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ABSTRACT. Let u(t,x), t > 0, x € R™, be the spatial-temporal random field arising from the solution
of a time-fractional relativistic diffusion equation with the time-fractional parameter 8 € (0,1), the
spatial-fractional parameter a € (0,2) and the mass parameter m > 0, subject to random initial data
u(0, -) which is characterized as a subordinated Gaussian field. Compared with [5] written by Anh and
Leoeneko in 2002, we not only study the large-scale limits of the solution field u, but also propose a
small-scale scaling scheme, which also leads to the Gaussian and the non-Gaussian limits depending
on the covariance structure of the initial data. The new scaling scheme involves not only to scale u but
also to re-scale the initial data ug. In the two scalings, the parameters a and m play distinct roles in
the process of limiting, and the spatial dimensions of the limiting fields are restricted due to the slow
decay of the time- fractional heat kernel.

1. INTRODUCTION

In this paper, we study the scaling limits of the spatial-temporal random field arising
from the solution u of the following random initial value problem

/8 2 e
wu(t,x) =(m—(mo —A)2)u(t,x), u(0,x)=mwuo(x), t>0, x eR", (1)

of the time-fractional relativistic diffusion equation (TFRDE), where the time-fractional
parameter 5 € (0, 1), the spatial-fractional parameter o € (0,2) and the (normalized)
mass parameter m > 0. This equation is obtained from the classical diffusion equation by
replacing the spatial and temporal derivatives by fractional ones, which were introduced
to describe physical phenomena such as diffusion in porous media with fractal geometry,
kinematics in viscoelastic media, relaxation processes in complex systems [4].

For the operator (m — (ma — A)%), the prominent case is a = 1, for which —(m —

m2 — A) is regarded as the relativistic Schrodinger operator; see the seminal paper
of Carmona et al. [11] and Shieh [33] for its relation to Lévy processes. For general
a € (0,2), one may refer to Ryznar [31], Bacumer et al. [7], Kumara et al. [21], and the
references therein. TFRDESs have also played an essential role in the theory of computer
vision; see a special volume edited by Kimmel et al. [20], in which P.D.E. and scale-space
methods are focused and TFRDEs with § =1 are particularly employed.

In this article, the initial data ug are modeled by a class of nonlinear functions of
homogeneous Gaussian random fields. We study the large-scale and the small-scale
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limits of the re-scaled solution field. For the large-scale limit (Theorem 1 and Theorem
3), the mass m > 0 dominates the space-time scaling and also the limiting field. For
the small-scale limit (Theorem 2 and Theorem 4), the spatial-fractional parameter a
dominates both the scaling factor and the limiting field, and it appears to be irrelevant
for m being positive or zero.

In our discussions, the large-scale limits in Theorem 1 and Theorem 3 are respectively
comparable to the Central Limit Theorem for local functionals of random fields with weak
dependence in [10], and to a certain non-Gaussian Central Limit Theorem for which the
papers [34, 14] are pioneering. For the small-scale limits in Theorem 2 and Theorem 4,
they involve not only the space-time scaling on u but also need to re-scale the initial
data wug; to our knowledge, these are new type results for the literature; see [27] for the
authors’ very recent study. We use the moment method and the Feymann-type diagrams,
which are used notably in [10], to find out the Gaussian limits. On the other hand, we
exploit the truncation of Hermite expansions and the multiple Wiener-It6 integrals to
find out the non-Gaussian limits.

We remark that, in the non-relativistic case, i.e. m = 0, the large-scale limits for
the random initial value problem with multiple It6-Wiener integrals as input have been
discussed in Anh and Leonenko [2, 5]; subsequent works, together with Burgers’ equation,
in this direction by the authors and collaborators can be seen in [6, 8, 18, 23, 24, 25, 26, 30]
and the references therein. However, the multi-scaling limits due to the different roles of
the mass and the fractional-index, the target of this article, are not mentioned in the cited
papers. Compare to [3, 5] and our previous work [26] related to the random initial value
problem for the fractional diffusion-wave equations, the Laplace operator A is extended
to the a-fractional relativistic diffusion operator (m — (ma — A)%). In [3, 5, 26], the
large-scale limit of u is discussed but the existence of small-scale limits of u is neglected.
In this paper, we show that the random solution u under the small scaling and the large
scaling has different limits no matter whether the initial data is long-range dependent or
not. Finally, we mention that the study on the PDEs with random initial conditions can
be traced back to [19] and [29]. Besides the above mentioned literature, there also has
very significant progress on Burgers equation with different types of random input; see
the monograph of Woyczynski [37] and the Chapter 6 of Bertoin [9].

The rest of the paper is organized as follows. In Section 2, we present some prelimi-
naries; we state our main results in Section 3, and all the proofs of our results are given
in Section 4.

2. PRELIMINARIES

2.1. Heat kernel for TFRDEs. In the TFRDE, the fractional temporal derivative gTﬁﬁ
is in the Caputo-Djrbashian sense [12]

dﬁf( Fm () if=meN
= t (m) r .
dt” o Jy wrmdr i B € (m—1,m),

where f(™) denotes the ordinary derivative of order m of a causal function f (i.e., f is

(2)

vanishing for ¢ < 0). The spatial operator (m — (ma — A)%) in (1) is regarded as a
psudo-differential operator, see for example the book and the paper by Wong [35, 36].

In this paper, we mainly focus on the case 0 < § < 1. In this case, (1) can be
derived from the master equation of a continuous-time random walk with the Mittag-
Leffler distributed waiting times between jumps (see, for example, Angulo et al. [1]).
The Mittage-Leffer distribution has the density function ¢ (t), t > 0, as follows

Up(t) = t77 1 Eg g(—t7), (3)
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FicURE 1. The Mittag-Lefler probability density function

where Eg g(-) is the two-parameter Mittag-Leffler function, which is defined by the series
expansion

o0 k

z
E, = — a, , . 4
b(2) g:or(ak D) a, b>0, zeC (4)

The Mittag-Lefller functions are entire functions on the complex plane and their asymp-
totic behaviors, when § < 1, have the inverse power law as follows:

|Ean(z)] ~ 0(|71|), 2l — oo with Jarg(~2)| < w(1 - 5), b>0, (5)
where arg: C — (—m,m) and f(z) ~ O(g(z)) denotes that f(z)/g(z) remains bounded
as z approaches the indicated limit point; see, for example, the classic books by Erdélyi
et.al. [16] (pp. 206-212, in particular p. 206 (7) and p. 210 (21)) or by Djrbashian
[12, Chapter 1]. When ( = 1, the Mittag-Leffler distribution becomes an exponentially
distribution since Ej 1(z) = e*. The Mittag-LefHler probability density functions ¢s(t)
for 5 =10.2, 0.6 and 1 are illustrated in Figure 1. By (5) (see also Figure 1), when 5 < 1,
the probability density function 1z of the waiting time between jumps does not have the
exponential decay as 11, so the case 0 < § < 1 is referred as the sub-diffusive.

The solution of (1) is given in the convolution form

U(t, X5 Uo()) = R G(t> X = y)UO(y)dy7 (6)
where the heat kernel G(,-) is defined by its spatial Fourier transform G (t,-) as follows:

~

Gt \) = / NGt x)dx = Bpa (—470(V) (7)

with (\) = (ma +|A|2)% —m, where A € R". The derivation of (7) can be found in [32].

In this work, the initial data ug in (6) is a second-order homogeneous random field
on R™, and (6) should be understood as a mean-square solution of (1); resulting in
a spatial-temporal random solution field w; see [30, Proposition 1] for some discussion
on the mean-square solutions of parabolic PDEs with mean-square continuous random
initial data.

2.2. Subordinated Gaussian fields as initial data. Let (€2, 7, P) be an underlying
probability space such that all random elements appeared in this article are measurable
with respect to it.

Condition A. The initial data of (1) is assumed to be a random field on R™ given by

uo(x) = h(¢(x)), x € R, (8)

where ( is a mean-square continuous and homogeneous Gaussian random field with mean
zero and variance 1. We suppose that the Gaussian random field ¢ has positive covariance
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function R(x), x € R™, and its spectral measure F'(d\) has the (spectral) density f(\),
A € R™; moreover, h : R — R is a (non-random) function such that

1 -2
Eh?(¢ /h2 r)dr < oo; p(r) = \/%6_7, reR. 9)

Condition A implies that the initial data ug is a subordinated Gaussian field, which is
introduced by Dobrushin [13]; see also [2, 5] for more recent discussions. Under Condition
A, by the Bochner-Khintchine theorem, we have the following spectral representation for
the covariance function of the Gaussian field ¢:

R(x) = Con(¢(0),66) = [ ¢4 F(xjan (10)

Moreover, by the Karhunen Theorem, ¢ has the representation

C(x) = / <> SFONIW(AA), x € R™, (11)

where W (d)) is the standard complex-valued Gaussian white noise on the Fourier domain
R™ such that W(A;) = W(—A;) and EW(A1)W(Az) = Leb(A; NAy) for any Ay, A €
B(R™). See, for example, the book of Leonenko [22, Theorem 1.1.3] for the above facts.
The function h has the following expansion:

= H(r
=Cy+ Z C, \l/(z—') (12)
in the Hilbert space L%(R, p(r)dr), where
= / ey ) b yar, (13)

and {H;(r),l =0,1,2,...} are the Hermite polynomlals, that is,
7‘2 dl ""2
Hy(r) = (=1)le™ We_T for 1€{0,1,2,...}.
T
Accordingly, the Hermite rank of the function h is defined by
=inf{l >1: C; #0}.
It is well-known that (see, for example, Major [28; Corollary 5.5 and p. 30]):
E[Hy, (C(v))Hi, (((2)] = 610 R (y —2), ¥, z€R", (14)
(07} is the Kronecker symbol) and

l
<AL A > lH ‘| (dA1) ... W(d\), (15)

’

(o) = [

]Rn)(l

where [ l means that the integral excludes the diagonal hyperplanes z; = Fz;, i,j =
1,...,0, 1 # 7.
We impose two different conditions on the singularity of the spectral density f(\) at
0, which yield, respectively, the Gaussian and the non-Gaussian scaling-limits.
Condition B. The spectral density function f of the Gaussian random field ¢ in
Condition A can be expressed as
B\

f(>‘) = |)\‘n—n

where m is the Hermite rank of the function h, and B(-) € C(R") is of suitable decay at
infinity to ensure f € L'(R").

for some x > ﬁ, (16)
m
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Condition C. The spectral density function f of the Gaussian random field ¢ in
Condition A can be expressed as
B(})

)= s

where m is the Hermite rank of the function h, B(-) € C(R") is of suitable decay at
infinity to ensure f € L*(R"), and B(0) > 0.

Note that, in Condition B and C, we do not assume that B(-) is a radial function,
so the field ug is not necessary to be isotropic. Condition B means that the density f
either is regular at 0, or has a singularity for which the order is less than n(1 — 1/m);
while Condition C means that f has a singularity at 0 for which the order is higher than
n(l —1/m).

By (10) and the convolution theorem, for each [ € N,

Rl(x) = / "M fH(N)dA, (18)

where f*!()\) is the I-fold convolution of f. Given that f can be expressed as (16) or
(17), the behavior of f*!, I € N, near the original can be described as follows.

for some 0 < Kk < E, (17)
m

Lemma 1. Suppose that the spectral density function f has the form,
B
f) = omze
|>\‘n K
for some non-negative bounded and continuous function B(\) so that f € L*(R™). Then,
for any k > 2, there exists a bounded function By € C(R™\{0}) such that the k-fold
convolution f** of f can be re-written as
Br(\)|A[Fr—n, for kk < n,
) =< Be(M)In(2+ ﬁ), for kk = n, (19)
By(\) € C(R™), for kx > n.
Moreover, for any ki > ko > n/k, the inequality supycgn By, (A) < supyegn Bk, (A) holds.

K >0,

We refer the reader to the proof of Lemma 1 in [27].

To understand the difference between Conditions B and C, in view of Lemma 1,
Condition B implies that the k-fold convolution f**, k > m, has no singularity at the
origin A = 0, which in turn asserts that the spectral density of the random initial data
ug has no singularity at A = 0; while Condition C asserts that the initial data wug
has a spectral density which is singular at A = 0. The situation can be described as,
respectively, the short-range and the long-range dependence of the initial field ug; a
central notion in vast applications, as one may refer to the special volume by Doukhan,
Oppenheim, and Taqqu [15].

3. MAIN RESULTS

The significant difference between Condition B and Condition C, as remarked at the
end of the last section, is employed to obtain the Gaussian and the non-Gaussian scaling-
limits. We will present them in the following two subsections.

In the context henceforth, the notation = denotes the convergence of random vari-
ables (respectively, random families) in the sense of distribution (respectively, finite-
dimensional distributions).

3.1. Gaussian limits with initial data in (A,B). As mentioned in Section 1, we
will present the large-scale and the small-scale limit theorems, which are comparable to
the central limit theorem for local functionals of random fields with weak dependence in
Breuer and Major [10]. The novel feature is that the mass m > 0 and the fractional-index
« play different roles in the two scales.
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Theorem 1. Let n=1,2 or 3. Consider the mean-square solution u(t,x;uo(-)), t > 0,
x € R", of (1) with m > 0. The initial data uo(x) = h(((x)) are supposed to satisfy
Conditions A and B with the Hermite rank m > 1. When T — oo,

T {u(Tt, T% % uo(-)) — co} = U(t, %),

where U(t,x), t > 0, x € R", is a Gaussian field with the spectral representation

e 1
2

U(t,x):/ ei<’\’x>amE571(—tﬁgm1_%|>\\2)W(d)\), T = (Zf*T(O)CE) . (20)

r=m

where W (dM) is a complez-valued standard Gaussian noise measure on R™ (c.f. (11)).

For the small-scale limit, we need to re-scale the initial data too; thus the notation
uo(sfi’x) imposed on ug emphasizes that the variable of ug is under the indicated
dilation factor =« ~X.

Theorem 2. Let u(t,x;uop(+)), t > 0, x € R™, be the mean-square solution of (1) with
m > 0 and 2a < (n A 4). The initial data uo(x) = h({(x)) are supposed to satisfy
Conditions A and B with the Hermite rank m > 1. For any x > 0, when € — 0,

e fu(eht e xup(eE ) — Gy} = Vit x), @)

where V(t,x), t > 0, x € R", is a Gaussian field with the following spectral representa-
tion:

V(t,x) :/n N g, B (N (AN), o = (f:f*r(())cf)%, (22)

where W (dM\) is a complez-valued standard Gaussian noise measure on R™.

3.2. Non-Gaussian limits with initial data in (A,C). As in the above subsection,
we have the large-scale and the small-scale limits; however, the high singularity order
in Condition C assets that our limiting fields are now non-Gaussian. The non-Gaussian
limits of the convolution type can be seen in the pioneering papers of Taqqu [34] and
Dobrushin and Major [14], and Anh and Leonenko [2, 5].

Theorem 3. Let n = 1,2 or 3. Consider the mean-square solution u(t,x;ug(+)), t > 0,
x € R", of (1) with m > 0. The initial data {up(x) = h({(x)),x € R"} are supposed to
satisfy Conditions A and C with m > 1.
When T — oo, we have
Bmk

T {u(Tt, T35 h((() = Co | = Un(t,%), (23)

where Up,(t,x) is represented by the following multiple Wiener integrals
’ _2

U (t X)*B% (0) Cn i< AL A > Eﬁvl(_tﬁgml “ ‘)‘1 +o )\m|2)

m ) -

Vml Jgnon (M- Am

ﬁW(d/\l).

)2 Py

(24)

Theorem 4. Let u(t,x;uo(-)) be the mean-square solution to (1) with 2c < (nA4). The
initial data {up(x) = h({(x)), x € R™} are supposed to satisfy Conditions A and C with
m > 1. For any fized parameter x > 0, when € — 0, we have

e {uleht et x (G5 7))) = Co} = Vin(1,%), (25)
where Vi, (t,x) is represented by the multiple Wiener integrals
c i<t tams Ea 1 (=t 4 -+ M) .

Vo (t,%)=B% (0) e [Iw@n). (26)

Vm! Jrnxm (1Al Am]) 2 =1
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4. PROOFS OF THEOREMS

The following two-scale property of the heat kernel G is the key to our results. In
comparison with G, the heat kernel corresponding to the fractional-Laplace operator
—(—=A)%, where a € (0,2], only has one type of scaling limit. We describe the two-scale
property of G in terms of its Fourier transform G as follows.

G(THT3N) = Bga (T (m— (md +TP)%)) = By (—75m!=2A2)  (27)
when T' — oo; (27) is a consequence of the Taylor’s expansion,

m— (m# + T P\*)% =m — (er%(m%)%_lT_ﬁ\)\FJrg(g 71)c§_2T_25|>\|4)
X A1y 2 @ X2 2284
—_ YmdEir o2+ 2a - T-29|)
5 (m=) AP+ 70 = 3)er 1Al

for some ¢ € (ma,ma + T-P|\2). In contrast to the large-scale property (27), when
e — 0, we have

G(eFt,e = \) = Eg, (aﬁm —etf(mé 474 m?)%) — Egy (—t°|A*). (28)

We observe that (28) indeed holds no matter whether m is positive or not.

Proofs of Theorems 1 and 2. In the below, we only provide the proof of Theorem 2,
and show why the rescaling of the initial data is needed to obtain the desired limit. The
proof of Theorem 1 is parallel and does not require the rescaling of the initial data. The
method of the proof can be traced back to [10].

Denote

nx

Yo(t,x) =¢ 2 u(a%’t,EéX; U0(€7éfx')) — Co.

We first apply the Hermite expansion (12) and the property fR" G(t,x)dx =1, which is
obtained by substituting A = 0 into (7), to get
1

Yo (t,x _5_7Z\f G( E‘*t eox — y)Hi(C(e™ = Xy))dy.
R™

For any M € N and any set of real numbers {a1, as,...,an}, denote

ZCLJ (tj,x;), (29)

where {t1,...,tp} C Ry and {xq,... ,XM} C R™ are arbitrary. In order to apply the
Method of Moments to prove the statement of Theorem 2, we need to verify

0 ifp=2v+1,
lim E¢P — M al . 30
lim ES2 (p— 1) {E[(Zlajvaj,xj)) }} if p = 20, (30)
J=

where V(¢,x) is defined in (22). We remark that calculating the higher (i.e. p > 2)
moments is needed since & is not Gaussian, though the wanted limit is Gaussian. We
split & into two parts:

fe = gs,SN + £€,>N7 (31)

where

M oo

_nx C 1 1 _1_

Eesn =) a2 ) \/—ll—' A G(ePtj,eox; —y)Hi(C(e™ > Xy))dy.  (32)
j=1 I=N41 V" JR"
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We first prove that E[§§,> ~) — 0 whenever N is chosen large enough. Observe that for
any N > m — 1, by (14)

= C 1 1 _1_
E(&>n)° = [Z% Y p L GE et —y) (e “y))dy)’]
j=1 |=N+1 VU SR

l 1
Z Ajy Ajp€ Z ct GEﬂthE xj, —y1)G(ePt),, 7%, — y2)

J1,J2=1 [=N+1 R2"

xR (e"=X(y1 — y2)))dy1dys. (33)
By the spectral representation (18) for the k-th power of the covariance function R(-),
(33) can be rewritten as

1 1 1
£e>N Z a]1a]2 X Z Cl/ 5Btj135axj1 7y1)G(€Btj275“Xj27y2)

J1,J2=1 I=N+1 e
x/ ei<€_é_x(y1—y2)7)‘>f*l()\)d)\d}’1dy2~

Since
a1l L o
/ ei<e @ Xy’/\>G(€%t, cox — y)dy — efi<e )\,x>Eﬁ71 (—etﬁﬁ(eé_x)\)) , (34)

E(&>n) Z aj, j,€ Z 02/ e"(gfx(x.n—xj2)7>\)f*l(/\)

J1,J2=1 I=N+1 "
x B 1(—et] 0(e™=7XN) Ep 1 (—et 0(c™=7XN\))dX

M oo
> ) 012/ e10n 52 N fr(eX\) By ) (—et B = X))

Ji,j2=1 I=N+1 "
x Eg1(—et] 0(e"=N))dA.
Because Eg1(—t] |- |*)Eg1(—t] |- |*) € L'(R") when 2a0 > n and f*(-), | > m, are

continuous and uniformly bounded on R™ (Condition B and Lemma 1 imply that

=1 =) ™ (m)dn <||Blloo / £ (mydn =|| Bl V1> m),
Rn R™

we have

E(é>n)° Z%%Z R /emvxh*"ffEﬁ,l(—tﬁ|A|Q>Eﬁ,1<—ti|x|a>dA

n

J1,J2=1 I=N+1
(35)
when £ — 0. From (35), for any 6 > 0, there exists Ny € N and £ > 0 such that
E(&,>n)* <6, for any N > Ny, € < g, (36)
which implies that it suffices to prove a truncated version of (30) as follows:
0 if p=2v+1,
M 1%
hm Efe <No (p— ]_)” {E[(Zajvm,]vo(tj,xj‘))z] } ifp: 2V, (37)
j=1
where

=

Vm»NO(taX) = / €i<)\’x>am,NoEﬁ,1 (_t,ﬁ‘)\|a) W( Om,Nog — [Zf*r
(38)
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(a) Regular diagram I' (§B(1) = 3, #B(2) = (b) Non-regular diagram I' (§B(1) = 3,
0, §B(3) =4, §B(4) =0) §B(2) =1, 4B(3) = 3, §B(4) = 0)

FIGURE 2. Tllustration of complete diagrams of order (3,3,4,4)

By (31) for the definition of & <n, (= & — &,>n,) and our rescaling of the initial data,

> % 1T %

J1seendp=1 l1,..,lp=m i=1

/Rn [HG sﬁt]”a X, — 7)] {]EHHli(C(g—é—xyi))} dyy ...dy,
= i=1
No P

DS o 5]

1y )]pfl l1,.. ,lp—m =1

></ [Hng(E%twséxﬁ - 5%yl ] [EHHl (e Xy) }dyl .. dyp. (39)
Rrp %

To analyze E(&. <n, )P, we employ the diagram method (see, [10] or [17, p.72]). A
graph I with {; + - - - 4 [, vertices is called a (complete) diagram of order (ly,...,1l,) if:

(a) the set of vertices V' of the graph T' is of the form V = U§:1 W;, where W; =
{(5,1) : 1 <1< ;} is the j-th level of the graph T';

(b) each vertex is of degree 1, that is, each vertex is just an endpoint of an edge;

(¢) if ((41,11), (J2,l2)) € T then j; # jo, that is, the edges of the graph I'" connect
only different levels.

(fa <N0

Let T = T(l1,...,l,) be a set of (complete) diagrams of order (l1,...,l,). Denote by
E(T) the set of edges of the graph I € T. For the edge e = ((j1,1), (j2,l3)) € E(T") with
J1 < jo2, 1< Z/l <ljand 1< l/2 <y, we set dy(e) = j1 and da(e) = j2. We call a diagram
T" to be regular if its levels can be split into pairs in such a manner that no edge connects
the levels belonging to different pairs (see Figure 2(a)). Denote by T* = T*(l4,...,1p)
the set of all regular diagrams in T. If I' € T* is a regular diagram, then it implies
that p is even and I' can be divided into p/2 sub-diagrams (denoted by I'y,...,T',/2),
which can not be separated again; in this case, we naturally define d;(I';) = d;(e) and
da(T;) = da(e) for any e € E(T;), i = 1,...,v = p/2. We denote $E(T') (resp. $E(T;))
the number of edges belonging to the specific diagram I" (resp. the sub-diagram I';).

Based on the notations above and let

Dy ={(J,L):J=(j1,-- 1 4p), 1 <ji <M, L=(l1,...,0,),m <1l <Ng,i=1,...,p},
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(39) can be rewritten as

E(&<n)’= >, K(WL)Y F(JLe+ > KL Y Fr(JLe), (40)

(J,L)eD, TeT* (J,L)eD, TreT\T*
where
Lo,
K(J,L) = i];[laji ok (41)
Fr(J,Le) = [Hs RGP (x5 )| | T] RE G = Yaro))]
R™P Ti=1 ec E(T)
dyl Cen dyp
(37) follows by (40) if we can verify the following two things:
M 2 p/2
W lm S KWL Y F(]Le) = - DE[(LaVmm (b %)’}
€Y, L)eD, reT* j=1
(2) im > K(J,L) >, Fr(J,L,e)=0.

¢=0(J,L)eD, DeT\T*

Proof of (1): It T is a regular diagram in T*(ly,...,[,), then I' has an unique de-
composition I' = (T'y,...,T,), where v = p/2 € N and T'y,...,T', cannot be further
decomposed. Accordingly, Fr(J, L,e) can be rewritten as the following v = p/2 products

FF(Jvag)
pnx Y n 1 1 n 1 1 ’
— ] [ G tase by — )2 GEDtary, 8 (raary ~¥)) - (42)
R n
x REPT) (e™X(y —y'))dydy .
By

REPD (cx(y —y')) = e / (Y > PRED) (XN dA, = 1,... v,

n

and
/ ei<y))\>€§G( ° (tdl(F »E (xdl(ri) —y))dy = 6i<)\’Xd1<Fi>>Eﬁ’1 <7€tdﬁ1(ri)0(€é/\)) ’

(42) can be rewritten as

v

Fr(J,L,e) = H [/2 XX ~Xar ) By (ﬂftgl(n)@(sé A))
j=1 /R (43)

1 « )
x a1 (et 002 N)) FEPEI () dA].

Applying the small-scale property illustrated in (28), (43) has the following limit
lim Fp(J, L, )

:Hf*ﬁE(Fi)(O)/R ei</\’x‘“(r’7)_xdz(ri)>Eﬂvl(_t51(Fi)|/\‘a))Eﬁvl(_tgz(Fi)|)‘|a))d)‘7 (44)

where f*#£I)(0) < oo follows from Lemma 1 and $E(T;) > n/k under Condition B.
Meanwhile, because T is a regular diagram in T(L), K(.J, L) can be rewritten as follows:

2
Cier)

:Eadl( sz)ﬁE() (45)
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Therefore, by (44) and (45),

lim > K(JL)) Fr(J, L)

(J,L)EDy,, reT-
5 S [[onieamnan [ s
(J,L)€Da, TET* i=1 ke
- Cipry)
Bt g B (g MO [T 45 O |-+ )
1=1

Because all components in the first bracket in (46) are independent to the index set L
and the summation ) ... depends only on ), , by changing the order of summation,
(46) can be rewritten as follows:

lim Z K(J,L)ZFF(J,L,E)

(J,L)ED3, reT*
- Z Z Z{Hadl(l“ ) @da (T )/ a0 B (- dl(m)|>\|a)
L TeT*

X Eg1(=th, A% d)\]

C (47)
wHE(T;) ﬁE(F )
[H I ol

(N, X —X / « a v
|:Z CL] - /]Rne< J >Eﬁ)1(—t]ﬂ‘)\| )Eﬁ,l(_tflp\‘ )d)\:|

J*l

02
3 [l

L T'eT* -i=1

To handle the summation Y, > rcp.[...] in (47), we note that [];_, f*#T)(0) ”’f(r)),
only depends on {fE(T;),s = 1,...,v}, not on the internal structures of sub- dlagrams
Ti,i=1,...,v. Let s be the number of different integers r1,...,7s in {l1,...,ls,} with
m<ry < - <71y < Ny, where 1 < s < v. It implies that the set {ly,...,lo,} can
be split into s subsets @1, ..., Qs and all elements within @); have the common value r;,
i =1,...,s. For the number of pairs within each subset @;, we denote it by ¢;, which
satisfies ¢; > 1,7 =1,...,s, and q; + - - - + ¢s = v. Using the notation introduced above,

> > [--.] can be rewritten as follows:
L et~

3 [[1re o o]

L TeT* i=1

v)! u CE @i
DI DY Rt LR ) | (AOROL

1<s<v m<ri<---<rs=Ng q1+-+qs=v

SCRLD DRI SIS D)) (TN

1<s<v m<r;<---<rs=No q1++qs=v

No .
—v - rro)cz] (48)

T=m
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Substituting (48) into (47) yields

lim > K(J,L)Y Fr(JLe)

(J,L)EDs, reT*

(2V—1”{Z aa//n X By (DN B (— A" )d/\ (49)

3,4’ =1

No v
X {Z f*T(O)Cf} .
By the orthogonal property of the Gaussian white noise measure W (see (11)), the right
hand side of (49) is equal to

2 — 1) ”[ (Za / ei<,\,xj>0m7NoEﬁ’1(7t§\)\|Q)W(d)\)> 2}1/ (50)

with o, N, = ( Z F*7(0)C2)z. The proof of (1) is complete.

r=m
Proof of (2): hm > K(J,L) Y. Fr(J,L,e)=0.
¢=0(J,L)eD, TeT\ T~
By (37), the number of elements in the summation of "  is finite, thus it suffices

(J,L)eD,
to show that lirr(l)Fr(J7 L,e) = 0 for arbitrary p, i.e., for each I' € T(l4,...,1,)\T*,

P
pnx n 1
577/ [HéaG(EﬁtﬁaE XJL ][ H R ydl(p) de(e))) dy1 .. .dyp
e i=1 ee E(D
(51)
— 0 when ¢ — 0. Without loss of generality, we prove (51) for t;, = 1 and x;, = 0,
1=1,...,p, and also just consider the case [y <ly <--- <{,. Let
Aﬂ‘/ :{eEEF)|d1( )_.]7 d2 —] } B _UJ/>ZA1 v (52)

and define §A; . and §B(i) to be the numbers of edges in A; .+ and B(i) (see Figure 2),
respectively, Where 1<4,5< j < p. Based on the notation in (52),

Fr(J,Lye) =¢~ =N { @ sﬁ 5ayl)}

Rnpzl

H H R E X yd2(5)>>:| dyl .. dyp

i;B(i)#¢ e€ B(i)

P
pnx n 1 1
<e 2 IlsEGsﬁea ;
= /Rnp { (e7, YZ)}

i=1

[ I > B RﬁB(’)(6 X(Yi_de(E)))] dyi ...dy,

;B (1) #¢p e€ B(1)

P
ge—%/ {HszG(s}g&iyi)}
3 ey

(I Y

3B ()£ :Ai 76
where the first inequality follows from the assumption R(-) > 0 and the second inequality
follows from §B(i) < $A; ;. Henceforth, we denote G.(y;) = e G(a%@éyi) for all y;

(53)

ﬁB (6 X( YJ))]dyldypa
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in (53) and G- to be the Fourier transform of G.. To prove (53) — 0, by the spectral
representation, it suffices to show that

/ [HG wo]| TI / IV A B0 X\ ) aN | dys . dy, (54)
R7p S5 n

B ()£
converges to zero when ¢ — 0 for each ¢ € {1,...,p — 1} with B(i) # ¢ and any

@) € {4 1A ; # ).

We prove liIr(1) (54) = 0 for general non-regular diagrams as follows. By changing the
E—

order of integrals,

(54) = "/ D(X;e) H FEBO (XN e™Xd ), (55)
B B(i)#¢
P .
where D(X;e) = [, {HGE(yi)} [ I1 el<yl'7yﬂ'<i>*>‘i>}dy1 ...dyp. When £B(i) < l;,
=1 i B(i)#¢
by Lemma 1, we have
FEPOM) = Oy WINFPOE, (56)

where Cyp;)(A) = BﬁB(i)(A”MﬁB(i)(H*ﬁ) and ‘lim Cypiy(\) = 0 because & > n/m >
n/l;. When tB(i) > I;, f**5® e C(R

To summarize, we have

).
; o(1) if §B(i) = li,
*§ B (1) :
! (V) < { o(|A \ ) if 1< 8B(i) <, (57)
when |A] — 0. Thus,
(54) < e "Fo(@"E T 0., (58)

where

Q.= [ o[ pova) T w7 Van,
toIR §B(i)#¢
which converges to a finite number when ¢ — 0 and « > n/2. Finally, the convergence
of the right hand side of (58) to zero follows by the following inequality ([10, (2.20)])

D .
ZﬁB(Z) S P
‘ i — 2
i=1
The proof of (2) is complete. O

Proof of Theorem 3.
By the solution form (6) and [, G(t,x)dx =1,

T Lu(Tt, T () — Co )

:T%{ s G(Tt, Tix —y) [Co + kick%}dy - CO}

o0 o0
wac C B
=N "1 SR G T x - y) HuC(y))dy = Y unr(tx). (59)
— VE! Jrn -
By the Slutsky argument [22, p. 6.], Theorem 3 will be proved if we can show that
(1) Uy, 7 (t,x) = U (t, %),

(2) > wpr(t,x) — 0 in probability
k=m-+1

=m

(60)
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when T' — oo.
Proof of (1): Replacing H,,(((y)) in the expression of wu,, r(¢,x) with its It6-Wiener
expansion (15) and using the Fourier transform G(t,-) of G(t,-) in (7), we have

um,T(t,x)
_regs Cm. RG(Tt Tox— ){/R :<M1+ A H VIO)W(dA,) }
mkK C 2
—7" Nl T2 A A= QT A - )\m)H«/f(AU)W(d/\U). (61)
nxm O’:l

By the definition about fﬂénxm in (15) and the self-similarity property W(T’gd)\) £

T’%W(d)\), U, has the same finite dimensional distributions as u,, r, where

Cnm
um T (t X) \/_

H V(T2 X)W (dAs). (62)

From the isometry property of the multiple Wiener integrals and the integral represen-
tation of the limiting field U,, (¢,x) in (24),

Bt 1(t, %) — Up(t, x)|?

’

m g ’”/ A A= QT T (A + -+ Am))
RTLX‘NL

=c?, / [T T T e+

~p(oyr B ATt A
(Al Aml) =

Condition C and the large-scale property (27) allow us to apply the dominated conver-
gence theorem to show that (63) will converge to zero when T'— oco. We note that the
convergence in (27) can be shown to be monotone decreasing when T' 1 oo for each ¢t > 0
and A € R™. Thus, we get

(63)

nn

ﬁ

lim Bt 7(t,x) — Un(t,x)|* = 0. (64)
T—o0
To summarize, we have proven that w1 4 Um,r and Uy, 7(t,x) — Up(t,x) in

probability when T' — oo. Therefore, the claim (1) follows by the Slutsky argument and
the Cramer-Wold theorem.
Proof of (2): By the orthogonal property (14) and (18), we have

E[( Z uk,7(t,%))?]
k—m—i—l
i n Z Ck/ / G(Tt,T?x - y)G(Tt,T?x —y )Ry — y )dy dy’
k=m-+1 R
1 Y [ @t e oy 09)
k=m-+1

:TM( Z Z )Ok/ (Tt T*E)\)) f* (T’g)\)d/\ =:(I)+ (IT), (65)

k=m+1 k=k*+1
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where k* = max{k e N |k > m + 1,kx < n}.
For the case k*k < n, by Lemma 1 and (27),

: 1 Hm“ n) —5 —g —g kk—n
Jim (1) = Jim T kzﬂck/ G(Tt,T72\)?Bi(T~2\)|T ™2 A[F*~"dA

T T—oo

<jim 3 T 1Bl [ [Baa (0" mi=2 ) A
Rn 2
k=m+1
< lim T~ % Z c? ||Bk||oo/ [E@l(_tﬁgml—ﬁ|/\|2)]2|)\|Im—nd)\:0_
R™ 2

T T—oo
k=m+1

For the case k*x = n, we still have lim (I) = 0 because

T—o0

lim 777502, / (G(Tt, T~ \)2By- (T~ \)In(2 + TF |\ ~1)d) = 0.

T—o0

On the other hand, for any k > k* + 1, by Lemma 1, we have ||f**||.<||f** +1] o, s0

lim (1) < Jim 7757 Z C2 || )| / (G(TE, T4 A))2dA = 0.

T—o0
k=k*+1

Therefore, limp—.oo E[(3-5,,4 1 tr,7(t,%))?] = 0 and the claim (2) follows by the Markov
inequality. 0
Proof of Theorem 4.

The following proof is a hybrid of the proofs of Theorems 2 and 3, we give a full presen-
tation mainly to see how the rescaling of the initial data is proceeded. By the Hermite
expansion and the solution form (6), we can rewrite

s xm Ck 1 1
o G(ert,y)Hg(C(e™ @ 5ax— )))dy =: I; (t, %x).
kZ: \/— on ( ) k( ( ( Z k

Theorem 4 follows by

(2) X IZ(L‘ X) — 0 in probablhty (67)
k=m+1

when € — 0.
Proof of (1): By substituting the It6-Wiener expansion (15) for the random field H,, (¢(-))
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into I¢, (t,x) and exchanging the order of integration

C Xmk 1 1 1

Is t7x = 7m‘€_ 2 G85t7 Hm g_E_X gax — d
m (£, %) — . (e7t,y)Hm(C( ( y)))dy
C xXmk 1 ' P R &
= _mg_ 2 G(Eﬁt7y)/ e’L{E o (sax_y)7)\1+,,,+)\m>
m RrR™ RnXm
< T VFOIW (dA,)dy
o=1

’

_ Cn E_w/ T HAE XD BBt emF X (A 4 4 Ap))
RnXm

< [T VFO)W (dAs)dy

(68)

’

xm(n—r) . o oy~ 1 1 ’ ’
m M AN Qe eTa (A 4 4+ )
R‘HXT‘H

[l
&

xH F(EXA)W (dA,)

=15, (t,%),

where the last equality follows by the self-similarity property W(sxd)\) £ e T W(dN).
Now, applying the isometry property of the multiple Wiener integrals to the difference
of It,(t,x) and the random field V;,, (¢, x) in (26), we have

E|T, (t,%) = Vin (t, %)

:C?n/ |5xm<giﬂ)§(€t%75_é(>\1 + - H flexA,)

o=1

—B(0)2 Eg1(—t?|Ai 4 -+ A (M) .- | H dA\y — 0 (69)

when ¢ — 0, by Condition C and (28).

By the Markov inequality, (69) implies IS,(t,x) — V,,(¢t,x) in probability. Because
IE (t,x) g I% (t,%), the claim (1) follows by the Cramer-Wold argument.

Proof of (2): From (66), by the orthogonal property (14),

%) 2 0
B( Y ) = 3 EUEE#X)?
k—m-i-l k=m+1
-3 g [ LY)G(EF LY R Xy~ dydy
k=m+41 ]Rn
Z emxme 2 / (G(ePt,e™aXN)2F*F(N)dA

k=m-1

~( Z b3 Jenomacs [ @Es 0P enan = (1) + (),

k=m+1 k=k*+1 "
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where k* = max{k e N |k > m + 1,kx < n}.
For the case k*x < n, by Lemma 1,
.

hH(l)(I) :hr% Z Ex(n—mn)cg/ (é(‘?%t8_éA))QBk(5XA)|€XA|kK_nd)\
- o k=m+1 "
k* ,
<tim 30 G Bl [ [Bpa (< AN = 0.
k=m+1 n

For the case k*x = n, we still have lim (I) = 0 because

e—0

limeX(n=m®) 02, / (G(Ft, 67w A))2 Be (X M) (2 + XA 1 )dA = 0.

e—0

On the other hand, by the assumption x < n/m in Condition C and Lemma 1, for any
k> k* + 1, we have || f**[|oo <[ f** +V |, so

oo

. . N w(k* 2

liy (1) < iy >° 0 mICE [ [ B (-t A= o
k=k*+1

Hence, lim. o E[(}-32,,41 5 (t,x))?] = 0 and the claim (2) follows by the Markov in-

equality. O
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