, δ)|Ej |α−δ S(α, δ) = 1+ 1
qα
0

+ qδ

1−qδ

∀ε > 0 ∀α > 0 ∀δ ∈ (0, α) E ⊂ [0, 1)

Hα(E) ≤ Hα(E, Φ̂(Q∞)) ≤ S(α, δ)Hα−δ(E).

dimH(E, Φ̂(Q∞)) ≤ dimH(E) + δ ∀δ ∈ (0, α)

dimH(E, Φ̂(Q∞)) ≤ dimH(E),

dimH(E, Φ̂(Q∞)) = dimH(E)

E ⊂ [0, 1) �

Φ(Q∞) Q∞

f(α, k, m) :=
∑m

i=k qα
i

(
∑m

i=k qi)
α

f∗(α) := sup
k,m

f(α, k, m).

f∗(α) < +∞, ∀α > 0,

Φ(Q∞)
[0, 1)



E [0, 1) ε > 0 α > 0
{Êj} ε E Êj ∈ Φ̂(Q∞) |Êj | ≤ ε

Êj =
mj⋃

i=kj

Δα1α2...αkj−1i, mj ∈ N ∪ {∞}.

|Êj |α = |Δα1α2...αkj−1 |α ·
⎛⎝ mj∑

i=kj

qi

⎞⎠α

,

mj∑
i=kj

|Δα1α2...αkj−1i|α = |Δα1α2...αkj−1 |α ·
mj∑

i=kj

qα
i ≤ |Δα1α2...αkj−1 |α · f∗(α) · (

mj∑
i=kj

qi)α

= f∗(α) · |Êj |α.

α ∑
j

mj∑
i=kj

|Δα1α2...αkj−1i|α ≤
∑

j

|Êj |α · f∗(α), ∀{Êj}.

Hα
ε (E, Φ(Q∞)) ≤ f∗(α) ·

∑
j

|Êj |α, ∀{Êj}.

Hα
ε (E, Φ(Q∞)) ≤ f∗(α) · Hα

ε (E, Φ̂(Q∞)).

Φ̂(Q∞) Φ(Q∞)

Hα(E, Φ̂(Q∞)) ≤ Hα(E, Φ(Q∞)) ≤ f∗(α) · Hα(E, Φ̂(Q∞)).

f∗(α) < +∞, ∀α > 0

dimH(E, Φ(Q∞)) = dimH(E, Φ̂(Q∞)).

Φ̂(Q∞)
[0, 1) Φ(Q∞)

[0, 1) �
Φ = Φ(Q∞)

[0, 1) Φ′ = Φ(I-Q∞)

D(I) ∀I ∈ [0, 1]

I-Q∞ E′

D(I) E = ϕ−1(E′)
dimH E′ = dimH(E′, Φ(I-Q∞))

{E′
j} ε E′ E′

j ∈ Φ′

{Ej} ε E Ej ∈ Φ |Ej | = |E′
j |∑

j

|Ej |α =
∑

j

|E′
j |α, ∀α > 0, ∀ε > 0.

inf
|Ej |≤ε

∑
j

|Ej |α = inf
|E′

j|≤ε

∑
j

|E′
j |α, ∀α > 0, ∀ε > 0.

Hα(E, Φ) = Hα(E′, Φ′), ∀α > 0,
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dimH(E, Φ) = dimH(E′, Φ′).
Φ

[0, 1) dimH E = dimH(E, Φ)
ϕ [0, 1)

dimH E = dimH E′, ∀E ⊂ [0, 1).

dimH(E′, Φ′) = dimH(E, Φ) = dimH E = dimH E′,

dimH(E′, Φ′) = dimH E′, ∀E′ ⊂ D(I).
�

Φ(Q∞)
[0, 1)

Φ′ = Φ(I-Q∞)
D(I)

∀I ∈ [0, 1]

I Q∞

{ξk}

P (ξk = i) := pik ≥ 0,

∞∑
i=0

pik = 1, ∀k ∈ N.

{ξk} I Q∞

ξ := ΔI-Q∞
ξ1ξ2...ξk...,

I Q∞
μξ

I Q∞

Q∞

ξ
μξ

ρ :=
∞∏

k=1

{ ∞∑
i=0

√
pik · qi

}
> 0;

μξ

Pmax :=
∞∏

k=1

max
i

{pik} > 0;

μξ

ρ = 0 = Pmax.



ϕ

Q∞ I Q∞

ξk

μξ i0 pi0 = 1
μξ pi = qi i ∈ N

μξ

I-Q∞

μ
GS {[ai, bi]}{

[ai, bi] ⊂ Sμ,

μ (
⋃

i[ai, bi]) = 1.

μ R1

GC E⎧⎪⎨⎪⎩
E ⊂ Sμ,

μ(E) = 1,

∀x ∈ E ∃ε(x) > 0: [x − ε(x), x + ε(x)] ∩ Sμ

μ
GP E⎧⎪⎨⎪⎩

E ⊂ Sμ,

μ(E) = 1,

∀x ∈ E ∀ε > 0 : [x − ε, x + ε] ∩ Sμ

R1

R1

μ R1

μ = α1μ
GS + α2μ

GC + α3μ
GP ,

α1 ≥ 0 α2 ≥ 0 α3 ≥ 0 α1 +α2 +α3 = 1 μGS μGC μGP

GS GC GP

I-Q∞
V := {Vk}∞k=1 Vk ⊆ {0, 1, 2, . . .} =: N0

C[I-Q∞, {Vk}] := {x ∈ [0, 1] : x = Δi1i2...ik..., ik ∈ Vk} ,

C[I-Q∞, {Vk}] I-Q∞
ik Vk k I-Q∞

Vk �= N0 k < k0 Vk = N0 k ≥ k0

k0 > 1 C[I-Q∞, {Vk}]



G

C[I-Q∞, {Vk}] [0, 1) Δ̇i1...ik

k < k0 ik /∈ Vk Δ Δ̇i1...ik
Vk �=

N0 k C[I-Q∞, {Vk}]

C[I-Q∞, {Vk}] Sk(V) :=
∑

i∈Vk
qi

0 < Sk(V) ≤ 1

C[I-Q∞, {Vk}]

λ(C[I-Q∞, {Vk}]) =
∞∏

k=1

Sk(V).

Cn :=
⋃

ik∈Vk
Δi1...in Cn ⊆ Cn−1

C[I-Q∞, {Vk}] =
∞⋂

n=1

Cn.

Cn λ(Cn) =
∏n

k=1 Sk(V)

λ(C[I-Q∞, {Vk}]) = lim
n−→∞ λ(Cn) =

∞∏
k=1

Sk(V). �

Wk(V) = 1−Sk(V) ≥ 0 C[I-Q∞, {Vk}]

∞∑
k=1

Wk(V) = ∞ .

μξ

I-Q∞
μξ P

μξ P

∞∑
k=1

(
∑

i:pik=0

qi) = ∞ .

μξ P

∞∑
k=1

(
∑

i:pik=0

qi) < ∞.

C[I-Q∞, {Vk}] V = {Vk}∞k=1

P Vk = {i : pik �= 0} μξ

C[I-Q∞, {Vk}]
C[I-Q∞, {Vk}]

Sξ

P
Vk = N0 ∀k > k0 k0 > 0

C[I-Q∞, {Vk}]
μξ



P
C[I-Q∞, {Vk}]

C[I-Q∞, {Vk}]

λ(C[I-Q∞, {Vk}]) =
∞∏

k=1

Sk(V) =
∞∏

k=1

(
∑

i∈Vk

qi) =
∞∏

k=1

(1 −
∑

i:pik=0

qi).

λ(C[I-Q∞, {Vk}]) = 0
λ(C[I-Q∞, {Vk}]) > 0

μξ

ξ I-Q∞
�

I Q∞
μξ I

βk(I) = 1 k > k0(I)

k0(I) Q∞
k0 + 1

Q∞
I βk(I)

ξ
ξk

N
Φ̂ Φ̂′

ϕ

Q∞

ξk

0, 1, 2, . . . p0, p1, p2, . . .
V := {i : pi > 0} = {i1, i2, . . . , ik, . . .}

Q∞
∑

i∈V qy
i = 1

α0 [0, 1] ∀ I ∈ [0, 1]
I-Q∞ dimH Sμξ

= α0∑
i∈V qy

i = 1 [0, 1]

dimH Sμξ
= dimH(C[I-Q∞, V ]) = lim

k→∞
dimH(C[I-Q∞, Vk]),

Vk = {i1, i2, . . . , ik} k ∈ N k ≥ 2

μ

dimH μ = inf
A∈Aμ

{dimH(A)},

Aμ = {A : A ∈ B, μ(A) = 1} μ

Φ(Q∞) Q∞

∞∑
j=1

∑∞
i=0 pij ln2 pij

j2
< ∞,

∞∑
j=1

∑∞
i=0 pij ln2 qi

j2
< ∞,



G

I ∈ [0, 1] μξ

I Q∞

dimH μξ = lim
n→∞

Hn

Bn
,

Hn =
n∑

j=1

hj, Bn =
n∑

j=1

bj,

hj = −
∞∑

i=0

pij ln pij , bj = −
∞∑

i=0

pij ln qi.

Φ Q∞

Q∞ dimH μξ = limn→∞
Hn

Bn

ϕ
ϕ Q∞

Q∞ I Q∞

ϕ
�

f

Q



s

Q∗

x Q∞
G

G

Q∞
Q∞

Q∞

O2

Ō2

R1



G

Q

Q


