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Àíîòàöiÿ. Äëÿ ñèíóñî¨äíî¨ ìîäåëi ñïîñòåðåæåíü òåêñòóðîâàíî¨ ïîâåðõíi, òîáòî ìîäåëi, â ÿêié
ôóíêöiÿ ðåãðåñi¨ ¹ ñóìîþ äâîïàðàìåòðè÷íèõ ãàðìîíi÷íèõ êîëèâàíü, à øóì� îäíîðiäíèì òà içî-
òðîïíèì ãàóññiâñüêèì âèïàäêîâèì ïîëåì íà ïëîùèíi, îòðèìàíî óìîâè ñèëüíî¨ êîíñèñòåíòíîñòi
îöiíêè íàéìåíøèõ êâàäðàòiâ íåâiäîìèõ àìïëiòóä òà êóòîâèõ ÷àñòîò óêàçàíî¨ òðèãîíîìåòðè÷íî¨
ìîäåëi ðåãðåñi¨.

Êëþ÷îâi ñëîâà i ôðàçè. Ñèíóñî¨äíà ìîäåëü òåêñòóðîâàíî¨ ïîâåðõíi, îäíîðiäíå òà içîòðîïíå âè-
ïàäêîâå ïîëå, îöiíêà íàéìåíøèõ êâàäðàòiâ, êîíñèñòåíòíiñòü.

2000 Mathematics Subject Classi�cation. Primary 62J02; Secondary 62J99.

1. Âñòóï

Ó ðîáîòi ðîçãëÿíóòî äâîâèìiðíó ñèíóñî¨äíó ìîäåëü ñïîñòåðåæåíü òåêñòóðîâàíî¨
ïîâåðõíi, ðiçíîìàíiòíi äèñêðåòíi ìîäèôiêàöi¨ ÿêî¨ îòðèìàëè âåëèêó óâàãó â ëiòåðà-
òóði ç îáðîáêè ñèãíàëiâ, çàâäÿêè ¨õ çàñòîñóâàííþ â àíàëiçi òåêñòóð [1�4], çîêðåìà,
â îáðîáöi, òàê çâàíèõ, ñèìåòðè÷íèõ îáðàçiâ âiäòiíêiâ ñiðîãî (symmetric gray-scale
texture images), ó òîìó ðîçóìiííi, ùî iíòåíñèâíiñòü ñiðîãî êîëüîðó â áóäü-ÿêié òî-
÷öi öüîãî îáðàçó ïðîïîðöiéíà çíà÷åííþ ïðîöåñó, ùî ñïîñòåðiãà¹òüñÿ, ó öié òî÷öi. Öÿ
ïðîáëåìà ìà¹ ñïåöiàëüíèé iíòåðåñ ó ñïåêòðàëüíîìó àíàëiçi [5, 6], äèâ. òàêîæ [4] òà
ïðèñóòíi òàì ïîñèëàííÿ íà ïðèêëàäíi ïóáëiêàöi¨ ç óêàçàíî¨ ïðîáëåìàòèêè.

Äîñëiäæåíî âëàñòèâiñòü êîíñèñòåíòíîñòi îöiíêè íàéìåíøèõ êâàäðàòiâ (ÎÍÊ) íå-
âiäîìèõ ïàðàìåòðiâ ñèíóñî¨äíî¨ ìîäåëi ó âèïàäêó, êîëè âèïàäêîâèé øóì ¹ îäíîði-
äíèì òà içîòðîïíèì ãàóññiâñüêèì ïîëåì íà ïëîùèíi [7, 8]. Iç ïîãëÿäó ìàòåìàòèêè
òàêà ïîñòàíîâêà çàäà÷i îöiíþâàííÿ ¹ ïðèðîäíèì óçàãàëüíåííÿì äîáðå âiäîìî¨ ïðî-
áëåìè âèÿâëåííÿ ïðèõîâàíèõ ïåðiîäè÷íîñòåé (äèâ., íàïðèêëàä, [9, 10]).

Ó äèñêðåòíié ïîñòàíîâöi çàäà÷i, êîëè ïîìèëêè ñïîñòåðåæåíü ¹ íåçàëåæíèìè îäíà-
êîâî ðîçïîäiëåíèìè âèïàäêîâèìè âåëè÷èíàìè, çîêðåìà, ãàóññiâñüêèìè, àñèìïòîòè-
÷íi âëàñòèâîñòi ÎÍÊ áóëî ðîçãëÿíóòî â ðîáîòàõ [11, 12]. Äëÿ ïîìèëîê ñïîñòåðå-
æåíü, ùî óòâîðþþòü äèñêðåòíå ëiíiéíå îäíîðiäíå ïîëå, öi ðåçóëüòàòè óçàãàëüíåíî
â [13]. Çàóâàæèìî òàêîæ, ùî â ðîáîòi [14] ðîçãëÿíóòî áàãàòîïàðàìåòðè÷íå ãàðìîíi-
÷íå êîëèâàííÿ, ùî ñïîñòåðiãà¹òüñÿ íà ôîíi îäíîðiäíîãî âèïàäêîâîãî ïîëÿ, ó ÿêîãî
iñíóþòü ñïåêòðàëüíi ùiëüíîñòi âñiõ ïîðÿäêiâ. Äëÿ òàêî¨ ìîäåëi ñôîðìóëüîâàíî äåÿêi
ðåçóëüòàòè ïðî àñèìïòîòè÷íó ïîâåäiíêó ïåðiîäîãðàìíèõ îöiíîê òà ÎÍÊ íåâiäîìèõ
àìïëiòóä i êóòîâèõ ÷àñòîò öüîãî ãàðìîíi÷íîãî êîëèâàííÿ.

2. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî ìîäåëü ñïîñòåðåæåíü

X(t1, t2) = g
(
t1, t2; θ0

)
+ ε(t1, t2), t = (t1, t2) ∈ R2

+, (1)

äå

g
(
t1, t2; θ0

)
=

N∑

k=1

(
A0

k cos
(
λ0
kt1 + µ0

kt2
)

+ B0
k sin

(
λ0
kt1 + µ0

kt2
))

, (2)
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θ0 =
(
θ0

1, θ
0
2, θ

0
3, θ

0
4, . . . ,θ

0
4N−3, θ

0
4N−2, θ

0
4N−1, θ

0
4N

)
=

=
(
A0

1, B
0
1 , λ

0
1,µ

0
1, . . . , A

0
N , B0

N , λ0
N ,µ0

N

)
, (3)

÷èñëî N ≥ 1 ¹ âiäîìèì; (A0
k)2 + (B0

k)2 > 0, k = 1, N , � âåêòîð iñòèííèõ çíà÷åíü íå-
âiäîìèõ ïàðàìåòðiâ; ε = {ε(t1, t2), (t1, t2) ∈ R2}� çàäàíå íà ïîâíîìó éìîâiðíiñíîìó
ïðîñòîði (Ω,F ,P) âèïàäêîâå ïîëå, âiäíîñíî ÿêîãî ïðèïóñòèìî òàêå.

N. ε�íåïåðåðâíå â ñåðåäíüîìó êâàäðàòè÷íîìó òà ìàéæå íàïåâíî (ì. í.) îäíîði-
äíå ãàóññiâñüêå ïîëå ç íóëüîâèì ñåðåäíiì, êîâàðiàöiéíà ôóíêöiÿ ÿêîãî

B(t1, t2) = Eε(t1, t2)ε(0, 0), (t1, t2) ∈ R2,

çàäîâîëüíÿ¹ îäíó ç óìîâ:

(i) ïîëå ε ¹ içîòðîïíèì òà B(t1, t2) = B(‖t‖) = L(‖t‖)‖t‖−α, α ∈ (0, 1), äå L�
ìîíîòîííî íåñïàäíà ïîâiëüíî çìiííà íà íåñêií÷åííîñòi ôóíêöiÿ, t = (t1, t2),

‖t‖ =
(
t21 + t22

)1/2
;

(ii)
∫

R2

|B(t1, t2)|dt1dt2 <∞.

Ôóíêöi¨ ðåãðåñi¨ (2), ÿê i êëàñè÷íi òðèãîíîìåòðè÷íi ôóíêöi¨ ðåãðåñi¨ (µ0
k = 0,

k = 1, N) ïðè N ≥ 2 íå íàéêðàùèì ÷èíîì ðîçðiçíÿþòü ïàðàìåòðè, ó òîìó ðîçóìiííi,
ùî íå çàäîâîëüíÿþòü óìîâè æîäíî¨ çàãàëüíî¨ òåîðåìè ïðî êîíñèñòåíòíiñòü ÎÍÊ
ïàðàìåòðiâ íåëiíiéíèõ ìîäåëåé ðåãðåñi¨ (äèâ., íàïðèêëàä, [8, 15]). Òàêèì ÷èíîì, äëÿ
äîâåäåííÿ êîíñèñòåíòíîñòi ÎÍÊ ïàðàìåòðiâ (3) òðåáà äîïîìîãòè òðèãîíîìåòðè÷íié
ôóíêöi¨ ðåãðåñi¨ ðîçðiçíÿòè ïàðàìåòðè, îáèðàþ÷è, íàïðèêëàä, äëÿ âèçíà÷åííÿ ÎÍÊ
òàêó ïàðàìåòðè÷íó ìíîæèíó, â ÿêié ïàðàìåòðè âæå áóäóòü äîáðå ðîçðiçíÿòèñü.

Äëÿ òî÷îê (a, b), (c, d) íà ïëîùèíi áóäåìî ïèñàòè (a, b) < (c, d), ÿêùî a < c, b < d.
Ó öié ðîáîòi ìè ðîçãëÿäà¹ìî ìîäåëü (1)�(3), â ÿêié âèêîíàíî íàñòóïíå ïðèïóùåííÿ.

R1.
(
λ0
k,µ

0
k

)
<
(
λ0
k+1,µ

0
k+1

)
, k = 1, N − 1, i âñi âåëè÷èíè λ0

j , µ
0
j , i, j = 1, N , �

äîäàòíi òà ðiçíi.

Öå ïðèïóùåííÿ îçíà÷à¹, ùî ïàðàìåòðè÷íi ìíîæèíè, â ÿêèõ ïåðåáóâàþòü çíà÷åííÿ
ïàðàìåòðiâ λ0 = (λ0

1, . . . , λ
0
N ), µ0 = (µ0

1, . . . ,µ
0
N ) ìàþòü âèãëÿä

Λ
(
λ, λ
)

=
{
λ = (λ1, . . . , λN ) ∈ RN : 0 ≤ λ < λ1 < · · · < λN < λ <∞

}
, (4)

M
(
µ,µ

)
=
{
µ = (µ1, . . . ,µN ) ∈ RN : 0 ≤ µ < µ1 < · · · < µN < µ <∞

}
. (5)

Ïîçíà÷èìî

QT (θ) = T−2
∫ T

0

∫ T

0

[X(t1, t2)− g(t1, t2; θ)]2dt1dt2. (6)

Çà ñòàíäàðòíèì îçíà÷åííÿì ÎÍÊ ïàðàìåòðà θ0, îòðèìàíî¨ çà ñïîñòåðåæåííÿìè
ïîëÿ X(t1, t2), (t1, t2) = [0, T ]× [0, T ], íàçèâà¹òüñÿ áóäü-ÿêèé âèïàäêîâèé âåêòîð

θT = (A1T , B1T , λ1T ,µ1T , . . . , ANT , BNT , λNT ,µNT ), (7)

ùî ìiíiìiçó¹ ôóíêöiîíàë (6) íà ïàðàìåòðè÷íié ìíîæèíi Θ ⊂ R4N , â ÿêié Ak, Bk,
k = 1, N , ìîæóòü íàáóâàòè áóäü-ÿêèõ çíà÷åíü, à λ, µ� ó çàìêíåíèõ ìíîæèíàõ
Λc(λ, λ), M c(µ,µ).

Íèæ÷å äëÿ îòðèìàííÿ ñïiââiäíîøåíü (28), (29) òà äëÿ ïîäàëüøèõ îá÷èñëåíü òðåáà
çàáåçïå÷èòè çáiæíiñòü ì. í. äî íóëÿ ïðè T →∞ âåëè÷èí

sinT (λkT − λjT )

T (λkT − λjT )
,

sinT (µkT − µjT )

T (µkT − µjT )
,

sinT (λkT − λ0
j )

T (λkT − λ0
j )

,

sinT (µkT − µ0
j )

T (µkT − µ0
j )

, k 6= j;
sinTλkT
TλkT

,
sinTµkT
TµkT

, k = 1, N.

(8)
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Îäíàê, êîðèñòóþ÷èñü íàâåäåíèì îçíà÷åííÿì îöiíîê λT = (λ1T , . . . , λNT ) òà
µT = (µ1T , . . . ,µNT ), íåìîæëèâî ç'ÿñóâàòè ïîâåäiíêó çíàìåííèêiâ äðîáiâ (8) ïðè
T →∞.

À.Ì. Óîëêåð [16] ñâîãî ÷àñó çàïðîïîíóâàâ ó êëàñè÷íié çàäà÷i âèÿâëåííÿ ïðèõîâà-
íèõ ïåðiîäè÷íîñòåé òàêó ìîäèôiêàöiþ îçíà÷åííÿ ÎÍÊ êóòîâèõ ÷àñòîò, ÿêà çàáåçïå-
÷ó¹ i â íàøié ïîñòàíîâöi çàäà÷i çáiæíiñòü âiäíîøåíü (8) äî íóëÿ. Öå íàäà¹ ìîæëèâiñòü
äîâåñòè êîíñèñòåíòíiñòü óêàçàíèõ îöiíîê. Ñåíñ òàêî¨ ìîäèôiêàöi¨ ïîëÿãà¹ â òîìó, ùî
îöiíêà (7) âèçíà÷à¹òüñÿ ÿê òî÷êà ìiíiìóìó ôóíêöiîíàëà (6) íà ïàðàìåòðè÷íié ìíî-
æèíi, ùî çàëåæèòü âiä T i àñèìïòîòè÷íî ïðè T → ∞ äîáðå ðîçðiçíÿ¹ ñóêóïíîñòi
÷àñòîò λ i µ.

Ââåäåìî äâi ìîíîòîííî íåñïàäíi ñiì'¨ âiäêðèòèõ ìíîæèí

ΛT ⊂ Λ(λ, λ), MT ⊂M(µ,µ), T ≥ T0 > 0, (9)

ÿêi ìiñòÿòü iñòèííi çíà÷åííÿ ïàðàìåòðiâ λ0, µ0, âiäïîâiäíî, òà çàäîâîëüíÿþòü íàâå-
äåíi íèæ÷å óìîâè.

R2. lim
T→∞

inf
1≤j≤N−1
λ∈ΛT

T (λj+1 − λj) = lim
T→∞

inf
1≤j≤N−1
µ∈MT

T (µj+1 − µj) =∞, (10)

lim
T→∞

inf
λ∈ΛT

Tλ1 = lim
T→∞

inf
µ∈MT

Tµ1 =∞. (11)

Óìîâà (11) çàâæäè âèêîíó¹òüñÿ, êîëè λ > 0, µ > 0. ßêùî ΛT ⊂ Λ(0, λ),
MT ⊂M(0,µ), òî äëÿ âèêîíàííÿ (10), (11) ìîæíà ðîçãëÿäàòè, íàïðèêëàä, ìíîæèíè
ΛT , MT òàêi, ùî

inf
1≤j≤N−1
λ∈ΛT

(λj+1 − λj) = inf
1≤j≤N−1
µ∈MT

(µj+1 − µj) = inf
λ∈ΛT

λ1 = inf
µ∈MT

µ1 = T−1/2. (12)

Ñåíñ ïðèïóùåíü (10), (11) ïîëÿãà¹ â òîìó, ùîá îõîïèòè âèïàäîê îöiíþâàííÿ áëèçü-
êèõ ÷àñòîò ó ñóêóïíîñòÿõ λ0, µ0 i áëèçüêèõ äî íóëÿ ÷àñòîò λ0

1, µ
0
1.

Îçíà÷åííÿ 2.1. ÎÍÊ (â ñåíñi Óîëêåðà) âåêòîðíîãî ïàðàìåòðà θ0 âèãëÿäó (3) ìîäåëi
(1), (2) íàçâåìî áóäü-ÿêèé âèïàäêîâèé âåêòîð θT âèãëÿäó (7), ùî ìiíiìiçó¹ ôóíêöiî-
íàë (6) íà ìíîæèíi ïàðàìåòðiâ Θ ⊂ R4N , â ÿêié àìïëiòóäè Ak, Bk, k = 1, N , ìîæóòü
íàáóâàòè äîâiëüíèõ çíà÷åíü, à êóòîâi ÷àñòîòè λ, µ� ó çàìêíåíèõ ìíîæèíàõ Λc

T , M
c
T .

Ó ïîäàëüøîìó òåêñòi ñòàòòi ðîçãëÿäà¹òüñÿ ñàìå òàêà ÎÍÊ θT ïàðàìåòðà θ0.

3. Ëåìè

Íàâåäåíà íèæ÷å ëåìà óçàãàëüíþ¹ âiäïîâiäíèé ðåçóëüòàò ðîáîòè [9]. Ïîçíà÷èìî
ϕ = (ϕ1,ϕ2) ∈ R2.

Ëåìà 3.1. ßêùî âèêîíàíî óìîâó N(i), òî äëÿ ρ < α/6

ξ(T ) = sup
ϕ∈R2

T−2+ρ

∣∣∣∣
∫ T

0

∫ T

0

e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt1dt2

∣∣∣∣→ 0 ì. í., T →∞. (13)

Äîâåäåííÿ. Ïðîñòi çàìiíè çìiííèõ äîçâîëÿþòü çàïèñàòè
∣∣∣∣
∫ T

0

∫ T

0

e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt1dt2

∣∣∣∣
2

=

=

∫ T

0

∫ T

0

e−iϕ1(t1−s1)
∫ T

0

∫ T

0

e−iϕ2(t2−s2)ε(t1, t2)ε(s1, s2)dt1dt2ds1ds2 =

= 2

∫ T

0

∫ T

0

cos(ϕ1u1 +ϕ2u2)

∫ T−u1

0

∫ T−u2

0

ε(v1, v2)ε(v1 + u1, v2 + u2)dv1dv2du1du2 +

+ 2

∫ T

0

∫ T

0

cos(ϕ1u1 −ϕ2u2)

∫ T−u1

0

∫ T−u2

0

ε(v1 + u1, v2)ε(v1, v2 + u2)dv1dv2du1du2.
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Ìà¹ìî äàëi

E ξ2(T ) ≤ 2T−4+2ρ
∫ T

0

∫ T

0

E

∣∣∣∣
∫ T−u1

0

∫ T−u2

0

ε(v1, v2)ε(v1 + u1, v2 + u2)dv1dv2

∣∣∣∣du1du2 +

+ 2T−4+2ρ
∫ T

0

∫ T

0

E

∣∣∣∣
∫ T−u1

0

∫ T−u2

0

ε(v1 + u1, v2)ε(v1, v2 + u2)dv1dv2

∣∣∣∣du1du2 ≤

≤ 2T−4+2ρ
∫ T

0

∫ T

0

Ψ
1/2
1 (u1, u2)du1du2 + 2T−4

∫ T

0

∫ T

0

Ψ
1/2
2 (u1, u2)du1du2,

äå çà ôîðìóëîþ Iñåðëiñà

Ψ1(u1, u2) =

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

E ε(v1 + u1, v2 + u2)ε(v1, v2)×

× ε(w1 + u1, w2 + u2)ε(w1, w2)dv1dv2dw1dw2 =

= (T − u1)2(T − u2)2B2(u1, u2) +

+

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

B2(v1 − w1, v2 − w2)dv1dv2dw1dw2 +

+

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

B(v1 − w1 + u1, v2 − w2 + u2)×

×B(v1 − w1 − u1, v2 − w2 − u2)dv1dv2dw1dw2 =

=

3∑

j=1

Ψ1j(u1, u2);

Ψ2(u1, u2) =

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

E ε(v1 + u1, v2)ε(v1, v2 + u2)×

× ε(w1 + u1, w2)ε(w1, w2 + u2)dv1dv2dw1dw2 =

= (T − u1)2(T − u2)2B2(u1,−u2) +

+

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

B2(v1 − w1, v2 − w2)dv1dv2dw1dw2 +

+

∫ T−u1

0

∫ T−u2

0

∫ T−u1

0

∫ T−u2

0

B(v1 − w1 + u1, v2 − w2 − u2)×

×B(v1 − w1 − u1, v2 − w2 + u2)dv1dv2dw1dw2 =

=
3∑

j=1

Ψ2j(u1, u2).

Îñêiëüêè

Ψ
1/2
i (u1, u2) ≤

3∑

j=1

Ψ
1/2
ij (u1, u2), i = 1, 2,

òî

E ξ2(T ) ≤
2∑

i=1

3∑

j=1

Iij(T ), Iij(T ) = 2T−4+2ρ
∫ T

0

∫ T

0

Ψ
1/2
ij (u1, u2)du1du2. (14)

Îöiíèìî êîæíó âåëè÷èíó Iij(T ) îêðåìî. Ïîçíà÷èìî

bu(v1 − w1, v2 − w2) = B(v1 − w1 + u1, v2 − w2 + u2)B(v1 − w1 − u1, v2 − w2 − u2)

i çàïèøåìî

Ψ13(u1, u2) =

∫ T−u1

0

∫ T−u1

0

∫ T−u2

0

∫ T−u2

0

b(v1 − w1, v2 − w2)dv1dw1dv2dw2 =
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= (T − u1)(T − u2)

∫ T−u1

−(T−u1)

∫ T−u2

−(T−u2)

(
1− |t1|

T − u1

)(
1− |t2|

T − u2

)
bu(t1, t2)dt1dt2 =

= T 2(T − u1)(T − u2)

∫ 1−u1T
−1

−(1−u1T−1)

∫ 1−u2T
−1

−(1−u2T−1)

(
1− |t1|

1− u1T−1

)(
1− |t2|

1− u2T−1

)
×

× bu(Tt1, T t2)dt1dt2 ≤

≤ T 2(T − u1)(T − u2)

∫ 1

−1

∫ 1

−1

bu(Tt1, T t2)dt1dt2 ≤

≤ T 2(T − u1)(T − u2)

[
B(0)

∫ 1

0

∫ 1

0

B(Tt1 + u1, T t2 + u2)dt1dt2 +

+ B(0)

∫ 0

−1

∫ 0

−1

B(Tt1 − u1, T t2 − u2)dt1dt2 +

(∫ 1

0

∫ 0

−1

+

∫ 0

−1

∫ 1

0

)
bu(Tt1, T t2)

]
=

= T 2(t− u1)(T − u2)

4∑

k=1

Ψ
(k)
13 (u1, u2).

Çà óìîâè ëåìè Ψ
(1)
13 = Ψ

(2)
13 , Ψ

(3)
13 = Ψ

(4)
13 , i òîìó ìè îöiíèìî Ψ

(1)
13 òà Ψ

(3)
13 . Îñêiëüêè

‖Tt ± u‖ ≤ 2
√

2T , òî äëÿ äîâiëüíîãî ε > 0 ïðè äîñòàòíüî âåëèêèõ T (íåõàé ïðè
T > T0), çàâäÿêè ìîíîòîííîñòi L, îòðèìó¹ìî L(‖Tt± u‖) ≤ (1 + ε)L(T ). Ç iíøîãî
áîêó,

‖Tt + u‖α ≥ Tαtα1 , (15)

Ψ
(1)
13 ≤ (1 + ε)(1− α)−1B(0)B(T ), T > T0. (16)

Ïåðåõîäÿ÷è äî îöiíêè Ψ
(3)
13 , çàóâàæèìî, ùî äëÿ 1-ãî ìíîæíèêà bu(Tt1, T t2) ¹ ïðà-

âèëüíîþ îöiíêà (15), à äëÿ 2-ãî � îöiíêà

‖Tt− u‖α ≥ Tαtα2 , (17)

òîáòî

Ψ3
13 ≤ (1 + ε)2(1− α)−2B2(T ), T > T0, (18)

òà äëÿ òèõ ñàìèõ T

I13(T ) ≤ 8

9

√
2
(

(1 + ε)1/2(1− α)−1/2B1/2(0)B1/2(T ) + (1 + ε)(1− α)−1B(T )
)
T 2ρ.

(19)
Ìiðêóþ÷è àíàëîãi÷íî, îòðèìó¹ìî îöiíêè

Ψ12(u1, u2) ≤ 4B(0)T 2(T − u1)(T − u2)

∫ 1

0

∫ 1

0

B(Tt1, T t2)dt1dt2,

I12(T ) ≤ 16

9
(1 + ε)1/2(1− α)−1/2B1/2(0)B1/2(T )T 2ρ. (20)

Êðiì öüîãî, äëÿ T > T0

I11(T ) ≤ 2T−4+2ρ
∫ T

0

∫ T

0

(T − u1)(T − u2)B(u1, u2)du1du2 ≤

≤ T 2ρ
∫ 1

0

∫ 1

0

B(Tu1, Tu2)du1du2 ≤ 2(1 + ε)(1− α)−1B(T )T 2ρ. (21)

Òàêèì ÷èíîì, iç (19)�(21) âèïëèâà¹, ùî ïðè T →∞
3∑

j=1

I1j = O
(
B1/2(T )T 2ρ

)
. (22)
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Ïîçíà÷èìî

cu(v1 − w1, v2 − w2) = B(v1 − w1 + u1, v2 − w2 − u2)B(v1 − w1 − u1, v2 − w2 + u2).

Àíàëîãi÷íî îöiíöi äëÿ Ψ13(u1, u2) îòðèìó¹ìî

Ψ23(u1, u2) ≤ T 2(T − u1)(T − u2)×

×
(∫ 1

0

∫ 1

0

+

∫ 0

−1

∫ 0

−1

+

∫ 1

0

∫ 0

−1

+

∫ 0

−1

∫ 1

0

)
cu(Tt1, T t2)dt1dt2 =

= T 2(T − u1)(T − u2)

4∑

k=1

Ψ
(k)
23 (u1, u2).

Çàóâàæèìî, ùî çà óìîâè ëåìè

Ψ
(1)
23 = Ψ

(2)
23 = Ψ

(3)
13 = Ψ

(4)
13 , Ψ

(3)
23 = Ψ

(4)
23 = Ψ

(1)
13 = Ψ

(2)
13 .

Êðiì öüîãî, Ψ21 = Ψ11, Ψ22 = Ψ12. Öå îçíà÷à¹, ùî ïðè T →∞
3∑

j=1

I2j = O
(
B1/2(T )T 2ρ

)
. (23)

Ñïiââiäíîøåííÿ (22), (23) ðàçîì iç (15) ïîêàçóþòü, ùî ïðè T →∞

E ξ2(T ) = O
(
L1/2(T )T−α/2+2ρ

)
. (24)

Íåõàé Tn = nβ, äå ÷èñëî β > 0 çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ
(
α
2 − 2ρ

)
β = 1 + δ

äëÿ äåÿêîãî δ > 0. Òîäi
∑∞

n=1 E ξ
2(Tn) < ∞, òîáòî ξ(Tn) −−−−→

n→∞
0 ì. í. Ðîçãëÿíåìî

ïîñëiäîâíiñòü âèïàäêîâèõ âåëè÷èí

ζn = sup
Tn≤T≤Tn+1

|ξ(T )− ξ(Tn)| ≤

≤ sup
Tn≤T≤Tn+1

sup
ϕ∈R2

∣∣∣∣∣T
−2+ρ
∫ T

0

∫ T

0

e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt−

− T−2+ρ
n

∫ Tn

0

∫ Tn

0

e−i(ϕ1t1+ϕ2t2)ε(t1, t2)dt

∣∣∣∣∣ ≤

≤
(
T 2−ρ
n+1

T 2−ρ
n

− 1

)
ξ(Tn) +

+ T−2+ρ
n

(∫ Tn+1

Tn

∫ Tn

0

+

∫ Tn

0

∫ Tn+1

Tn

+

∫ Tn+1

Tn

∫ Tn+1

Tn

)
|ε(t1, t2)|dt1dt2 =

=
4∑

i=1

ζ(i)
n .

Î÷åâèäíî, ζ
(1)
n −−−−→

n→∞
0 ì. í. Äëÿ k ∈ N ðîçãëÿíåìî

E
(
ζ(2)
n

)2k

= T−2k(2−ρ)
n

∫ Tn+1

Tn

∫ Tn

0

2k· · ·
∫ Tn+1

Tn

∫ Tn

0

E
2k∏

j=1

∣∣∣ε
(
t
(j)
1 , t

(j)
2

)∣∣∣
2k∏

j=1

dt
(j)
1 dt

(j)
2 ≤

≤ (2k − 1)!!Bk(0)T−2k(2−ρ)
n (Tn+1 − Tn)2kT 2k

n =

= (2k − 1)!!Bk(0)

(
Tn+1

Tn
− 1

)2k

T 2kρ
n = O

(
n−2k(1−βρ)

)
, n→∞.
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ßêùî βρ < 1, òî âèáîðîì k ìîæíà çàáåçïå÷èòè çáiæíiñòü ðÿäó
∑∞

n=1 E
(
ζ

(2)
n

)2k

<∞,

i ζ
(2)
n −−−−→

n→∞
0 ì. í. Ìà¹ìî βρ = ρ(1+δ)

α/2−2ρ < 1, àáî ρ < α
2(3+δ) . Îñêiëüêè δ > 0 ìîæå

áóòè ÿê çàâãîäíî ìàëèì, òî óìîâà ëåìè ρ < α/6 çàáåçïå÷ó¹ ïîòðiáíó çáiæíiñòü ζ
(2)
n

ÿê i çáiæíiñòü ζ
(3)
n −−−−→

n→∞
0 ì. í. Îñêiëüêè

E
(
ζ(4)
n

)2

≤ (2k − 1)!!Bk(0)

(
Tn+1

Tn
− 1

)4k

T 2kρ
n = O

(
n−2k(2−βρ)

)
, n→∞,

òî i ζ
(4)
n −−−−→

n→∞
0 ì. í. Ëåìó 3.1 äîâåäåíî. �

Ëåìà 3.2. ßêùî âèêîíàíî óìîâó N(ii), òî ξ(T )→ 0 ì. í. ïðè T →∞ äëÿ ρ < 1/3.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ ëåìè 3.1 òà óìîâó ëåìè 3.2, îòðèìó¹ìî äëÿ
i = 1, 2

Ii1(T ) = O
(
T−2+2ρ

)
, Ii2(T ) = O

(
T−1+2ρ

)
, Ii3(T ) = O

(
T−1+2ρ

)
, T →∞. (25)

Íåõàé Tn = nβ, äå (1 − 2ρ)β = 1 + δ, δ > 0. Òîäi, ÿê i â ëåìi 3.1, ξ(Tn) −−−−→
n→∞

0

ì. í., ζn =
∑4

i=1 ζ
(i)
n . Òîäi ζ

(1)
n −−−−→

n→∞
0 ì. í., à óìîâà ëåìè ρ < 1/3, ÿê i â äîâåäåííi

ëåìè 3.1, çàáåçïå÷ó¹ çáiæíiñòü ζ
(i)
n −−−−→

n→∞
0 ì. í., i = 2, 3, 4. �

4. Îñíîâíèé ðåçóëüòàò

Òåîðåìà 4.1. ßêùî âèêîíàíî óìîâè N, R1, R2, òî ÎÍÊ â ñåíñi Óîëêåðà θT ¹

ñèëüíî êîíñèñòåíòíîþ îöiíêîþ ïàðàìåòðà θ0, à ñàìå:

AkT → A0
k, BkT → B0

k, T (λkT − λ0
k)→ 0, T (µkT − µ0

k)→ 0 ì. í.

ïðè T →∞, k = 1, N .

Äîâåäåííÿ. Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü âiäíîñíî ÎÍÊ AkT , BkT , k = 1, N :

∂QT (θ)

∂Ap

∣∣∣∣∣
θ=θT

=
∂QT (θ)

∂Bp

∣∣∣∣∣
θ=θT

= 0, p = 1, N,

ÿêó ìîæíà ïåðåïèñàòè ó âèãëÿäi
{∑N

k=1 a
(1)
kp AkT +

∑N
k=1 b

(1)
kp BkT = c

(1)
p , p = 1, N ;∑N

k=1 a
(2)
kp AkT +

∑N
k=1 b

(2)
kp BkT = c

(2)
p , p = 1, N.

(26)

Ïîçíà÷èìî

cos(λkT t1 + µkT t2) = cosk, sin(λkT t1 + µkT t2) = sink,

cos(λ0
kt1 + µ0

k) = cos0
k, sin(λ0

kt1 + µ0
k) = sin0

k, k = 1, N.
(27)

Òîäi êîåôiöi¹íòè ñèñòåìè (26) ìîæíà çàïèñàòè ó âèãëÿäi

a
(1)
kp = T−2
∫ T

0

∫ T

0

cosk cosp dt1dt2, a
(2)
kp = T−2
∫ T

0

∫ T

0

cosk sinp dt1dt2,

b
(1)
kp = T−2
∫ T

0

∫ T

0

sink cosp dt1dt2, b
(2)
kp = T−2
∫ T

0

∫ T

0

sink sinp dt1dt2,

c(1)
p = T−2
∫ T

0

∫ T

0

X(t1, t2) cosp dt1dt2, c
(2)
kp = T−2
∫ T

0

∫ T

0

X(t1, t2) sinp dt1dt2.

Ïîçíà÷èìî òàêîæ o(1), óçàãàëi êàæó÷è, ðiçíi âèïàäêîâi ïðîöåñè, ùî çàëåæàòü âiä
ïàðàìåòðà T òà ïðÿìóþòü äî íóëÿ ì. í. ïðè T →∞.
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Áåðó÷è äî óâàãè âëàñòèâîñòi (10), (11) ïàðàìåòðè÷íèõ ìíîæèí ΛT , MT , ó çà-
ìèêàííÿõ ÿêèõ íàáóâàþòü çíà÷åííÿ îöiíêè λT , µT , åëåìåíòàðíèìè îá÷èñëåííÿìè
çíàõîäèìî

a
(1)
kp = o(1), k 6= p, a(1)

pp =
1

2
+ o(1), a

(2)
kp = o(1), k, p = 1, N ; (28)

b
(1)
kp = a

(2)
pk = o(1), b

(2)
kp = o(1), k 6= p, b

(2)
kp =

1

2
+ o(1), k, p = 1, N. (29)

Äëÿ ïîäàëüøèõ îá÷èñëåíü ïîçíà÷èìî

xλp =
sinT

(
λpT − λ0

p

)

T
(
λpT − λ0

p

) , xµp =
sinT

(
µpT − µ0

p

)

T
(
µpT − µ0

p

) , p = 1, N ;

yλp =
1− cosT

(
λpT − λ0

p

)

T
(
λpT − λ0

p

) , yµp =
1− cosT

(
µpT − µ0

p

)

T
(
µpT − µ0

p

) , p = 1, N.

(30)

Çàïèøåìî

c(1)
p = T−2
∫ T

0

∫ T

0

ε(t1, t2) cosp dt1dt2 + T−2
∫ T

0

∫ T

0

g
(
t1, t2; θ0

)
cosp dt1dt2 =

=
1

2

[
A0

p(xλpxµp − yλpyµp)−B0
p(xµpyλp + xλpyµp)

]
+ o(1) (31)

çà ëåìàìè 3.1 i 3.2 òà ñòàíäàðòíèìè îá÷èñëåííÿìè. Àíàëîãi÷íî

c(2)
p =

1

2

[
A0

p(xµpyλp + xλpyµp) + B0
p(xλpxµp − yλpyµp)

]
+ o(1). (32)

Îñêiëüêè |xλp|, |xµp|, |yλp|, |yµp| ≤ 1, p = 1, N , òî çàâäÿêè ñïiââiäíîøåííÿì (28), (29),
(31), (32), ðîçâ'ÿçîê ñèñòåìè (26) ìîæíà çàïèñàòè ó âèãëÿäi

ApT = A0
p(xλpxµp − yλpyµp)−B0

p(xµpyλp + xλpyµp) + o(1),

BpT = A0
p(xµpyλp + xλpyµp) + B0

p(xλpxµp − yλpyµp) + o(1), p = 1, N. (33)

Ó ñâîþ ÷åðãó, iç (33) âèïëèâàþòü íåðiâíîñòi

|ApT |, |BpT | ≤ 2
(
|A0

p|+ |B0
p |
)

+ o(1), p = 1, N. (34)

Ïîçíà÷èìî

GT (θ1; θ2) = T−2
∫ T

0

∫ T

0

[g(t1, t2; θ1)− g(t1, t2; θ2)]
2
dt1dt2.

Çà îçíà÷åííÿì ÎÍÊ

0 ≥ QT (θT )−QT (θ0) =

= GT (θT ; θ0) + 2T−2
∫ T

0

∫ T

0

ε(t1, t2)
(
g(t1, t2; θ0)− g(t1, t2; θT )

)
dt1dt2. (35)

Çà äîâåäåíèìè ëåìàìè òà (34) äðóãèé äîäàíîê ïðàâî¨ ÷àñòèíè ðiâíîñòi (35) ¹ âåëè-
÷èíîþ o(1). Öå îçíà÷à¹, ùî

GT (θT ; θ0)→ 0 ì. í., T →∞. (36)

Çàïèøåìî âèðàç äëÿ GT (θT ; θ0) òàêèì ÷èíîì, ùîá iç (36) âèïëèâàëà êîíñèñòåí-
òíiñòü ÎÍÊ ïàðàìåòðiâ λ0

k, µ
0
k, k = 1, N . Ìà¹ìî
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GT (θT ; θ0) = T−2
∫ T

0

∫ T

0

g2(t1, t2; θT )dt1dt2 + T−2
∫ T

0

∫ T

0

g2(t1, t2; θ0)dt1dt2 −

− 2T−2
∫ T

0

∫ T

0

g(t1, t2; θT )g(t1, t2; θ0)dt1dt2 = J1 + J2 + J3.

Iç âèêîðèñòàííÿì (34) òà ñïiââiäíîøåíü (28), (29) îòðèìó¹ìî

J1 =
1

2

N∑

k=1

(
A2

kT + B2
kT

)
+ o(1), (37)

J2 =
1

2

N∑

k=1

(
(A0

k)2 + (B0
k)2
)

+ o(1), (38)

J3 = −2
N∑

p=1

N∑

k=1

T−2
∫ T

0

∫ T

0

(
ApTA

0
k cosp cos0

k +ApTB
0
k cosp sin0

k

)
dt1dt2 −

− 2

N∑

p=1

N∑

k=1

T−2
∫ T

0

∫ T

0

(
BpTA

0
k sinp cos0

k +BpTB
0
k sinp sin0

k

)
dt1dt2 =

=
N∑

p=1

(
ApTA

0
p(xλpxµp − yλpyµp)−ApTB

0
p(xµpyλp + xλpyµp)

)
−

−
N∑

p=1

(
BpTA

0
p(xµpyλp + xλpyµp) + BpTB

0
p(xλpxµp − yλpyµp)

)
+ o(1). (39)

Ïîçíà÷èìî z1p = xλpxµp − yλpyµp, z2p = xµpyλp + xλpyµp, p = 1, N , i ïiäñòàâèìî ó
(37) òà (39) âèðàçè (33). Òîäi

GT (θT ; θ0) =
1

2

N∑

p=1

[(
A0

pz1p −B0
pz2p

)2
+
(
A0

pz2p + B0
pz1p

)2
+
(
A0

p

)2
+
(
B0

p

)2]−

−
N∑

p=1

[(
A0

p

)2
z2

1p − 2A0
pB

0
pz1pz2p +

(
B0

p

)2
z2

2p

]
−

−
N∑

p=1

[(
A0

p

)2
z2

2p + 2A0
pB

0
pz1pz2p +

(
B0

p

)2
z2

1p

]
+ o(1) =

=
1

2

N∑

p=1

((
A0

p

)2
+
(
B0

p

)2)(
1− z2

1p − z2
2p

)
+ o(1) =

=
1

2

N∑

p=1

((
A0

p

)2
+
(
B0

p

)2)(
1−

(
x2
λp + y2

λp

)(
x2
µp + y2

µp

))
+ o(1) =

=
1

2

N∑

p=1

((
A0

p

)2
+
(
B0

p

)2)×

×


1−

(
sin 1

2T
(
λpT − λ0

p

)
1
2T
(
λpT − λ0

p

)
)2(

sin 1
2T
(
µpT − µ0

p

)
1
2T
(
µpT − µ0

p

)
)2

+ o(1). (40)
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Ðiâíiñòü (40) ðàçîì iç (36) äîâîäÿòü, ùî T
(
λpT − λ0

p

)
→ 0, T

(
µpT − µ0

p

)
→ 0 ì. í.,

T → ∞, p = 1, N . Òåïåð iç (30) âèïëèâà¹, ùî xλp, xµp → 1, yλp, yµp → 0 ì. í.,

T →∞, p = 1, N , à ç (33) îòðèìó¹ìî ApT → A0
p, BpT → B0

p . Òåîðåìó äîâåäåíî. �

5. Âèñíîâêè

Ó ðîáîòi äîâåäåíî ñèëüíó êîíñèñòåíòíiñòü ÎÍÊ ïàðàìåòðiâ ñèíóñî¨äíî¨ ìîäåëi
òåêñòóðîâàíî¨ ïîâåðõíi çà ïðèïóùåííÿ, ùî âèïàäêîâèé øóì ¹ ãàóññiâñüêèì îäíîði-
äíèì òà içîòðîïíèì âèïàäêîâèì ïîëåì. Ïðèðîäíèì ïðîäîâæåííÿì öüîãî äîñëiäæå-
ííÿ ¹ îòðèìàííÿ âëàñòèâîñòåé êîíñèñòåíòíîñòi ðîçãëÿíóòèõ îöiíîê äëÿ íåãàóññiâ-
ñüêîãî âèïàäêîâîãî øóìó òà äîâåäåííÿ àñèìïòîòè÷íî¨ íîðìàëüíîñòi ÎÍÊ.
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CONSISTENCY OF THE LEAST SQUARES ESTIMATOR
OF THE TEXTURED SURFACE SINUSOIDAL MODEL PARAMETERS

A. V. IVANOV, O. V. MALIAR

Abstract. For sinusoidal observation model of textured surface, i. e. for model where regression function

is a sum of two-parameter harmonic oscillations and noise is a homogeneous isotropic Gaussian random
field on the plane, the strong consistency conditions of unknown amplitudes and angular frequencies

least squares estimates of indicated trigonometric regression model are obtained.
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ÏÀÐÀÌÅÒÐÎÂ ÑÈÍÓÑÎÈÄÀËÜÍÎÉ ÌÎÄÅËÈ

ÒÅÊÑÒÓÐÈÐÎÂÀÍÍÎÉ ÏÎÂÅÐÕÍÎÑÒÈ

À. Â. ÈÂÀÍÎÂ, À. Â. ÌÀËßÐ
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