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NECESSARY AND SUFFICIENT CONDITIONS FOR
CONVERGENCE OF FIRST-RARE-EVENT-TIME PROCESSES FOR
PERTURBED SEMI-MARKOV PROCESSES

UDC 519.21

D. S. SILVESTROV

ABSTRACT. Necessary and sufficient conditions for convergence in distribution of first-rare-event times
and convergence in Skorokhod J-topology of first-rare-event-time processes for perturbed semi-Markov
processes with finite phase space are obtained.

1. INTRODUCTION

Random functionals similar with first-rare-event times are known under different
names such as first hitting times, first passage times, absorption times, in theoretical
studies, and as lifetimes, first failure times, extinction times, etc., in applications. Limit
theorems for such functionals for Markov-type processes have been studied by many
researchers.

The main features for the most previous results is that they give sufficient conditions
of convergence for such functionals. As a rule, those conditions involve assumptions,
which imply convergence in distribution for sums of i.i.d. random variables distributed
as inter-jump times to some infinitely divisible laws plus some ergodicity condition for
the imbedded Markov chain plus condition of vanishing probabilities of occurring a rare
event during one transition step for the corresponding processes.

There is a huge bibliography of works related to limit theorems for first-rare-event
times and related functionals. Here, I would like to refer to the originating paper by
Korolyuk (1969), where convergence in distribution for hitting times to an exponentially
distributed random variable has been proved for linearly perturbed finite Markov chains
and, then, to mention books, which contain results of further theoretical and applied
studies in the area. These are, Silvestrov (1974, 1980), Korolyuk and Turbin (1976,
1978), Keilson (1979), Anisimov (1988, 2008), Korolyuk and Swishchuk (1992), Kar-
tashov (1996), Kalashnikov (1997), Korolyuk V.S. and Korolyuk V.V. (1999), Asmussen
(2003), Koroliuk and Limnios (2005), Gyllenberg and Silvestrov (2008), and Asmussen
and Albrecher (2010). T also refer to the books by Silvestrov (2004) and Gyllenberg and
Silvestrov (2008) and papers by Kovalenko (1994) and Silvestrov D. and Silvestrov S.
(2016), where one can find comprehensive bibliographies of works in the area.

In the context of necessary and sufficient conditions of convergence in distribution for
first-rare-event-time type functionals, we would like to point out the paper by Kovalenko
(1965) and the books by Gnedenko and Korolev (1996) and Bening and Korolev (2002),
where one can find some related results for geometric sums of random variables, and the
papers by Korolyuk, D. and Silvestrov (1983, 1984) and Silvestrov and Velikii (1988),
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where one can find some related results for first-rare-event-time type functionals defined
on Markov chains and semi-Markov processes with arbitrary phase space.

The results of the present paper relate to the model of perturbed semi-Markov processes
with a finite phase space. Instead of conditions based on “individual” distributions of
inter-jump times, more general and weaker conditions imposed on distributions sojourn
times averaged by stationary distributions of the corresponding imbedded Markov chains
are used. Moreover, it is shown that these conditions are not only sufficient but also nec-
essary conditions for convergence in distribution of first-rare-event times and convergence
in Skorokhod J-topology of first-rare-event-time processes. These results give some kind
of a “final solution” for limit theorems for first-rare-event-time processes for perturbed
semi-Markov process with a finite phase space.

The paper generalize and improve results concerned necessary and sufficient condi-
tions of convergence in distribution for first-rare-event times for semi-Markov processes
obtained in papers by Silvestrov and Drozdenko (2006) and Drozdenko (2007, 2009).

First, a weaker model ergodic condition is imposed on the corresponding embedded
Markov chains. Second, the results of the above papers about convergence in distribu-
tion for first-rare-event times are extended, in Theorem 1, to the form of corresponding
functional limit theorem for first-rare-event-time processes, with necessary and sufficient
conditions of convergence. Third, new proofs, based on general limit theorems for ran-
domly stopped stochastic processes, developed and extensively presented in Silvestrov
(2004), are given, instead of more traditional proofs based on cyclic representations of
first-rare-event times if the form of geometric-type random sums. This actually made it
possible to get more advanced results in the form of functional limit theorem. I would like
also to mention Lemmas 1 - 8, which give some useful supplementary information about
asymptotic properties of first-rare-event-time processes and step-sum reward processes.

I would like to conclude the introduction with the remark that the present paper is
a shorten version of the research report by Silvestrov (2016), where one can find some
additional details of proofs, comments and references.

2. MAIN RESULTS

Let (Nen, fens Gen), n = 0,1,... be, for every € € (0,e0], a Markov renewal process,
i.e., a homogenous Markov chain with a phase space Z = {1,2,...,m} x [0,00) x {0,1},
an initial distribution g. = (ge,; = P{ne,0 = 7,620 = 0,(c0 = 0} = P{ne0 = i},1 € X)
and transition probabilities,

P{ne,n+1 =7, Ren41 <t, Ce,n—&-l = ]/na,n =1, fe,n =S, Ce,n = Z}
= P{ns,n+1 = ja Re n+1 <t Ce,nJrl - ]/ne,n = Z} (1)
= Qs,ij(tvj)a Za] S Xa S,t Z Oa 1,)= O,]-

As it is known, the first component 7., of the above Markov renewal process is
also a homogenous Markov chain, with the phase space X = {1,2,...,m}, the initial
distribution ¢. = (¢.; = P{n.,0 = i},7 € X) and the transition probabilities, p.;; =
Qa,ij(+oov 0) + Qe,ij (+OO, ]-)7 ivj eX.

Random variables k. ,, n = 1,2,... can be interpreted as sojourn times and random
variables 7., = Ke1 + - 4+ e, 1 = 1,2,...,7.0 = 0 as moments of jumps for a
semi-Markov process 7:(t), t > 0 defined by the following relation, 7.(t) = 7., for
Ten St < Tepp1, n=0,1,....

As far as random variables (. ,, n = 1,2,... are concerned, they are interpreted as
so-called, “flag variables” using to record events {(., = 1} which can be interpreted as
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“rare” events. Let us introduce first-rare-event-time process,
[tve]
&(t) = Z Ken, t >0, where v, =min(n > 1: (., =1). (2)
n=1
In the present paper, we describe class F of all possible cadlag processes &y(t), t > 0,
which can appear in the corresponding functional limit theorem given in the form of

the asymptotic relation, &.(¢), t > 0 N &o(t), t > 0 as e — 0, and give necessary and
sufficient conditions for holding of the above asymptotic relation with the specific (by its
finite-dimensional distributions) limiting stochastic process &y(t), t > 0 from class F.

Here and henceforth, symbol —L. denotes convergence in Skorokhod J-topology for
real-valued cadlag stochastic processes defined on time interval [0, 0o).

The problems formulated above are solved under three general model assumptions.

Let us introduce the probabilities of occurrence of rare event during one transition
step of the semi-Markov process 1. (¢),

Peyi = Pi{Ca,l = 1}3 1€ X,

The first model assumption A specifies interpretation of the event {(. , = 1} as “rare”
and guarantees the possibility for such event to occur:

A: 0 <maxi<i<mpPe,i — 0ase — 0.

The second model assumption is a condition of asymptotically uniform ergodicity for
the embedded Markov chains 7. ,,:

B: There exists a ring chain of states ig,d1,...,iny = 79 which contains all states
from the phase space X and such that lim__ ;pe4, 44, >0, for k=1,...,N.

Let us introduce random variables,
fei(n) = Zl(n57k,1 =i), n=0,1,...,ieX
k=1

According Lemma 1 given below, condition B guarantees that there exists e, € (0, &¢]
such that, for every ¢ € (0,¢(], the phase space X of Markov chain 7., is one class of
communicative states, and, thus, the Markov chain 7., is ergodic, i.e., the following
asymptotic relation holds, for any initial distribution ¢.,

i(n
Mgwe7i>0a8n—>oo,foriex. (3)
n

As well known, the stationary distribution 7. ;, ¢« € X is the unique solution for the

system of linear equations,

Tei = Zﬂ'e,jpe,jh 1€X, Zﬂ'a,i =L (4)
JjeX ieX
Note that condition B does not require convergence of transition probabilities and, in
sequel, do not imply convergence of stationary probabilities 7. ; as e — 0.
Finally, the following condition guarantees that the last summand &, ,,_ in the random
sum & (1) is asymptotically negligible:
C: Pi{ke1 >0/C.c1 =1} = 0ase—0,for § >0,ieX.
Let us define a probability which is the result of averaging of the probabilities of

occurrence of rare event in one transition step by the stationary distribution of the
imbedded Markov chain 7,

m
Pe = Zﬂ's,ips,i and v, = p§1~ (5)
=1
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Let us introduce the distribution functions of a sojourn times «. ; for the semi-Markov
processes 1 (t),

Gei(t) =Pifrcn <t},t>0, i € Xand Ge(t) = Y meiGeilt), t > 0.
=1

Let 0., n = 1,2,... be i.i.d. random variables with distribution G.(¢), which is a
result of averaging of distribution functions of sojourn times by the stationary distribution
of the imbedded Markov chain 7.,

Now, we can formulate the necessary and sufficient condition for J-convergence of
first-rare-event-time processes:

D: 0, = Zfi Ocm 4, 0o as € — 0, where 0 is a non-negative random variable

with distribution not concentrated in zero.

As it is well known, (d;) the limiting random variable 6 penetrating condition D
should be infinitely divisible and, thus, its Laplace transform has the form, Ee~$% =
e~ A0 where A(s) = gs + JS(1 = e )G (dv), s > 0, g is a non-negative constant
and G(dv) is a measure on interval (0,00) such that f(o 00) 175 G(dv) < o0; (d2) g +
f(O,oo) 115G (dv) > 0 (this is equivalent to the assumption that P{p = 0} <1).

Let us define the Laplace transforms,

@e.i(s) = Eie™*" =1 i € X and ¢.(s) = Ee *0=1 = Zﬂg,is@e,i(s), 52 0.
ex

Condition D can be reformulated in the equivalent form, in terms of the above Laplace
transforms:

Di: ve(1 —pe(s)) — A(s) as € — 0, for s > 0, where the limiting function A(s) > 0,
for s >0 and A(s) — 0 as s — 0.

In this case, (d3) A(s) is a cumulant of non-negative random variable with distribution
not concentrated in zero. Moreover, (d4) A(s) should be the cumulant of infinitely
divisible distribution of the form given in the above conditions (d;) and (ds).

The main result of the paper is the following theorem.

Theorem 1. Let conditions A, B and C hold. Then, (1) condition D is necessary and
sufficient for holding (for some or any initial distributions ., respectively, in statements

of mecessity and sufficiency) of the asymptotic relation £ = &:(1) 4, & as e — 0,
where & is a non-negative random variable with distribution not concentrated in zero.
In this case, (ii) the limiting random variable & has the Laplace transform Ee™5%0 =

m7 where A(s) is a cumulant of infinitely divisible distribution defined in condition

D. Moreover, (iil) the stochastic processes & (t), t > 0 -, &(t) = Op(trg), t > 0 as
e — 0, where () vy is a random variable, which has the exponential distribution with
parameter 1, (b) 0y(t), t > 0 is a non-negative cadlag Lévy process with the Laplace
transforms Ee=500(t) = ¢=tAG) 5 ¢ > 0, (c) the random wvariable vy and the process
Oo(t), t > 0 are independent.

3. ASYMPTOTICS OF FIRST-RARE-EVENT TIMES FOR MARKOV CHAINS

We split the proof of Theorem 1 in series of lemmas, which themselves are of some
independent interest.

Let 7c.n, be, for every e € (0,e0] a Markov chain with the phase space X and a matrix
of transition probabilities ||ps,i;||-

We shall use the following condition:

E: peij —Deij — 0ase — 0, fori,j € X.
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If transition probabilities e ij = po,ij, 1, € X do not depend on €, then condition E
reduces to the following condition:

F: p.ij — poij ase — 0, fori,5 € X.

Lemma 1. Let condition B holds for the Markov chains n.,. Then: (i) There
exists g, € (0,e0] such that the Markov chain 0., is ergodic, for every e € (0,g(] and
0<lim, 7o, <lime_gme; <1, forieX. (ii) If, together with B, condition E holds,
then, there exists e € (0,e(] such that Markov chain 7. ,, is ergodic, for every e € (0,&(],
and its stationary distribution . ;, i € X satisfy the asymptotic relation, 7. ; — 7z ; — 0
ase — 0, fori € X. (iii) If condition F holds, then matriz ||po,i;|| is stochastic, condition
B is equivalent to the assumption that a Markov chain ng ., with the matriz of transition
probabilities ||po.ijl|, is ergodic and the following asymptotic relation holds, 7. ; — o
as € — 0, for i € X, where mo;, 1 € X is the stationary distribution of the Markov chain
To,n -

Proof. Let us first prove proposition (iii). Condition F obviously implies that matrix
lpo.ij|| is stochastic. Conditions B and F imply that lim._.o pei, ,ix = P0,ix_1ix > O,
k = 1,...,N, for the ring chain penetrating condition B. Thus, the Markov chain
case,no,, with the matrix of transition probabilities ||po ;|| is ergodic. Vise versa, the
assumption that a Markov chain ng , with the matrix of transition probabilities ||po;||
is ergodic implies that there exists a ring chain of states ig,...,iny = 79 which contains
all states from the phase space X and such that pg;, ,i, >0,k =1,...,N. In this case,
condition F implies that

Hm peip yie = Poipyin >0, k=1....N,

and, thus, condition B holds. Let us assume that the convergence relation for stationary
distributions penetrating proposition (iii) does not hold. In this case, there exist § > 0
and a sequence 0 < £, — 0 as n — oo such that lim — mo,iv| > 9, for some
i’ € X. Since, the sequences 7., ;, n = 1,2,..., i € X are bounded, there exists a
subsequence 0 < &,, — 0 as k — 0 such that 7., ; — m; as k — oo, for i € X. This
relation, condition F and relation (4) imply that numbers 7 ;, i € X satisfy the system of
linear equation given in (4). This is impossible, since inequality | ; — 70,i7| >  should
hold, while the stationary distribution g ;, ¢ € X is the unique solution of system (4).
Let us now prove proposition (i). Condition B implies that there exist € € (0,&0]
such that p.;, ,i > 0, k = 1,..., N, for the ring chain penetrating condition B, for
¢ € (0,e(]. Thus, the phase space X is one class of communicative states for the Markov
chain 7., and, therefore, this Markov chain is ergodic, for every ¢ € (0,e5]. Let us
now assume that lim 7e,» = 0, for some i’ € X. In this case, there exists a sequence

!
T — 00 |7r€n,’b

==2e—0
0 < e, — 0asn — oo such that 7., » — 0 as n — oo. Since, the sequences pc, i;,
n=12,...,147 € X are bounded, there exists a subsequence 0 < ¢,, — 0 as k — 0

such that p., i; — po,i; as k — oo, for 4, j € X. By proposition (iii), the matrix ||po,i||
is stochastic, the Markov chain 7, with the matrix of transition probabilities ||po,i;|
is ergodic and its stationary distribution mg;, ¢ € X satisfies the asymptotic relation,
Tepn, i — 0, as k — oo, for i € X. This is impossible since equality 7 ;» = 0 should
hold, while all stationary probabilities 7 ;, ¢ € X are positive. Thus, lim__ ,m.; > 0,
for i € X. This implies that, also, lim._ mei < 1, for i € X, since ),y 7. ; = 1, for
e € (0,eq].

Finally, let us now prove proposition (ii). Conditions B and E obviously imply that
lim,_ o Deip qip = UM, oPeip 14, > 0, K = 1,..., N, for the ring chain penetrating
condition B. Thus, condition B holds also for the Markov chains 7. ,, and there exist
ey € (0,e(] such that Markov chain 7., is ergodic, for every ¢ € (0,e(]. Let assume
that the convergence relation for stationary distributions penetrating proposition (ii)
does not hold. In this case, there exist here exist 4 > 0 and a sequence 0 < &, — 0 as
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n — oo such that lim, |7, i+ — e, | > 0, for some i’ € X. Since, the sequences
Den,ijsM =1,2,...,4,7 € Xare bounded, there exists a subsequence 0 < e,, — 0ask — 0
such that pe, ij — po,ij as k — oo, for 4,j € X. This relations and condition E imply
that, also, p.,, ij — Po,ij as k — oo, for ¢, j € X. By proposition (iii), the matrix ||po ;||
is stochastic, the Markov chain 7, with the matrix of transition probabilities ||po ;|
is ergodic and its stationary distribution g ;, ¢ € X satisfies the asymptotic relations,
Te,, i — Mo, as k — oo, for i € X and Me,, i — T, as k — oo, for i € X. This is
impossible, since relation lim,_, |7, i — e, | > ¢ should hold. [J

Proposition (iii) of Lemma 1 implies that, in the case, where the transition probabil-
ities pe,i; = Do,ij» 1,J € X do not depend on parameter € or p.;; — po,;; as € — 0, for
1,j € X, condition B reduces to the standard assumption that the Markov chain ng ,
with the matrix of transition probabilities ||po,i;||, is ergodic.

These simpler variants of asymptotic ergodicity condition, based on condition F and
the assumption of ergodicity of the Markov chain 79 , combined with averaging of char-
acteristic in condition D by its stationary distribution 7 ;, ¢ € X, have been used in the
mentioned above works by Silvestrov and Drozdenko (2006) and Drozdenko (2007) for
proving simper analogues of propositions (i) and (ii) of Theorem 1. In this case, the
averaging of characteristics in the necessary and sufficient condition D, in fact, relates
mainly to distributions of sojourn times.

Condition B, used in the present paper, balances in a natural way averaging of char-
acteristics in condition D between distributions of sojourn times and stationary distrib-
utions of the corresponding embedded Markov chains.

Lemma 2. Let condition B hold. Then,

(t) = pei([tve])

e (t i>1,‘as»3—>0, for t > 0,i € X. (6)

’ Te,iVe

Proof. Let a.; = min(n > 0 : 7., = j) be the moment of first hitting to the state
j € X for the Markov chain 7, ,. Condition B implies that there exist p € (0,1) and
gp € (0,e0] such that Hi\;lpmkflik > p, for € € (0,£,]. The following inequalities are
obvious, P;{a.; > kN} < (1 —p)*, k> 1,i,j € X, for € € (0,,]. These inequalities
imply that there exists K, € (0,00) such that max; jex E;a? ; < K), < o0, i,j € X, for
e € (0,,). Also, as well known, Ejac; =_/, i € X, for € € (0,¢,).

Let aein = min(k > e in—1: ek =1), n = 1,2,... be sequential moments of hitting
to state ¢ € X, for the Markov chain 7. ,, and B:ipn = Qein — Qein—1, n = 1,2,..,
where a0 = 0. The random variables 3. ;,, n > 1 are independent and identically
distributed for n > 2. The above relations for moments of random variables a. ; imply

that e 1/ve L. 0ase — 0, for i € X. Also, Pi{vz o i o] — w;il[tvgﬂ > 0} <
tK,/0%v., § > 0,t > 0, i € X, for ¢ € (0,6y]. These relations obviously implies
that random variables ozg’i,[tvg]/ﬁ;ilvg Potase — 0, for t > 0. The dual identities
P{uei(r) > k} = Placir < r}, r,k = 0,1,... let one, in standard way, convert the

latter asymptotic relation to the equivalent relation pf ;(t) = pe i (tv.)/Te,ive Pt as
e—0,fort>0. O

Let f.; > 0, i € X are non-random non-negative numbers, and f. = >, x fei7c .
Let us. also, introduce stochastic process,

[tve]

'%E(t) = Z ffyns,n—l’t > 0. (7)

n=1
Let us formulate two conditions imposed on function f.:
G: (a) f. > 0 for € € (0,e(], where g € (0, ().
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and
H: f. — fo€]0,00] as e — 0.

Lemma 3. Let conditions B and G hold. Then, (i) f=1k.(t) Ftase—0, for
t > 0. (ii) Condition H is necessary and sufficient condition for holding (for some or
any initial distributions e, respectively, in statements of mecessity and sufficiency) of

the asymptotic relation, k(1) 4, 0o as € — 0, where Oy is a non-negative proper or
improper random variable. In this case, (iil) The random variable 6 4 fo, t.e., it is a

constant, and (iv) F.(t) P fot ase — 0, fort > 0.
Proof. Let us use the following representation,

Re(t) =Yt (tvereifeis t > 0. 8)
iex
For any sequence 0 < €, — 0 as n — o0, there exists a subsequence 0 < ¢, — 0 as

k — 00 such that e tfengd gi €10,1] as k — oo, for i € X. Constants g;, i € X

E‘VLk
can depend on the choice of subsequence ¢, , but, obviously satisfy the following relation,
> iex 9i = 1. These relations and Lemma 2 imply that fa_ni Ke,, (t) i Yiex git =t
as k — oo, for t > 0, since the limiting processes in relations (6) given in Lemma 2 are
non-random functions. Since the limits ¢ is the same for all subsequences ¢, described
above, the above asymptotic relation implies the asymptotic relation given in proposition
(i) of Lemma 3.

This relation implies that the random variables k(1) = f - (f-'&:(1)) converge in
distribution as k — oo, if and only if f. — fo € [0,00] as € — 0. Moreover, in this
case, the limiting (possibly improper) random variable is constant fy. Also, this relation
implies that, in this case, k. (t) = f. - (f- k(1)) A, fotase — 0, fort >0. O

The following lemma describe asymptotics for first-rare-event times v, for Markov
chains ¢ .

Lemma 4. Let conditions A and B hold. Then, the random variables v; = p.v, 4,

vy as € — 0, where vy is a random variable exponentially distributed with parameter 1.
Proof. Let us define probabilities, for € € (0, g¢],

Pq--:P'nJ:jvg,l:Oaﬁ,”: 2 = o 727]EX
£,1] 1{ € € } &,1 ZT‘GX Ps,ir 1— De,i
Let also 7., n = 0,1,... be a homogeneous Markov chain with the phase space X,

the initial distribution §. = (¢c,i, ¢ € X) and the matrix of transition probabilities ||pe,i;||-
Let us also introduce stochastic processes,
[tve]
(=) Wl =peg, )t >0
n=1

The following relation takes place, for t > 0,

K

[tve]
P{vi >t} = Z%,i Z H P iy
1€X 1=10,01 5,0 [tp | EX k=1
[tve]

=Eexp{— Y —In(l—peg, ,)} = Ee ™), 9)
k=1

Conditions A and B imply that condition B holds for transition probabilities of the
Markov chains 7. ,,, since,

N 2pei
|pa,ij _pa7ij| < l—i

—0ase—0, fori,jeX. (10)
ps,i
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Thus, by Lemma 1, there exist ) € (0,¢(] such that the Markov chain 7. ,, is ergodic,
for every ¢ € (0,e(], and its stationary probabilities 7. ;, i € X satisfy relation, 7. ; —
mei — 0ase — 0, for i € X. This relation, implies that, fo = —v. >, oy T i In(1—pe i) ~
Ve ZieX Te,i Peyi = VePe = lase—0.

Here and henceforth, relation a(e) ~ b(e) as € — 0 means that a(e)/b(e) — 1 ase — 0.

We can now apply sufficiency statement of proposition (ii) of Lemma 3 to the non-
negative step-sum processes, kX(t) and to get relation, x*(t) Potase - 0, for t > 0.
This relation obviously implies that, for every ¢t > 0,

P{v >t} =Ee*® L e tase — 0. (11)

The proof is completed. [
Let, as in Lemma 3, f.;, ¢ € X be non-random, non-negative numbers and f. =
Ve ZieX Te i fei. Let us introduce stochastic processes,

[tre]

Va(t) = Z fgyns,n—17t Z O'
n=1

Lemma 5. Let conditions A, B and G hold. Then, (i) fZve(t), t > 0 s tu,
t >0 as e — 0, where vy is a random variable exponentially distributed with parameter
1. (ii) Condition H is necessary and sufficient condition for holding (for some or any
initial distributions G-, respectively, in statements of necessity and sufficiency) of the

asymptotic relation, ve(1) Ay ase — 0, where v is a non-negative random variable
with distribution not concentrated in zero. (iii) The random variable v 4 fovo and, (iv)

ve(t), t >0 4, forvot, t >0 as e — 0.
Proof. The following representation takes place,
ve(t) = Re(tvl),t >0, (12)
where R.(t) are processes defined in relation (7) and v* are random variables introduced

in Lemma 4.
Relations given in proposition (i) of Lemma 3 and in Lemma 4 imply, by Slutsky

theorem, the relation, (tv}, f-1k-(t)),t >0 4, (tvo,t),t > 0 ase — 0. The components
of the processes on the left hand side of the above relation are non-decreasing processes
and the process on the right hand side is continuous. This let us apply Theorem 3.2.1 from
Silvestrov (2004) to processes f-lv.(t) = f-1k(tr}), t > 0 and to get the asymptotic
relation given in proposition (i) of Lemma 5.

This relation also implies the random variables v.(1) = f. - (f='v-(1)) converge in
distribution if and only if f. — fo € [0,00] as € — 0. Moreover, in this case, the

limiting (possibly improper) random variable v 4 forg. Also this relation implies that
ve(t) = for (7 ve(t)),t > 0 -5 fowpt, t>0as e — 0. O

4. PROPOSITIONS (i) AND (ii) OF THEOREM 1

Let us introduce, for every e € (0, (], random variables, which are sequential moments
of hitting state ¢ € X by the Markov chain 7. ,,
{ min(k > 0,75 = 1) forn =1,
Teion =

min(k > 7o jn—1,Mek =1) forn>2. (13)

Let us also define random variables,
Kejim = Keyreqntl,n=1,2,... i€ X (14)

(i) the random

Lemma 6. Let condition B holds. Then, for every ¢ € (0,ep], (i)
th = Ge,i(t), t >0,

variables ke in, n=1,2,..., 1 € X are independent. (ii) P{rein <
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form=1,2,..., 1 €X; (iii) the following representation takes place,

[tvc] pe,i([tve])
ke(t) = Z Ken = Z Z Keyimst >0 (15)
n=1 1€X n=1
Proof. Let us take an arbitrary sequence of different pairs (i1, k1), (i2, k2), . .. taking
values in space Xx {1,2...}. Note that random variables 7¢ i, &y, Te is ks - - -, Dy definition,

all take different values.

Hitting times 7. ; , are Markov moments for the embedded Markov chain 7. ,, as, there-
fore, also for the Markov renewal process (1en, Ken). Also, any event {7c i 5, < -+ <
Teyip ky < Mily<j<n Te i)k, } 15 determined by the random variables 9o, ..., Ne,r. ;. -

Using the above remarks, we get relation,

P{’i&imkr < up,r=1,2, Tejin,kr < 7—87i27k2}
= P{K/aﬂ'a,iz,kz“l‘l < UQ/HE7Ta,i1,k1+1 S UL, Teyig by < TE,iLkz}
X P{HE’Ts,il,kl‘i’l < ULy Teyi by < Ts’iz,kz}

= Ge,ip (U2)P{hcr i o +1 S UL Tesin by < Teyin ko

=Geip (UQ)P{K‘/E7TE,1:1,I€1+1 < ul/Tfyihkl < T€7i27k2}P{T€,i1,k1 < 7—671'27162}

= Gy (1) G iy (U2)P{Te iy by < Teyia ko }-
Also, the similar relation, in which random variables 7. ;, &, , Te i, k, €xchange each other,
takes place. By adding the above two relations, we get relation, P{r. ;. r. < up,7 =
1,2} = G4, (u1)Ge,i, (u2), which prove the pair-wise independence of random variables
Keimym=1,2,...,i€X

In analogous way, we can get relation,
P{’i&imkr SUp,m=1,2,3,Tc iy by < Teyin ks < TE,is,ks}
= G€1i2 (u2)G€7i3 (u3)P{“£6,i17k1 S UL, Tegin by < Teyin ke < TE,isJés}
and analogous relation, where random variables 7. ;, r, and 7. ;, x, exchange each other.
By adding the above two relations, we get relation
Pltc,ivk, < up,m=1,2,3,7c iy kg < MIN(Te,ig ky s Te i ks ) }
= GE,i2 (u2)G57i3 (u3)P{H87i1,/€1 < ui, Teyi,ky < min(TE,iLkz’ 787i37k3)}
= Ge,iy (u1)Ge i (U2)Geyig (u3)P{Te iy by < MIN(Te i ks Teyin ko) }-

Also, two similar relations, in which random variables 7. i, ky; Te is,ko» Te,is kg OT€ €X-
changed, respectively, by random variables 7; i, kos Te,ig,kss Te,iz ki OF DY Teis ks» Te,in ks
Tein ke, take place. By adding the above three relations, we get relation, P{r.; %, <
Up, T = 1,2,3} = Ge iy (u1)Gle iy (u2)Ge iy (ug), which prove the triplet-wise independence
of random variables k¢ in, n=1,2,..., 1€ X.

Propositions (ii) follows from the above remarks. Proposition (iii) is obvious since
relation (15), just, represents two alternative ways of grouping summands in the same
random sums. []

It is useful to note that the families of random variables (pc;(n),n =0,1,...,i € X)
and (kein,n=1,2,...,i € X) are not independent.

Let us introduce Laplace transforms, ¢ ;;(¢, 8) = E;I (-1 = j, (-1 = 2)e” " =1, s > 0,
for i,7 € X, 2 =0,1, and ¢.;(2,s) = E;I({c1 =2)e "1, s >0, fori € X, ¢+ = 0,1, and
define probabilities, for s > 0,

s = ©eij(0,8)  ¢e.i5(0,9)
e,8,1j = =
ZTEX Pe,ij (07 S) Pei (Oa S)

Let (e,s,n5Ce,s,n)s m = 0,1,... be, for every s > 0 and ¢ € (0,¢(], a Markov renewal

process, with the phase space X x {0,1}, the initial distribution . = (gc; = P{n:0 =

i, jeX.
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i,Ce5.0 =0} = P{nes0 =i}, € X) and the transition probabilities,
P{ns,s,n+1 =7, Cs,s,n+1 = ]/ns,s,n =1, Cs,s,n = Z}

= P{ne,s7n+1 =7, C57s,n+1 = ]/nf,s,n = Z} (16)
= pe’-:,s7ij(pa7i] + (1 - pE,Z)(l - ]))7 Z7J S Xa ,]= 07 1.
Note that the first component of the Markov renewal process, ¢ s.n, n =0,1,...1is a

homogeneous Markov chain with the phase space X, an initial distribution . = (g, ¢ €
X) and the matrix of transition probabilities ||ps s i;l-

Let us prove that condition D or conditions A, B and the asymptotic relation pene-
trating proposition (i) of Theorem 1 imply that, for every s > 0, condition B holds for
transition probabilities of the Markov chain 7. 4 .

Condition D obviously, implies that, for i € X,

¢ei(s) = lase — 0, for s >0, (17)

Let us show that conditions A, B and the asymptotic relation penetrating proposition
(1) of Theorem 1 also imply that relation (17) holds.

Let us now assume that relation (17) does not holds. This means that there exists i € X
such that for some 6, p > 0 and g5, € (0, (] probability P{x. ;1 > d} > p, fore € (0,5,).

[tﬂ's,ivs

This obviously implies that random variables & ;(t) = >, -5 } Ke,imn Pooase — 0,

for ¢ > 0, and, thus, stochastic processes min(T, k. ;(t)), t > 0 N hr(t) =T,t > 0 as
¢ — 0. Since, the processes iq;(t), t > 0 are non-decreasing and the limiting function
hr(t) = T, t > 0 is continuous, the latter relation implies (see, for example, Lemma

3.2.2 from Silvestrov (2004)) that min(7, &- ;(t)), t > 0 R hr(t)=T,t>0ase — 0.
By Lemma 5, applied to the model with functions f.; = I(j = i)(m.ve)" Y, j € X,

the following relation takes place, puf,(v7) 4, vy as ¢ — 0, where 1y is a random
variable exponentially distributed with parameter 1. The latter two relations imply,
by Slutsky theorem, that (uf,(v7), min(T,&ci(t))), t > 0 <, (vo,hr(t)), t > 0 as
¢ — 0. Now we can apply Theorem 2.2.1 from Silvestrov (2004) that yields the following

relation, min(7, ke ; (17 ;(v2))) 4 Tase — 0, for any 7" > 0. This is possible only if

* *)) _ l"a,i(’js)

Rei(pl;(v2)) £, 00 as e — 0. Thus, random variables Rei(ps (V2 Keim <

n=1 =
£(1) =2 ex Z:l(us) Ke,in £, coase — 0. This relation contradicts to the asymptotic
relation given in proposition (i) of Theorem 1.

Relation (17) and condition A imply that,

©0:i(5,0) =EI(¢.1 =0)e "t -1 ase — 0, for s >0,4,j € X. (18)
that in sequel implies the following relation,
2(1 — ¢c,i(0, 5))

Pei (07 S)

Relation (19) implies, by Lemma 1, that, for every s > 0, there exist ¢; ; € (0, 0]
such that the Markov chain 7 s is ergodic, for every e € (0,5 |, and its stationary
probabilities 7 5 ;, ¢ € X satisfy the relation, 7. ;; —7.; — 0 as e — 0, for ¢ € X.

Let us introduce conditional Laplace transforms,

¢6,ij(za S) = Ei{I(nE,l = j)e_s’%'l/CE,l = Z}v s = 07
fori,j € X,2=0,1, and ¢¢ (s, 8) = E;{e™®1 /(.1 =1}, >0, fori e X, 2 =0,1.
=2
for s > 0,7 € X. Also condition C is equivalent to the following relation, ¢.;(1,s) =
E{e ®=1/{.1 =1} —1lase —0,for s >0,ieX.
Proposition (i) of Lemma 1 and the above asymptotic relations for stationary prob-
abilities 7. s ; and 7. ; and conditional Laplace transforms ¢. ;(0,s) and ¢, ;(1,s) imply

|Deij — De,s,ij] < —0ase—0, fors>0,7,5 € X. (19)

Relation (18) and condition A imply relation, ¢.;(0,s) = — lase — 0,
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that,
A (s) = —ve Z Te,s,i M e (0, 5)
i€X
N’U,;Zﬂ'gl — ¢:i(0,8)) ase — 0, for s > 0. (20)
eX

Let us assume that Markov chains 7. ,, and 7., s has the same initial distribution g..
Let us also introduce random variables,

Ves=min(n >1:( sn =1). (21)
The following representation takes place for the Laplace transform of the random
variables £.(1), for s > 0,

et = Z%l Z Z H Pe,ir— vin (0, 8)505 in—vin(1,8)

1€X n=11=i9,i1,...,in €EX k=1

n—1

:qu,iz Z ]‘_[pasz;C 10k

1€X n=11i=i9,i1,...,in—1EX k=1
X (1 - pE,ik71)¢E7ik71 (Ov 3)p57in—1¢€,in—1 (L 5)

=Eexp{— > —Ingey, ., ,(0,5)
—In ¢€,775,s,u5,571 (01 S) + In ¢57n5,s,ug,571 (17 8)} (22)

The above asymptotic relations for conditional Laplace transforms ¢.;(0,s) and

¢e,i(1,5) obviously imply that |Ineey,. ., ,(0,8) + [Inden. ., (1,3) P00 as
g€ — 0, for s > 0. This relation and representation (22) imply the following relation,

Ee % ~ Ee "= ase — 0, for s > 0. (23)
where
ﬁE)S = Z - ln ¢57775,s,k71 (07 8)‘ (24)
n=1

Let us assume that condition D holds additionally to conditions A — C.

Condition D is equivalent to condition Dy, and, thus, due to the above asymptotic
relations for conditional Laplace transforms ¢ ;(0,s) and ¢.;(1,s), condition A and
proposition (i) of Lemma 1, to the following relation,

Ve (1 — e (s 70527%1 — @e,i(s))

€X

= Ve Zﬂ'e,i((l - pe,i)(l - (be,i(oa 5)) +pa,i<1 - (ba,'i(l) 3))
1€X

NvEZwH — ¢:i(0,5)) — A(s) as e — 0, for s > 0, (25)
ieX

where A(s) > 0, for s > 0 and A(s) — 0 as s — 0.
Relations (20) and (25) imply that, in this case,
Ac(s) = —v. ng’s,i In¢.;(0,5) = A(s) as e — 0, for s > 0. (26)
ieX
Now, we can, for every s > 0, apply the sufficiency statement of proposition (iv) of
Lemma 5 to random variables 7, 5. This yields, the following relation,
7o —5 A(s)g as e — 0, for s > 0, (27)

where vy is exponentially distributed random variable with parameter 1.
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This relation implies, by continuity theorem for Laplace transforms, the following
relation,
Ee™%% ~ Ee™ 7o — Ee~ A0 = _ as € — 0, for s > 0. (28)
1+ A(s)
Relation (28) proves sufficiency statements of propositions (i) and (ii) of Theorem 1.
Let now assume that conditions A — C plus the asymptotic relation penetrating propo-
sition (i) of Theorem 1 hold.
The asymptotic relation (in proposition (i) of Theorem 1) expressed in terms of
Laplace transforms takes the form of relation (which should be assumed to hold for
some initial distributions g.),

Ee— %€ 5 o= 40(8) g9 ¢ — 0, for s > 0, (29)

where Ag(s) > 0 for s > 0 and Ag(s) — 0 as s — 0.

Let us assume that conditions A — C hold but condition D does not hold.

The latter assumption means, due to relation (20), that either (a) A-(s) — A(s) €
(0,00) as s — 0, for every s > 0, but A(s) 4~ 0ase — 0, or (b) A:(s*) /A A(s*) € (0,00)
as € — 0, for some s* > 0. The latter relation holds if and only if there exist at least
two subsequences 0 < ¢, €, — 0 as n — oo such that (by) A (s*) — A'(s*) € [0,00] as
n — 00, (by) Acr(s*) — A”(s*) € [0,00] as n — oo and (b3) A”(s*) < A'(s*).

In the case (a), we can repeat the part of the above proof presented in relations (20) —

1

(28) and, taking into account relation (29), to get relation, Ee ¢ ~ Ee™7ss — T+AGs) —

e=4() as & — 0, for s > 0. This relation implies that A(s) — 0 as € — 0, i.e., the case
(a) is impossible.

In the case (b), sub-case, A’(s*) = oo, is impossible. Indeed, by Lemma 5 applied
s"E

n o~

to random variables 7¢ s+, in this case, Ver ¢+ P asn — oo, and, thus, Ee™
Ee "h+" — 0 as n — oo. This relation contradicts to relation (29).

Sub-case, A”(s*) = 0, is also impossible. Indeed, by Lemma 5 applied to random
variables 7. s+, in this case, U.r o« Poasn — oo, and, thus, Ee™® &t ~ Ee el 5 1
as n — oo. This relation also contradicts to relation (29).

Finally, the remaining sub-case, 0 < A”(s*) < A’(s*) < o0, is also impossible. In-
deed, the sufficiency statement of Lemma 5, applied to random variables 7, ¢-, yields,

. . . - d - d
in this case, two relations 7 o« — A'(s*)vg as n — oo and en o — A”(s%)vg
as n — oo, where v is exponentially distributed random variable with parameter 1.

These relations imply that Ee * %h ~ Ee 7eh — m as 7 — 0o and Ee™" 4 ~

Ee s — — L ___ asn — oo. These relations contradict to relation (29), since
14+A (s*)

1 1
TAG) 7 TR

Therefore, condition D should hold. This complete the proof of propositions (i) and
(ii) of Theorem 1. OJ

5. PROPOSITION (iii) OF THEOREM 1

Let us consider step-sum reward stochastic processes,
[tve]

Ke(t) = Z Kem,t > 0. (30)
n=1

Lemma 7. Let condition B holds. Then, (i) condition D is necessary and sufficient
condition for holding (for some or any initial distributions e, respectively, in statements

of necessity and sufficiency) of the asymptotic relation, k(1) N 0y as € — 0, where
0o is a non-negative random variable with distribution not concentrated in zero. In this
case, (ii) the random variable 0y has the infinitely divisible distribution with the Laplace



CONVERGENCE OF FIRST-RARE-EVENT-TIME PROCESSES 131

transform Ee=3% = e=A() s > 0 with the cumulant A(s) defined in condition D. More-

over, (iii) stochastic processes k:(t), t > 0 N Oo(t), t >0 as e — 0, where Oy(t), t >0
is a nonnegative cadlag Lévy process with the Laplace transforms Ee500(t) = ¢—tA(s)
s,t > 0.

Proof. Let us, first, prove that condition D implies holding of the asymptotic relations
given in proposition (iii) of Lemma 7.

Let fepn, n = 1,2,... be, for every e € (0,g(], a sequence of random variables such
that: (a) it is independent of the Markov chain (9e n, ke n), 7 = 0,1,... and (b) it is
a sequence of i.i.d. random variables taking value 7 with probability 7. ;, for ¢ € X. In
this case, the sequence of random variables 7. ,, n = 1,2, ... is also independent of the
families of random variables (pz;(n),n =0,1,...,i € X) and (ke in,n=1,2,...,1 € X).

Let us consider the sequence of random variables 0. , = k4. .0, n = 1,2,.... This
is the sequence of i.i.d. random variables that follows from the above definition of the
sequence of random variables 7. ,, n = 1,2,... and the family of random variables
Rejim, M = 1,2, ceey i € X. AISO, P{ga’l S t} = ZiEX Wg’iGE’i(t) = Gg(t), t Z 0.
Let us also define the homogeneous step-sum processes with independent increments,
0:(t) = Zgg Oem, t > 0. As well known, condition D is equivalent to the following
relation, 6.(t), t >0 4, Oo(t),t >0ase— 0.

Let us define random variables, fic;(n) = >} _; I(fjen = i), n = 0,1,..., i € X and
stochastic processes, Ac(t) = >, x Z”E illtveD) Keim, t > 0.

By the definition of the sequence of random variables (7jz »,n = 1,2, ...) and the family
of random variables (ke ;n,n = 1,2,...,7 € X), in particular, due to independence of
the above sequence and family, the following relation holds, #.(t), t > 0 4 0:(t), t > 0.
Thus, &< (t), t > 0 also is a homogeneous step-sum process with independent increments
and condition D is equivalent to the following relation,

fre(t),t >0 -% 0g(t),t > 0 as e — 0. (31)

Random variables I(7 , =), n =1,2,... are, for every i € X, 1.i.d. random variables
taking values 1 and O with probabilities, respectively, 7. ; and 1 — . ;. According propo-
sition (i) of Lemma 1, 0 < lim__ 7. ; < lim._o7.,; < 1, for every ¢ € X. Taking into

account the above remarks this is easy to prove using the corresponding results from
Skorokhod (1964, 1986), that the following relation holds,

(o = Bealtve]

e,
Te,iVe

>0 po(t) =t t>0ase—0, forieX. (32)

Let us also introduce stochastic processes with independent increments,

[tﬂ's lUE] t7"5 1,7)5]
Rei(t E Keimst > 0,1 € X and R (t E E Kein,t
n=1 ieX n=l1

Note that, for every e € (0, p], processes (ke ;(t),t > 0), i € X are independent.
Let us choose some 0 < u < 1. Since processes &c(t), fc(t), and i ,(t), i € X are
non-negative and non-decreasing, we get, for x > 0,

P{fc(u) > o} < P{Rc(u) >z, 47 ;(1) > u,i € X}
J'_ZP{RE >xlu’sz()§u}

ie€X
<PlRe(1) > 2} + > P{az;(1) <ul. (33)
eX

The first step is to prove that distributions of random variables . ;(u), i € X are
relatively compact as € — 0, for some u > 0.
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Relations (31)—(33) imply that distributions of random variables &.(u) are relatively
compact as € — 0 that is,
lim hm P{Re(u) >z} < hm hm(P{KE )>a}+ Z P{az,(1) <u})

= lim P{0y(1) >z} =0.

Since, Fe,i(u) < Re(u), for i € X, the above relation implies that distributions of random
variables &. ;(1), i € X are also relatively compact as € — 0, i.e.,
lim lim P{#.;(u) > 2} < lim lim P{&.(u) > 2} =0, forie X,
T—00 e—0 r—00 e—0

This implies that any sequence 0 < &, — 0 as n — oo contains a subsequence
0 < én, — 0as k — oo such that random variables, &., i(u) <, 0o,iu as k — oo, for
1 € X, where 0;,, © € X are proper nonnegative random variables, with distributions
possibly dependent of the choice of subsequence ¢,,. Moreover, by the central criterion
of convergence, the random variables 6 ; ., 7 € X have infinitely divisible distributions.
Let Ee=%00.in = ¢=4Ai(s) 5 > (), i € X be their Laplace transforms. As well known (see,
for example, Skorokhod (1964, 1986)), the above relation of convergence in distribution
implies that stochastic processes, /%Enk,i(t), t>0 4, 0o,i(t), t > 0 as k — oo, for
i € X, where 6y ;(t), t > 0, i € X are non-negative cadlag Lévy processes with Laplace
transforms Ee—900:(t) = ¢=t4i(5) s ¢+ > 0, i € X, possibly dependent of the choice of
subsequence ¢,, . Since processes k. (1), t > 0, i € X are independent, vector processes
("%Enk,l(t)v ce 7/~€€n,‘,,m(t))v t> 0 i> (90,1(15), . .,ao,m(t)), t> 0ask— oo, where 9071‘(15),
t > 0,1 € X are independent nonnegative cadlag sLévy processes with Laplace transforms
Ee—500.:(1) = ¢=t4i(s) 5 ¢ > 0, i € X, possibly dependent of the choice of subsequence
€n,- By Theorem 3.8.1, in Silvestrov (2004), J-compactness of the vector processes
(Fep 1(t)s -y Fe,, m(t)) follows from J-compactness of their components f.,, i(t), i € X,
since the corresponding limiting processes g ;(t), i € X are stochastically continuous and
independent and, thus, they have not with probability 1 joint points of discontinuity.
Thus, J-convergence of vector processes (fc, ,1(t), ..., Fe,, m(t)), t > 0 also takes place,
ie.,

(Fe, 1 (E)s s Ren (1)), >0
— (00’1(15), .. .,ao’m(t)),t Z 0ask — o0, (34)

where 6y ;(t), t > 0, ¢ € X are independent nonnegative cadlag Lévy processes described
above.

Since, the limiting processes in (6) and (32) are non-random functions, relations (6),
(32) and (34) imply (see, for example, Subsection 1.2.4 in Silvestrov (2004)), by Slutsky
theorem, that,

(/‘L:nk,l(t)v e wu:nk,m(t)v 'E;Enk,l(t)a ey Rsnk,m(t))a t 2 0
— (NO,I(t); ey ,u,o’m(t),eo’l(t), ey ao’m(t)), t 2 0 ask — oo,
and
(A2, 2 s B2, () B 1 (), ey n(£), €20

. (Mo,l(t)a ey UO,M(t)veoyl(t)a B 90,m(t))7 t Z 0 ask— 0,

where po(t) = ¢, t > 0,7 € X and 6 ,(t), t > 0, i € X are independent nonnegative
cadlag Lévy processes defined above. We can now apply Theorem 3.8.2, from Silve-
strov (2004), which give conditions of J-convergence for vector compositions of cadlag
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stochastic processes, and get the asymptotic relations,
(Rt (1, A (O)s s Ry il (), €20

— (00,1 (pt0,1(t))s - - -, 0o,m(po,m(t))) = (Bo,1(t), ..., Oo.m(t)), t >0 ask — oo,
and

(R 2 (2, A (0)s- By (2, (1)), €20

— (eoyl(ﬂoﬁl(t)), . ,90,m(u0,m(t))) = (9071(25), ey Ho’m(t)), t Z 0 ask — o,

where 6p;(t), t > 0, i € X are independent nonnegative cadlag Lévy processes defined
in relation above. The latter two asymptotic relations obviously imply J-convergence
for sum of components of the processes in these relations, i.e. that, respectively, the
following relations hold,

Key,, (t) = Z Rank,i(uznk,i(t>>7t >0
iex
L 0h(1) = b0,i(t),t > 0 as k — o, (35)
ieX
and
e, ()= Fen,.i(iz, i(t),t=0
iex
—>00 ZGOZ ,t>0as k — oo, (36)
1€X

where 6o ;(t), t > 0, i € X are independent nonnegative cadlag Lévy processes defined
above.

Relation (31) implies that 6j(t), t > 0 < Oo(t), t > 0. Thus, the limiting process
05(t) = > ,ex 0o,i(t), t > 0 has the same finite dimensional distributions for all subse-
quences &, described above. Moreover, the cumulant A(s) of the limiting Lévy process
Oo(t) is connected with cumulants A;(s), ¢ € X of Lévy processes 0 ;(t) by relation,
A(s) =D iex Ails), s > 0.

Therefore, relations (35) and (36) imply that, respectively, the following relations hold,

= Fei(pi ().t >0 -2 0g(t),t > 0 as e — 0, (37)
ieX
and
= Realfiz ().t >0 = 0p(t),t > 0 as e — 0. (38)
ieX

Let us now prove that the asymptotic relation given in proposition (i) of Lemma 7
implies that condition D holds.

Again, the first step is to prove that distributions of random variables k. ;(u), i € X
are relatively compact as ¢ — 0, for some u > 0.

Let us choose some 0 < u < 1. Since processes rc(t), Re(t), and pZ,(t), i € X are
non-negative and non-decreasing, we get, for any z > 0,

P{ke(u) > o} < P{R:(u) > z,pZ (1) > u,i € X}
+ZP{K‘5 >mu€l()gu}

1€X

< P{re(1) >z} + Z P{u: (1) <wu}. (39)
ieX
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Relation (39) and the asymptotic relation given in proposition (i) of Lemma 7 imply
that,

lim T P{c(u) > 2} < lim T (P{sc(1) > o} + 30 Puc (1) < u))

r—00 e—0
1€X

= lim P{fy >z} = 0.

Note that, in this necessity case, the asymptotic relation given in proposition (i) of
Lemma 7 is required to hold only for at least one family initial distributions g, & € (0, o).
Since, Fe,i(u) < Re(u), for i € X, the above relation implies that distributions of random
variables &c ;(1), i € X are relatively compact as € — 0.
Now, we can repeat the part of the above prove related to relations (34) — (36).
Relation (35) and the asymptotic relation given in proposition (i) of Lemma 7 imply
that the random variables 6'(1) and 6y, which appears in these asymptotic relations, have

the same distribution, i.e. 6'(1) 2 9. Moreover, cumulant A(s) of the limiting Lévy
process 0((t) coincides with the cumulant of the random variable 6y, which, therefore,
has infinitely divisible distribution. Moreover, relation (36) implies that cumulant A(s)
is connected with cumulants A;(s), i € X of Lévy processes 0 ,;(t) by relation A(s) =
> iex Ai(s), s > 0. Thus, the limiting process 0(t), t > 0 =3, .x 0o(t), t > 0 has the
same finite dimensional distributions for all subsequences ¢, described above.

This let us write down relations (37) — (38). Relation (38) proves, in this case, that
condition D holds. Relation (37) proves proposition (iii) of Lemma 7. [J

It is useful to note that the flag variables (., are not involved in the definition of
the processes k(). This let one replace function v. = pZ! by an arbitrary function
0 < ve — o0 as € — 0 in condition D and Lemma 7. In this case, Lemma 7 gives
necessary and sufficient conditions for convergence in J-topology for the step-sum reward
processes k¢ (t), t > 0. As I think, it is the result of some independent interest.

The following lemma brings together the asymptotic relations given in Lemma 4 and
7.

Lemma 8. Let conditions A, B, C and D hold. Then, the following asymptotic
relation holds, (v, k:(t)), t > 0 <, (vo,00(t)), t > 0 as e — 0, (a) vy is a random
variable, which has the exponential distribution with parameter 1, (b) 0y(t), t > 0 is a
nonnegative cadlag Lévy process with the Laplace transforms Ee=5%() = ¢=tA(s) 5 ¢ > 0,
with the cumulant A(s) defined in condition D, (c) the random variable vy and the process
Oo(t), t > 0 are independent.

Proof. The following representation takes place, for s, > 0,

[tve]
EI(”: > t)e_SKE(t) = Zq&’i H Pe,in—_1ik (0, 5)
i€X i=i0,i1,...,i[tvg]ex k=1

tve

o]
=Eexp{— ) (~In(l = peg . poy) — ey (0,9)}. (40)
k=1

Using condition A, B, Lemma 1 and relation n. 5; —m.; — 0 as ¢ — 0, for i € X,,

we get relation, fo s = —ve ), ex Tesiln(l —pei) ~ Ve i cxMeiPeyi = Vepe = 1 as
e — 0, for s > 0. Thus, Lemma 3 can, for every s > 0, be applied to the processes,

Fea(t) = YU (-1 = peg ) ~ e, (0,5)), ¢ 2 0.
This yields that the following relation holds, for every s > 0,

Fes(t),t >0 -5 t+ A(s)t,t > 0 as e — 0. (41)
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Let us denote,
E,ij(nv s) = Eil(ve > Ny Nen = jle* i ek,

\11571'(77'7 S) = EiI(Va > n)eis horfek = Z \I’s,ij (n7 8)
jex

and

Peij(n,s) = Eil(ney = j)e™" 2k=1 5k g i(n, s) = Ege™ " 2k=1 Fek = Zwa,ij (n,s)

jex

fori,j €eX;n=0,1,..., s > 0.

The following representation for multivariate joint distributions of random variable v/}
and increments of stochastic process . (t) takes place, for 0 = tg < ¢t < -+t =t <
b1 <<ty <00, 1 <k<n<ooandsy,...,s, >0,

EI(v: > ty)exp{— Zsr(ng(tr) — Ke(tr—1)}

k
=3 o [I D Perirsi ([trve] — [ti-1ve], 1)

i0E€EX I=14eX

n
¢TI S v (o] — o s0c], 1), (12)
I=k+1i€X

Relation (41) readily implies asymptotic relation, . ;([t've] — [t"ve], s) ~ U ([(¢' —
t".],8) — e @t ABSE ) a5 ¢ 0 for s > 0, 0 < ' < ' < co. Also
the proposition (iii) of Lemma 7 implies asymptotic relation, 9. ;([t've] — [t"ve],s) ~
Ve i([( = t")e),s) — e AT ") a5 ¢ 0, for s > 0 and 0 < t” < ' < co. Using
these asymptotic relations and representation (42) we get recurrently, for 0 = ¢ty < 1 <

ety =t <tpp1 < <t, <00, 1 <k<n<ooand sy,...,s, >0,
BI(vZ > tx) exp{— Z sp(ke(tr) — ke(tr—1))}
r=1
n—1
~ EI(v: > ti) exp{— Z sr(ke(tr) — Ke(tr—1))pe~ Al En—tna)
r=1
k
-~ EI( > tk)eXP{*ZST(RE(tr) — ke(tr-1))}
r=1
x exp{ Z —A(sy)(tr —tr—1)}
r=k+1
k—1
~ EI(v > tp—1) exp{— ZST(“S(tT) — Ke(tr—1))}
r=1
% exp{—(tx — te 1)} exp{d —A(se)(tr — tr 1)}
r=k

k n
-~ exp{— Z(tr —tr—1)} eXP{Z —A(sr)(tr —tr—1)}
r=1 r=1

= exp{—t} exp{z —A(sp)(tr —tr—1)} as e — 0. (43)

r=1

This relation is equivalent an form of the asymptotic relation given in Lemma 8. [J
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Now, we can complete the proof of proposition (iii) of Theorem 1.
The asymptotic relation given in Lemma 8 can, obviously, be rewritten in the following
equivalent form,

(t02 Re())t = 0 ~5 (b0, 00 (1)), > 0 ase — 0,

where the random variable vy and the stochastic process 0y(t), ¢ > 0 are described in
Lemma 8. This asymptotic relation and the asymptotic relation given in proposition
(iii) of Lemma 7 let us apply Theorem 3.4.1 from Silvestrov (2004) to the compositions
of stochastic processes kc(t), t > 0 and tv¥, t > 0 that yield the following relation,

€(t) = ke(tv?), t > 0 =5 Op(tg), t > 0 as e — 0. O

As a concluding remark, I would like to say that getting of necessary and sufficient
conditions of convergence without a gap between their necessary and sufficient parts is
usually a challenging and difficult problem. Here, I would like to mention some prospec-
tives directions for further studies of such conditions of convergence for first-rare-event-
type functionals. It would be interesting to try to weaken the model ergodicity condition
B, i.e., to expand studies to singularly perturbed models. Another model condition C,
seems, also can be weaken. This can cause appearance of additional non-trivial com-
ponents for limiting first-rare-event processes. It would also be interesting to generalize
the above results to the model of first-rare-event reward functionals and processes with
real-valued random summands in defining relations. A generalization of the above results
to the model with countable and general phase spaces X is another open problem. A
conjecture is that some additional compactness conditions for averaging stationary distri-
butions should be involved in this case. Applications of the above results to queuing and
reliability models, communication networks, models of population dynamics, insurance
models, etc. is a prospective and unbounded direction for future studies.
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