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HOMOGENOUS AND ISOTROPIC FIELD IN 3D
UDC 519.21

GYORGY TERDIK AND LASZLO NADAI

Dedicated to Professor Nikolat N. Leonenko on the occasion of his 65th birthday

ABSTRACT. The so-called bispectrum is a widely used construction for analyzing nonlinear time series.
In this paper the generalized bispectrum of a homogenous and isotropic stochastic field in 3D is
introduced. The isotropy is considered in third order, and we give some necessary and sufficient
conditions for isotropy of homogenous random fields. The spatial three-point correlation function
(bicovariance function) is given by the bispectrum in terms of a kernel function, which is a superposition
of spherical Bessel-functions and Legendre-polynomials. In return, the same kernel function is used
in expressing the bispectrum by the bicovariance function. As an example, we generalize a model for
non-Gaussian fields, which is the sum of a Gaussian-field and its 2nd degree Hermite-polynomial. This
model can be applied as an alternative to the Gaussian one used in Cosmology for non-Gaussian CMB
temperature fluctuations.

1. INTRODUCTION

Homogenous and isotropic stochastic fields have got some growing attention recently
in several fields of science, including Cosmology [31]. Data coming from the cosmic mi-
crowave radiation background — a courtesy of NASA (http://lambda.gsfc.nasa.gov/) —
are available for statistical analysis. The data are placed into a particular pixel struc-
ture on the surface of a 2D sphere. Stochastic modeling of the data includes isotropic
stochastic fields on spheres with small perturbations of gravitational potential fields on
R3, according to Newtonian Cosmology, [30], [11], [31, p. 139)].

The basic theory of homogenous and isotropic stochastic fields in frequency domain
was developed by [32], and several interesting results has been published ever since, see
e.g. [16], [17], [18], [7], and [15]. Another line of investigation is summarized in [3], and a
general one in [33]. All these studies concern to either the Gaussian-case, or the one which
is equivalent to second order structure (covariance function and spectrum) of the fields,
see [20] for application in Geophysics. For instance, the problem of testing Gaussianity
of cosmic microwave background temperature fluctuations on a sphere, involves higher
order spectra, see [27] and the references therein.

In this paper the bispectrum for a homogenous and isotropic stochastic field in 3D is
introduced as a generalization of the bispectrum widely used in time series analysis, [5],
[25]. In this respect we introduce the isotropy in third order, and give some necessary
and sufficient conditions for isotropy for a homogenous field. The spatial three-point
correlation function (bicovariance function) will be given by the bispectrum in terms of
a kernel function, which is a superposition of spherical Bessel-functions and Legendre-
polynomials. In return, the same kernel function serves for expressing the bispectrum by
the bicovariance function. We generalize the model which is the sum of a Gaussian-field
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3D BISPECTRUM 139

and its 2nd degree Hermite-polynomial. This model is applied as an alternative to the
Gaussian one used in Cosmology for non-Gaussian CMB temperature fluctuations for
instance, see [14], [10], [2]; and also in signal processing context, see e.g. [22].

We note that the further generalization of the bispectrum to higher order spectra is
not straightforward at all, at least the trispectrum is necessary for understanding the
general pattern, see [26] and [28] for 2D fields.

2. HOMOGENOUS AND ISOTROPIC FIELD

We consider homogenous stochastic real-valued fields X (x) on R3, let us suppose that
X () is continuous (in mean square sense) and apply Rayleigh plane wave expansion in
3D in terms of spherical harmonics Y;”, see (B.1), (B.6), and spherical Bessel-function
Je (2) of the first kind, (B.7),

X (z) = /]RS L7 (dw)
£ 0o
S @i [ aen [ V@ Z (@@ )

¢ -
>y (@/O je (pr) Zi" (p*dp) , (2.1)

where w,z € R?, r = |z| = \/a? + 22 + 22, p= |w|, T =2/ |z|, ® = w/|w]|, S2 denotes
the unit sphere,  (d@) = sin ndnd( is Lebesgue element of surface area on So and

Zi" (p*dp) = i* v @) Z (2 (dw) p°dp) - (2.2)

The second order isotropy of X (z) is defined by Cov (X (z),X (y)) = C (‘g —yl), ie.
the covariance does not depend on direction but only the distance. This implies and
implied by that the spectral measure F (dw) / (27)° = E|Z (dw)|* = E |Z (2 (d@) p*dp) |2
is separated F (2 (d@) p*dp) = Q (d@) F (pdp). There will be no confusion if the unit
vector @ = W (n,(), in frequency domain denotes also the Euler-angles (7, (), similarly
(9, ¢) corresponds to the space unit vector Z where 1,9 € [0, 7] are co-latitudes and ¢, ¢ €
[0, 27] are longitudes. In this way the isotropic random field X (z) can be decomposed into
a countable number of mutually uncorrelated stationary processes with a one dimensional
parameter, since

Cov (Z§; (pidpr) . 27 (p3dpz)) = St—ea0k—m (p1 — p2) F (pdp) / (27)°.

where §x_,,, and § (p; — p2) denote the Kronecker and Dirac-delta respectively.

An important characterization of the isotropy (in Gaussian-case it concerns to the
covariance function) is the invariance under rotation. Let us consider a rotation g €
SO (3), it is known that the spherical harmonics Y;™ at the rotated location are given in
terms of the Wigner D-matrix, more precisely

L

Ag)Y @ =Y. DY (9 YF @),
k=—4¢
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where A (g) denotes the operator according to the rotation g, A () V¥ (Z) = V! (gfli).
Hence the rotated field has the following form

00 4 00
NOX@ =Y SV 67D [ aelon) 27 ()

=0 m=—¢

0o 4
:47TZZYZ“@)/O je (pr) ZD Zy" (p*dp)

=0 k=—¢ m=—/
) 4 o)

DI IRG (@/O je (pr) Z¢ (pdp) - (2.3)
=0 k=—¢

Definition 1. A homogenous field X (x) called strictly isotropic if X (z) equals to
A(g) X (z) in distribution for each rotation g € SO (3).

The assumption of strict isotropy is equivalent to that of the distribution of the rotated
array

‘
(p2dp) = Z D) (9) 2" (p*dp) . (2.4)
m=—{
equals to the distribution of the array Z;" (pzdp) for each g € SO (3). In Gaussian-
case, isotropy (strictly) follows directly from the orthogonality of Wigner D-matrices, see
Appendix (B.13), (B.14).
It is well known, see [32] for instance, that the covariance function

Cs (r) = Cov (X (2), X (y)) = C (|Jz — y])

of a homogenous and isotropic field X (z) is expressed by the spectrum

Ca(r) = 5z [ o0 F ().

in terms of spherical Bessel-function jy (z), actually jo (p) = sinp/p. In turn, when
F (dep) = S5 (p) p*dp we also have the inversion

Sa(p) = 4w /OC><> jo (pr) Co (r) r2dr.

3. BISPECTRUM

A Gaussian homogenous and isotropic field X (z) is invariant under translations and
rotations, moreover, distributional properties are equivalent to the same properties of co-
variance function. It follows from (2.3) that a homogenous field X (x) is strictly isotropic
if and only if the distribution of rotated stochastic measures Z;", see (2.4) equal in dis-
tribution to Z}". From now on we assume the existence of third order moments, at least.
Similarly to the second order case, we refer to the third order cumulants as spatial three-
point covariance functions, or simply bicovariances. Strict isotropy implies the invariance
under rotations of the bicovariances as well. If the bicovariances of X (z) are invariant
under rotations, then X (z) will be called isotropy in third order.

Lemma 1. Let us assume the absolute continuity of third order cumulants
Cum (25" (pidpr) , Z;;* (p3dp2) , Z13° (p3dp2))

of stochastic measures Z;*. The necessary and sufficient condition of isotropy in third
order of a homogenous field X (x) is that the triangle array Z;* of the spectral measures
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fulfil equation
Cum (27" (pldpr) . Z3,* (p3dp2) , 27 (pidps))

3
Y RS PR 9 (3.1)
- (ml ms  ms thlg,fg (P17P2>P3) gpkdplﬁ

such that

3
Bel»emlﬁ. (plv P2, p3) H pidpk
k=1

0y by ! )
= Z <p1 ; ;’) Cum (Z}, (pldp1), Z{ (p3dp2) . Zi, (p3dps))
p.a.r

l 14 L ) . .
where ( ! 2 3) denotes the Wigner 3j-symbols (see Appendiz B, 5).
mp m2 M3
See Appendix A.1 for the proof.
Now, we return to the bicovariance, assume absolute continuity of bispectral measure

3
Com (X (22). X () X () = [[[ | 0208 100000 (Sh) [] s
k=1

in this way we define the bispectrum S for a homogenous process. It is translation
invariant, hence it writes

2
Cum (X (21), X (2,), X (0)) = / / eilerenteren) 0 () wy, —w, — wy) [ d.
R2X3 k:l

Let us assume isotropy in third order, we rotate first x, into the North Pole N =
(0,0,1), it becomes ro N, then z; into the plane ¢ = 0. The result is that the bicovari-
ances are defined by the triplet (r1,72,9), r1,72 > 0, ¢ € [0, 7], hence C3 (r1,r2,9) =
Cum (X (r1Z), X (roN), X (0)), where Z = (sin, 0, cos ). The consequence for the bis-
pectrum is that for each g € SO (3)

Cum (X (g924), X (925), X (923))

3
(B w
- ///]Rdx& eZ(Zlgk 7k)S?? (gglmqggyggg)) 4 (E?gk) H dﬁk
k=1

= Cum (X (z;), X (2,), X (23)),

hence SY (gw;, 9w, gws) = SY (wy,ws,ws), this yields that S; depends on p1, p2, p3 and
@, - @,, only, more precisely it depends on the angles between the vectors, and all these
angles belong into [0, 7]. In addition w;, w,, wy fulfill the equation 3w, = 0, i.e. wy,
w,, ws form a triangle. Now, a triangle is defined by its sides p1, p2, ps and is invariant
under the movement of a rigid body, hence S9 (w;,ws,ws) = S3 (p1, p2,p3) / (47)®. By
the law of cosines a side, let’s say ps, is expressed by the two other sides pi, p2, and
the angle n contained between these sides; p3 = \/p% + p3 —2p1pacosn, n € [0,7].
Hence S5 (p1, p2, p3) = Ss(p1, p2,1n), where 0 < p1, p2, and n € [0, 7], we shall use both
equivalent notations Ss (p1, p2,ps) and Ss (p1,p2,7). Let us consider the cumulant of
spectral measure, we have

Cum (Z (dw,) , Z (dws) , Z (dw3)) = 6 (SFwy,) S5 (wy, wo, ws) dw; dw,ydwsy
3 2
~ . pudp
= 5 (ZVouli) S (o1, p2, p3) [ | 2 (d) (;W);ﬂ (3:2)
k=1
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again w; + wy + w3 = 0, hence the wave numbers p;, p2, and p3 satisfy the triangle
relation |p1 — p2| < ps < p1 + p2, (they should be able to form a triangle). The equation
(3.2) implies that the stochastic measures Z;* fulfill some particular connection with the
bispectrum.

Lemma 2. Let us assume the absolute continuity of third order cumulants
Cum (Z (dw,) , Z (dws) , Z (dws)). Then

Cum (Z7* (pidp1) , 232 (padp2) , 23 (p3dps))

3
bty by A3 2dp;C
= (m s mg) Jotts (p1: p2,p3) S5 (1, P2, P3 H

where Jo, 45,05 15 defined by (A.4).
See Appendix A.2 for the proof.

Remark 1. We have some more specific form for the function By, ¢,.0, in Lemma 1,
more precisely the equation (A.3) shows that

le,éz,fs (pla P2, Pd) = ‘-751,52,53 (pla P2, Pd) Ss (plv P2, Pd) :
We shall use the following particular case

Cum (2 (pidpr) . Zp, (p3dp2) . Z0 (p3dps))

)Elk \/E(SpA (61 62 0)2
pip2ps \0 0 0

2

pkdpk
2/ 1
kl;[l( &+ 1)S3 (p1,p2, p3) H .

= (-1

=5el—ez5mws (p1, P2, p3) H pkdpk
P1P2P3 paie (2m)?’
where p/A = 0, if and only if the wave numbers p1, p2, and ps do not satisfy the triangle
relation, and ¢; = /s since the triangular inequality [¢; — ¢3| < ¢o < ¢1 + {3 should be
valid, see selection rules, Appendix B, 5.
The bicovariances for a homogenous and isotropic field

Cs (r1,72,9) = Cum(X (r1Z), X (roN), X (0)).

For deriving the bispectrum we shall use the series representation of the field (2.1) in the
following locations

= J20 41 [
X (V) =am Yo\ 2 [ or) 20 () (3.3)
=0 0
X = [ 200 =Vir [ 23 (). (3.4)
R3 0
. . m _ 0 1 .
where we applied the specific values Y™ (N) = 6,y 47r , Yy () = y/ z=, of the spherical

harmonics.
The main result of this paper is the construction of kernel functions

1 ‘ ,
T (r1,72,9p1,p2) = e Z (20 + 1) Py (cos 9) ji (p1r1) jie (para) (3.5)
=0
T (r1,ralpr, pam) = 327 % (20 +1)7" Py (cosn) jie (prm1) e (par2) (3.6)
=0

such that it provides correspondence between bicovarince and bispectrum, and vica versa.
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Theorem 1. Assume isotropy in third order and the integrals below exist then

Cs (n,rz,ﬁ)z// / T (r1,72,9]p1, p2) S3 (p1, p2.m) pidp1p3dps sinndn, (3.7)
0 0

and conversely

Ss (p1, p2,m) = // / T (r1,72)p1, p2.m) Cs (11,72, 9) T%drlrgdrz sin 9dd.
o Jo

See Appendix A.3 for the proof.

Remark 2. The kernel (3.5) provides an orthogonal series expansion in terms of Leg-
endre-polynomials for both bicovariance Cs and for bispectrum Ss.

4. LAPLACIAN-FIELDS

Consider a homogeneous isotropic field X on R? which fulfills the equation
(V2 =) X = oW, (4.1)

where V2 denotes the Laplace-operator on R?, and W is white noise, possible non-
Gaussian. The stochastic equation (4.1) is meant by Lo sense, see [32] p.16.
The Laplacian in spherical coordinates acts on X (z), as

L 20

VX (z) = (7 Ap+-m+ W)X@)

YD T)Yﬂ (@) /0 e or) 25 (o%dp)

+47TMX(£)—4772 > Y@ /Oooje (pr) P22 (p*dp) ,

=0 m=—/4

where Ap denotes the Lapalce-Beltrami-operator. Such that the solution of (4.1) is

(e} l 00
X ()= —an >0 30V @) [ o) W ().

=0 m=—1¢

with E [W;™ (p2dp) ‘2 = p?dp. Tts spectral density (according to measure p2dp), see [32],
Example 6, p. 24, is
1
Sp) =3
v (% +c2)?

with covariance function of Matérn Class
1 (C’f’)l/2 K1/2 (CT’)
(2m)? ¢

2
p* = lwlI”,

C(r)=

i

where K/, is the modified Bessel (Hankel) function, see [1]. A differential operator
(V2 — 62)1/ with v > 0 can also be considered In this case the covariance function is pro-
portional to (cr)1/271'/2 K2y 2 (cr), see [23] p. 179, 2.12.4.28 This can be generalized
further by similar methods of the paper [13].

Bispectrum with measure szl (pzdpk/47r) is

3

Sz (p1,p2,03) = [ [

k=1

1

2 _ 2 2
Wv p3 = pi + p3 — 2p1p2 cos,
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Theorem 1 gives the series representation

Cs(r1,r2,0) = // / T (r1,72,9|p1, p2) Ss (p1, p2. ) pidp1 p3dps sinndn
o Jo

= 8i (2€ +1)° Py (cos )

// (p1r1) je (p2r2) | (p1 — p2)’ +¢
pi+c? p3+c? (p1 +p2)2+02
for the bicovariance function of the Laplacian-field (4.1), since

o1 1 — )P+ 2
/ —— sinndn = In (p1 ,02)2 ks .
0 Pitc 2p1p2 (p1+ p2)” + 2

p1dp1p2dpz,

5. A NONLINEAR MODEL: HOMOGENOUS ISOTROPIC FIELD WITH HERMITE RANK 2

We consider a Gaussian-field

X (2) = / e (o) W (d)

[eS) )4 oo
—ar Y S @ [ al) Wy ()

=0 m=—1¢

where W (dw) is Gaussian, E |W (dw)|? = )3 dw. A model which is non-Gaussian is

H(z) = X (2) +fNL (X?(2) — EX?*(z)),

see [14]. The coefficient fnr is measuring the nonlinearity of the CMB observations for
instance. Notice that X? (z) — EX? (z) is Hermite polynomial of degree 2 of the Gaussian
random variable X (z), and H () is an elementary, very simple case of a chaotic field

-3 L., el W (dary). (51)

where wy., = [wy,Wq, .. .,w;], W (dw,.,) is the multiple Wiener-Ité stochastic spectral
measure, see [6], [21]. H (z) is subordinated to the complex Gaussian white noise spectral
measure.

Consider a quadratic field

Hy (X (z)) = X* (2) — EX* (2),

and use the bipolar spherical harmonics Yel’ v (@1.0) = [Yy, (@) ©Y,, @,)],,., see B,
7, hence we can rewrite

oo

2 (201 +1) (202 +1) 40
H2 (X (z = 47T ZYZ Z 471_ 2€+ 1) C€1,0;€2,0 (52)
El 2= 0

// HJe par)a(p) W (f[ dpq>

51/2 (H pqdpq) _/ YAZ (@1:2)° (H pqdpq )7
l,m

see B, A.4 for details. Here the stochastic integral would not change if we replace Y, ",

where

. . -4 ~ . . . ~ ~
with its Y, ") (&;.5) symmetrized version (according to &y and @s).
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The nonlinear model we shall consider is

H(z) =X (z) + X2 (z)

- / e (p) W (dw) + / e (©1423) 3 (p1.2) W (dwy.y)
R3 R3x2

where the quadratic transfer function as (p1.2) is symmetric function of its variables. We
put H (z) in series expansion according to

[eS) 14 00
V@) =4m > S V@ [ el ()W () (5.3)

=0 m=—¢

and

o) l oo

2 m 2£1 + 1 2[2 + 1) £.0
Xo (z) = (4m) Z Z Y™ ( Z 4 ( 2£+1) Co; 0i2,0
=0 m=—/ £1.2=0
// sz pqr) az (p1:2) Wzl 0 (H qupq> ; (5.4)
q=1

see A.4.

Remark 3. The linear transfer function a1 could be a function of w, in this case as we
have seen above, the isotropy requires that |a; (g)|2 should only depend on p.

Remark 4. One can show that if the quadratic transfer function as is a function of
(p1:2, @1 - @y) (W; - Wy is the cosine of angle contained between &, and &,) then the field
X is still isotropic. In this case we do not have the orthogonal series representation

(5.4).

Let us consider the rotation of the field A (g) X2 (z)

oo

o (20, +1) (205 +1)
Ag) X (@) = () YY" (97'0) Y ([ 2e+21) A
le 0

o 2
« / / T e, (par) e (00) /S a2 (1) YE™ (By0)" AW
0 2 2
2
X (H pidqu (C@k)>

g=1
o0
2 261 + 1 %2 + 1) 2,0
= (47T) Z KZO A 2€+ 1) 041»0;22,0
1:2

// sz pqr) a(py)

2
/ az (p1:2) Z Dn m Yflz (@1.0)" dW (H P(QlquQ (d@k)> )
q=1

m=—~t
The rotated spherical harmonics Y° _ /D%)m( )Yfl’zl2 (B1.0)" = Yf;% (97'01.,)",
and Wiener-Ito measure W (Hz 1 pqdqu (dgk)) is rotational invariant therefore we

obtain A (g) Xs (z) 2L X, (z), hence the field is rotational invariant.
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Once we have established that X (z) is homogenous and isotropic, the covariance

of Xs (z) depends on distance r between two locations, and it can be calculated by
Cx, (r) = Cov (X2 (rN), X5 (0)), these particular values are

X2 (0) = 4n //Ooo az (p1:2) W(?,g (H pidptI) , (5.5)
q=1

and
Xo(rN) =47 Y /(206 +1) 20 + 1)C%,.
L Zl 2=0
2
// H]Z pqr) az (pr:2) W5, (H p3d0q> : (5.6)
q=1
We have

c&m:@ﬁ/ /ijmwmmmmWé@M@h
0 0

the inversion formula is used for the spectrum
S (0) =47 [ o (pr) Ca (1) 2
0
_ 3 > e o . . . 2 2 2 2
= 641 /O /O /0 Jo (p17) jo (p2r) jo (pr) r=dr |az (pr:2)|” padp2pidpr

> q p1tp2
= 167 / / las (p1.2)|” pdp1 p3dps
p P

1—pP2

p1tp
(2m) / / laz (pr:2)[” prdp1p3dps,
p1

see (B.9).
Now the spectrum of H (z) is simple, it is the sum of spectra, since — because of the
orthogonality of multiple Wiener-It6 integrals — we have

€)= 5m5 [ (o) (lon () + S (0)) .

272

therefore the spectrum is (|a1 (p)° + Sx, (p)) /272

5.1. Bispectrum. Since we have established homogeneity and isotropy of H (z), the
bispectrum is derived by finding an expression the bicovariance

Cum (H (r12),H (reN), H (0))
= Cum (X (MmZ) + X2 (M), X1 (r2N) + Xa (r2N) , X3 (0) + X2 (0)) .

The results for cumulants of Hermite-polynomials of Gaussian-processes applies here
([25]), and we get

Cum (H (r1Z),H (roN), H (0)) = Cum (X3 (), X1 (r2N), X2 (0))
+ Cum (X1 (mz), X2 (roN), X1 (0))
+ Cum (X2 (mZ), X1 (r2N), X1 (0))
+ Cum (X2 (mZ), X2 (roaN), X2 (0)) .
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It turns out that

2

147

2
Cum (WZT (Pidpr) . W, (p3dpa) . Wy (H p?,dpq>> = 200,0m, 00, | | p2dpq
q=1 q=1

2
Cum (WZ}‘* (pdpr) , W5, <H pf,dpp> W (pgdpz)>

q=1

2
Cun (wf;?z (H pgdpq) W (dos) W) <p%dpl>>
qg=1

2

= 200, 0m300,—2500—1, H padpq

q=1
2

= 204, 0m 00,5000, H padpq,

q=1

where we applied the identity Cg’g, ¢.0 = 1. These cumulants imply readily

Cum (X1 (7‘1@) , X1 (’I“QN) XQ( )) +Cum(
+ Cum (X2 (mz), X1 (r2N), X1 (0))

1(mz), X2 (r2N), X1 (0))

6 (4m) // ar (p1) a1 (p2) az (p1:2) jo (p171) Jo (p2r2 Hpqdpq

q=1

Similar calculation can be found in [5] Example 4. The third order cumulants according

to the field Xy are given by

2 2
lm k,0 0,0
Cum (”e L2 (l | pﬁdr)q> Wi ks (l I P?ﬂﬂp) Wolo

q=1

lm A ,0
- 8/2X3 5/51,@2 wli?) Ykl ka2

6

e

(W3.4) 0 (@ +W3) 6 (p2 — p3) 0 (Wy + Ws)

X 0 (pa— ps) 8 (@ +@,) 6 (ps — p1) [ [ p2dpn (d,,)

q=1

6
=3 (47T> 5215762 542*761 552*5616*557716 (PQ - pS) d (P4 - /J'5 pG - pP1 H ppdpp7

since

3
w2>w3 H

Lm g~ k,n
/S3 Yo oy (@12) Vi,

l1:2 k12

= 2 X

mi.o=—f1.2 n1.2=—k1.2

lm
L1,my;la,ma

k.n
k1,n15k2,n2

[ Y @Y @)V (3 Vi @)
l1:2
=d4r Z 551 67711652 k1 5m2+’ﬂ15/€2 nch "

mi.2=—/{1.2

2
=47 (C(t;jgjf,m) 52151@25227]@15827(&@765717771'

Q
Il w
MR

L1,mq;l2,mo

2 (iz,)

k,n
ki1,n13k2,mn2
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It follows from the above
Cum (Xg (7"12) ,XQ (T‘QN) s X2 (Q))
—80m" Y 20+ 1) Peleosd) [[ [ o (prra) o (ar) e (pard) i (para)
0

14
3

a2 (,01:2) as (p2, P3) a2 (p37 Pl) H pﬁdpq.
g=1

The nonlinear model H which containes a linear Gaussian term X; and a nonlinear
term Xy has a non-zero bispectrum (as far as Xo # 0). This bispectrum is showing up
expressing the bicovariance function of H in terms of transfer functions a; and as.

Lemma 3.
Cum (H (r1z),H (roN), H (0))

2 2
6 (4m) // a1 (p1) a1 (p2) as (p1:2 H par) [ P2dpy
q=1

+8 (47r)4 Z (204 1) Py (cos )
X ///OOO Jo (p171) Je (p2r1) Jo (p2re) je (p3r2)
3

X az (p1:2) a2 (p2, p3) az (ps, p1) [ [ Padpy.
qg=1
APPENDIX A. PROOFS
A.1. Proof for Lemma 1.

Proof. Tt follows from (2.3) that a homogenous field X () is isotropic in third order iff
the bicovariances of the rotated Z;* (2.4) equal to the bicovariances of Z;*, i.e.

Cum (27" (pidpr) , 20,7 (padp2)  27° (p3dp2))
= Cum (2" (pYdpr) , Zy, (dez), 5 (P3dps)) -
The left side is written by (2.4)
Cum (27" (pldpr) . 20% (p3dp2) . 25y (padpz))
£1,82,L3

= > D, (9) D, (9) DL, (9)

p,q,r=—F1,02,{3

(A.1)

x Cum (2, (pidp1) , 2, (p3dp2) » Zi, (pidps))
Now from third order isotropy follows

Cum (27" (pidp1)  Z;;* (padp2) , Zi3° (P3dps))
£1,02,03
= > D, (9 D2, (9) DY, (g)

p,q,r=—L1,02,03

x Cum (27, (pidpr) . 71, (p3dps) , Zi, (p3dps))
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integrate both sides over the sphere according to the invariant Haar-measure, and by
Gaunt-integral (B.16) we have

Cum (Z;" (pldp1) , 23 (p3dp2) , 2, (p3dps))
_ (61 0l

mp MMz M3

3
)Behezxs p1.p2.p3) [ [ pidpr,
k=1

where
3
Bi, 365 (p1, P2, p3) [ [ PR
k=1
61 62 £3 q 2 T 2
=y b g Cum (27, (pidp) , Z3, (p3dp2) , Zi, (p3dps)) -
P.ar
In other way around from (3.1) using (B.15) follows (A.1). O

A.2. Proof for Lemma 2.

Proof. We apply the Rayleigh plane wave expansion (B.6) for 2Tz and get

5 (S3pniy) = = //S Mwm d/\)/\2d/\

= 23/ /S g1 3 H 99 g (peN) Y™ (& )Yg?a (X) (A.2)

2 g1:3=0m. 37*!]1 3a=1

The bicovariance of the stochastic measure

Zi" (p*dp) = i* R @) Z (2(dw) p*dp) ,
2

according to (3.2) is

Cum (2 (p?dm) Zy2 (pydp2) , Z;7 (p3dps))

3
/// ]._.[ Y (@) 8 (S ry) H (ddy) Sz (p1, p2, p3)

S2 p=1

:23/ /S Z ng Hzg“ (o)) Y (3) € (d43) X2

2 g1:3= 07”13——91311 1

3

3 9
///S zkHY"k (@) HY’”“ @ H (dy,) S5 (p1; p2; p3) H dpk
k=1 k=1

w

le)k

3
H (20, +1) gf;ll’é,fffm/ Hﬂk (prA) N2dASs (p1, p2, p3) H

since the spherical harmonics are orthogonal, where G/1-%2:f is the Gaunt integral

Glrbats see (B.16), based on Condon and Shortley phase convention (B.12) which

ni,n2,n3,0,0,07

gives the connection between Wigner rotation D,(fzn (g) and spherical harmonics Y, (X) ,
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namely

g[l Ha,ls
ni,nz,ng"’

[y @ () v (3) 2 (8) - Sz T e

The integral of the spherical Bessel-functions included in the bicovariance has a clear
form, see [12] 6.578.8, p. 709. Introduce dpn = 6p24 2 25, py cosy—p2: €quivalently the
wave numbers py, p2, and ps should satisfy the triangle relation: |p1 — p2| < p3 < p1+pa,
p1,p2 >0, p3 = pf + p3 — 2p1p2 cosn, then

0 (0N e (p2N) Jo (pah) N2dA = S0 —
| e e (o) o (s o
see (B.10), replace this into the bicovariance, we have
Cum (Z;) (pldp1) , Z;? (p3dp2) . 25 (p3dps)) (A.3)
3 2
by by 03 Pi APk
= b b S b b
(m . )le,ws (p1, p2. p3) S5 (p1, p pa)k]:[l o)
where
e \/7?6 yAN g 1€
%11213 (p1,p2,p3) = (_1) " F;pi’) 02 03 : (A 4)
This completes the proof. O

A.3. Proof for Theorem 1.
Proof.

Cum (X (m2),X (r2N), X (0))

= VAr (47)? ///OOO i Z Y/ (Z) 4/ %Z: ! ei Jey (p171) oo (p2r2)
2=0

l1=0m=—4;
x Cum (27 (pidp1) , Zp, (p3dp2) , Zg (p3dps))

= V@) VAL TR )

01=0

3

TOpA
/// Jey (p171) Jey (p2r2) 47:1;1p2p33 (p1, p2, p3) Hpidpk-

k=1

We rewrite the integral

fal . dpn ? 2
je (par1) je (par2) Sz (p1, p2, p3) —= prdpy
///0 P1P2P3 1};[1 F

pP1 +P2
/ / / (p171) Je (p2r2) S3 (p1, p2, p3) prdpipadpapsdps

[p1—p2]

=// / e (p171) je (par2) Ss (p1, pas ps) sinndnpidp1 p3dps,
o Jo




3D BISPECTRUM 151

where p3 = p? + p3 — 2p1pa cosn, and psdps = p1p2 sinndn, therefore

Cs (r1,72,9) = Cum (X (rz), X (roN), X (0))

871'4 // / Z 20+1) Pf (cos ) je (p171) je (p2r2) Sz (1, P2, P3)
0

3
x H pidpr
k=1

:// /T(ﬁ,rz,ﬂlpuﬂz)ss(m,pz,ps)pfdmp%dpzSinndn
0 0

kernel 7 (r1,72,9|p1, p2), (3.5), where T = (sind, 0, cos¥) and @ = (sinn,0,cosn), p3 =

03 + p3 — 2p1p2 cosn. Define

(oo}
T (r1,7alp1, pa,n) = 327 Y (20 +1)7" P (cosn) je (pir1) je (par)
=0

and consider

I (p1, p2,n|k1, k2, B) =/ T (r1,72,9|p1, p2) T (11, 72|k1, K2, B) ridrirsdra,
0

when Z = (sind, 0, cos9), Y (2) = /£ P, (2 - N) = /ZEL Py (cos ). Use the orthog-
onality of the spherical harmonics and the Bessel-functions ((B.8) and [29]. 5.6.1.1,
p.141)

iﬁé(pl—lil)ﬂé(pg—ﬁg)i2£+l
2 2p7 203 =2
6 (p1 — K1) 0 (p2 — K2)
= 0 19—77 )

P 03 =)

I (p1, p2,n|k1, k2, B) = Py (cos¥) Py (cosn)

here we have put @ = (sin 3,0, cos 3). Now

// / C3 (r1,72,9) T (11, 7r2|K1, Ko, B) r2drr2dry sin Idd
o Jo

:// / (// T(T17r2719|p17p2)53(m,pz,ps)pfdmp%dpzSinndn)
0 0 0

X T (ky, ke, B|r1, 72) ridrridry sin 9dy

//°°5 Pl*m  (p2 — K2)
2
P2

2€ + 1 . .
/ / Py (cos ) Py (cosn) Ss (p1, pa,9) sin ¥ddd sin ndnpidp, padps
0

= [ S3(ki1,k2,k3)0(Z—@)Q(dz) /27
Sz
= S3 (K1, K2, B),

which completes the proof. O

A4. Proof of (5.2).
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Proof. We have

L2
BE@ -y S Y@@

21 2= =0 mai: 2—_21:2

o 2 2
: / / TLiv, (aryatea) [ Vi @) v @) w (H i, (d@)) 7
q=1 2 q=1

now use Appendix B, 7,

£1:2

Hy (X Z Z Z Cgln’z’ll 2, ma ;1 Lo (: 2)

€12 0777,12——@12@1’77,
o 2
- l,m ZnL ~ *
X// Hﬂq (pqr) a(pq / Zcel myilams Yoyt (@1:2)
0 q=1 2€m
xW(Hpqdpq (dw ))
g=1
e
l,m A 7 .
G IPRGACEN | Haeq<pqr>a<pq>
=1

Zl 2= =0 Z m
/ 81,62 wl 2 (H pqdpq ) )
£1:2

2 m eo,mo
: : Cel mi; b,mgcél m1;la,mo 6‘67‘60:57”77”077

mi.2=—"L1.2

where we applied

and

lim ~ ~ (2£1+1)(2€2+1) 2,0 mo(oy
Yie, (@2) = \/ i 1) Cnono¥ @) -

APPENDIX B. FORMULAE
(1) Orthonormal spherical harmonics with complex values Y;” (9, ¢), { =
0,1,2,... m=—(,—¢+1,...—-1,0,1,...,£ — 1,7 of degree ¢ and order m
(rank ¢ and projection m)

20 —I— L(f—m)!
(£ +m)!
where Pj" denotes associated normalized Legendre function of the first kind.

The spherical harmonics are eigenfunctions of the square of the orbital angular
momentum operator.

Y, (9, 0) = (—1)™ P (cos ) ™ pel0,2n], ¥e0,x], (B.I1)

20+1

Y (9, p) = Py (cos?), (B.2)
™
1
}/0 (19’ 90) Ev
moreover
. 20+ 1
Y™ (N) = dm=0 (B.3)
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Y, is fully normalized

2m ™
/ / Y™ (0, ¢)|? sin9dddp = 1.
o Jo

Some detailed account of spherical harmonics Y;” can be found in [29] and [24].
some authors do not apply 1/v/47 in the definition of Y, also for a sphere with
radius R spherical harmonics are normalized additionally Y™ (9,¢) /R. It also
follows

Y (0,0) = Y™ (0, —¢)
=(=D"Y " (0,0),
Yo (00) = (-1)" eV (0, )

Addition formula (see [12], 8.814, [9], 11.4(8)),

¢
mx* [~ m [~ 2€+]‘
D Y (@)Y (35) = = —Pi(cos?), (B4)
m=—/
where cosV =z, - Z,.
¢
> VM @Yr @ = = (B.5)

m=—/{

(2) Rayleigh plane wave expansion in 3D:

o0

iw Z it (204 1) 4o (pr) P (@ - Z)
£=0

9] 14
=dmy D i (pr) Y (@)Y (@) (B.6)

=0 m=—/4

)
|
|

Il

1, 10.1.47],
(3) Spherical Bessel-function j, of the first kind ([1] 10.1.1), is given by the is
the Bessel-function of the first kind Jy 12,

0) =\ e (2), B.7)
2a?

— je (az) jo (b2) 2%dz = 6 (a — b)), (B.8)

see [4, Sect 11, p.735.] and

% 0, p2 < p1—p, p2 > p1+p,
/ jo (pr7) jo (par) o (pr) rdr = § gpr p2=p1— P p2=p1+p,;
0 T PL—p<p2<pitp p1=p>0,p>0,
(B.9)
see [12, 3.763.2, p.438],
(Plpz)gil/z

/ o172 (P1A) Jog1/2 (p2A) Jgi1/2 (p3A) A/279g) = Opn sin? nP, ¥ (cosn) ,
0

/_27rpg+1/2
(B.10)
by [12, 6.578.8, p.686.]
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Introduce ,n = 6 (p% + p3 — 2p1pacosn — pg), equivalently the wave num-
bers p1, p2, and ps should satisfy the triangle relation, we have

/ Ge (p1X\) Ge (p2) do (p3\) A2dA

=1\/3 / Jog172 (P1N) Joga/2 (p2) J1j2 (p3N) A2\ (B.11)
p1p203

Oos 4/)1/)2/)3
(4) Condon and Shortley phase convention, [8], (4.3.3)

m 2W+1
Y (0.0) = || == D0 (7.9 0) (B.12)
2041 (o)«
=/ TDSVL?O (o, 7,7).

(5) Wigner 3j-symbols (see [19]), notation

£1:3 _ El 62 £3
mai.3 mi mg ms)’

Selection rules: a Wigner 3j symbols vanishes unless
e my + mo+ms3 =0,
e Integer perimeter rule: £ = {1+ {5+ {3 is an integer (if m; = mg = mg =0,
then L is even).
e Triangular inequality [¢1 — lo| < £3 < {1 + {5 is fulfilled.
e There is a one to one correspondence between Wigner 3j-symbols and
Clebsch—Gordan-coefficients

S obk _(ha L
m L1,k1ila ko kio -k’
(6) Wigner D-matrix Let A (g) Y™ (L) =Y, (g7 'L),

Ag) Y (L) = > D) (9)YF (L), (B.13)

if ¢ is fixed Df??k (g) is unitary

14

l £0)*
> D) L (9) DY (9) = Gy s (B.14)
k=—¢

see [29], pp79 for details, also

(01) ) ) lis _ (s
Z Dml,lemz,kQ‘Dmi,ks <m1:3) - <kj1:3> : (B.15)

mi,m2,m3
The Gaunt-type integral
k1,k2,ks;mi,ma,ms my,k1 " ma, k2 ma, ks

- <’f;1133> (iii) ’ (B.16)

where dg = sin 9dddpdy/8m? is the Haar-measure: (see [29].

g417€27@3 :/ D(zl) D([2) D([3) dg
SO(3)



3D BISPECTRUM 155

(7) Bipolar spherical harmonics, see [29] 5.16.1, p.160,

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Lm s~ ~ ~
Y, ", (@10) = Y, @)oY, (Qz)]gm
£1:2

0, ~ ~
= Z CElTnl;fz,mzyle (gl) Y@Tz (EQ) ’

mi.2=—"L1:2

l,m ~ ~ mi o/~ Mo /-~
Z Czl,ml;z2,m2 [Xel (Z,)®Y,, @2)][77,1 =Y, (@) Y,,* (@s)-
m
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