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Ó ÑÕÅÌI ÄÈÔÓÇIÉÍÎ� ÀÏÐÎÊÑÈÌÀÖI�

Â. Ñ. ÊÎÐÎËÞÊ, I. Â. ÑÀÌÎÉËÅÍÊÎ

Àíîòàöiÿ. Ó ðîáîòi çíàéäåíî ðåãóëÿðíó òà ñèíãóëÿðíó ñêëàäîâi ðîçêëàäó ôóíêöiîíàëà âiä íà-
ïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨, ïîêàçàíî ðåãóëÿðíiñòü ãðàíè÷íèõ óìîâ. Êðiì òîãî, iç âè-
êîðèñòàííÿì ãðàíè÷íèõ óìîâ äëÿ ñèíãóëÿðíî¨ ÷àñòèíè ðîçêëàäó, çàïðîïîíîâàíî àëãîðèòì äëÿ
çíàõîäæåííÿ ïî÷àòêîâèõ óìîâ ïðè t = 0 â ÿâíîìó âèãëÿäi.

Êëþ÷îâi ñëîâà i ôðàçè. Àñèìïòîòè÷íèé ðîçêëàä, íàïiâìàðêîâñüêèé ïðîöåñ, âèïàäêîâà åâîëþöiÿ,
ðåãóëÿðèçàöiÿ ãðàíè÷íèõ óìîâ.

1. Âñòóï

Áàãàòî ñòîõàñòè÷íèõ ñèñòåì ìîæóòü áóòè îïèñàíi iç çàñòîñóâàííÿì àáñòðàêòíî¨
ìàòåìàòè÷íî¨ ìîäåëi â áàíàõîâîìó ïðîñòîði B(Rd) ôóíêöié ϕ(u), u ∈ Rd, ùî íàçèâà-
¹òüñÿ âèïàäêîâîþ åâîëþöi¹þ (äåòàëüíèé îãëÿä ìîæíà çíàéòè ó [18]). Òàêó ìîäåëü
âïåðøå ââåäåíî Ãðiåãî òà Õåðøåì [2, 3, 4].

Àñèìïòîòè÷íi ìåòîäè â òåîði¨ âèïàäêîâèõ åâîëþöié âèêîðèñòîâóâàëèñü áàãàòüìà
ìàòåìàòèêàìè (äèâ., íàïðèêëàä [5, 11, 17]). Çàñòîñóâàííÿ öèõ ìåòîäiâ äëÿ ðiçíèõ
ñòîõàñòè÷íèõ ñèñòåì ìîæíà çíàéòè ó [14]. Ó [18] çà äîïîìîãîþ àíàëîãi÷íèõ ïiäõîäiâ
äîñëiäæåíî ìîäåëi êiíåòè÷íî¨ òåîði¨ ãàçiâ, içîòðîïíîãî ðóõó íà ìíîãîâèäàõ, ñòiéêiñòü
âèïàäêîâèõ îñöèëÿòîðiâ òîùî.

Ñåðåä ðîáiò, ùî ñòîñóþòüñÿ ãàëóçi ìàòåìàòè÷íî¨ áiîëîãi¨, ìè ìîæåìî íàãàäàòè
ðåçóëüòàòè Õiëëåíà òà Îòìåðà [6, 15], äèâ. òàêîæ [16]. À ñàìå, òðàíñïîðòíi ðiâíÿííÿ
âèêîðèñòîâóþòüñÿ â ìàòåìàòè÷íié áiîëîãi¨ ÿê ìîäåëü ðóõó i êiëüêiñíî¨ çìiíè ïîïó-
ëÿöi¨. Äåÿêi áàêòåði¨ äåìîíñòðóþòü òàêèé õàðàêòåð ïåðåñóâàííÿ: ïåðiîäè ðóõó ïî
ïðÿìié òðàåêòîði¨ ÷åðãóþòüñÿ ç ïåðiîäàìè âèïàäêîâèõ îáåðòàíü, ÿêi ïðèçâîäÿòü äî
ïåðåîði¹íòàöi¨ íàïðÿìêó ðóõó êëiòèíè. Ìè ìîæåìî ìîäåëþâàòè ïîäiáíó êàðòèíó çà
äîïîìîãîþ ñòðèáêîâîãî ïðîöåñó, ùî âèçíà÷à¹ øâèäêiñòü, à öå âåäå äî íåîáõiäíîñòi
ðîçãëÿäàòè òðàíñïîðòíå ðiâíÿííÿ.

Òàêèì ÷èíîì, ëiíiéíå òðàíñïîðòíå ðiâíÿííÿ

∂

∂t
p(x, v, t) + v∇p(x, v, t) = −λp(x, v, t) +

∫
V

λT (v, v′)p(x, v′, t) dv′,

äå p(x, v, t)�öå ùiëüíiñòü ÷àñòèíîê ó òî÷öi x ∈ Rd, ùî ðóõàþòüñÿ çi øâèäêiñòþ
v ∈ V ⊂ Rd â ìîìåíò ÷àñó t ≥ 0. Iíòåíñèâíiñòü ïîâîðîòiâ λ ìîæå áóòè çàëåæíîþ ÿê
âiä ïîòî÷íî¨ ïîçèöi¨, òàê i âiä øâèäêîñòi. ßäðî, ùî çàäà¹ ïîâîðîò, àáî ðîçïîäië êóòà
ïîâîðîòó T (v, v′) âèçíà÷à¹ éìîâiðíiñòü ñòðèáêà ç v′ äî v, ó ìîìåíò, êîëè ñòðèáîê
âiäáóâà¹òüñÿ.
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Åâîëþöiéíå ðiâíÿííÿ, ùî äîñëiäæó¹òüñÿ â íàøié ðîáîòi, óçàãàëüíþ¹ íàâåäåíå
òðàíñïîðòíå ðiâíÿííÿ. Àíàëîãi÷íå óçàãàëüíåííÿ òåëåãðàôíîãî ðiâíÿííÿ îïèñàíî
â [20].

Ùå îäèí ïðèêëàä çàñòîñóâàííÿ àñèìïòîòè÷íèõ ìåòîäiâ îïèñàíî â ðîáîòàõ Éiíà i
Æàíãà [26]. Âîíè âèâ÷àþòü ìîäåëü ïëàíóâàííÿ âèðîáíèöòâà äëÿ ñõèëüíèõ äî âiä-
ìîâ âèðîáíè÷èõ ñèñòåì, ÿêi ñêëàäàþòüñÿ ç ìàøèí, ÷èÿ ïðîäóêòèâíiñòü ìîäåëþ¹òüñÿ
ìàðêîâñüêèì àáî íàïiâìàðêîâñüêèì ëàíöþãîì. Ó âåëèêîìàñøòàáíèõ ñèñòåìàõ ðiçíi
êîìïîíåíòè ìîæóòü çàìiíþâàòèñÿ ç ðiçíîþ øâèäêiñòþ. Òàêèì ÷èíîì, ñèñòåìó ìî-
æíà ðîçáèòè íà îêðåìi êîìïîíåíòè, äëÿ ÿêèõ âiäïîâiäíi ñòàíè ëàíöþãà óêðóïíþþ-
òüñÿ. Óâåäåííÿ ìàëîãî ïàðàìåòðà ε > 0 ïåðåâîäèòü ñèñòåìó äî êàòåãîði¨ ñèñòåì,
øêàëüîâàíèõ äâîìà ÷àñîâèìè ïàðàìåòðàìè. Ó ïîäiáíié ìîäåëi ðiâíÿííÿ ìàòèìå
âèãëÿä

dpε(t)

dt
=

1

ε
pε(t)Q(t).

Òóò pε(t)�ðîçïîäië iìîâiðíîñòåé ìàðêîâñüêîãî àáî íàïiâìàðêîâñüêîãî ëàíöþãà,
Q(t)� âiäïîâiäíèé ãåíåðàòîð. ßê ïðàâèëî, øâèäêîçìiííèé ïðîöåñ pε(t) ó ôiçè÷íèõ
òà âèðîáíè÷èõ ñèñòåìàõ âàæêî àíàëiçóâàòè. Àëå äîñëiäíèêè çàìiíþþòü ïðîöåñ éî-
ãî ¾óñåðåäíåííÿì¿ çàâäÿêè âèêîðèñòàííþ ãðàíè÷íèõ âëàñòèâîñòåé, îòðèìàíèõ çà
äîïîìîãîþ àñèìïòîòè÷íèõ ðîçêëàäiâ.

Çîêðåìà, ïðîáëåìè ìiíiìiçàöi¨ ôóíêöi¨ âèòðàò i îïòèìàëüíîãî óïðàâëiííÿ âèâ÷à-
þòüñÿ â [26] ñàìå çà äîïîìîãîþ àñèìïòîòè÷íèõ íàáëèæåíü. Ïîäiáíi ìåòîäè òàêîæ
âèêîðèñòàíî ïðè ðîçâ'ÿçàííi ìàðêîâñüêèõ ïðîáëåì ïðèéíÿòòÿ ðiøåíü, çàäà÷ ñòîõà-
ñòè÷íîãî êîíòðîëþ äèíàìi÷íèõ ñèñòåì, ÷èñåëüíèõ ìåòîäiâ óïðàâëiííÿ é îïòèìiçàöi¨.

Áiëüø äåòàëüíèé îãëÿä îñòàííiõ ðåçóëüòàòiâ ùîäî ìåòîäiâ àñèìïòîòè÷íîãî àíàëi-
çó âèïàäêîâèõ åâîëþöié òà ìîæëèâèõ çàñòîñóâàíü ìîæíà çíàéòè â ðîáîòàõ [22, 27].

Ó öié ðîáîòi äåÿêi ç îòðèìàíèõ ó [26] ðåçóëüòàòiâ óçàãàëüíåíî íà âèïàäîê íà-
ïiâìàðêîâcüêèõ ïðîöåñiâ. Ðîáîòà ñòîñó¹òüñÿ ñõåìè äèôóçiéíî¨ àïðîêñèìàöi¨ òà ¹ ëî-
ãi÷íèì ïðîäîâæåííÿì ñòàòòi [1], â ÿêié àíàëîãi÷íå äîñëiäæåííÿ ïðîâåäåíî ó ñõåìi
óñåðåäíåííÿ. Ïîäiáíó çàäà÷ó äîñëiäæåíî â [19], äå àâòîð óâîäèòü äîäàòêîâi ïàðà-
ìåòðè ç ìåòîþ ïåðåòâîðåííÿ íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ íà ìàðêîâñüêó.
Öå ñóòò¹âî ñïðîùó¹ òåõíi÷íèé áiê äîñëiäæåííÿ, àëå âèìàãà¹ ââåäåííÿ äîäàòêîâî¨
çìiííî¨ ÿê àðãóìåíòó ôóêíöiîíàëà, i ïèòàííÿ çâîðîòíîãî ïåðåõîäó çàëèøà¹òüñÿ âiä-
êðèòèì. Êðiì òîãî, àâòîð íå ôîðìóëþ¹ ðåçóëüòàò ùîäî âèãëÿäó ðåãóëÿðíî¨ ÷àñòèíè
ðîçêëàäó, à ëèøå ïðîïîíó¹ àëãîðèòì äëÿ ¨¨ çíàõîäæåííÿ à òàêîæ íå ïðîâîäèòü ðåãó-
ëÿðèçàöiþ ãðàíè÷íèõ óìîâ, ÿêà äîçâîëÿ¹, êîðèñòóþ÷èñü ãðàíè÷íèìè óìîâàìè äëÿ
ñèíãóëÿðíî¨ ÷àñòèíè ðîçêëàäó, çàïðîïîíóâàòè àëãîðèòì äëÿ çíàõîäæåííÿ ïî÷àòêî-
âèõ óìîâ ïðè t = 0 â ÿâíîìó âèãëÿäi. Óñi öi ïðîáëåìè óñïiøíî ðîçâ'ÿçàíî â äàíié
ðîáîòi. Ïèòàííÿ ùîäî çáiæíîñòi àñèìïòîòè÷íîãî ðÿäó ðîçâ'ÿçó¹òüñÿ çà äîïîìîãîþ
îöiíêè çàëèøêîâîãî ÷ëåíà i öåé ðåçóëüòàò àâòîðè çàëèøàþòü äëÿ îêðåìî¨ ïóáëiêàöi¨.

Íàïiâìàðêîâñüêà âèïàäêîâà åâîëþöiÿ ó ñõåìi ñåðié (áiëüø äåòàëüíî ¨¨ âëàñòèâî-
ñòi ðîçãëÿíóòî â [10]) çàäà¹òüñÿ ðîçâ'ÿçêîì åâîëþöiéíîãî ðiâíÿííÿ â åâêëiäîâîìó
ïðîñòîði Rd, d ≥ 1,

duε(t)

dt
=

1

ε
v
(
uε(t); æ

(
t/ε2

))
. (1)

Ïðîöåñ, ùî ïåðåìèêà¹ øâèäêîñòi æ(t), t ≥ 0, ¹ íàïiâìàðêîâñüêèì [9] ó ïðîñòî-
ði ñòàíiâ (E, E), äå E �ïîâíèé ñåïàðàáåëüíèé ìåòðè÷íèé ïðîñòið, E � âiäïîâiäíà
σ-àëãåáðà éîãî ïiäìíîæèí, i çàäà¹òüñÿ íàïiâìàðêîâñüêèì ÿäðîì [10]:

Q(x,B, t) = P (x,B)Fx(t), x ∈ E, B ∈ E , t ≥ 0,
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ùî âèçíà÷à¹ éìîâiðíîñòi ïåðåõîäó ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ æn, τn, n ≥ 0,

Q(xn, B, t) = P{æn+1 ∈ B, τn+1 − τn ≤ t | æn = x} =

= P{æn+1 ∈ B | æn = x}P{τn+1 − τn ≤ t | æn = x}.

Ñòîõàñòè÷íå ÿäðî

P (x,B) = P{æn+1 ∈ B | æn = x}
çàäà¹ ïåðåõiäíi éìîâiðíîñòi âêëàäåíîãî ëàíöþãà Ìàðêîâà æn = æ(τn), n ≥ 0; ôóíêöi¨
ðîçïîäiëó

Fx(t) = P{τn+1 − τn ≤ t | æn = x} =: P{τn+1 − τn ≤ t}, x ∈ E,

çàäàþòü ðîçïîäiëè ïåðiîäiâ ïåðåáóâàííÿ θx ó ñòàíàõ x ∈ E.
B(E)� áàíàõiâ ïðîñòið äiéñíîçíà÷íèõ òåñò-ôóíêöié ϕ(x), ùî îáìåæåíi ðàçîì ç

óñiìà ñâî¨ìè ïîõiäíèìè. Öåé ïðîñòið îñíàùåíèé sup-íîðìîþ. Ãåíåðàòîð àñîöiéîâà-
íîãî ìàðêîâñüêîãî ïðîöåñó äi¹ íà B(E) òà ìà¹ âèãëÿä

Q = q(x)(P − I),

äå îïåðàòîð ïåðåõiäíèõ éìîâiðíîñòåé

Pϕ(x) =

∫
E

P (x, dy)ϕ(y), x ∈ E,

q(x) = 1/m1(x), mk(x) =
∫∞
0
skFx(ds).

Íåõàé ïåðåìèêàþ÷èé íàïiâìàðêîâñüêèé ïðîöåñ æ(t), t ≥ 0, ¹ ðiâíîìiðíî åðãîäè-
÷íèì (äåòàëüíî äèâ. [10]). Ïîçíà÷èìî ÿê π(B), B ∈ E , ñòàöiîíàðíèé ðîçïîäië ïåðå-
ìèêàþ÷îãî íàïiâìàðêîâñüêîãî ïðîöåñó æ(t), t ≥ 0, ùî çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

π(dx) = ρ(dx)m1(x)/m̂,

m̂ =

∫
E

ρ(dx)m1(x),

ρ(B), B ∈ E , ¹ ñòàöiîíàðíèì ðîçïîäiëîì âêëàäåíîãî ëàíöþãà Ìàðêîâà æn, n ≥ 0, ùî
âèçíà÷à¹òüñÿ ôîðìóëîþ

ρ(B) =

∫
E

ρ(dx)P (x,B), ρ(E) = 1.

Ó òàêîìó âèïàäêó [10, 12] áàíàõiâ ïðîñòið B(E) ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó
ïiäïðîñòîðiâ: NQ := {ϕ(x) : Qϕ(x) = 0}�íóëü-ïiäïðîñòið îïåðàòîðà Q òà RQ :=
:= {ψ(x) : Qϕ(x) = ψ(x)}�ïiäïðîñòið çíà÷åíü îïåðàòîðà Q.

Ïîçíà÷èìî ÷åðåç Π ïðîåêòîð íà íóëü-ïiäïðîñòið îïåðàòîðà Q: Πϕ(x) := ϕ̂1(x), äå
1(x) = 1 äëÿ âñiõ x ∈ E, ϕ̂ :=

∫
E
ϕ(x)π(dx).

Ó ìîíîãðàôi¨ [10, ï. 3.4.3] äîñëiäæåíî óìîâè ñëàáêî¨ çáiæíîñòi

uε(t)⇒ û(t), ε→ 0,

òà îòðèìàíî ðiâíÿííÿ, ùî âèçíà÷à¹ ãðàíè÷íèé ïðîöåñ. Ïèòàííÿ ïðî øâèäêiñòü çái-
æíîñòi ìîæíà ðîçãëÿäàòè iç äâîõ òî÷îê çîðó:

(i) àñèìïòîòè÷íèé àíàëiç ôëóêòóàöié

ζε(t) = uε(t)− û(t), ε→ 0;

(ii) àñèìïòîòè÷íèé àíàëiç ôóíêöiîíàëà, ùî âèçíà÷à¹ ìàòåìàòè÷íå ñïîäiâàííÿ âiä
íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨

Φεt (u, x) = E
[
ϕ
(
uε(t)

) ∣∣ uε(0) = u,æ(0) = x
]
,
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äå ôóíêöiÿ ϕ(u) íàëåæèòü áàíàõîâîìó ïðîñòîðó B(Rd) äiéñíîçíà÷íèõ òåñò-
ôóíêöié, ùî îáìåæåíi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè. Íîðìà âèçíà÷à¹òüñÿ
òàêèì ÷èíîì:

‖ϕ‖ = sup
u∈Rd

|ϕ(u)| < Cϕ

äëÿ äåÿêîãî Cϕ > 0.

Ìåòîþ íàøî¨ ðîáîòè ¹ ðåàëiçàöiÿ äðóãîãî ïiäõîäó, à ñàìå, ïîáóäîâà àñèìïòîòè-
÷íîãî ðîçêëàäó ôóíêöiîíàëà âiä íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ ó âèãëÿäi

Φεt (u, x) = Uε(t) +W ε(τ) = U0(t) +

∞∑
k=1

εk
(
Uk(t) +Wk(τ)

)
, (2)

äå τ = t/ε2.

Çàóâàæåííÿ 1.1. Ïî÷àòêîâi óìîâè ìàþòü âèãëÿä

Φε0(u, x) = Uε(0) +W ε(0) = ϕ(u),

çâiäñè

U0(0) = ϕ(u),

Uk(0) +Wk(0) = 0, k ≥ 1.

Ñèíãóëÿðíà ÷àñòèíà ðîçêëàäó çàäîâîëüíÿ¹ ãðàíè÷íi óìîâè:

W ε(∞) = 0.

Àñèìïòîòè÷íi ðîçêëàäè ç ¾ïîãðàíè÷íèì øàðîì¿ âèâ÷àëèñÿ áàãàòüìà àâòîðàìè
[8, 25]. Çîêðåìà, ôóíêöiîíàëè âiä ìàðêîâñüêèõ òà íàïiâìàðêîâñüêèõ ïðîöåñiâ äîñëi-
äæåíî ç öi¹¨ òî÷êè çîðó â [11, 20, 24].

Ó äàíié ðîáîòi àñèìïòîòè÷íèé ðîçêëàä (2) äëÿ ôóíêöiîíàëà âiä íàïiâìàðêîâñüêî¨
âèïàäêîâî¨ åâîëþöi¨ ó ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ áóäó¹òüñÿ ç âèêîðèñòàííÿì ií-
òåãðàëüíîãî ðiâíÿííÿ ìàðêiâñüêîãî âiäíîâëåííÿ. Àëãîðèòì ïîáóäîâè ÿâíîãî âèãëÿ-
äó ðåãóëÿðíèõ i ñèíãóëÿðíèõ ÷ëåíiâ àñèìïòîòèêè i ãðàíè÷íi óìîâè ñôîðìóëüîâàíî
â òåîðåìi 1.1. Îñíîâíèé ðåçóëüòàò áóäå äîâåäåíî â äåêiëüêà åòàïiâ ó âèãëÿäi ëåì.

Óâåäåìî òàêi ïîçíà÷åííÿ.
Äåòåðìiíîâàíà åâîëþöiÿ

Φx(t, u) = ϕ
(
uεx(t)

)
, uεx(0) = u,

ïîðîäæó¹ âiäïîâiäíó íàïiâãðóïó

Vt(x)ϕ(u) := ϕ(uεx(t)), uεx(0) = u,

¨¨ ãåíåðàòîð ìà¹ âèãëÿä

Vε(x)ϕ(u) =
1

ε
v(u, x)ϕ′(u).

Äëÿ çðó÷íîñòi ïîäàëüøèõ âèêëàäîê ïîçíà÷èìî äîïîìiæíèé ãåíåðàòîð

V(x)ϕ(u) := v(u, x)ϕ′(u).

Óâåäåìî äîäàòêîâî ïîçíà÷åííÿ:

µk(x) =
mk(x)

k!m1(x)
, µ1(x) := 1, Lik,nUn(t) := (−1)iCk−n−ik−n−2iV

k−n−2i(x)PU (i)
n (t),

ΠLk :=

k−1∑
n=1

[ k−n
2 ]∑
i=0

Πµk−n−i(x)Lin,kR0Ln +

[ k
2 ]∑
i=0

Πµk−i(x)Li0,k,

νk(x) = (−1)k[mk(x)− µk+1(x)],
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L̂k−1(x) :=

k−1∑
n=0

(−1)nCnkVk−n(x)PU (n)(t),

L̂k(x) := Vk(x)P.

I, íàðåøòi:

QW (τ) =

∫ ∞
0

Fx(ds)PW (τ − s),

ψk(τ) = F̄ (k)
x (τ)Vk(x)Pϕ(u), ψk0 (τ) =

k−1∑
r=1

QrWk−r(τ), (3)

F̄ (k)
x (τ) =

∫ ∞
τ

sk−1

(k − 1)!
F̄x(s) ds, QrW (τ) =

∫ ∞
0

sr

r!
Fx(ds)Vr(x)PW (τ − s).

Íåõàé âèêîíó¹òüñÿ óìîâà áàëàíñó, à ñàìå, ñåðåäí¹ çíà÷åííÿ v(u, x) ïî ñòàöiîíàðíié
ìiði ïåðåìèêàþ÷îãî íàïiâìàðêîâñüêîãî ïðîöåñó ¹ íóëåì

ΠV(x)Π =

∫
E

v(u, x)π(dx) = 0. (4)

Òåîðåìà 1.1. Çà óìîâ ðiâíîìiðíî¨ åðãîäè÷íîñòi ïåðåìèêàþ÷îãî íàïiâìàðêîâñüêîãî
ïðîöåñó òà óìîâè áàëàíñó (4) àñèìïòîòè÷íèé ðîçêëàä ôóíêöiîíàëà âiä íàïiâìàð-
êîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨

Φεt (u, x) = E
[
ϕ
(
uε(t)

) ∣∣ uε(0) = u,æ(0) = x
]

ìà¹ âèãëÿä

Φεt (u, x) = Uε(t) +W ε(τ) = U0(t) +

∞∑
k=1

εk
(
Uk(t) +Wk(τ)

)
, τ = t/ε2,

äå

U0(t) = c0(t, u)1,

ôóíêöiÿ c0(t, u) çàäîâîëüíÿ¹ ðiâíÿííÿ

∂c0(t, u)

∂t
= ṽ(u)

∂c0(t, u)

∂u
+

1

2
σ̃(u)

∂2c0(t, u)

∂u2
(5)

ç ïî÷àòêîâîþ óìîâîþ

c0(0, u) = ϕ(u).

Òóò

ṽ(u) := Πµ2(x)
∂v(u, x)

∂u
−Πv(x, u)R0

∂v(x, u)

∂u
,

σ̃(u) := 2
(
Πµ2(x)v(u, x)−Πv(x, u)R0v(x, u)

)
.

Íàñòóïíi ðåãóëÿðíi ÷ëåíè ìàþòü âèãëÿä

Uk(t) = R0

k−1∑
n=0

[ k−n
2 ]∑
i=0

µk−n−i(x)Lik,nUn(t)

+ ck(t, u),

äå, çãiäíî ç [8], R0 = Π− [Q+ Π]−1.
Ôóíêöi¨ ck(t, u) çàäîâîëüíÿþòü ðiâíÿííÿ

∂ck(t, u)

∂t
−Πµ2(x)V2(x)ck(t, u) + ΠV(x)R0V(x)ck(t, u) =

= −ΠLkc0(t, u)− . . .−ΠL1ck−1(t, u).
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Ñèíãóëÿðíi ÷ëåíè àñèìïòîòèêè (¾ïîãðàíè÷íèé øàð¿) ìàþòü âèãëÿä

W1(τ) = R0

[
ψ1(τ) + F̄x(τ)PU1(0) +

∫ ∞
τ

(τ − s)Fx(ds)PU ′0(0)

]
,

Wk(τ) = R0

ψk(τ)− ψk0 (τ) + F̄x(τ)PUk(0) +

[ k
2 ]∑

n=1

∫ ∞
τ

(τ − s)n

n!
Fx(ds)PU

(n)
k−2n(0)

 ,
äå R0 �ìàòðèöÿ ìàðêîâñüêîãî âiäíîâëåííÿ [21].

Ïî÷àòêîâi óìîâè:

(I −Π)[Uk(0) +Wk(0)] = 0,

ck(0, u) = −ΠWk(0),

ck(0, u) =

[
k−1∑
r=0

∫
π(dx)νk−r(x)L̂k−r(x)Ur(0)−

−
k−1∑
r=1

∫
ρ(dx)

∫ ∞
0

∫ τ

0

sr

r!
Fx(ds)Vr(x)PWk−r(τ − s)dτ

]
/m̂.

Çàóâàæåííÿ 1.2. Âèãëÿä ðiâíÿííÿ (5) ïîâíiñòþ âiäïîâiäà¹ ðåçóëüòàòàì, îòðèìàíèì
ó ï. 3.4.3 ìîíîãðàôi¨ [10], i îçíà÷à¹, ùî âèïàäêîâèé ïðîöåñ, äî ÿêîãî ñëàáêî çáiãà¹òüñÿ
äîãðàíè÷íà âèïàäêîâà åâîëþöiÿ ïðè ε → 0, âèçíà÷à¹òüñÿ ðiâíÿííÿì äèôóçiéíîãî
òèïó

du0(t) = ṽ(u) dt+ σ̃1/2(u) dw(t).

2. Ðiâíÿííÿ ìàðêîâñüêîãî âiäíîâëåííÿ

Ëåìà 2.1. Ôóíêöiîíàë âiä íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ Φεt (u, x) çàäîâîëü-
íÿ¹ ðiâíÿííÿ∫ ∞

0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x)− Φεt (u, x) = ε2Vε(x)

∫ ∞
τ

F̄x(s)Vε2s(x)ϕ(u)ds, (6)

äå τ = t/ε2.

Äîâåäåííÿ. Ç óðàõóâàííÿì ìîìåíòó ïåðøîãî ñòðèáêà ïåðåìèêàþ÷îãî ïðîöåñó, ôóí-
êöiîíàë ìà¹ âèãëÿä

Φεt (u, x) = Eu,x
[
ϕ
(
uε(t)

)
; θx > t/ε2

]
+ Eu,x

[
ϕ
(
uε(t)

)
; θx ≤ t/ε2

]
=

= F̄x
(
t/ε2

)
Vt(x)Pϕ(u) +

∫ t/ε2

0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x).

Òàêèì ÷èíîì, ìà¹ìî

Φεt (u, x)−
∫ t/ε2

0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x) = F̄x(τ)Vt(x)Pϕ(u).

Ïðîäîâæèâøè çà íåïåðåðâíiñòþ Φεt−ε2s(u, x) = ϕ(u), t − ε2s ≤ 0, ïåðåïèøåìî
îñòàíí¹ ðiâíÿííÿ ó âèãëÿäi

Φεt (u, x)−
∫ ∞
0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x) =

= F̄x(τ)Vt(x)Pϕ(u)−
∫ ∞
τ

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x) =

= F̄x(τ)Vt(x)Pϕ(u)−
∫ ∞
τ

Fx(ds)Vε2s(x)Pϕ(u).



90 Â. Ñ. ÊÎÐÎËÞÊ, I. Â. ÑÀÌÎÉËÅÍÊÎ

Îòæå,

Φεt (u, x)−
∫ ∞
0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x) =

= F̄x(τ)Vt(x)Pϕ(u)− F̄x(s)Vε2s(x)Pϕ(u)
∣∣∣∞
τ
− ε2Vε(x)

∫ ∞
τ

F̄x(s)Vε2s(x)ϕ(u)ds.

Ïiñëÿ ñêîðî÷åííÿ äîäàíêiâ îòðèìó¹ìî (6). Ëåìó äîâåäåíî. �

3. Ðiâíÿííÿ äëÿ ðåãóëÿðíèõ ÷ëåíiâ

Óâåäåìî ïîçíà÷åííÿ: Lk =
∑k
n=0(−1)nCnk (Vε(x))k−nP

(
Uε(n)(t)

)
.

Ëåìà 3.1. Ðiâíÿííÿ äëÿ ðåãóëÿðíèõ ÷ëåíiâ àñèìïòîòèêè ìàþòü âèãëÿä

QU(t) = −

[ ∞∑
k=1

ε2kµk(x)Lk

]
Uε(t). (7)

Äîâåäåííÿ. Ñêîðèñòà¹ìîñü ðiâíiñòþ

aPb− 1 = (P − 1) + (a− 1)P + P (b− 1) + (a− 1)P (b− 1),

äå

a = Vε2s(x) = I +

∞∑
k=1

ε2k
sk

k!

(
Vε(x)

)k
, b = Φεt−ε2s =

∞∑
k=0

(−1)kε2k
sk

k!
Φ

(k)
t (u, x).

Ïåðåïèøåìî (6) ó âèãëÿäi

(P − I)Φεt (u, x) +

∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
PΦεt (u, x) +

+

∫ ∞
0

Fx(ds)P

( ∞∑
k=1

(−1)kε2k
sk

k!
Φ

(k)
t (u, x)

)
+

+

∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
P

( ∞∑
k=0

(−1)kε2k
sk

k!
Φ

(k)
t (u, x)

)
=

= ε2Vε(x)

∫ ∞
τ

F̄x(s)Vε2s(x)Pϕ(u)ds.

Ïiäñòàâèâøè âèðàç (2) äëÿ ðåãóëÿðíèõ äîäàíêiâ, îòðèìà¹ìî

(P − I)Uε(t) =−
∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
PUε(t)−

−
∫ ∞
0

Fx(ds)P

( ∞∑
k=1

(−1)kε2k
sk

k!
(Uε(k)(t))

)
−

−
∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
P

( ∞∑
k=0

(−1)kε2k
sk

k!
(Uε(k)(t))

)
.

Çiáðàâøè äîäàíêè ïðè îäíàêîâèõ ñòåïåíÿõ ε, ìà¹ìî

(P − I)Uε(t) =

∞∑
k=1

ε2k
[
−
∫ ∞
0

Fx(ds)
sk

k!
(Vε(x))kPUε(t) −

−
∫ ∞
0

Fx(ds)

(
k−1∑
n=1

(−1)n
sk

n!(k − n)!
(Vε(x))nP (Uε(k−n)(t))

)
−
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−
∫ ∞
0

(−1)kFx(ds)P
sk

k!
(Uε(k)(t))

]
= −

∞∑
k=1

ε2k
mk(x)

k!
LkU

ε(t).

Ïîäiëèâøè îñòàííþ ðiâíiñòü íà m1(x), ìè îòðèìó¹ìî (7). Ëåìó äîâåäåíî. �

ßêùî ïiäñòàâèòè â (7) ðîçêëàä Uε(t) =
∑∞
k=0 ε

kUk(t), âðàõóâàòè ñïiââiäíîøåííÿ
Vε(x) = 1

εV(x) òà çiáðàòè äîäàíêè ïðè îäíàêîâèõ ñòåïåíÿõ ε, îòðèìà¹ìî íàñëiäîê.

Íàñëiäîê 3.1. Ðåãóëÿðíi ÷ëåíè àñèìïòîòèêè çàäîâîëüíÿþòü òàêó ñèñòåìó ðiâ-
íÿíü: 

QU0(t) = 0,

QU1(t) = −V(x)PU0(t),

QU2(t) =
∂PU0(t)

∂t
− µ2(x)V2(x)PU0(t)− V(x)PU1(t),

QU3(t) =
∂PU1(t)

∂t
− µ2(x)V2(x)PU1(t)− V(x)PU2(t) +

+ µ2(x)C2
1V(x)P

∂U0(t)

∂t
− µ3(x)V3(x)PU0(t),

. . .

QUk(t) = −
k−1∑
n=0

[ k−n
2 ]∑
i=0

µk−n−i(x)Lik,nUn(t), k ≥ 3,

. . .

(8)

äå
Lik,nUn(t) := (−1)iCk−n−ik−n−2iV

k−n−2i(x)PU (i)
n (t).

Iç ïåðøîãî ðiâíÿííÿ ñèñòåìè (8) ìè ìà¹ìî U0(t) ∈ NQ, òàêèì ÷èíîì ìîæåìî
ïîêëàñòè

U0(t) = c0(t, u)1,

äå c0(t, u)� ñêàëÿðíà ôóíêöiÿ, ùî íå çàëåæèòü âiä x, íàòîìiñòü çàëåæèòü âiä u.
Ç óìîâè áàëàíñó (4) áà÷èìî, ùî ïðàâà ÷àñòèíà äðóãîãî ðiâíÿííÿ íàëåæèòü RQ, à

îòæå ìà¹ìî ðîçâ'ÿçîê [9]:

U1(t) = R0V(x)PU0(t) + c1(t, u) = R0V(x)c0(t, u) + c1(t, u).

Òàêèì ÷èíîì, òðåò¹ ðiâíÿííÿ ïåðåïèøåìî ó âèãëÿäi

QU2(t) =
∂c0(t, u)

∂t
− µ2(x)V2(x)c0(t, u)− V(x)R0V(x)c0(t, u)− V(x)c1(t, u),

à îòæå ç óìîâè áàëàíñó (4) òà óìîâè ðîçâ'ÿçíîñòi äëÿ öüîãî ðiâíÿííÿ ìè îòðèìó¹ìî
ðiâíÿííÿ äëÿ c0(t, u):

ΠQΠU2(t) = 0 =
∂c0(t, u)

∂t
−Πµ2(x)V2(x)Πc0(t, u)−ΠV(x)R0V(x)Πc0(t, u).

Íàñëiäîê 3.2. Ôóíêöiÿ c0(t, u) çàäîâîëüíÿ¹ ðiâíÿííÿ äèôóçiéíîãî òèïó ç ïî÷àòêî-
âîþ óìîâîþ

∂c0(t, u)

∂t
= ṽ(u)

∂c0(t, u)

∂u
+

1

2
σ̃(u)

∂2c0(t, u)

∂u2
,

c0(0, u) = ϕ(u).

Òóò

ṽ(u) := Πµ2(x)
∂v(u, x)

∂u
−Πv(x, u)R0

∂v(x, u)

∂u
,

σ̃(u) := 2
(
Πµ2(x)v(u, x)−Πv(x, u)R0v(x, u)

)
.
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Äëÿ U2(t) ìè îòðèìà¹ìî

U2(t) = R0

(
∂c0(t, u)

∂t
− µ2(x)V2(x)c0(t, u)− V(x)PU1(t)

)
+ c2(t, u).

Ñêîðèñòàâøèñü óìîâîþ áàëàíñó (4) òà óìîâîþ ðîçâ'ÿçíîñòi äëÿ ÷åòâåðòîãî ðiâ-
íÿííÿ ñèñòåìè (8), ìà¹ìî

0 = Π

(
R0V(x)

∂c0(t, u)

∂t
+
∂c1(t, u)

∂t
− µ2(x)V2(x)R0V(x)c0(t, u)−

− µ2(x)V2(x)c1(t, u)− V(x)R0
∂c0(t, u)

∂t
+ V(x)R0µ2(x)V2(x)c0(t, u) +

+ V(x)R0V(x)R0V(x)c0(t, u) + V(x)R0V(x)c1(t, u)− V(x)c2(t, u) +

+ µ2(x)C2
1V(x)

∂c0(t, u)

∂t
− µ3(x)V3(x)c0(t, u)

)
Π,

çâiäêè ðiâíÿííÿ äëÿ c1(t, u) ìà¹ âèãëÿä

∂c1(t, u)

∂t
−Πµ2(x)V2(x)Πc1(t, u) + ΠV(x)R0V(x)Πc1(t, u) = −ΠR0V(x)

∂c0(t, u)

∂t
+

+ Πµ2(x)V2(x)R0V(x)Πc0(t, u) + ΠV(x)R0
∂c0(t, u)

∂t
−ΠV(x)R0µ2(x)V2(x)Πc0(t, u)−

−ΠV(x)R0V(x)R0V(x)Πc0(t, u)−Πµ2(x)C2
1V(x)

∂c0(t, u)

∂t
+ Πµ3(x)V3(x)Πc0(t, u).

Äëÿ Uk(t) àíàëîãi÷íî

Uk(t) = R0

k−1∑
n=0

[ k−n
2 ]∑
i=0

µk−n−i(x)Lik,nUn(t)

+ ck(t, u),

∂ck(t, u)

∂t
−Πµ2(x)V2(x)Πck(t, u) + ΠV(x)R0V(x)Πck(t, u) =

= −ΠLkc0(t, u)− . . .−ΠL1ck−1(t, u),

äå

ΠLk :=

k−1∑
n=1

[ k−n
2 ]∑
i=0

Πµk−n−i(x)Lin,kR0Ln +

[ k
2 ]∑
i=0

Πµk−i(x)Li0,k.

4. Ðiâíÿííÿ äëÿ ñèíãóëÿðíèõ ÷ëåíiâ (¾ïîãðàíè÷íîãî øàðó¿)

Âèêîðèñòà¹ìî ïîçíà÷åííÿ (3).

Ëåìà 4.1. Ðiâíÿííÿ äëÿ ñèíãóëÿðíèõ ÷ëåíiâ ìàþòü âèãëÿä

(Q− I)W1(τ) = ψ1(τ),

(Q− I)Wk(τ) = ψk(τ)− ψk0 (τ).
(9)

Äîâåäåííÿ. Ïiäñòàâèâøè ðîçêëàä ñèíãóëÿðíî¨ ÷àñòèíèW ε(τ) =
∑∞
k=1 ε

kWk(τ) ó (6)
òà âðàõóâàâøè, ùî Vε(x) = 1

εV(x), îòðèìà¹ìî∫ ∞
0

Fx(ds)

[
I +

∞∑
k=1

εk
sk

k!
Vk(x)

]
P

[ ∞∑
k=1

εkWk(τ − s)

]
−
∞∑
k=1

εkWk(τ) =

=

∫ ∞
τ

F̄x(s)

[ ∞∑
k=1

εk
sk−1

(k − 1)!
Vk(x)

]
Pϕ(u)ds.
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Òàêèì ÷èíîì, ìà¹ìî

ε[Q− I]W1(τ) +

∞∑
k=2

εk[Q− I]Wk(τ) +

∞∑
k=2

εk
k−1∑
r=1

QrWk−r+1(τ) =

=

∞∑
k=1

εkF̄ kx (τ)Vk(x)Pϕ(u),

çiáðàâøè ÷ëåíè ïðè ñòåïåíÿõ ε îòðèìó¹ìî (9). Ëåìó äîâåäåíî. �

Íàñëiäîê 4.1. Ñèíãóëÿðíi ÷ëåíè àñèìïòîòèêè ìàþòü âèãëÿä

W1(τ) = R0

[
ψ1(τ)−

∫ ∞
τ

Fx(ds)PW1(τ − s)
]
,

Wk(τ) = R0

[
ψk(τ)− ψk0 (τ)−

∫ ∞
τ

Fx(ds)PWk(τ − s)
]
, τ ≥ 0, k ≥ 2.

5. Ïî÷àòêîâi óìîâè. Ðåãóëÿðíiñòü ãðàíè÷íèõ óìîâ

Çàïèøåìî ðîçêëàä Φε2τ (u, x) ó ðÿä Òåéëîðà ïðè τ < 0:

ϕ(u) = Φε2τ (u, x)
∣∣∣
τ<0

= U0(0) +

∞∑
k=1

ε2k
τk

k!
U

(k)
0 (0) + εU1(0) +

+ ε

∞∑
k=1

ε2k
τk

k!
U

(k)
1 (0) + . . .+

∞∑
k=1

εkWk(τ).

Îòæå,

W ε(τ) = W ε(0)−
∞∑
k=1

ε2k
τk

k!
Uε(k)(0),

Wk(τ) = Wk(0)−
[ k
2 ]∑

n=1

τn

n!
U

(n)
k−2n(0).

(10)

Ëåìà 5.1. Äëÿ τ = 0 ìà¹ìî

Q[Uε(0) +W ε(0)] = 0.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ëåìè íåîáõiäíî äîâåñòè òàêi ðiâíîñòi:

QUε(0) = −

( ∞∑
k=1

ε2kµk(x)Lk

)
Uε(0),

QW ε(0) =

( ∞∑
k=1

ε2kµk(x)Lk

)
Uε(0).

Ïåðøà ðiâíiñòü ¹ íàñëiäêîì (7).
Ïiäñòàâèìî (10) ó ðiâíÿííÿ (9)

(
Q(τ)W (τ) :=

∫ τ
0
Fx(ds)PW (τ − s)

)
:

(Q(τ)− I)W ε(τ) = −
∫ ∞
τ

Fx(ds)P

(
W ε(0)−

∞∑
k=1

ε2k
(τ − s)k

k!
Uε(k)(0)

)
+

+

∫ ∞
τ

F̄x(ds)

( ∞∑
k=1

εk
sk−1

(k − 1)!
Vk(x)

)
PU0(0)ds−

−
∫ ∞
0

Fx(ds)

( ∞∑
k=1

εk
sk

k!
Vk(x)

)
P

(
W ε(0)−

∞∑
k=1

ε2k
(τ − s)k

k!
Uε(k)(0)

)
=
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=− PW ε(0) +

∫ ∞
τ

Fx(ds)P

( ∞∑
k=1

ε2k
(τ − s)k

k!
Uε(k)(0)

)
+

+

∫ ∞
τ

F̄x(ds)

( ∞∑
k=1

ε2k
sk−1

(k − 1)!
(Vε(x))k

)
PU0(0)ds+

+

∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
P (Uε(0)− U0(0)) +

+

∫ ∞
0

Fx(ds)

( ∞∑
k=1

ε2k
sk

k!
(Vε(x))k

)
P

( ∞∑
k=1

ε2k
(τ − s)k

k!
Uε(k)(0)

)
.

ßêùî τ = 0, òî âðàõîâóþ÷è ïî÷àòêîâó óìîâó iç çàóâàæåííÿ 1.1

W ε(0) = −Uε(0) + ϕ(u) = −Uε(0) + U0(0),

à òàêîæ ðiâíîñòi

Q(0)W (0) = 0,

∫ ∞
0

Fx(ds)PW (0) = PW (0),

ìà¹ìî

(P − I)W ε(0) =

( ∞∑
k=1

ε2k
mk(x)

k!
Lk

)
Uε(0).

Ðiâíiñòü äëÿ QW ε(0) âèïëèâà¹ ç îñòàííüîãî ñïiââiäíîøåííÿ. Ëåìó äîâåäåíî. �

Íàñëiäîê 5.1.

(I − P )[Uε(0) +W ε(0)] = 0,

àáî, ùî òå ñàìå,

(I −Π)[Uk(0) +Wk(0)] = 0.

Òàêèì ÷èíîì, ìè áà÷èìî, ùî ó ïðîñòîði çíà÷åíü îïåðàòîðà Q ðåãóëÿðíà òà ñèí-
ãóëÿðíà ÷àñòèíè ðîçâ'ÿçêó çàáåçïå÷óþòü âèêîíàííÿ ïî÷àòêîâî¨ óìîâè iç çàóâàæåí-
íÿ 1.1.

Ó òîé æå ÷àñ ó ïiäïðîñòîði íóëiâ îïåðàòîðà Q ïî÷àòêîâi óìîâè äëÿ ðåãóëÿðíèõ
÷ëåíiâ âèçíà÷àþòüñÿ çíà÷åííÿìè ïî÷àòêîâèõ óìîâ äëÿ ¾ïîãðàíè÷íèõ øàðiâ¿, òîáòî
ìà¹ìî òàêå òâåðäæåííÿ.

Íàñëiäîê 5.2. ck(0, u) = −ΠWk(0), k ≥ 1.

Äîâåäåííÿ. Î÷åâèäíî, Π[Wk(0) + Uk(0)] = ΠWk(0) + ck(0, u) = 0. �

Íàñëiäîê 5.3. Ñèíãóëÿðíi ÷ëåíè àñèìïòîòèêè ìàþòü òàêèé ÿâíèé âèãëÿä:

W1(τ) = R0

[
ψ1(τ) + F̄x(τ)PU1(0) +

∫ ∞
τ

(τ − s)Fx(ds)PU ′0(0)

]
,

Wk(τ) = R0

ψk(τ)− ψk0 (τ) + F̄x(τ)PUk(0) +

[ k
2 ]∑

n=1

∫ ∞
τ

(τ − s)n

n!
Fx(ds)PU

(n)
k−2n(0)

 .
Äîâåäåííÿ. Ñêîðèñòàâøèñü ôîðìóëàìè (10) òà íàñëiäêîì 5.1, íåñêëàäíî îá÷èñëèòè

∫ ∞
τ

Fx(ds)PWk(τ − s) =

∫ ∞
τ

Fx(ds)P

−Uk(0)−
[ k
2 ]∑

n=1

(τ − s)n

n!
U

(n)
k−2n(0)

 =
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= −F̄x(τ)PUk(0)−
[ k
2 ]∑

n=1

∫ ∞
τ

(τ − s)n

n!
Fx(ds)PU

(n)
k−2n(0). �

6. Ïî÷àòêîâi óìîâè äëÿ ðåãóëÿðíèõ ÷ëåíiâ

Âðàõîâóþ÷è ãðàíè÷íi óìîâè (äèâ. çàóâàæåííÿ 1.1) ïðè τ → ∞, çàïèøåìî àëãî-
ðèòì äëÿ çíàõîäæåííÿ ïî÷àòêîâèõ óìîâ äëÿ ðåãóëÿðíî¨ ÷àñòèíè ðîçêëàäó ïðè τ = 0.
Äëÿ ïåðøîãî ñèíãóëÿðíîãî ÷ëåíà W1(τ) ìà¹ìî ðiâíÿííÿ (äèâ. (9)):∫ ∞

0

Q(ds)W1(τ − s)−W1(τ) = F̄ (1)
x (τ)V(x)Pϕ(u), (11)

äå F̄ (1)
x (τ) =

∫∞
τ
F̄x(s)ds.

Ðîçäiëèâøè ïåðøèé iíòåãðàë íà äâi ÷àñòèíè, îòðèìà¹ìî ðiâíÿííÿ:∫ τ

0

Q(ds)W1(τ − s)−W1(τ) = F̄ (1)(τ)V(x)Pϕ(u)−
∫ ∞
τ

Q(ds)W1(τ − s).

Çãiäíî ç òåîðåìîþ âiäíîâëåííÿ [21] ìà¹ìî ïðè τ →∞:

0 = W1(∞) =

(∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

F̄x(s)dsdτV(x)Pϕ(u) −

−
∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)W1(τ − s)dτ
)
/m̂, (12)

äå m̂ =
∫
ρ(dx)m1(x).

Ïðè τ < 0 ìà¹ìî ç (10):
W1(τ) = W1(0). (13)

Ïiäñòàâèâøè îñòàííié âèðàç ó ðiâíÿííÿ (12), îòðèìà¹ìî(∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

F̄x(s)dsdτV(x)Pϕ(u)−
∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)W1(0)dτ

)
/m̂ =

=

(∫
ρ(dx)

∫ ∞
0

F̄ (1)
x (s)dτV(x)Pϕ(u)−

∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Fx(s)PW1(0)dsdτ

)
/m̂ =

=

(∫
ρ(dx)

m2(x)

2
V(x)Pϕ(u)−

∫
ρ(dx)m1(x)PW1(0)

)
/m̂ =

=

(
−
∫
ρ(dx)m1(x)µ2(x)V(x)Pϕ(u)−

∫
ρ(dx)m1(x)(P − I)W1(0) −

−
∫
ρ(dx)m1(x)W1(0)

)
/m̂ =

=

(
−
∫
ρ(dx)m1(x)µ2(x)V(x)Pϕ(u)−

∫
ρ(dx)m1(x)(P − I)W1(0)

)
/m̂−

− c1(0, u) = 0, (14)

òóò µ2(x) = m2(x)
2m1(x)

.

Ïîêëàâøè â (11) τ = 0, äiñòàíåìî∫ ∞
0

Q(ds)W1(−s)−W1(0) =

∫ ∞
0

F̄x(s)dsV(x)Pϕ(u).

Iç (13) ñëiäó¹W1(−s) = W1(0). Ïiäñòàâèìî öåé âèðàç ó ïîïåðåäí¹ ñïiââiäíîøåííÿ:∫ ∞
0

Q(ds)W1(0)−W1(0) = m1(x)V(x)Pϕ(u).



96 Â. Ñ. ÊÎÐÎËÞÊ, I. Â. ÑÀÌÎÉËÅÍÊÎ

Òàêèì ÷èíîì, ìà¹ìî
[P − I]W1(0) = m1(x)V(x)Pϕ(u).

Ïiäñòàâèâøè öåé âèðàç ó (14), îäåðæó¹ìî îñòàòî÷íî

0 =

(
−
∫
ρ(dx)m1(x)µ2(x)V(x)Pϕ(u) +

∫
ρ(dx)m2

1(x)V(x)Pϕ(u)

)
/m̂− c1(0, u),

àáî

c1(0, u) =

∫
π(dx)ν1(x)V(x)Pϕ(u)/m̂,

äå π(dx) = ρ(dx)m1(x), ν1(x) = m1(x)− µ2(x) =
2m2

1(x)−m2(x)
2m1(x)

.

Çàóâàæåííÿ 6.1. Âiäîìî, ùî ν1(x) = 0, êîëè Fx(t) ìà¹ ïîêàçíèêîâèé ðîçïîäië. Ó öüî-
ìó âèïàäêó, î÷åâèäíî, ìà¹ìî

c1(0, u) = 0.

Àëãîðèòì äëÿ íàñòóïíèõ ÷ëåíiâ àñèìïòîòèêè íàâåäåìî íà ïðèêëàäi W2(τ).∫ ∞
0

Q(ds)W2(τ − s)−W2(τ) = F̄ (2)
x (τ)V2(x)Pϕ(u)−

∫ ∞
0

s

1!
Fx(ds)V(x)PW1(τ − s),

(15)
äå F̄ (2)(τ) =

∫∞
τ
sF̄x(s)ds.

Ðîçäiëèâøè ïåðøèé iíòåãðàë íà äâi ÷àñòèíè, îòðèìà¹ìî ðiâíÿííÿ∫ τ

0

Q(ds)W2(τ − s)−W2(τ) =

= F̄ (2)(τ)V2(x)Pϕ(u)−
∫ ∞
0

s

1!
Fx(ds)V(x)PW1(τ − s)−

∫ ∞
τ

Q(ds)W2(τ − s).

Çãiäíî ç òåîðåìîþ âiäíîâëåííÿ [21] ìà¹ìî ïðè τ →∞:

0 = W2(∞) =

(∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

sF̄x(s)dsdτV2(x)Pϕ(u)−

−
∫
ρ(dx)

∫ ∞
0

[∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ +

+

∫ ∞
τ

s

1!
Fx(ds)V(x)PW1(τ − s)dτ

]
−

−
∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)W2(τ − s)dτ
)
/m̂. (16)

Ïðè τ < 0 ìà¹ìî ç (10):

W2(τ) = W2(0)− τU ′0(0). (17)

Ïiäñòàâèâøè îñòàííié âèðàç ó ðiâíÿííÿ (16), îòðèìà¹ìî(∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

sF̄x(s)dsdτV2(x)Pϕ(u)−

−
∫
ρ(dx)

∫ ∞
0

[∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ +

∫ ∞
τ

s

1!
Fx(ds)V(x)PW1(0)

]
−

−
∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)[W2(0)− (τ − s)U ′1(0)]dτ

)
/m̂ =

=

(∫
ρ(dx)

m3(x)

3!
V2(x)Pϕ(u)−

∫
ρ(dx)

∫ ∞
0

∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ −

−
∫
ρ(dx)

m2(x)

2!
V(x)PW1(0)−

∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)W2(0)dτ +
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+

∫
ρ(dx)

∫ ∞
0

∫ ∞
τ

Q(ds)(τ − s)U ′1(0)dτ

)
/m̂ =

=

(∫
ρ(dx)

m3(x)

3!
V2(x)Pϕ(u)−

∫
ρ(dx)

∫ ∞
0

∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ +

+

∫
ρ(dx)

m2(x)

2!
V(x)PW1(0)−

∫
ρ(dx)m(x)[P − I]W2(0)−

−
∫
ρ(dx)m1(x)U2(0)−

∫
ρ(dx)

m2(x)

2!
PU ′1(0)

)
/m̂ =

=

(
−
∫
ρ(dx)m1(x)µ2(x) (V(x)PU1(0)− PU ′1(0))−

−
∫
ρ(dx)m1(x)µ3(x)V2(x)PU0(0)−

∫
ρ(dx)m1(x)(P − I)W2(0)−

−
∫
ρ(dx)

∫ ∞
0

∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ

)
/m̂− c2(0, u) = 0. (18)

Ïîêëàâøè â (15) τ = 0, îòðèìà¹ìî∫ ∞
0

Q(ds)W2(−s)−W2(0) = m2(x)V2(x)Pϕ(u)−
∫ ∞
0

sFx(ds)V(x)PW1(−s),

çâiäêè ìà¹ìî∫ ∞
0

Q(ds)[W2(0) + sU ′1(0)]−W2(0) = m2(x)V2(x)Pϕ(u)−
∫ ∞
0

sFx(ds)V(x)PW1(0).

Òàêèì ÷èíîì:

[P − I]W2(0) = m2(x)V2(x)Pϕ(u)−m1(x)PU ′1(0) +m1(x)V(x)PU1(0) =

= m2(x)V2(x)PU0(0)−m1(x)(V(x)PU1(0)− PU ′1(0)).

Ïiäñòàâèâøè öåé âèðàç ó (16), äiñòà¹ìî îñòàòî÷íî

c2(0, u) =

[∫
π(dx)ν2(x)V2(x)PU0(0) +

∫
π(dx)ν1(x) (V(x)PU1(0)− PU ′1(0))−

−
∫
ρ(dx)

∫ ∞
0

∫ τ

0

s

1!
Fx(ds)V(x)PW1(τ − s)dτ

]
/m̂,

äå ν2(x) = µ3(x)−m2(x) = m3(x)−2m1(x)m2(x)
3!m1(x)

.

Äëÿ íàñòóïíèõ ÷ëåíiâ ìà¹ìî àíàëîãi÷íî

ck(0, u) =

[
k−1∑
r=0

∫
π(dx)νk−r(x)L̂k−r(x)Ur(0)−

−
k−1∑
r=1

∫
ρ(dx)

∫ ∞
0

∫ τ

0

sr

r!
Fx(ds)Vr(x)PWk−r(τ − s)dτ

]
/m̂,

νk(x) = (−1)k[mk(x)− µk+1(x)], L̂k−1(x) :=

k−1∑
n=0

(−1)nCnkVk−n(x)PU (n)(t),

L̂k(x) := Vk(x)P.
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ASYMPTOTIC EXPANSION FOR A FUNCTIONAL OF SEMI-MARKOV
RANDOM EVOLUTION IN DIFFUSION APPROXIMATION SCHEME

V. S. KOROLIUK, I. V. SAMOILENKO

Abstract. Regular and singular parts of asymptotic expansion for a functional of semi-Markov random
evolution are given. Regularity of boundary conditions is shown. An obvious algorithm for calculation

of initial conditions for t = 0 is proposed with the use of boundary conditions for the singular part of

the expansion.

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÐÀÇËÎÆÅÍÈÅ ÔÓÍÊÖÈÎÍÀËÀ
ÎÒ ÏÎËÓÌÀÐÊÎÂÑÊÎÉ ÑËÓ×ÀÉÍÎÉ ÝÂÎËÞÖÈÈ
Â ÑÕÅÌÅ ÄÈÔÔÓÇÈÎÍÍÎÉ ÀÏÏÐÎÊÑÈÌÀÖÈÈ

Â. Ñ. ÊÎÐÎËÞÊ, È. Â. ÑÀÌÎÉËÅÍÊÎ

Àííîòàöèÿ. Â ðàáîòå íàéäåíû ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ ÷àñòè ðàçëîæåíèÿ ôóíêöèîíàëà îò ïî-
ëóìàðêîâñêîé ñëó÷àéíîé ýâîëþöèè, ïîêàçàíà ðåãóëÿðíîñòü ãðàíè÷íûõ óñëîâèé. Êðîìå òîãî, ñ èñ-
ïîëüçîâàíèåì ãðàíè÷íûõ óñëîâèé äëÿ ñèíãóëÿðíîé ÷àñòè ðàçëîæåíèÿ, ïðåäëîæåí àëãîðèòì äëÿ
ïîèñêà íà÷àëüíûõ óñëîâèé ïðè t = 0 â ÿâíîì âèäå.


