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Àíîòàöiÿ. Äîñëiäæó¹òüñÿ ñëàáêà çáiæíiñòü ïðè T →∞ ôóíêöiîíàëiâ
∫ t
0 gT (ξT (s)) dWT (s), t ≥ 0,

äå ξT (t)� ñèëüíèé ðîçâ'ÿçîê ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ dξT (t) = aT (ξT (t)) dt +

+ dWT (t), T > 0�ïàðàìåòð, aT (x), x ∈ R�äiéñíi âèìiðíi ôóíêöi¨, |aT (x)| ≤ CT ïðè âñiõ x,
WT (t)� ñòàíäàðòíi âiíåðiâñüêi ïðîöåñè, gT (x)�äiéñíi, âèìiðíi, ëîêàëüíî îáìåæåíi, íåâèïàäêîâi
ôóíêöi¨. Ïðè íåðåãóëÿðíié çàëåæíîñòi gT (x), aT (x) âiä ïàðàìåòðà äëÿ âêàçàíèõ ôóíêöiîíàëiâ
çíàéäåíî ÿâíèé âèãëÿä ãðàíè÷íèõ ïðîöåñiâ.

Êëþ÷îâi ñëîâà i ôðàçè. Ïðîöåñè äèôóçiéíîãî òèïó, ãðàíè÷íà ïîâåäiíêà iíòåãðàëüíèõ ôóíêöiîíà-
ëiâ, íåðåãóëÿðíà çàëåæíiñòü âiä ïàðàìåòðà.

1. Âñòóï

Ðîçãëÿäà¹òüñÿ ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ Iòî

dξT (t) = aT
(
ξT (t)

)
dt+ dWT (t), t ≥ 0, ξT (0) = x0, (1)

äå T > 0�ïàðàìåòð; aT (x), x ∈ R�äiéñíi âèìiðíi ôóíêöi¨, òàêi, ùî äëÿ ïåâ-
íèõ ñòàëèõ LT > 0 âèêîíóþòüñÿ íåðiâíîñòi |aT (x)| ≤ LT äëÿ âñiõ x ∈ R; WT =
= {WT (t), t ≥ 0}� ñiì'ÿ ñòàíäàðòíèõ âiíåðiâñüêèõ ïðîöåñiâ, ÿêi çàäàíi íà ïîâíîìó
éìîâiðíiñíîìó ïðîñòîði (Ω,F,P).

Âiäîìî [14], ùî ïðè áóäü-ÿêèõ T òà x0 ðiâíÿííÿ (1) ìà¹ ñèëüíèé ¹äèíèé ïî òðà-
¹êòîðiÿõ ðîçâ'ÿçîê ξT = {ξT (t), t ≥ 0}, i öåé ðîçâ'ÿçîê ¹ îäíîðiäíèì ñòðîãî ìàðêîâ-
ñüêèì ïðîöåñîì.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ ñëàáêà çáiæíiñòü ïðè T →∞ ôóíêöiîíàëiâ∫ t

0

gT
(
ξT (s)

)
dWT (s),

äå gT (x)� âèìiðíi, ëîêàëüíî îáìåæåíi, íåâèïàäêîâi ôóíêöi¨; ïðîöåñè ξT i WT ïîâ'ÿ-
çàíi ÷åðåç ðiâíÿííÿ (1), ïðè öüîìó ìîæëèâà íåðåãóëÿðíà çàëåæíiñòü ôóíêöié aT (x),
gT (x) âiä ïàðàìåòðà T , òîáòî, ó äåÿêèõ òî÷êàõ ïðè T → ∞ âîíè ìîæóòü íå ìàòè
ãðàíèöi àáî ïðÿìóâàòè äî íåñêií÷åííîñòi, àáî ìàòè âèðîäæåííÿ iíøîãî õàðàêòåðó.

Óïåðøå íåîáõiäíiñòü ãðàíè÷íèõ ïðè T →∞ äîñëiäæåíü ðîçïîäiëiâ ôóíêöiîíàëiâ

β
(1)
T (t) =

∫ t

0

aT
(
ξT (s)

)
ds

âiä ðîçâ'ÿçêiâ ξT (t) ðiâíÿííÿ (1) âèíèêëà ó ðîáîòàõ [3, 4] ïðè aT (x) =
√
Ta
(
x
√
T
)
,

äå a(x)� àáñîëþòíî iíòåãðîâíà ïî âñié ïðÿìié ôóíêöiÿ i
∫∞
−∞ a(x) dx = λ (aT (x)�

δ-ïîäiáíà ñiì'ÿ ó òî÷öi x = 0 iç âàãîþ λ).

2010 Mathematics Subject Classi�cation. Primary 60H10; Secondary 60F17, 60J60.
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Ïðè λ = 0 ó ðîáîòi [3] âñòàíîâëåíî çáiæíiñòü β
(1)
T (t) ïðè T → ∞ çà éìîâiðíiñòþ

äî íóëÿ äëÿ êîæíîãî t > 0, à ïðè λ 6= 0 iç ðîáîòè [4] âèïëèâà¹ çáiæíiñòü ðîçïîäiëiâ

ôóíêöiîíàëà β
(1)
T (t) äî ðîçïîäiëiâ ïåâíîãî ôóíêöiîíàëà β(1)(t) âiä ðîçâ'ÿçêó ζ(t)

ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ Iòî dζ(t) = σ̄
(
ζ(t)

)
dW (t), äå σ̄(x) = σ1

ïðè x > 0, σ̄(x) = σ2 ïðè x ≤ 0, σi = e−2λi , λ1 =
∫∞
0
a(x) dx, λ2 =

∫ −∞
0

a(x) dx, ïðè
öüîìó äëÿ ìàðêîâñüêîãî ïðîöåñó ζ(t) âèïèñàíî ÿâíèé âèãëÿä ïåðåõiäíî¨ ùiëüíîñòi.
Áiëüøå òîãî, iç ðîáîòè [5] âèïëèâà¹, ùî

β(1)(t) = 2

[∫ ζ(t)

0

b̄(u) du−
∫ t

0

b̄
(
ζ(s)

)
dζ(s)

]
, x0 = 0,

äå b̄(x) = λ1σ
−2
1 ïðè x > 0, b̄(x) = λ2σ

−2
2 ïðè x ≤ 0. Çîêðåìà, ïðè λ1 = λ2 ìà¹ìî

β(1)(t) ≡ 0, à ïðè λ2σ
−2
2 = −λ1σ−21 = c0 îòðèìó¹ìî β

(1)(t) = 2c0Lζ(t, 0), äå Lζ(t, 0)�
ëîêàëüíèé ÷àñ ïðîöåñó ζ(t) ó òî÷öi 0 íà âiäðiçêó [0, t]. Òàêîæ iç ðîáîòè [5] âèïëèâà¹,

ùî ðîçïîäiëè ôóíêöiîíàëà β
(2)
T (t) =

∫ t
0

√
|aT (ξT (s))| dWT (s), äå ïðîöåñè ξT (t) iWT (t)

ïîâ'ÿçàíi ÷åðåç ðiâíÿííÿ (1), ó ÿêîìó x0 = 0, ïðè T → ∞ çáiãàþòüñÿ äî ðîçïîäiëiâ
ïðîöåñó W ∗

(
β(1)(t)

)
, äå W ∗(t)� âiíåðiâñüêèé ïðîöåñ, ïðîöåñè W ∗(t) i β(1)(t)�íå-

çàëåæíi. Òîáòî, ó öüîìó âèïàäêó ó ãðàíè÷íèõ ðîçïîäiëàõ ç'ÿâëÿ¹òüñÿ íîâèé ïðîöåñ
W ∗(t), ÿêèé íå çàëåæèòü âiä ãðàíè÷íèõ ðîçïîäiëiâ ðîçâ'ÿçêó ξT (t). Óïåðøå àíàëîãi-
÷íi ãðàíè÷íi ðîçïîäiëè âiä âiíåðiâñüêîãî ïðîöåñó ζ(t) = W (t) îòðèìàíî â ìîíîãðàôi¨
[13, ãë. 5, � 5] äëÿ àäèòèâíèõ ôóíêöiîíàëiâ âiä âèïàäêîâîãî áëóêàííÿ.

Öÿ ðîáîòà ¹ óçàãàëüíåííÿì i äîïîâíåííÿì ðåçóëüòàòiâ ðîáiò [8] i [9], ó ÿêèõ äî-
ñëiäæóâàëàñü ñëàáêà çáiæíiñòü òàêîãî òèïó ôóíêöiîíàëiâ âiä ðîçâÿçêó ξT ðiâíÿííÿ
(1) ïðè ñïåöiàëüíié çàëåæíîñòi âiä ïàðàìåòðà T êîåôiöi¹íòà ïåðåíåñåííÿ aT (x) =

=
√
Ta
(
x
√
T
)
. Òàêîæ âîíà ¹ ïðîäîâæåííÿì ðîáîòè [7], ó ÿêié äëÿ ðîçâ'ÿçêó ξT ðiâ-

íÿííÿ (1) iç êëàñó K(GT ) iìîâiðíiñíèì ìåòîäîì äîñëiäæóâàëàñü ñëàáêà çáiæíiñòü
ïðè T →∞ ôóíêöiîíàëiâ

β
(1)
T (t) =

∫ t

0

gT
(
ξT (s)

)
ds, β

(2)
T (t) =

∫ t

0

gT
(
ξT (s)

)
dWT (s),

IT (t) = FT
(
ξT (t)

)
+

∫ t

0

gT
(
ξT (s)

)
dWT (s), βT (t) =

∫ t

0

gT
(
ξT (s)

)
dξT (s),

äå ïðîöåñè ξT , WT ïîâ'ÿçàíi ÷åðåç ðiâíÿííÿ (1), gT (x)� ñiì'ÿ âèìiðíèõ, ëîêàëüíî
îáìåæåíèõ äiéñíèõ ôóíêöié, FT (x)�äiéñíi íåïåðåðâíi ôóíêöi¨. Ïðè öüîìó ðîáîòà

ìiñòèòü áiëüø øèðîêi êëàñè çáiæíèõ ôóíêöiîíàëiâ β
(2)
T (t) (òåîðåìà 3.1 i òåîðåìà 3.2),

à äëÿ β
(1)
T (t)�äîñòàòíi óìîâè ñëàáêî¨ çáiæíîñòi äî âiíåðiâñüêîãî ïðîöåñó (òåîðå-

ìà 3.3). Äåòàëüíèé îãëÿä âiäîìèõ ðåçóëüòàòiâ äîñëiäæåíü öüîãî íàïðÿìêó íàâåäåíî
â ðîáîòi [8].

Ñòàòòÿ ïîáóäîâàíà òàêèì ÷èíîì. Íàñòóïíèé ïóíêò ìiñòèòü îñíîâíi îçíà÷åííÿ i
äåÿêi çàóâàæåííÿ. Ó ï. 3 íàâåäåíî ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ. Ó ÷åòâåð-
òîìó ïóíêòi äîâîäÿòüñÿ îñíîâíi ðåçóëüòàòè. Äîïîìiæíi ðåçóëüòàòè íàâåäåíî ó ï. 5.
Îñòàííié ïóíêò äîïîâíþ¹ îñíîâíi ðåçóëüòàòè íèçêîþ ïðèêëàäiâ.

2. Îñíîâíi îçíà÷åííÿ i çàóâàæåííÿ

Ó ñòàòòi ÷åðåç C, N , CN ïîçíà÷åíî ïåâíi ñòàëi, ÿêi íå çàëåæàòü âiä T i x, à ÷åðåç
fT (x)�ôóíêöiþ, ÿêà âèçíà÷à¹òüñÿ ðiâíiñòþ

fT (x) =

∫ x

0

exp

{
−2

∫ u

0

aT (v) dv

}
du. (2)
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Îçíà÷åííÿ 2.1. Ðiâíÿííÿ (1) íàëåæèòü äî êëàñó K(GT ), ÿêùî
1) iñíó¹ ñiì'ÿ íåïåðåðâíèõ ôóíêöié GT (x), x ∈ R, ÿêi ìàþòü íåïåðåðâíi ïîõiäíi

G′T (x) i ìàþòü ìàéæå ñêðiçü (çà ìiðîþ Ëåáåãà) ëîêàëüíî iíòåãðîâíi äðóãi ïîõiäíi
G′′T (x) i òàêi, ùî ïðè âñiõ T > 0, x ∈ R âèêîíóþòüñÿ íåðiâíîñòi

(A1)

[
G′T (x)aT (x) +

1

2
G′′T (x)

]2
+ [G′T (x)]

2 ≤ C
[
1 + |GT (x)|2

]
, |GT (x0)| ≤ C

äëÿ ïåâíî¨ ñòàëî¨ C > 0;
2) iñíóþòü ñòàëi C > 0, α > 0 òàêi, ùî |GT (x)| ≥ C|x|α ïðè âñiõ x ∈ R;
3) iñíóþòü îáìåæåíà ôóíêöiÿ ψ (x), x ≥ 0, òà ñòàëà m ≥ 0 òàêi, ùî ψ (x)→ 0 ïðè

x→ 0 i äëÿ äîâiëüíî¨ âèìiðíî¨, îáìåæåíî¨ ìíîæèíè B âèêîíó¹òüñÿ íåðiâíiñòü

(A2)

∫ x

0

f ′T (u)

(∫ u

0

χB (GT (v))

f ′T (v)
dv

)
du ≤ ψ

(
λ(B)

)
[1 + |x|m],

äå χB(v)� iíäèêàòîð ìíîæèíè B, λ(B)�ìiðà Ëåáåãà ìíîæèíè B, f ′T (x)�ïîõiäíà
ôóíêöi¨ fT (x), ÿêà âèçíà÷åíà ðiâíiñòþ (2).

Òàêîæ ó ñòàòòi äëÿ ïåâíèõ ëîêàëüíî îáìåæåíèõ ôóíêöié qT (x) áóäå ïðèïóñêàòèñÿ
âèêîíàííÿ òàêî¨ óìîâè:

(A3) lim
T→∞

sup
|x|≤N

f ′T (x)

∣∣∣∣∫ x

0

qT (v)

f ′T (v)
dv

∣∣∣∣ = 0

äëÿ äîâiëüíî¨ ñòàëî¨ N > 0.

Îçíà÷åííÿ 2.2. Ââàæà¹ìî, ùî ñiì'ÿ ïðîöåñiâ ζT = {ζT (t), t ≥ 0} ñëàáêî çáiãà¹òüñÿ
ïðè T → ∞ äî ïðîöåñó ζ = {ζ(t), t ≥ 0}, ÿêùî äëÿ äîâiëüíîãî L > 0 ìiðè µT [0, L],
ÿêi âiäïîâiäàþòü ïðîöåñàì ζT (·) íà âiäðiçêó [0, L], ñëàáêî çáiãàþòüñÿ äî ìiðè µ[0, L],
ÿêà âiäïîâiäà¹ ïðîöåñó ζ(·) íà âiäðiçêó [0, L].

Çàóâàæåííÿ 2.1. ßêùî ïðîöåñè ζT òà ζ íåïåðåðâíi ç iìîâiðíiñòþ 1, òî îçíà÷åííÿ 2.2
¹ îçíà÷åííÿì ñëàáêî¨ çáiæíîñòi ïðîöåñiâ ζT ïðè T → ∞ äî ïðîöåñó ζ ó ðiâíîìiðíié
òîïîëîãi¨ ïðîñòîðó íåïåðåðâíèõ ôóíêöié (äèâ. [2, ãë. IX, � 1]).

Çàóâàæåííÿ 2.2. Ó ñòàòòi ÷àñòî âèêîðèñòîâó¹òüñÿ ôîðìóëà Iòî äëÿ ïðîöåñó Φ(ξT (t)),
äå ξT �ðîçâ'ÿçîê ðiâíÿííÿ (1), ôóíêöiÿ Φ(x) ìà¹ íåïåðåðâíó ïîõiäíó Φ′(x) i ìà¹ ìàé-
æå ñêðiçü (çà ìiðîþ Ëåáåãà) ëîêàëüíî iíòåãðîâíó äðóãó ïîõiäíó Φ′′(x). Iç ðîáîòè [10]
âèïëèâà¹, ùî â öüîìó âèïàäêó äëÿ ïðîöåñó Φ(ξT (t)) ç iìîâiðíiñòþ 1 äëÿ âñiõ t ≥ 0
âèêîíó¹òüñÿ ðiâíiñòü (ôîðìóëà Iòî)

Φ
(
ξT (t)

)
= Φ(x0) +

∫ t

0

[
Φ′
(
ξT (s)

)
aT
(
ξT (s)

)
+

1

2
Φ′′
(
ξT (s)

)]
ds+

∫ t

0

Φ′
(
ξT (s)

)
dWT (s).

Çàóâàæåííÿ 2.3. ßêùî ξT �ðîçâ'ÿçîê ðiâíÿííÿ (1), à äëÿ ñiì'¨ ôóíêöié GT (x) âè-
êîíó¹òüñÿ ïðèïóùåííÿ 1) îçíà÷åííÿ 2.1, òî ó ðîáîòi [6] âñòàíîâëåíî ñëàáêó êîìïà-
êòíiñòü ïðîöåñiâ ζT (t) = GT (ξT (t)). Ïðè äîâåäåííi ñëàáêî¨ êîìïàêòíîñòi âèêîðèñòî-
âó¹òüñÿ ôîðìóëà Iòî

ζT (t) = GT (x0) +

∫ t

0

[
G′T
(
ξT (s)

)
aT
(
ξT (s)

)
+

1

2
G′′T
(
ξT (s)

)]
ds+ ηT (t), (3)

ηT (t) =

∫ t

0

G′T
(
ξT (s)

)
dWT (s)

i ñòàíäàðòíèì ìåòîäîì [1, ãë. 2, � 6, òåîðåìà 4] óñòàíîâëåíî íåðiâíîñòi

E sup
0≤t≤L

|ζT (t)|k ≤ Ck, E|ζT (t2)− ζT (t1)|4 ≤ C|t2 − t1|2 (4)
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äëÿ äîâiëüíèõ k > 0 i ïåâíèõ ñòàëèõ Ck, C. Iç öèõ íåðiâíîñòåé âèïëèâàþòü çáiæíîñòi

lim
N→∞

lim
T→∞

sup
0≤t≤L

P {|ζT (t)| > N} = 0,

lim
h→0

lim
T→∞

sup
|t1−t2|≤h; ti≤L

P {|ζT (t2)− ζT (t1)| > ε} = 0
(5)

äëÿ äîâiëüíèõ ñòàëèõ L > 0, ε > 0. Òàêîæ ó ðîáîòi [6] ïîêàçàíî, ùî àíàëîãi÷íi íåðiâ-
íîñòi (4) i çáiæíîñòi (5) âèêîíóþòüñÿ i äëÿ ïðîöåñiâ ηT (t). Çðîçóìiëî, ùî àíàëîãi÷íi
íåðiâíîñòi (4) i çáiæíîñòi (5) âèêîíóþòüñÿ i äëÿ ïðîöåñiâ WT .

Çàóâàæåííÿ 2.4. Íåõàé ξT �ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K (GT ) i GT (x0)→ y0
ïðè T →∞. Íåõàé òàêîæ iñíóþòü âèìiðíi é ëîêàëüíî îáìåæåíi ôóíêöi¨ a0(x), σ0(x),
ùî çàäîâîëüíÿþòü óìîâó

(A4) 1) äëÿ ôóíêöié

q
(1)
T (x) = G′T (x) aT (x) +

1

2
G′′T (x)− a0

(
GT (x)

)
,

q
(2)
T (x) = [G′T (x)]

2 − σ2
0

(
GT (x)

)
âèêîíó¹òüñÿ óìîâà (A3);

2) ñòîõàñòè÷íå ðiâíÿííÿ Iòî

ζ(t) = y0 +

∫ t

0

a0
(
ζ(s)

)
ds+

∫ t

0

σ0
(
ζ(s)

)
dŴ (s) (6)

ìà¹ ñëàáêî ¹äèíèé ðîçâ'ÿçîê
(
ζ(t), Ŵ (t)

)
.

Òîäi â [7, òåîðåìà 2.1] óñòàíîâëåíî, ùî ïðîöåñ ζT = ζT (t) = GT (ξT (t)) ñëàáêî çáiãà¹-
òüñÿ ïðè T →∞ äî ðîçâ'ÿçêó ζ ðiâíÿííÿ (6).

3. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ

Òåîðåìà 3.1. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K(GT ) i âèêîíóþòüñÿ
óìîâè (A4). Êðiì òîãî, íåõàé äëÿ âèìiðíèõ, ëîêàëüíî îáìåæåíèõ ôóíêöié gT (x)
iñíóþòü âèìiðíi, ëîêàëüíî îáìåæåíi ôóíêöi¨ ĝT (x), g0(x) òàêi, ùî äëÿ ôóíêöié

Q
(1)
T (x) =

[
gT (x)− ĝT

(
GT (x)

)]2
,

Q
(2)
T (x) = ĝ2T

(
GT (x)

)
− g20

(
GT (x)

)
âèêîíó¹òüñÿ óìîâà (A3), à òàêîæ

(A5) äëÿ ôóíêöi¨ Q
(3)
T (x) =

∣∣ĝT (GT (x)
)∣∣ âèêîíó¹òüñÿ óìîâà (A3) i∣∣∣∣∣

∫ x

0

f ′T (u)

∫ u

0

Q
(3)
T (v)

f ′T (v)
dv du

∣∣∣∣∣ ≤ C (1 + |x|α)

ïðè ïåâíèõ ñòàëèõ C > 0, α ≥ 0.

Òîäi âèïàäêîâèé ïðîöåñ

β
(2)
T (t) =

∫ t

0

gT
(
ξT (s)

)
dWT (s)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó β(2)(t) = W ∗
(
β(1)(t)

)
, äå

β(1)(t) =

∫ t

0

g20
(
ζ(s)

)
ds,

òóò ζ � ðîçâ'ÿçîê ðiâíÿííÿ (6),W ∗ = {W ∗(t), t ≥ 0}� âiíåðiâñüêèé ïðîöåñ, ïðîöåñè

W ∗ i β(1)(t)�íåçàëåæíi.
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Òåîðåìà 3.2. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K(GT ) i âèêîíóþòüñÿ
óìîâè (A4). Òàêîæ íåõàé äëÿ âèìiðíèõ, ëîêàëüíî îáìåæåíèõ ôóíêöié gT (x) iñíó-
þòü âèìiðíi, ëîêàëüíî îáìåæåíi ôóíêöi¨ ĝT (x), g0(x) òàêi, ùî âèêîíó¹òüñÿ óìîâà

(A5), à äëÿ ôóíêöi¨ Q
(1)
T (x) = [gT (x)− ĝT (GT (x))]

2
âèêîíó¹òüñÿ óìîâà (A3) i íåõàé

lim
T→∞

sup
|x|≤N

|JT (x)| = 0 (7)

äëÿ âñiõ N > 0, äå

JT (x) = f ′T (x)

∫ x

0

ĝ2T
(
GT (v)

)
f ′T (v)

dv − g0
(
GT (x)

)
G′T (x).

Òîäi âèïàäêîâèé ïðîöåñ

β
(2)
T (t) =

∫ t

0

gT
(
ξT (s)

)
dWT (s)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó β(2)(t) = W ∗
(
β(1)(t)

)
, äå

β(1)(t) = 2

[∫ ζ(t)

y0

g0(x) dx+

∫ t

0

g0
(
ζ(s)

)
σ0
(
ζ(s)

)
dŴ (s)

]
,

(
ζ(t), Ŵ (t)

)
� ðîçâ'ÿçîê ðiâíÿííÿ (6), W ∗ = {W ∗(t), t ≥ 0}� âiíåðiâñüêèé ïðîöåñ,

ïðîöåñè W ∗ i β(1)(t)�íåçàëåæíi.

Çàóâàæåííÿ 3.1. Äëÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (1) iç êëàñó K(GT ), äå GT (x) = fT (x)
é iñíóþòü ñòàëi δ > 0, C > 0 òàêi, ùî 0 < δ ≤ f ′T (x) ≤ C ïðè âñiõ x ∈ R, ó òåîðåìi 3.2
óìîâó (7) ìîæíà çàìiíèòè íà áiëüø ñëàáêó óìîâó: JT (x) → 0 ìàéæå ñêðiçü ïðè
T →∞ i |JT (x)|χ{|x|≤N} ≤ CN äëÿ êîæíîãî N > 0. Öåé ôàêò âèïëèâà¹ ç äîâåäåííÿ
òåîðåìè 3 ðîáîòè [5] i ëåìè 4.1 ðîáîòè [7].

Çàóâàæåííÿ 3.2. Óìîâà (A5) ó òåîðåìi 3.1 òà òåîðåìi 3.2 âèêîðèñòîâó¹òüñÿ òiëüêè
ïðè äîâåäåííi íåçàëåæíîñòi ïðîöåñiâ W ∗ i β(1)(t). Îòæå, ïðè íåâèïàäêîâîìó β(1)(t)
óìîâà (A5) âiäïîâiäíî ó òåîðåìi 3.1 òà òåîðåìi 3.2 çàéâà.

Òåîðåìà 3.3. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K(GT ) i íåõàé âèêîíóþ-
òüñÿ óìîâè (A4). Ââàæà¹ìî, ùî äëÿ êîåôiöi¹íòà aT (x) ðiâíÿííÿ (1) âèêîíó¹òüñÿ
óìîâà (A3). ßêùî äëÿ âèìiðíèõ, ëîêàëüíî îáìåæåíèõ ôóíêöié gT (x) iñíóþòü ïåâíi
ñòàëi c0, b0 òàêi, ùî äëÿ äîâiëüíîãî N > 0

lim
T→∞

sup
|x|≤N

∣∣∣∣∫ x

0

[
f ′T (u)

∫ u

0

gT (v)

f ′T (v)
dv − c0

]
du

∣∣∣∣ = 0,

à äëÿ ôóíêöi¨

QT (x) =

[
f ′T (x)

∫ x

0

gT (v)

f ′T (v)
dv − c0

]2
− b20

âèêîíó¹òüñÿ óìîâà (A3), òî âèïàäêîâèé ïðîöåñ

β
(1)
T (t) =

∫ t

0

gT
(
ξT (s)

)
ds

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó 2b0W (t), äå W (t)� âiíåðiâñüêèé ïðîöåñ.
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4. Äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ

Äîâåäåííÿ òåîðåìè 3.1. Ðiâíiñòü (3) ïåðåïèøåìî ó âèãëÿäi

ζT (t) = GT (x0) +

∫ t

0

a0
(
ζT (s)

)
ds+ α

(1)
T (t) + ηT (t), (8)

äå

α
(1)
T (t) =

∫ t

0

q
(1)
T

(
ξT (s)

)
ds, q

(1)
T (x) = G′T (x)aT (x) +

1

2
G′′T (x)− a0

(
GT (x)

)
,

à õàðàêòåðèñòèêó 〈ηT 〉(t) íåïåðåðâíèõ ç iìîâiðíiñòþ 1 ìàðòèíãàëiâ ηT (t)� ó âèãëÿäi

〈ηT 〉(t) =

∫ t

0

[
G′T
(
ξT (s)

)]2
ds =

∫ t

0

σ2
0

(
ζT (s)

)
ds+ α

(2)
T (t), (9)

äå

α
(2)
T (t) =

∫ t

0

q
(2)
T

(
ξT (s)

)
ds, q

(2)
T (x) = [G′T (x)]

2 − σ2
0

(
GT (x)

)
.

Äëÿ ôóíêöié q
(1)
T (x), q

(2)
T (x) âèêîíóþòüñÿ óìîâè ëåìè 5.1 i òîìó äëÿ äîâiëüíîãî

L > 0

sup
0≤t≤L

∣∣∣α(k)
T (t)

∣∣∣ P−→ 0, k = 1, 2, (10)

ïðè T →∞.
Çðîçóìiëî, ùî

β
(2)
T (t) =

∫ t

0

ĝT
(
ζT (s)

)
dWT (s) + γT (t), (11)

äå

γT (t) =

∫ t

0

qT
(
ξT (s)

)
dWT (s), qT (x) = gT (x)− ĝT

(
GT (x)

)
.

Îñêiëüêè äëÿ ôóíêöié q2T (x) âèêîíó¹òüñÿ óìîâà (A3), òî çà ëåìîþ 5.1∫ L

0

q2T
(
ξT (s)

)
ds

P−→ 0

ïðè T →∞ äëÿ äîâiëüíî¨ ñòàëî¨ L > 0.
Äëÿ äîâiëüíèõ ñòàëèõ ε > 0, δ > 0, L > 0 âèêîíó¹òüñÿ íåðiâíiñòü

P

{
sup

0≤t≤L
|γT (t)| > ε

}
≤ δ + P

{∫ L

0

q2T
(
ξT (s)

)
ds > ε2δ

}
(äèâ. [1, ãë. 1, � 3, òåîðåìà 2]), òîìó ñïðàâåäëèâà çáiæíiñòü

sup
0≤t≤L

|γT (t)| P−→ 0 (12)

ïðè T →∞ äëÿ äîâiëüíî¨ ñòàëî¨ L > 0.
Îñêiëüêè äëÿ ïðîöåñiâ ζT (t), ηT (t), WT (t) âèêîíóþòüñÿ ñïiââiäíîøåííÿ (5) i çðî-

çóìiëî, ùî çãiäíî çi çáiæíîñòÿìè (10) i (12) ñïiââiäíîøåííÿ (5) ñïðàâåäëèâi i äëÿ

ïðîöåñiâ α
(k)
T (t), k = 1, 2 òà γT (t), òî äëÿ ïðîöåñó(

ζT (t), ηT (t),WT (t), α
(1)
T (t), α

(2)
T (t), γT (t)

)
ìîæíà ñêîðèñòàòèñü ïðèíöèïîì À.Â. Ñêîðîõîäà âèáîðó çáiæíèõ çà éìîâiðíiñòþ ïiä-
ïîñëiäîâíîñòåé [12, � 6]. Òîìó äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi T ′n →∞ iñíóþòü: ïiäïîñëi-

äîâíiñòü Tn →∞, iìîâiðíiñíèé ïðîñòið
(

Ω̃, F̃, P̃
)
, âèïàäêîâèé ïðîöåñ íà öüîìó ïðî-

ñòîði
(
ζ̃Tn(t), η̃Tn(t), W̃Tn(t), α̃

(1)
Tn

(t), α̃
(2)
Tn

(t), γ̃Tn(t)
)
, ñêií÷åííîâèìiðíi ðîçïîäiëè ÿêî-

ãî çáiãàþòüñÿ ç âiäïîâiäíèìè ñêií÷åííîâèìiðíèìè ðîçïîäiëàìè âèïàäêîâîãî ïðîöåñó
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ζTn(t), ηTn(t),WTn(t), α

(1)
Tn

(t), α
(2)
Tn

(t), γTn(t)
)
, ïðè öüîìó ζ̃Tn(t)

P̃−→ ζ̃(t), η̃Tn(t)
P̃−→ η̃(t),

W̃Tn(t)
P̃−→ W̃ (t), α̃

(1)
Tn

(t)
P̃−→ α̃(1)(t), α̃

(2)
Tn

(t)
P̃−→ α̃(2)(t), γ̃Tn(t)

P̃−→ γ̃(t) äëÿ âñiõ 0 ≤ t ≤ L,
äå ζ̃(t), η̃(t), W̃ (t), α̃(1)(t), α̃(2)(t), γ̃(t)�äåÿêi âèïàäêîâi ïðîöåñè. Çðîçóìiëî, ùî çàâ-
äÿêè çáiæíîñòi (10) α̃(k)(t) ≡ 0, k = 1, 2 ç iìîâiðíiñòþ 1, à çàâäÿêè çáiæíîñòi (12)
γ̃(t) ≡ 0 ç iìîâiðíiñòþ 1.

Çãiäíî ç íåðiâíîñòÿìè (4) ïðîöåñè ζ̃(t), η̃(t), W̃ (t) íåïåðåðâíi ç iìîâiðíiñòþ 1,

êðiì òîãî, η̃(t)�ìàðòèíãàë, W̃ (t)� âiíåðiâñüêèé ïðîöåñ. Áiëüøå òîãî, çà ëåìîþ 5.2
iç ðiâíîñòåé (8), (9), (11) îòðèìó¹ìî

ζ̃Tn(t) = GTn(x0) +

∫ t

0

a0

(
ζ̃Tn(s)

)
ds+ α̃

(1)
Tn

(t) + η̃Tn(t),

〈η̃Tn〉(t) =

∫ t

0

σ2
0

(
ζ̃Tn(s)

)
ds+ α̃

(2)
Tn

(t),

β̃
(2)
Tn

(t) =

∫ t

0

ĝTn

(
ζ̃Tn(s)

)
dW̃Tn(s) + γ̃Tn(t),

äå

ζ̃Tn(t)
P̃−→ ζ̃(t), η̃Tn(t)

P̃−→ η̃(t), W̃Tn(t)
P̃−→ W̃ (t),

sup
0≤t≤L

∣∣∣α̃(k)
Tn

(t)
∣∣∣ P̃−→ 0, k = 1, 2, sup

0≤t≤L
|γ̃Tn(t)| P̃−→ 0 ïðè Tn →∞.

Iç ðîáîòè [6] âèïëèâà¹, ùî äëÿ äîâiëüíèõ ñòàëèõ L > 0, ε > 0 âèêîíó¹òüñÿ ðiâíiñòü

lim
h→0

lim
Tn→∞

P̃

{
sup

|t1−t2|≤h; ti≤L
|λTn(t2)− λTn(t1)| > ε

}
= 0 (13)

ïðè λTn(t) = ζ̃Tn(t), λTn(t) = η̃Tn(t), λTn(t) = W̃Tn(t).
Òîìó çà ëåìîþ 1.11 [11] ïðè Tn →∞ äëÿ äîâiëüíîãî L > 0

sup
0≤t≤L

∣∣∣ζ̃Tn(t)− ζ̃(t)
∣∣∣ P̃−→ 0, sup

0≤t≤L
|η̃Tn(t)− η̃(t)| P̃−→ 0, sup

0≤t≤L

∣∣∣W̃Tn(t)− W̃ (t)
∣∣∣ P̃−→ 0.

Iç ðîáîòè [7, ëåìà 4.3] âèïëèâà¹, ùî

η̃(t) =

∫ t

0

σ0

(
ζ̃(s)

)
dŴ (s),

à ïðîöåñ ζ̃(t) çàäîâîëüíÿ¹ ðiâíÿííÿ (6).

Çà ëåìîþ 5.2 öi¹¨ ñòàòòi ïðîöåñè β̃
(2)
Tn

(t) i β
(2)
Tn

(t) ñòîõàñòè÷íî åêâiâàëåíòíi. Äàëi,
çãiäíî ç ëåìîþ 5.3, ìîæåìî âèêîðèñòàòè âèïàäêîâó çàìiíó ÷àñó â ñòîõàñòè÷íèõ ií-
òåãðàëàõ (äèâ. [1, ãë. 1, � 4]) i îòðèìà¹ìî, ùî äëÿ äîâiëüíîãî t ≥ 0 ç iìîâiðíiñòþ 1
âèêîíó¹òüñÿ ðiâíiñòü

β̃
(2)
Tn

(t) = W ∗Tn

(
β̃
(1)
Tn

(t)
)

+ γ̃Tn(t), (14)

äå W ∗Tn(t)� ñiì'ÿ âiíåðiâñüêèõ ïðîöåñiâ,

β̃
(1)
Tn

(t) =

∫ t

0

ĝ2Tn

(
ζ̃Tn(s)

)
ds.

Äëÿ ôóíêöi¨ ĝ2Tn(GT (x)) − g20(GT (x)) âèêîíó¹òüñÿ óìîâà (A3), òîìó ç äîâåäåííÿ
òåîðåìè 2.2 ðîáîòè [7] âèïëèâà¹ çáiæíiñòü

sup
0≤t≤L

∣∣∣β̃(1)
Tn

(t)− β̃(1)(t)
∣∣∣ P̃−→ 0

ïðè Tn →∞, äå β̃(1)(t) =
∫ t
0
g20

(
ζ̃(s)

)
ds.
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Çðîçóìiëî, ùî äëÿ äîâiëüíèõ L > 0, N > 0, ε > 0, δ > 0 ñïðàâåäëèâà íåðiâíiñòü

P̃

{
sup

0≤t≤L

∣∣∣W ∗Tn (β̃(1)
Tn

(t)
)
−W ∗Tn

(
β̃(1)(t)

)∣∣∣ > ε

}
≤ P̃

{
β̃
(1)
Tn

(L) > N
}

+

+ P̃
{
β̃(1)(L) > N

}
+ P̃

{
sup

|t1−t2|≤δ; ti≤N

∣∣W ∗Tn(t2)−W ∗Tn(t1)
∣∣ > ε

}
+

+ P̃

{
sup

0≤t≤L

∣∣∣β̃(1)
Tn

(t)− β̃(1)(t)
∣∣∣ > δ

}
,

à äëÿ âiíåðiâñüêîãî ïðîöåñó W ∗Tn(t) ìà¹ ìiñöå àíàëîã çáiæíîñòi (13), òîìó âèêîíó¹-
òüñÿ çáiæíiñòü

sup
0≤t≤L

∣∣∣W ∗Tn (β̃(1)
Tn

(t)
)
−W ∗Tn

(
β̃(1)(t)

)∣∣∣ P̃−→ 0

ïðè Tn →∞, à îòæå, çãiäíî ç (14), i çáiæíiñòü

sup
0≤t≤L

∣∣∣β̃(2)
Tn

(t)−W ∗Tn
(
β̃(1)(t)

)∣∣∣ P̃−→ 0 (15)

ïðè Tn → ∞. Âèêîðèñòîâóþ÷è âëàñòèâîñòi ñòîõàñòè÷íèõ iíòåãðàëiâ, îòðèìà¹ìî íå-
ðiâíiñòü∣∣∣EW ∗Tn(t)W̃Tn(t)

∣∣∣ =

∣∣∣∣∣E
∫ τTn (t)

0

ĝTn

(
ζ̃Tn(s)

)
dW̃Tn(s) W̃Tn(t)

∣∣∣∣∣ =

=

∣∣∣∣∣E
∫ min(t,τTn (t))

0

ĝTn

(
ζ̃Tn(s)

)
ds

∣∣∣∣∣ ≤ E

∫ t

0

∣∣∣ĝTn (ζ̃Tn(s)
)∣∣∣ ds,

äå τTn(t) = min
{
s : β̃

(1)
Tn

(s) = t
}
.

Çãiäíî ç óìîâàìè òåîðåìè 3.1 íà ôóíêöiþ Q
(3)
T (x) i ëåìîþ 5.1 îòðèìà¹ìî çáiæíiñòü

E

∫ t

0

∣∣∣ĝTn (ζ̃Tn(s)
)∣∣∣ ds→ 0

äëÿ äîâiëüíîãî t > 0 ïðè Tn →∞. Îòæå, EW ∗Tn(t)W̃Tn(t)→ 0 ïðè Tn →∞.

Îñêiëüêè ïðîöåñè W ∗Tn(t) i W̃Tn(t) ¹ âiíåðiâñüêèìè i ó ãðàíèöi ïðè Tn → ∞ íå-

êîðåëüîâàíi, òî W ∗Tn(t) àñèìïòîòè÷íî íå çàëåæèòü âiä W̃ (t). Çðîçóìiëî, ùî ïðîöåñ

β̃(1)(t) ïîâíiñòþ âèçíà÷à¹òüñÿ ïðîöåñîì ζ̃(s) ïðè s ≤ t. Iç ñèëüíî¨ ¹äèíîñòi ðîçâ'ÿçêó(
ξT (t),WT (t)

)
ðiâíÿííÿ (1) âèïëèâà¹, ùî ïðîöåñè ζ̃(t), Ŵ (t) ¹ âèìiðíèìè âiäíîñíî

σ-àëãåáðè σ
(
W̃ (s), s ≤ t

)
âiíåðiâñüêîãî ïðîöåñó W̃ (t), ùî ¹ ãðàíè÷íèì äëÿ W̃Tn(t).

Îòæå, ïðîöåñ W ∗Tn(t) àñèìïòîòè÷íî íå çàëåæèòü âiä ïðîöåñó β̃(1)(t). Ñêií÷åííîâè-
ìiðíi ðîçïîäiëè ïðîöåñó W ∗Tn(t) íå çàëåæàòü âiä Tn, òîìó ãðàíè÷íèé ïðîöåñ ìîæåìî

ïîçíà÷èòè ÷åðåç W ∗
(
β̃(1)(t)

)
, äå W ∗(t)� âiíåðiâñüêèé ïðîöåñ, íåçàëåæíèé âiä ïðî-

öåñó β̃(1)(t). Âèêîðèñòîâóþ÷è (15), îòðèìà¹ìî, ùî

sup
0≤t≤L

∣∣∣β̃(2)
Tn

(t)−W ∗
(
β̃(1)(t)

)∣∣∣ P̃−→ 0

ïðè Tn →∞.

Òîìó ïðîöåñ β̃
(2)
Tn

(t) ñëàáêî çáiãà¹òüñÿ ïðè Tn → ∞ äî ïðîöåñó W ∗
(
β̃(1)(t)

)
, à öå

ó ñâîþ ÷åðãó îçíà÷à¹ ñïðàâåäëèâiñòü òâåðäæåííÿ òåîðåìè 3.1 äëÿ ïðîöåñó β
(2)
Tn

(t).
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Iç äîâiëüíîñòi ïiäïîñëiäîâíîñòi Tn → ∞ i ¹äèíîñòi ðîçïîäiëiâ ïðîöåñó W ∗
(
β̃(1)(t)

)
âèïëèâà¹ äîâåäåííÿ òåîðåìè 3.1. �

Äîâåäåííÿ òåîðåìè 3.2. Ìiðêóâàííÿ äîâåäåííÿ òåîðåìè 3.2 ïîâíiñòþ çáiãà¹òüñÿ ç
äîâåäåííÿì òåîðåìè 3.1 iç òi¹þ ëèøå ðiçíèöåþ, ùî òóò ïðîöåñ β(1)(t) ìà¹ âèãëÿä

β(1)(t) = 2

[∫ ζ(t)

y0

g0(x) dx+

∫ t

0

g0
(
ζ(s)

)
σ0
(
ζ(s)

)
dŴ (s)

]
,

äå
(
ζ(t), Ŵ (t)

)
�ðîçâ'ÿçîê ðiâíÿííÿ (6), à äëÿ äîâåäåííÿ àíàëîãà çáiæíîñòi (15)

âèêîðèñòîâó¹òüñÿ òåîðåìà 2.3 ðîáîòè [7]. �

Äîâåäåííÿ òåîðåìè 3.3. Äî ïðîöåñó ΦT (ξT (t)), äå

ΦT (x) = 2

∫ x

0

f ′T (u)

(∫ u

0

gT (v)

f ′T (v)
dv

)
du,

ξT (t)�ðîçâ'ÿçîê ðiâíÿííÿ (1), çàñòîñó¹ìî ôîðìóëó Iòî. Îòðèìà¹ìî

β
(1)
T (t) = 2c0

∫ t

0

aT
(
ξT (s)

)
ds+ αT (t) + η

(1)
T (t),

äå

αT (t) = 2

∫ ξT (t)

x0

[
f ′T (u)

∫ u

0

gT (v)

f ′T (v)
dv − c0

]
du,

η
(1)
T (t) = −

∫ t

0

[
Φ′T
(
ξT (s)

)
− 2c0

]
dWT (s).

Îñêiëüêè äëÿ ôóíêöié aT (x) âèêîíó¹òüñÿ óìîâà (A3), òî çãiäíî ç ëåìîþ 5.1 äëÿ
äîâiëüíîãî L > 0

sup
0≤t≤L

∣∣∣∣∫ t

0

aT
(
ξT (s)

)
ds

∣∣∣∣ P−→ 0

ïðè T →∞. Iç î÷åâèäíî¨ íåðiâíîñòi

P

{
sup

0≤t≤L
|αT (t)| > ε

}
≤ PNT +

1

ε
E sup

0≤t≤L

∣∣∣∣∣
∫ ξT (t)

x0

[Φ′T (u)− 2c0] du

∣∣∣∣∣χ{|ξT (t)|≤N} ≤
≤ PNT +

2

ε
N sup
|x|≤N

∣∣∣∣∫ x

x0

[
f ′T (u)

∫ u

0

gT (v)

f ′T (v)
dv − c0

]
du

∣∣∣∣
äëÿ äîâiëüíèõ N > 0, L > 0, ε > 0, äå PNT = P

{
sup0≤t≤L |ξT (t)| > N

}
, i òîãî, ùî

limN→∞ limT→∞ PNT = 0, îòðèìà¹ìî

sup
0≤t≤L

|αT (t)| P−→ 0

ïðè T → ∞. Çáiæíiñòü äëÿ PNT âèïëèâà¹ ç íåðiâíîñòåé |GT (x)| ≥ C|x|α òà (4).
Ñïðàâäi,

sup
0≤t≤L

|ξT (t)| ≤ sup
0≤t≤L

(
|ζT (t)|
C

) 1
α

i

PNT ≤ P

{
sup

0≤t≤L

(
|ζT (t)|
C

) 1
α

> N

}
≤ P

{
sup

0≤t≤L
|ζT (t)|

1
α > C

1
αN

}
≤

≤ 1

C
1
αN

E

{
sup

0≤t≤L
|ζT (t)|

1
α

}
.
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Îòæå, ìà¹ìî

sup
0≤t≤L

∣∣∣β(1)
T (t)− η(1)T (t)

∣∣∣ P−→ 0

ïðè T →∞.

Çðîçóìiëî, ùî η
(1)
T (t) � íåïåðåðâíèé ç iìîâiðíiñòþ 1 ìàðòèíãàë iç õàðàêòåðèñòèêîþ〈

η
(1)
T

〉
(t) = 4b20t+

∫ t

0

qT
(
ξT (s)

)
ds,

äå qT (x) = [Φ′T (x)− 2c0]
2 − 4b20. Äëÿ ôóíêöi¨ qT (x) âèêîíó¹òüñÿ óìîâà (A3), òîìó çà

ëåìîþ 5.1

sup
0≤t≤L

∣∣∣〈η(1)T 〉 (t)− 4b20t
∣∣∣ P−→ 0

ïðè T →∞ äëÿ äîâiëüíîãî L > 0.

Äàëi ñêîðèñòà¹ìîñÿ âèïàäêîâîþ çàìiíîþ ÷àñó, òîáòî η
(1)
T (t) = W ∗T

(〈
η
(1)
T

〉
(t)
)
, äå

W ∗T (t)� âiíåðiâñüêèé ïðîöåñ. Àíàëîãi÷íî äîâåäåííþ çáiæíîñòi (15) îòðèìà¹ìî

sup
0≤t≤L

∣∣∣β(1)
T (t)−W ∗T

(
4b20t

)∣∣∣ P−→ 0

ïðè T →∞. Îòæå, ïðîöåñ β
(1)
T (t) ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó 2b0W (t).

�

5. Ôîðìóëþâàííÿ äîïîìiæíèõ ðåçóëüòàòiâ

Ëåìà 5.1. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K(GT ). ßêùî äëÿ âèìiðíèõ,
ëîêàëüíî îáìåæåíèõ ôóíêöié qT (x) âèêîíó¹òüñÿ óìîâà (A3), òî äëÿ äîâiëüíîãî
L > 0

sup
0≤t≤L

∣∣∣∣∫ t

0

qT
(
ξT (s)

)
ds

∣∣∣∣ P−→ 0

ïðè T →∞.

Ëåìà 5.2. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1) iç êëàñó K(GT ) i íåõàé âèïàäêîâèé

ïðîöåñ
(
ζT (t), ηT (t)

)
, äå ζT (t) = GT (ξT (t)), ηT (t) =

∫ t
0
G′T (ξT (s)) dWT (s) ñòîõàñòè-

÷íî åêâiâàëåíòíèé ïðîöåñó
(
ζ̃T (t), η̃T (t)

)
. Òîäi ïðîöåñ

ST (t) =

∫ t

0

g
(
ζT (s)

)
ds+

∫ t

0

q
(
ζT (s)

)
dηT (s),

äå g(x), q(x)� âèìiðíi, ëîêàëüíî îáìåæåíi ôóíêöi¨, ñòîõàñòè÷íî åêâiâàëåíòíèé
ïðîöåñó

S̃T (t) =

∫ t

0

g
(
ζ̃T (s)

)
ds+

∫ t

0

q
(
ζ̃T (s)

)
dη̃T (s).

Ëåìà 5.3. Íåõàé ξT � ðîçâ'ÿçîê ðiâíÿííÿ (1), òîäi äëÿ ëîêàëüíî iíòåãðîâíî¨ iç êâà-
äðàòîì äiéñíî¨ ôóíêöi¨ g 6= 0 íà ïåâíié îáìåæåíié âèìiðíié ìíîæèíi B äîäàòíî¨
ìiðè Ëåáåãà ç iìîâiðíiñòþ 1 âèêîíó¹òüñÿ ðiâíiñòü∫ ∞

0

g2
(
ξT (s)

)
ds =∞

ïðè êîæíîìó T > 0.

Äîâåäåííÿ ñôîðìóëüîâàíèõ ëåì 5.1 òà 5.2 íàâåäåíî ó ðîáîòi [7]. Äîâåäåííÿ ëå-
ìè 5.3 ïðè óòî÷íåííi B ⊆ [−1, 0] íàâåäåíî ó ðîáîòi [8, ëåìà 3.1].
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6. Ïðèêëàäè

Ïîçíà÷èìî ÷åðåç bT ñiì'þ òàêèõ ñòàëèõ, ùî bT > 1 i bT ↑ ∞ ïðè T →∞.

Ïðèêëàä 6.1. Íåõàé ó ðiâíÿííi (1) aT (x) ≡ 0. Ðîçãëÿíåìî gT (x) =
√

bT
1+b2T x

2 . Çðî-

çóìiëî, ùî g2T (x)� δ-ïîäiáíà ñiì'ÿ â òî÷öi x = 0 iç âàãîþ π. Ïðè GT (x) = x âèêîíó-
þòüñÿ óìîâè çàóâàæåííÿ 3.1 ïðè g0(x) = π

2 signx. Òîìó çà òåîðåìîþ 3.2 ïðîöåñ

β
(2)
T (t) =

∫ t

0

√
bT

1 + b2TW
2
T (s)

dWT (s)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó β(2)(t) = W ∗
(
β(1)(t)

)
, äå

β(1)(t) = π

[∫ ζ(t)

x0

signx dx−
∫ t

0

sign ζ(s) dW (s)

]
,

ζ(t) = x0 +W (t), ïðîöåñè W ∗(t), W (t)�íåçàëåæíi.
Îòæå, β(2)(t) = W ∗

(
πLW (t, x0)

)
, äå

LW (t, x0) = |x0 +W (t)| − |x0| −
∫ t

0

sign
(
x0 +W (s)

)
dW (s)

¹ ëîêàëüíèì ÷àñîì âiíåðiâñüêîãî ïðîöåñó W (t) ó òî÷öi x0 íà âiäðiçêó [0, t].

Ïðèêëàä 6.2. Ðîçãëÿíåìî ðiâíÿííÿ (1), äå aT (x) = bT

[
1 + (bTx− 1)

2
]−1

. Ïîêà-

æåìî, ùî â öüîìó âèïàäêó ðiâíÿííÿ (1) íàëåæèòü äî êëàñó K (GT ) ïðè GT (x) =
= fT (x) =

∫ x
0

exp
{
−2
∫ u
0
aT (v) dv

}
du.

f ′T (x) = exp

{
−2

∫ x

0

aT (v) dv

}
= exp

{
−2 arctg(bT v − 1)

∣∣x
0

}
=

= exp
{
−2 [arctg(bTx− 1) + arctg 1]

}
→ σ0(x) =

{
e−

3
2π, x > 0,

e
π
2 , x < 0

ïðè T →∞.

Îñêiëüêè f ′T (x)aT (x) + 1
2 f
′′
T (x) = 0, òî[

G′T (x)aT (x) +
1

2
G′′T (x)

]2
+ [G′T (x)]

2
= [f ′T (x)]

2 ≤ C ≤ C
[
1 + |GT (x)|2

]
.

Iç íåðiâíîñòåé 0 < δ0 ≤ G′T (x) = f ′T (x) ≤ C0 îòðèìà¹ìî |GT (x)| ≥ C|x|α ïðè âñiõ
x ∈ R äëÿ C = δ0, α = 1, à òàêîæ íåðiâíîñòi∣∣∣∣∣
∫ x

0

f ′T (u)

(∫ u

0

χB
(
GT (v)

)
f ′T (v)

dv

)
du

∣∣∣∣∣ ≤ C0

δ0

∣∣∣∣∫ x

0

∫ u

0

χB
(
GT (v)

)
dv du

∣∣∣∣ ≤ C1λ(B)|x|,

òîìó â öüîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (A2) ïðè ψ (|x|) = C1|x|, m = 1.
Ìà¹ìî, ùî â óìîâàõ (A4)

q
(1)
T (x) = G′T (x)aT (x) +

1

2
G′′T (x) ≡ 0,

q
(2)
T (x) = [G′T (x)]

2 − σ2
0

(
GT (x)

)
=

{
[G′T (x)]

2 − e−3π → 0, x > 0,

[G′T (x)]
2 − eπ → 0, x < 0

ïðè T →∞

i

sup
|x|≤N

f ′T (x)

∣∣∣∣∣
∫ x

0

q
(2)
T (v)

f ′T (v)
dv

∣∣∣∣∣ ≤ C0

δ0

∫ N

−N

∣∣∣q(2)T (v)
∣∣∣ dv → 0 ïðè T →∞.



ÑËÀÁÊÀ ÇÁIÆÍIÑÒÜ IÍÒÅÃÐÀËÜÍÈÕ ÔÓÍÊÖIÎÍÀËIÂ 121

Îòæå, âèêîíóþòüñÿ óìîâè (A4) ïðè

a0(x) ≡ 0, σ0(x) =

{
e−

3
2π, ÿêùî x > 0,

e
π
2 , ÿêùî x ≤ 0,

y0 = x0σ0(x0).

Òîìó ïðîöåñ ζT (t) = GT (ξT (t)) ñëàáêî çáiãà¹òüñÿ ïðè T → ∞ äî ðîçâ'ÿçêó ζ(t)
ðiâíÿííÿ Iòî

ζ(t) = x0σ0(x0) +

∫ t

0

σ0
(
ζ(s)

)
dŴ (s).

Äëÿ ôóíêöié gT (x) = cos (bTx) ïðè ĝT (x) = gT
(
G−1T (x)

)
, äå G−1T (x)�ôóíêöi¨,

îáåðíåíi äî GT (x), g0(x) ≡ 1
2 âèêîíóþòüñÿ óìîâè çàóâàæåííÿ 3.2 äî òåîðåìè 3.1 ïðè

β(1)(t) = t/2. Òîìó ïðîöåñ

β
(2)
T (t) =

∫ t

0

cos
(
bT ξT (s)

)
dWT (s)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó 1√
2
W ∗(t), äå W ∗(t)� âiíåðiâñüêèé ïðîöåñ.

Ïðèêëàä 6.3. Íåõàé ó ðiâíÿííi (1) aT (x) = − 1
4

b2T x

1+b2T x
2 . Ó öüîìó âèïàäêó ðiâíÿííÿ

(1) íàëåæèòü äî êëàñó K(GT ) ïðè GT (x) = x2 i âèêîíóþòüñÿ óìîâè (A4) ïðè a0(x) =
1
2 , σ0(x) = 2

√
|x|, y0 = x20. Îòæå, çãiäíî iç çàóâàæåííÿì 2.4 ïðîöåñ ζT (t) = ξ2T (t)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ðîçâ'ÿçêó ζ(t) ðiâíÿííÿ

ζ(t) = x20 +
1

2
t+ 2

∫ t

0

√
ζ(s) dŴ (s). (16)

Äëÿ ôóíêöié

gT (x) =
4
√
bT√

ln bT

cos (bTx)
8
√

1 + b2Tx
2

âèêîíóþòüñÿ óìîâè òåîðåìè 3.2 ïðè

g0(x) =
1

4

1
4
√
|x|
, ĝT (x) =

4
√
bT√

ln bT

cos
(
bT
√
|x|
)

8
√

1 + b2Tx
2
.

Çðîçóìiëî, ùî â öüîìó âèïàäêó ĝT
(
x2
)

= gT (x). Òîìó çà òåîðåìîþ 3.2 ïðîöåñ

β
(2)
T (t) =

4
√
bT√

ln bT

∫ t

0

cos
(
bT ξT (s)

)
8
√

1 + b2T ξ
2
T (s)

dWT (s)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó W ∗
(
β(1)(t)

)
, äå

β(1)(t) =
2

3

[
ζ

3
4 (t)− |x0|

3
2

]
−
∫ t

0

4
√
ζ(s) dŴ (s),

ïðîöåñ
(
ζ(t), Ŵ (t)

)
�ðîçâ'ÿçîê ðiâíÿííÿ (16),W ∗(t)� âiíåðiâñüêèé ïðîöåñ, ïðîöåñè

W ∗(t) i β(1)(t)�íåçàëåæíi.

Ïðèêëàä 6.4. Íåõàé ó ðiâíÿííi (1) aT (x) = bTχ[0,λ/bT ](x), λ > 0. Ó öüîìó âèïàäêó

ïðè GT (x) = fT (x) =
∫ x
0

exp
{
−2
∫ u
0
aT (v) dv

}
du ðiâíÿííÿ (1) íàëåæèòü äî êëàñó

K(GT ) i âèêîíóþòüñÿ óìîâè (A4) ïðè a0(x) = 0, σ0(x) = e−2λ ïðè x > 0, σ0(x) = 1
ïðè x ≤ 0, y0 = x0σ0(x0). Îòæå, çãiäíî iç çàóâàæåííÿì 2.4 ïðîöåñ ζT (t) = GT

(
ξT (t)

)
ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ðîçâ'ÿçêó ζ(t) ðiâíÿííÿ Iòî

ζ(t) = x0σ0(x0) +

∫ t

0

σ0
(
ζ(s)

)
dŴ (s), σ0(x) =

{
e−2λ, x > 0,

1, x ≤ 0.
(17)
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Äëÿ ôóíêöié gT (x) =
(

bT
1+b2T x

2

) 1
2

âèêîíóþòüñÿ óìîâè òåîðåìè 3.2 ïðè

g0(x) =
π

2

signx

σ0(x)
, ĝT (x) =

(
bT

1 + b2T
[
G−1T (x)

]2
) 1

2

,

äå G−1T (x)�ôóíêöi¨, îáåðíåíi äî GT (x).
Òîìó çãiäíî ç òåîðåìîþ 3.2 ïðîöåñ

β
(2)
T (t) =

∫ t

0

√
bT

1 + b2T ξ
2
T (s)

dWT (s) (18)

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó W ∗
(
β(1)(t)

)
, äå

β(1)(t) = π

[∫ ζ(t)

x0σ0(x0)

sign v

σ0(v)
dv −

∫ t

0

sign ζ(s) dŴ (s)

]
,

ïðîöåñ
(
ζ(t), Ŵ (t)

)
�ðîçâ'ÿçîê ðiâíÿííÿ (17),W ∗(t)� âiíåðiâñüêèé ïðîöåñ, ïðîöåñè

W ∗(t) i β(1)(t)�íåçàëåæíi.

Çàóâàæåííÿ 6.1. Êëàñè K(GT ), ùî ïîâ'ÿçàíi ç ðiâíÿííÿì (1), âèçíà÷àþòüñÿ íåîäíî-
çíà÷íî. Çîêðåìà, ÿêùî â ðiâíÿííi (1) aT (x) òàêi, ÿê ó ïðèêëàäi 6.4, òî ðiâíÿííÿ (1)
íàëåæèòü i äî êëàñó K(GT ) äëÿ GT (x) = x2, ïðè öüîìó âèêîíóþòüñÿ óìîâè (A4),

ÿêùî a0(x) = 1, σ0(x) = 2
√
|x|, y0 = x20. Îòæå, çãiäíî iç çàóâàæåííÿì 2.4 ïðîöåñ

ζT (t) = ξ2T (t) ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ðîçâ'ÿçêó ζ(t) ðiâíÿííÿ Iòî

ζ(t) = x20 + t+ 2

∫ t

0

√
ζ(s) dŴ (s) (19)

(òóò ζ(t) ≥ 0 ç iìîâiðíiñòþ 1 ïðè âñiõ t ≥ 0). Êðiì òîãî, äëÿ ôóíêöié gT (x), ÿêi
âèçíà÷åíi ó ïðèêëàäi 6.4, âèêîíóþòüñÿ óìîâè òåîðåìè 3.2 ïðè

ĝT (x) =

(
bT

1 + b2T |x|

) 1
2

, g0(x) =
π

4
√
|x|

.

Òîìó çà òåîðåìîþ 3.2 ïðîöåñ β
(2)
T (t), ÿêèé âèçíà÷åíèé ó (18), ñëàáêî çáiãà¹òüñÿ

ïðè T →∞ äî ïðîöåñó W ∗
(
β(1)(t)

)
, äå

β(1)(t) = π
[√

ζ(t)− |x0| − Ŵ (t)
]
,

ïðîöåñ
(
ζ(t), Ŵ (t)

)
�ðîçâ'ÿçîê ðiâíÿííÿ (19),W ∗(t)� âiíåðiâñüêèé ïðîöåñ, ïðîöåñè

W ∗(t) i β(1)(t)�íåçàëåæíi.

Ïðèêëàä 6.5. Íåõàé ó ðiâíÿííi (1) aT (x) ≡ 0. Òîäi ξT (t) = x0 +WT (t) ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (1), ùî íàëåæèòü äî êëàñó K (GT ) ïðè GT (x) = x. Çðîçóìiëî, ùî â öüîìó
âèïàäêó âèêîíóþòüñÿ óìîâè (A4) ïðè a0(x) = 0, σ0(x) = 1, à äëÿ ôóíêöié gT (x) =
= bT sin(bTx) ñïðàâåäëèâi óìîâè òåîðåìè 3.3 ïðè c0 = 1, b20 = 1

2 . Òîìó çãiäíî iç çàóâà-

æåííÿì 2.4 ïðîöåñ ξT (t) ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó ζ(t) = x0+Ŵ (t), äå

Ŵ (t)� âiíåðiâñüêèé ïðîöåñ, à ïðîöåñ β
(1)
T (t) =

∫ t
0
bT sin

(
bT ξT (s)

)
ds çà òåîðåìîþ 3.3

ñëàáêî çáiãà¹òüñÿ ïðè T →∞ äî ïðîöåñó
√

2 Ŵ (t).
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WEAK CONVERGENCE OF INTEGRAL FUNCTIONALS DEFINED ON THE
SOLUTIONS OF STOCHASTIC DIFFERENTIAL IT�O EQUATIONS WITH

NON-REGULAR DEPENDENCE ON THE PARAMETER

G. L. KULINICH, S. V. KUSHNIRENKO, YU. S. MISHURA

Abstract. We study the weak convergence as T →∞ of functionals
∫ t
0 gT (ξT (s)) dWT (s), t ≥ 0. Here

ξT (t) is a strong solution of stochastic di�erential equation dξT (t) = aT (ξT (t)) dt + dWT (t), T > 0 is
a parameter, aT (x) are real measurable functions, x ∈ R, |aT (x)| ≤ CT for all x, WT (t) are standard
Wiener processes, gT (x) are real, measurable, locally bounded, non-random functions. The explicit form
of the limiting processes for these functionals is established under non-regular dependence gT (x), aT (x)

on the parameter T .
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ÑËÀÁÀß ÑÕÎÄÈÌÎÑÒÜ ÈÍÒÅÃÐÀËÜÍÛÕ ÔÓÍÊÖÈÎÍÀËÎÂ ÎÒ
ÐÅØÅÍÈÉ ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

ÈÒÎ Ñ ÍÅÐÅÃÓËßÐÍÎÉ ÇÀÂÈÑÈÌÎÑÒÜÞ ÎÒ ÏÀÐÀÌÅÒÐÀ

Ã. Ë. ÊÓËÈÍÈ×, Ñ. Â. ÊÓØÍÈÐÅÍÊÎ, Þ. Ñ. ÌÈØÓÐÀ

Aííîòàöèÿ. Èññëåäóåòñÿ ñëàáàÿ ñõîäèìîñòü ïðè T → ∞ ôóíêöèîíàëîâ
∫ t
0 gT (ξT (s)) dWT (s),

t ≥ 0, ãäå ξT (t) � ñèëüíîå ðåøåíèå ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ dξT (t) =

= aT (ξT (t)) dt + dWT (t), T > 0 � ïàðàìåòð, aT (x) � âåùåñòâåííûå èçìåðèìûå ôóíêöèè, x ∈ R,
|aT (x)| ≤ CT ïðè âñåõ x, WT (t) � ñòàíäàðòíûå âèíåðîâñêèå ïðîöåññû, gT (x) � âåùåñòâåííûå,
èçìåðèìûå, ëîêàëüíî îãðàíè÷åííûå, íåñëó÷àéíûå ôóíêöèè. Ïðè íåðåãóëÿðíîé çàâèñèìîñòè gT (x),
aT (x) îò ïàðàìåòðà äëÿ óêàçàíûõ ôóíêöèîíàëîâ íàéäåí ÿâíûé âèä ïðåäåëüíûõ ïðîöåññîâ.


