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Abstract. In this paper we study the distributions of overshoots for the almost semi-continuous
processes defined on a Markov chain. For these processes, we get the limit distributions of overshoots
over the infinitely far and zero levels.
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E = {1, . . . , m}

(t) = ‖ {x(t) = r|x(0) = k}‖k,r∈E = e t, t > 0,
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x (s) = {ξ̌(θs) = x}, x ∈ Z

+;

p−
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0 (s), p+(s) = ˇ−
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+∞∑
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A(x, u1, u2, u3) =
+∞∑

l=x+1

ul−x
1 ux

2ul
3Π0(l), x ∈ Z+ ∪ {0},
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+∞∑
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+∞∑
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+∞∑
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+∞∑
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+∞∑
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s−1(1 − ε)g−(s, ε)p+
∗ (s), m0
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P0, m0(1) = lim
ε→1
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2
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0
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m+(1) = lim
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m+(ε) =
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1

P0, m0(1) = lim
ε→1

m0(ε) =
2
σ2
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.
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m+(1) = lim
ε→1
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ε→1

lim
s→0
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ε→1

(1 − ε) lim
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s−1
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(I − B)

= lim
ε→1
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1
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1 = 0
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ε→1

m0(ε) = lim
ε→1

lim
s→0

s−1(1 − ε)g+(s, ε)p−
∗ (s)

= lim
ε→1

(1 − ε) lim
s→0

s−1s(sI − K(ε))−1(εI − B)−1(εI − R(s))(I − R(s))−1

× (I − B)P−1
s p−(s)

= lim
ε→1

(1 − ε)(−K(ε))−1(εI − B)−1 lim
s→0

(I + (ε − 1)(I − R(s))−1)(I − R(s))

= lim
ε→1
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2
σ2
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P0 (I− B)−1
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Y (t) = {ξ(t), x(t)}
Ý (t) = {−ξ(t), x(t)} �

{τ+(x), γ+(x)} {τ+(x), γ+(x)}
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x } x ∈ Z+ ∪ { 0}

Y (t)
W(s, x, u1, u2, u3) A(x, u1, u2, u3)

W(s, x, u1, u2, u3) = p−(s)
[
A(x, u1, u2, u3) + u1(u1I − u2R(s))−1·

·
{
R(s)

(
A(x + 1, u1, u2, u3) − (R(s))−x−1A3(x + 1, u2u3R(s))

)
+

+
+∞∑

l=x+2

(
(R(s))l−(x+1)ul

2 − u
l−(x+1)
1 ux+1

2

)
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3BΠ0(l)
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.
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W(s, x, u1, u2, u3) = p−(s)A(x, u1, u2, u3) + p−(s)d(s, x, u1, u2, u3),

d(s, x, u1, u2, u3) A(x, u1, u2, u3)
ξ(θs) R(s)

d(s, x, u1, u2, u3) =
−1∑

y=−∞
(R(s))−y(I − (R(s))−1B)A(x − y, u1, u2, u3) =

= (I − u−1
1 u2R(s))−1

∞∑
l=x+2

[
u

l−(x+1)
1 ux+1

2 − (R(s))l−(x+1)ul
2

]
ul

3(R(s) − B)Π0(l) =

= u1(u1I− u2R(s))−1
{
R(s)

(
A(x + 1, u1, u2, u3) − (R(s))−x−1A3(x + 1, u2u3R(s))

)
+

+∞∑
l=x+2

(
(R(s))l−(x+1)ul

2 − u
l−(x+1)
1 ux+1

2

)
ul

3BΠ0(l)
}
.

�

γ1(x) = γ+(x) γ2(x) = γ+(x) γ3(x) = γ+
x

Vi(s, x, ui) = E
[
e−sτ+(x)u

γi(x)
i , τ+(x) < ∞

]
Wi(s, x, ui) ui

Y (t)
{τ+(x), γi(x)}

sVi(s, x, ui) =
x∑

y=0

p+
y (s)P−1

s Wi(s, x − y, ui), i = 1, 3,

W(s, x, . . . )

W(s, x, u1, u2) = p−(s)[A(x, u1, u2)+

(I − u−1
1 u2R(s))−1

+∞∑
l=x+2

(
u

l−(x+1)
1 ux+1

2 − (R(s))l−(x+1)ul
2

)
(R(s) − B)Π0(l)],

W1(s, x, u1) = p−(s)[A1(x, u1) + u1(u1I − R(s))−1·
· {R(s) (A1(x + 1, u1) − A1(x + 1,R(s)))+

+
+∞∑

l=x+2

(
(R(s))l−(x+1) − u

l−(x+1)
1

)
BΠ0(l)}],

W2(s, x, u2) = p−(s)[A2(x, u2) + (I − u2R(s))−1·
· {R(s)

(
A2(x + 1, u2) − (R(s))−x−1A3(x + 1, u2R(s))

)
+

+
+∞∑

l=x+2

(
(R(s))l−(x+1)ul

2 − ux+1
2

)
BΠ0(l)}],



W3(s, x, u3) = p−(s)[A3(x, u3) + (I − R(s))−1·
· {R(s)

(
A3(x + 1, u3) − (R(s))−x−1A3(x + 1, u3R(s))

)
+

+
+∞∑

l=x+2

(
(R(s))l−(x+1) − I

)
ul

3BΠ0(l)}].

u3 = 1 W1(s, x, u1) = W(s, x, u1, 1, 1)
W2(s, x, u2) = W(s, x, 1, u2, 1) W3(s, x, u3) = W(s, x, 1, 1, u3)

�

Vi(s, x, ui)
u1, u2, u3

Y (t)
l ∈ Z+ ∪ 0

P{γ1(x) = l, ξ+(θs) > x} = E
[
e−sτ+(x), γ1(x) = l, τ+(x) < ∞

]
=

s−1
x∑

y=0

p+
y (s)P−1

s

0∑
j=−∞

p̌−
j (s)Π0(x − y − j + l), l ∈ Z+,

P{γ1(x) = 0, ξ+(θs) > x} = E
[
e−sτ+(x), γ1(x) = 0, τ+(x) < ∞
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−1
s p̌−

y−l(s)Al(1), l ∈ Z+ ∪ {0};
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]
=

s−1
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∗ (s)

[
ã(ε, u1, u2, u3) + (1 − ε)u2(I − u−1

1 u2R(s))−1·

·
∞∑

l=2

ul
3

{
(1 − εu−1

1 u2)−1(ul−1
1 − (εu2)l−1)−

(I − ε(R(s))−1)−1((u2R(s))l−1 − (εu2)l−1)
}
(R(s) − B)Π0(l)

]
.



ṽ(s, ε, u1, u2, u3) = (1 − ε)
∞∑

x=0

εxs−1
x∑

y=0

p+
y (s)P−1

s W(s, x − y, u1, u2, u3) =

s−1(1 − ε)
∞∑

y=0

εyp+
y (s)

∞∑
l=0

εlP−1
s W(s, l, u1, u2, u3) =

s−1g+(s, ε)w̃(s, ε, u1, u2, u3).

w̃(s, ε, u1, u2, u3) = (1 − ε)
∞∑

x=0

εxP−1
s p−(s)

[
A(x, u1, u2, u3) + u1(u1I − u2R(s))−1·

· {R(s)
(
A(x + 1, u1, u2, u3) − (R(s))−x−1A3(x + 1, u2u3R(s))

)
+

+
+∞∑

l=x+2

(
(R(s))l−(x+1)ul

2 − u
l−(x+1)
1 ux+1

2

)
ul

3BΠ0(l)}
]

=
5∑

k=1

Ik,

R(s) A(1, u1, u2, u3) A3(1, εu2u3) A3(1,R(s)u2u3)
BΠ0(l)

I1 = (1 − ε)
∞∑

x=0

εxA(x, u1, u2, u3) = ã(ε, u1, u2, u3);

I2 =
∞∑

x=0

εxA(x + 1, u1, u2, u3) = (1− εu−1
1 u2)−1

(
A(1, u1, u2, u3)− ε−1A3(1, εu2u3)

)
;

I3 =
∞∑

x=0

(ε(R(s))−1)xA3(x + 1, u2u3R(s)) =

=
(
I − ε(R(s))−1

)−1
(
A3(1, u2u3R(s)) − ε−1R(s)A3(1, εu2u3)

)
;

I4 =
∞∑

x=0

εx
∞∑

l=x+2

(u2u3)l(R(s))l−(x+1)BΠ0(l) =

=
(
I − ε(R(s))−1

)−1
∞∑
l=2

(u2u3)l
(
(R(s))l−1 − εl−1

)
BΠ0(l);

I5 =
∞∑

x=0

εx
∞∑

l=x+2

u
l−(x+1)
1 ux+1

2 ul
3BΠ0(l) =

(1 − εu−1
1 u2)−1u2

∞∑
l=2

ul
3

(
ul−1

1 − (εu2)l−1
)
BΠ0(l).

I1 I2 I3 I4 I5 w̃(s, ε, u1, u2, u3)
�

u2 = u3 = 1 u1 = u3 = 1 u1 = u2 = 1

ṽi(s, ε, ui) = s−1g+(s, ε)w̃i(s, ε, ui),



w̃1(s, ε, u1) w̃2(s, ε, u2) w̃3(s, ε, u3)

w̃1(s, ε, u1) = (1 − ε)p−
∗ (s)

[
a1(ε, u1)+

+(I− u−1
1 R(s))−1

∞∑
l=2

{
(1 − u−1

1 ε)−1(ul−1
1 − εl−1)−

(I − (R(s))−1ε)−1((R(s))l−1 − εl−1)
}
(R(s) − B)Π0(l)

]
;

w̃2(s, ε, u2) = (1 − ε)p−
∗ (s)

[
a2(ε, u2)+

+u2(I − u2R(s))−1
∞∑

l=2

{
(1 − u2ε)−1(1 − (u2ε)l−1)−

(I − (R(s))−1ε)−1((u2R(s))l−1 − (u2ε)l−1)
}
(R(s) − B)Π0(l)

]
;

w̃3(s, ε, u3) = (1 − ε)p−
∗ (s)

[
a3(ε, u3)+

+(I− R(s))−1
∞∑

l=2

ul
3

{
(1 − ε)−1(1 − εl−1)−

(I − (R(s))−1ε)−1((R(s))l−1 − εl−1)
}
(R(s) − B)Π0(l)

]
.

Y (t)

m0
1 > 0

E[uγ1(∞)
1 ] = m+(1)p−

∗ (0)
[
a1(1, u1)+

(I − u−1
1 R(0))−1

∞∑
x=1

(
ux

1 − (R(0))x
)
(I − B)q−

∗ (0)Ax(1)
]
,

E[uγ2(∞)
2 ] = m+(1)p−

∗ (0)
[
a2(1, u2)+

(I − u2R(0))−1
∞∑

x=1

ux
2

∞∑
l=x+1

(
I− (R(0))xul−x

2

)
(I − B)q−

∗ (0)Π0(l)
]
,

E[uγ3(∞)
3 ] = m+(1)p−

∗ (0)
[
a3(1, u3)+

(p−
∗ (0))−1(I − B)−1

∞∑
x=1

∞∑
l=x+1

(
ul

2I − (R(0))x
)
(I− B)q−

∗ (0)Π0(l)
]
.

m0
1 = 0, m0

2 < ∞

E[uγ1(∞)
1 ] = m0(1)

[
a1(1, u1)+

(I − u−1
1 R(0))−1

∞∑
x=1

(
ux

1 − (R(0))x
)
(I− B)P∗Ax(1)

]
,



E[uγ2(∞)
2 ] = m0(1)

[
a2(1, u2)+

(I − u2R(0))−1
∞∑

x=1

ux
2

∞∑
l=x+1

(
I − (R(0))xul−x

2

)
(I − B)P∗Π0(l)

]
,

E[uγ3(∞)
3 ] = E[uγ1(∞)+γ2(∞)

3 ].

m0
1 < 0

lim
ε→1

E
[
u

γ+(νε)
1 u

γ+(νε)
2 u

γ+
νε

3 , τ+(ν̃ε) < ∞
]

= 0.

m+(1) m0(1)

m0
1 > 0 |p−∗ (0)| �= 0

s → 0
ε → 1

m0
1 = 0, m0

2 < ∞ |p−∗ (0)| = 0
s → 0

ε → 1
m0

1 < 0 �

x = 0

Y (t)

P{γ1(0) = l, ξ+(θs) > 0} = E
[
e−sτ+(0), γ1(0) = l, τ+(0) < ∞

]
=

s−1p+(s)P−1
s

0∑
j=−∞

p̌−
j (s)Π0(l − j), l ∈ Z+,

P{γ1(0) = 0, ξ+(θs) > 0} = E
[
e−sτ+(0), γ1(0) = 0, τ+(0) < ∞

]
= 0;

P{γ2(0) = l, ξ+(θs) > 0} = E
[
e−sτ+(0), γ2(0) = l, τ+(0) < ∞

]
=

s−1p+(s)P−1
s p̌−

−l(s)Al(1), l ∈ Z+ ∪ {0};

P{γ3(0) = l, ξ+(θs) > 0} = E
[
e−sτ+(0), γ3(0) = l, τ+(0) < ∞

]
=

s−1
l∑

y=0

p+
−y(s)P−1

s

∞∑
j=y−l+1

p̌−
j (s)Π0(j), l ∈ Z+ ∪ {0}.

x = 0 �

Vi(s, x, ui)
{τ+(x), γi(x)}

{τ+(x), γ1(x), γ2(x), γ3(x)}




