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Abstract. In this paper, we consider conditions which satisfy finitness of the expectation of the
excess of the renewal sequence of the time-inhomogeneous Markov chain. We consider a chain with an
arbitrary state space, and some set C. Within this chain we learn a behaviour of a renewal process -
a sequence of moments in which chain is returning to C. Main goal of an article to define numerical
estimate for the expectation for the renewal sequence excess - a time to wait from the moment t until
the new renewal.
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θ1 = inf{t > 0 : Xt ∈ C}
θ2 = inf{t > θ1 : Xt ∈ C}

...
θm = inf{t > θm−1 : Xt ∈ C}, m > 1.
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θj, k > 0

k τ0 = 0
θ0 =

τ0 = 0 X0 ∈ C
θn τn

Fn = σ[θk, Xτk
, 1 ≤ k ≤ n] = σ[τk, Xτk

, 1 ≤ k ≤ n].
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E[θn+1|Fn] = E[θn+1|τn, Xτn ].
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g
(s,x)
k = P{θn+1 = k|τn = s, Xs = x}.
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ĝk.
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k2ĝk < ∞.
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Rt = inf{τk > t} − t
t C

t ≥ 0

N(t) = inf{k ≥ 1 : τk > t},
N(−1) = 0

Rt + t = τN(t).

Ak

k

Ak = {Xk ∈ C} = {∃m : τm = k},
Bk Bk,n

k k n

Bk = {Xk /∈ C} = Ak,

Bk,n = {Xk /∈ C, . . . , Xn /∈ C} = Ak ∩ Ak+1 ∩ . . . An,



�Bk,n
= 1 k > n

γ > 0 n0 ≥ 0 n ≥ k n − k ≥ n0

P{Bk,n} ≤ (1 − γ)(n−k−n0)+ .

x+ = max{x, 0}

un

n γ > 0
n0 ≥ 0 infn≥n0 un > γ

un → 1/m > 0 un

Rt

E[Rt] ≤ μ̂2 + μ̂(1/γ + n0).

μ− = infn,s,x E[θn|τn−1 = s, Xτn−1 = x] ≥ 1
t

E[N(t)] ≤ μ̂2/μ− + μ̂(1/γ + n0)/μ− + t + 1 ≤ μ̂2 + μ̂(1/γ + n0) + t + 1.

Rt

Rt+1 = �At+1θN(t)+1 + �Bt+1(Rt − 1).

t + 1 N(t)
θN(t)+1

t + 1 1 t

Rt+1 = �At+1Rt+1 + �Bt+1Rt+1 = �At+1θN(t)+1 + �Bt+1(Rt − 1).
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Rt+1 ≤ �Bt+1Rt + θN(t)+1.

Rt+1 = �At+1θN(t)+1 + �Bt+1(Rt − 1) = �At+1θN(t)+1 + �Bt+1Rt − �Bt+1 .
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Rt+1 = �At+1θN(t)+1 + �Bt+1Rt − �Bt+1 ≤ θN(t)+1 + �Bt+1Rt.

�
t ≥ 0
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t+1∑

k=0

θN(k−1)+1�Bk+1,t+1 ,

N(−1) = 0 �Bt+2,t+1 = 1

t = 0
N(0) = 1 τN(0) = τ1 = θ1

R0 = θ1

t = 1
t = 1 θ1 = 1 R1 = θ2

θ1 > 1 R1 = θ1−1
t = 1 N(0) = N(1) = 1

R1 = �A1R1 + �B1R1 = �A1θ2 + �B1(θ1 − 1) =

�A1θN(0)+1 + �B1(θ1 − 1) ≤ θN(0)+1 + �B1θ1 =
θN(0)+1 + �B1θN(−1)+1,

N(−1) = 0
t+1 t+2

Rt+2 ≤ �Bt+2Rt+1 + θN(t+1)+1,

Rt+2 ≤ �Bt+2

t+1∑
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θN(k−1)+1�Bk+1,t+1 + θN(t+1)+1 =
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θN(k−1)+1�Bk+1,t+2 .
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E[θN(k)+1�Bk+1,t
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θN(k)+1�Bk+1,t
t ≥ k+1 Bk+1,t

k + 1 t
k t

τN(k) > t Bk+1,t Ft τN(k) >
t FN(k) θN(k)+1 FN(k)

τN(k) θN(k)+1

τN(k) μ̂
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Ĝi.
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Ĝi =
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Ĝj ≤



∞∑

k=0
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Ĝj =
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Rt+1 ≤
t+1∑

k=0

θN(k−1)+1�Bk+1,t+1 .

θN(k)+1�Bk+2,t
t ≥ k + 2

θN(k)+1�Bk+2,t
= θN(k)+1(�Ak+1 + �Bk+1)�Bk+2,t

=

θN(k)+1�Ak+1�Bk+2,t
+ θN(k)+1�Bk+1,t

.

Ak+1 ∩ Bk+2,t.

k+1
t N(k) + 1

τN(k) = k + 1
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E[Rt+1] ≤
t+1∑
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k=0

μ̂(1 − γ)(t−k+1−n0)+ ≤ μ̂2 + μ̂

∞∑

k=−n0

(1 − γ)k+
=

μ̂2 + μ̂(n0 +
∞∑
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∑
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∑
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∑
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E[N(t)] ≤ (ERt + t)/μ− +1 ≤ (μ̂2 + μ̂(1/γ +n0)+ t)/μ− +1 ≤ μ̂2 + μ̂(1/γ +n0)+ t+1.
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