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Àíîòàöiÿ. Ó ðîáîòi [5] çíàéäåíî ðåãóëÿðíó òà ñèíãóëÿðíó ñêëàäîâi ðîçêëàäó ôóíêöiîíàëà âiä
íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨, ïîêàçàíî ðåãóëÿðíiñòü ïî÷àòêîâèõ óìîâ. Ó öié ñòàòòi ïðî-
âåäåíî îöiíêó çàëèøêîâîãî ÷ëåíà äëÿ îòðèìàíîãî â [5] àñèìïòîòè÷íîãî ðîçêëàäó.
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1. Âñòóï

Ó ðîáîòi [5] äåÿêi ç îòðèìàíèõ ó [13] ðåçóëüòàòiâ óçàãàëüíåíî íà âèïàäîê íàïiâ-
ìàðêîâñüêèõ ïðîöåñiâ. Ðîáîòà ñòîñóâàëàñÿ ñõåìè äèôóçiéíî¨ àïðîêñèìàöi¨ òà áóëà
ëîãi÷íèì ïðîäîâæåííÿì ñòàòåé [1, 7, 8], â ÿêèõ àíàëîãi÷íå äîñëiäæåííÿ ïðîâåäåíî ó
ñõåìi óñåðåäíåííÿ. Ïîäiáíó çàäà÷ó äîñëiäæåíî â [6], äå àâòîð óâîäèòü äîäàòêîâi ïàðà-
ìåòðè ç ìåòîþ ïåðåòâîðåííÿ íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ íà ìàðêîâñüêó.
Öå ñóòò¹âî ñïðîùó¹ òåõíi÷íèé áiê äîñëiäæåííÿ, àëå âèìàãà¹ ââåäåííÿ äîäàòêîâî¨
çìiííî¨ ÿê àðãóìåíòó ôóíêöiîíàëà, i ïèòàííÿ çâîðîòíîãî ïåðåõîäó çàëèøà¹òüñÿ âiä-
êðèòèì. Êðiì òîãî, àâòîð íå ôîðìóëþ¹ ðåçóëüòàò ùîäî âèãëÿäó ðåãóëÿðíî¨ ÷àñòèíè
ðîçêëàäó, à ëèøå ïðîïîíó¹ àëãîðèòì äëÿ ¨¨ çíàõîäæåííÿ, à òàêîæ íå ïðîâîäèòü ðå-
ãóëÿðèçàöiþ ãðàíè÷íèõ óìîâ, ÿêà äîçâîëÿ¹, êîðèñòóþ÷èñü ãðàíè÷íèìè óìîâàìè äëÿ
ñèíãóëÿðíî¨ ÷àñòèíè ðîçêëàäó, çàïðîïîíóâàòè àëãîðèòì äëÿ çíàõîäæåííÿ ïî÷àòêî-
âèõ óìîâ ïðè t = 0 â ÿâíîìó âèãëÿäi.

Òàêîæ ó [5] àíîíñîâàíî äîñëiäæåííÿ ïèòàíÿ ùîäî çáiæíîñòi àñèìïòîòè÷íîãî ðÿäó,
ÿêå âèðiøó¹òüñÿ çà äîïîìîãîþ îöiíêè çàëèøêîâîãî ÷ëåíà. Ïîòî÷íà ïóáëiêàöiÿ ñòîñó-
¹òüñÿ ñàìå öi¹¨ ïðîáëåìè i òàêèì ÷èíîì ïîâíiñòþ çàêðèâà¹ ïèòàííÿ àñèìïòîòè÷íîãî
ðîçêëàäó íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ ó ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨.

Çàóâàæèìî, ùî ïîäiáíà ïðîáëåìà äîñëiäæóâàëàñü ðàíiøå À.Â. Ñâiùóêîì ó ðî-
áîòàõ [10, 12] ïðè äîâåäåííi ãðàíè÷íèõ òåîðåì äëÿ íàïiâìàðêîâñüêèõ âèïàäêîâèõ
åâîëþöié. Àëå îòðèìàíi òàì îöiíêè ñòîñóþòüñÿ ëèøå øâèäêîñòi çáiæíîñòi, àáî, ùî
òå ñàìå, îòðèìàíî îöiíêè äëÿ ‖Φεt (u, x)−U0(t)‖, ÿêùî âèêîðèñòîâóâàòè ïîçíà÷åííÿ
íàøî¨ ñòàòòi. Íàòîìiñòü, ó öié ðîáîòi àâòîðè íàìàãàþòüñÿ ðîçðîáèòè óíiâåðñàëüíèé
àëãîðèòì, ÿêèé áè äîçâîëèâ ðîáèòè îöiíêè äëÿ àñèìïòîòè÷íîãî ðÿäó ç äîâiëüíîþ
òî÷íiñòþ ïî ε.

Íàãàäà¹ìî ïîñòàíîâêó çàäà÷i òà âèêîðèñòàíi ðàíiøå ïîçíà÷åííÿ.
Äëÿ îçíà÷åííÿ íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ ó ñõåìi ñåðié (áiëüø äåòàëü-

íî ùîäî ¨¨ âëàñòèâîñòåé äèâ. [3]) ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ â åâêëiäîâîìó

Ïóáëiêàöiÿ òà ¨¨ ïåðøà ÷àñòèíà [5] ìiñòÿòü ðåçóëüòàòè äîñëiäæåíü, ïðîâåäåíèõ çà ãðàíòîì
Ïðåçèäåíòà Óêðà¨íè çà êîíêóðñíèì ïðîåêòîì 0117U007015 Äåðæàâíîãî ôîíäó ôóíäàìåíòàëüíèõ
äîñëiäæåíü.
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ïðîñòîði Rd, d ≥ 1,
duε(t)

dt
=

1

ε
v
(
uε(t); æ

(
t/ε2

))
. (1)

Íåõàé ôóíêöiÿ ϕ(u) íàëåæèòü áàíàõîâîìó ïðîñòîðó B(Rd) äiéñíîçíà÷íèõ òåñò-
ôóíêöié, ùî îáìåæåíi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè. Íîðìà âèçíà÷à¹òüñÿ òàêèì
÷èíîì:

‖ϕ‖ = sup
u∈Rd

|ϕ(u)| < Cϕ

äëÿ äåÿêîãî Cϕ > 0.
Íàïiâìàðêîâñüêà âèïàäêîâà åâîëþöiÿ â B(Rd) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Φεt := ϕ(uε(t)), ϕ ∈ B(Rd).

Ïðîöåñ, ùî ïåðåìèêà¹ øâèäêîñòi æ(t), t ≥ 0, ¹ íàïiâìàðêîâñüêèì [2] ó ïðîñòî-
ði ñòàíiâ (E, E), äå E �ïîâíèé ñåïàðàáåëüíèé ìåòðè÷íèé ïðîñòið, E � âiäïîâiäíà
σ-àëãåáðà éîãî ïiäìíîæèí, i çàäà¹òüñÿ íàïiâìàðêîâñüêèì ÿäðîì [3]

Q(x,B, t) = P (x,B)Fx(t), x ∈ E, B ∈ E , t ≥ 0,

ùî âèçíà÷à¹ éìîâiðíîñòi ïåðåõîäó ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ æn, τn, n ≥ 0,

Q(xn, B, t) = P{æn+1 ∈ B, τn+1 − τn ≤ t | æn = x} =

= P{æn+1 ∈ B | æn = x}P{τn+1 − τn ≤ t | æn = x}.
Ñòîõàñòè÷íå ÿäðî

P (x,B) = P{æn+1 ∈ B | æn = x}
çàäà¹ ïåðåõiäíi éìîâiðíîñòi âêëàäåíîãî ëàíöþãà Ìàðêîâà æn = æ(τn), n ≥ 0; ôóíêöi¨
ðîçïîäiëó

Fx(t) = P{τn+1 − τn ≤ t | æn = x} =: P{τn+1 − τn ≤ t}, x ∈ E,

çàäàþòü ðîçïîäiëè ïåðiîäiâ ïåðåáóâàííÿ θx ó ñòàíàõ x ∈ E.
Ãåíåðàòîð àñîöiéîâàíîãî ìàðêîâñüêîãî ïðîöåñó, ùî äi¹ íà áàíàõîâîìó ïðîñòîði

B(E) äiéñíîçíà÷íèõ òåñò-ôóíêöié ϕ(x), ùî îáìåæåíi ðàçîì ç óñiìà ñâî¨ìè ïîõiäíè-
ìè, îñíàùåíîìó sup-íîðìîþ, ìà¹ âèãëÿä

Q = q(x)(P − I),

äå îïåðàòîð ïåðåõiäíèõ éìîâiðíîñòåé

Pϕ(x) =

∫

E

P (x, dy)ϕ(y), x ∈ E,

q(x) = 1/m1(x), mk(x) =
∫∞
0 skFx(ds).

Íåõàé ïåðåìèêàþ÷èé íàïiâìàðêîâñüêèé ïðîöåñ æ(t), t ≥ 0, ¹ ðiâíîìiðíî åðãî-
äè÷íèì (äåòàëüíî äèâ. [3]). Ïîçíà÷èìî π(B), B ∈ E , ÷åðåç ñòàöiîíàðíèé ðîçïîäië
ïåðåìèêàþ÷îãî íàïiâìàðêîâñüêîãî ïðîöåñó æ(t), t ≥ 0, ùî çàäîâîëüíÿ¹ ñïiââiäíîøå-
ííÿ

π(dx) = ρ(dx)m1(x)/m̂,

m̂ =

∫

E

ρ(dx)m1(x),

ρ(B), B ∈ E ¹ ñòàöiîíàðíèì ðîçïîäiëîì âêëàäåíîãî ëàíöþãà Ìàðêîâà æn, n ≥ 0, ùî
âèçíà÷à¹òüñÿ ôîðìóëîþ

ρ(B) =

∫

E

ρ(dx)P (x,B), ρ(E) = 1.

Ó òàêîìó âèïàäêó [3, 4] áàíàõiâ ïðîñòið B(E) ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó ïiä-
ïðîñòîðiâ:

NQ := {ϕ(x) : Qϕ(x) = 0}�íóëü-ïiäïðîñòið îïåðàòîðà Q,
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RQ := {ψ(x) : Qϕ(x) = ψ(x)}�ïiäïðîñòið çíà÷åíü îïåðàòîðà Q.
Ïîçíà÷èìî ÷åðåç Π ïðîåêòîð íà íóëü-ïiäïðîñòið îïåðàòîðà Q: Πϕ(x) := ϕ̂1(x),

äå 1(x) = 1 äëÿ âñiõ x ∈ E, ϕ̂ :=
∫

E ϕ(x)π(dx).
Ó ìîíîãðàôi¨ [3, ï. 3.4.3] äîñëiäæåíî óìîâè, çà ÿêèõ ñïðàâäæó¹òüñÿ ñëàáêà çái-

æíiñòü

uε(t)⇒ û(t), ε→ 0,

òà îòðèìàíî ðiâíÿííÿ, ùî âèçíà÷à¹ ãðàíè÷íèé ïðîöåñ. Ïèòàííÿ ïðî øâèäêiñòü çái-
æíîñòi ìîæíà ðîçãëÿäàòè iç äâîõ òî÷îê çîðó:

(i) àñèìïòîòè÷íèé àíàëiç ôëóêòóàöié

ζε(t) = uε(t)− û(t), ε→ 0;

(ii) àñèìïòîòè÷íèé àíàëiç ôóíêöiîíàëà, ùî âèçíà÷à¹ ìàòåìàòè÷íå ñïîäiâàííÿ âiä
íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨

Φεt (u, x) = E[ϕ(uε(t)) | uε(0) = u,æ(0) = x].

Ìåòîþ ðîáîòè [5] áóëà ðåàëiçàöiÿ äðóãîãî ïiäõîäó, à ñàìå, ïîáóäîâà àñèìïòîòè-
÷íîãî ðîçêëàäó ôóíêöiîíàëà âiä íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ ó âèãëÿäi

Φεt (u, x) = Uε(t) + W ε(τ) = U0(t) +

∞∑
k=1

εk
(
Uk(t) + Wk(τ)

)
, (2)

äå τ = t/ε2.

Çàóâàæåííÿ 1.1. Çàóâàæèìî, ùî ïîäiáíi àñèìïòîòè÷íi ðîçêëàäè àêòèâíî âèêîðè-
ñòîâóþòüñÿ ó áàãàòüîõ ïðèêëàäíèõ ïðîáëåìàõ, çîêðåìà â çàäà÷àõ ïðèéíÿòòÿ ðiøåíü
òà îïòèìiçàöi¨. Áàãàòî ïðèêëàäiâ äëÿ âèïàäêó ìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ ìî-
æíà çíàéòè ó [13]. Ïðè öüîìó îöiíêè çáiæíîñòi àêòèâíî çàñòîñîâóþòüñÿ ó öié ðîáîòi
ïðè ïðîâåäåííi âiäïîâiäíèõ ðîçðàõóíêiâ.

Îñêiëüêè íàïiâìàðêîâñüêà âèïàäêîâà åâîëþöiÿ ¹ óçàãàëüíåííÿì ìàðêîâñüêîãî âè-
ïàäêó, î÷åâèäíî, óêàçàíi ïðèêëàäè iëþñòðóþòü i íàøó ìîäåëü òàêîæ. Òèì íå ìåíø,
ïèòàííÿ ùîäî ìîæëèâèõ çàñòîñóâàíü ñàìèõ íàïiâìàðêîâñüêèõ âèïàäêîâèõ åâîëþöié
¹ òàêîæ öiêàâèì i âiäïîâiäü íà íüîãî ìîæíà çíàéòè, çîêðåìà â ìîíîãðàôi¨ [11], äå
òàêi ìîäåëi çàñòîñîâàíî äî ðiçíèõ åâîëþöiéíèõ ñèñòåì.

Ó ðîáîòi [5] àñèìïòîòè÷íèé ðîçêëàä (2) äëÿ ôóíêöiîíàëà âiä íàïiâìàðêîâñüêî¨
âèïàäêîâî¨ åâîëþöi¨ ó ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ áóäó¹òüñÿ ç âèêîðèñòàííÿì
iíòåãðàëüíîãî ðiâíÿííÿ ìàðêîâñüêîãî âiäíîâëåííÿ ç âèêîðèñòàííÿì ëåìè.

Ëåìà 1.1. Ôóíêöiîíàë âiä íàïiâìàðêîâñüêî¨ âèïàäêîâî¨ åâîëþöi¨ Φεt (u, x) çàäîâîëü-
íÿ¹ ðiâíÿííÿ
∫ ∞

0

Fx(ds)Vε2s(x)PΦεt−ε2s(u, x)− Φεt (u, x) = ε2Vε(x)

∫ ∞

τ

F x(s)Vε2s(x)ϕ(u)ds, (3)

äå τ = t/ε2.

Ïðè âèçíà÷åííi àñèìïòîòè÷íîãî ðîçêëàäó, âèêîðèñòàíî òàêi ïîçíà÷åííÿ.
Äåòåðìiíîâàíà åâîëþöiÿ

Φx(t, u) = ϕ(uεx(t)), uεx(0) = u

âèçíà÷à¹òüñÿ ðiâíÿííÿì
duεx(t)

dt
=

1

ε
v(uεx(t);x)

òà ïîðîäæó¹ âiäïîâiäíó ïiâãðóïó

Vt(x)ϕ(u) := ϕ(uεx(t)), uεx(0) = u,
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¨¨ ãåíåðàòîð ìà¹ âèãëÿä

Vε(x)ϕ(u) =
1

ε
v(u, x)ϕ′(u).

Äëÿ çðó÷íîñòi ïîäàëüøèõ âèêëàäîê ïîçíà÷èìî äîïîìiæíèé ãåíåðàòîð

V(x)ϕ(u) := v(u, x)ϕ′(u).

Òàêîæ ïîçíà÷èìî

µk(x) =
mk(x)

k!m1(x)
, µ1(x) := 1, Li

k,nUn(t) := (−1)iCk−n−i
k−n−2iV

k−n−2i(x)PU (i)
n (t),

ΠLk :=

k−1∑
n=1

[ k−n
2 ]∑

i=0

Πµk−n−i(x)Li
n,kR0Ln +

[ k
2 ]∑

i=0

Πµk−i(x)Li
0,k,

νk(x) = (−1)k[mk(x)− µk+1(x)],

L̂k−1(x) :=

k−1∑
n=0

(−1)nCn
kVk−n(x)PU (n)(t),

L̂k(x) := Vk(x)P.

I íàðåøòi

QW (τ) =

∫ ∞

0

Fx(ds)PW (τ− s),

ψk(τ) = F
(k)

x (τ)Vk(x)Pϕ(u), ψk
0(τ) =

k−1∑
r=1

QrWk−r(τ), (4)

F
(k)

x (τ) =

∫ ∞

τ

sk−1

(k − 1)!
F x(s)ds, QrW (τ) =

∫ ∞

0

sr

r!
Fx(ds)Vr(x)PW (τ− s).

2. Îöiíêà çàëèøêîâîãî ÷ëåíà

Äîäàòêîâî ïðèïóñòèìî, ùî ôóêíöiÿ v(u;x) ó (1) çàäîâîëüíÿ¹ óìîâó

sup
|u|≤R

sup
x∈E
|v(u;x)| ≤ CR, (5)

äå R > 0.
Äîâåäåìî äîïîìiæíèé ðåçóëüòàò ó âèãëÿäi ëåìè òà ¨¨ íàñëiäêó.

Ëåìà 2.1. ßêùî Φε ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

LεΦε := [Q + εQ1]Φε = εψ, (6)

äå ψ âiäîìà ôóíêöiÿ, ‖ψ‖ ≤ C, ‖Q−1‖ ≤ C, ‖Q1‖ ≤ C, ‖Q2‖ ≤ C, òîäi

‖Φε‖ ≤ C1ε.

Äîâåäåííÿ. Ðîçâ'ÿçêîì ðiâíÿííÿ (6) ¹

Φε = εQ−1[ψ−Q1Φε − εQ2Φε].

Ìîæåìî âèêîíàòè òàêó iòåðàöiþ: ïîêëàäåìî

Φε(0) = εψ,∥∥∥Φε(0)

∥∥∥ = ε‖ψ‖ ≤ εC,

òîäi

Φε(1) = εQ−1
[
ψ−Q1Φε(0) − εQ2Φε(0)

]
,
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i îñêiëüêè Q−1, Q1 òà Q2 ¹ îáìåæåíèìè, òî∥∥∥Φε(1)

∥∥∥ ≤ εC(C + C
∥∥∥Φε(0)

∥∥∥+ εC
∥∥∥Φε(0)

∥∥∥) ≤ C
(
εC + (εC)2 + ε(εC)2

)
.

Çà iíäóêöi¹þ, ìàòèìåìî

Φε(N) ≤ C

N+1∑
k=1

(εC)k + (εC)N+2.

Ìîæåìî îáðàòè ïàðàìåòð ε äîñòàòíüî ìàëèì, ùîá εC < 1. Òîäi, ïðè N → ∞ ìè
îòðèìà¹ìî

‖Φε‖ ≤ C
εC

1− εC
≤ εC1.

Ëåìó äîâåäåíî. �

Íàñëiäîê 2.1. ßêùî Φε ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

LεΦε :=
[
Q + εQ1 + ε2Q2

]
Φε = εN+1ψ, (7)

äå ‖ψ‖ ≤ C, ‖Q−1‖ ≤ C, ‖Q1‖ ≤ C, ‖Q2‖ ≤ C, òî

‖Φε‖ ≤ C1ε
N+1.

Äîâåäåííÿ. Ïîêëàäåìî

ε−NΦε =: Φ
ε
.

Òîäi ìà¹ìî iç (7):

εNLεΦε = εN+1ψ.

Îòðèìà¹ìî ðiâíÿííÿ äëÿ Φ
ε
:

LεΦε = εψ.

Çãiäíî iç ëåìîþ 2.1, ìà¹ìî ∥∥∥Φ
ε
∥∥∥ ≤ C1ε,

àáî äëÿ Φε:

‖Φε‖ ≤ C1ε
N+1.

Òàêèì ÷èíîì, íàñëiäîê äîâåäåíî. �

Òåïåð ìîæåìî ïåðåéòè äî îöiíþâàííÿ çàëèøêîâîãî ÷ëåíà, çàïèñàíîãî ó âèãëÿäi

Φε,N (t) = Φεt (u, x)− ΦεN (t) = Φεt (u, x)− U0(t)−
N∑

k=1

εk
(
Uk(t) + Wk(τ)

)
.

Òåîðåìà 2.1. Çà óìîâ (1) òà (5) ñïðàâåäëèâà íàñòóïíà îöiíêà çàëèøêîâîãî ÷ëåíà
ó àñèìïòîòè÷íîìó ðîçêëàäi, âèçíà÷åíîìó â òåîðåìi 1.1 ç [5]:∥∥Φε,N (t)

∥∥ ≤ CεεN+1,

äëÿ äåÿêîãî Cε.

Çàóâàæåííÿ 2.1. Îòðèìàíèé ðåçóëüòàò ïîâíiñòþ óçãîäæó¹òüñÿ ç îöiíêîþ, îòðèìà-
íîþ â [10], à ñàìå, ó ïîçíà÷åííÿõ íàøî¨ ðîáîòè

‖Φεt (u, x)− U0(t)‖ ≤ εd,

äå êîíñòàíòó d îòðèìàíî ÷åðåç îöiíêè âiäïîâiäíèõ ãåíåðàòîðiâ, ÿêi âèçíà÷àþòü íà-
ïiâìàðêîâñüêó åâîëþöiþ.
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Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè äîñòàòíüî ïîêàçàòè, ùî Φε,N (t) çàäîâîëüíÿ¹
óìîâè íàñëiäêó 2.1.

Ñïåðøó ðîçãëÿíåìî ðåãóëÿðíó ÷àñòèíó Uε,N (t) := Uε(t) − U0(t) −
∑N

k=1 ε
kUk(t)

àñìïòîòè÷íîãî ðîçêëàäó Φε,N (t).
Iç ðiâíÿííÿ (3) îòðèìà¹ìî
∫ ∞

0

Fx(ds)Vε2s(x)PUε,N
(
t− ε2s

)
− Uε,N (t) =

=

∫ ∞

0

Fx(ds)Vε2s(x)P
[
Uε,N

(
t− ε2s

)
− Uε,N (t)

]
+

+

∫ ∞

0

Fx(ds)Vε2s(x)PUε,N (t)− Uε,N (t) =

= QUε,N (t) +

∫ ∞

0

Fx(ds)[Vε2s(x)− I]PUε,N
(
t− ε2s

)
−

− ε2
∫ ∞

0

sFx(ds)Vε2s(x)P
(
Uε,N (t)

)′
+

+

∫ ∞

0

Fx(ds)Vε2s(x)P
[
Uε,N

(
t− ε2s

)
Uε,N (t) + ε2s

(
Uε,N (t)

)′]
=

= QUε,N (t)− F x(s)[Vε2s(x)− I]PUε,N (t)
∣∣∞
0

+

+ εV(x)

∫ ∞

0

F x(s)Vε2s(x)PUε,N (t)ds− ε2
∫ ∞

0

sFx(ds)Vε2s(x)P
(
Uε,N (t)

)′
+

+

∫ ∞

0

Fx(ds)Vε2s(x)P
[
Uε,N

(
t− ε2s

)
− Uε,N (t) + ε2s

(
Uε,N (t)

)′]
=

=
[
Q + εQε1 + ε2Qε2

]
Uε,N (t),

äå

Qε1U
ε,N (t) := V(x)

∫ ∞

0

F x(s)Vε2s(x)PUε,N (t)ds +

+

∫ ∞

0

Fx(ds)Vε2s(x)P
[
Uε,N

(
t− ε2s

)
− Uε,N (t) + ε2s

(
Uε,N (t)

)′]
/ε,

Qε2U
ε,N (t) := −
∫ ∞

0

sFx(ds)Vε2s(x)P
(
Uε,N (t)

)′
, (8)

i ìè ìà¹ìî, ç óðàõóâàííÿì óìîâ (1) òà (5):

‖Qε1‖ =

∥∥∥∥V ∫ ∞
0

F x(s)Vε2sPUε,N (t)ds +

+

∫ ∞

0

Fx(ds)Vε2s(x)P
[
Uε,N

(
t− ε2s

)
− Uε,N (t) + ε2s

(
Uε,N (t)

)′]/
ε

∥∥∥∥ ≤
≤ ‖V‖

∥∥Uε,N (t)
∥∥ ∫ ∞

0

eε
2s‖V‖F x(s)ds +

+

∫ ∞

0

Fx(ds)eε
2s‖V‖

∥∥∥Uε,N(t− ε2s)− Uε,N (t) + ε2s
(
Uε,N (t)

)′∥∥∥/ε ≤
≤ C + C̃ = C1,

‖Qε2‖ =

∥∥∥∥− ∫ ∞
0

sFx(ds)Vε2s(x)P
(
Uε,N (t)

)′∥∥∥∥ ≤ ∥∥∥(Uε,N (t)
)′∥∥∥ ∫ ∞

0

sFx(ds)eε
2s‖V‖ ≤ C2,

îñêiëüêè ôóíêöi¨ Uε,N (t) íàëåæàòü ïðîñòîðó äiéñíîçíà÷íèõ ôóíêöié, îáìåæåíèõ
ðàçîì ç óñiìà ñâî¨ìè ïîõiäíèìè.

Îïåðàòîð Q ìà¹ îáìåæåíèé îáåðíåíèé îïåðàòîð R0 = Π−[Q+Π]−1 â RQ (äèâ. [4]).
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Ç iíøîãî áîêó, ìà¹ìî iç (3):
∫ ∞

0

Fx(ds)Vε2s(x)PUε,N
(
t− ε2s

)
− Uε,N (t) =

=

[
∫ ∞

0

Fx(ds)Vε2s(x)PUε
(
t− ε2s

)
− Uε(t)

]
−

−

[
Q +

N∑
k=1

ε2kµk(x)Lk

][
U0 +

N∑
k=1

εkUk

]
−

− (εs)N+1

(N + 1)!
V(N+1)(x)

∫ ∞

0

Fx(ds)

∫ ε2s

0

Vθ(x)PUεN
(
t− ε2s

)
dθ =

= −

QU0 +

N∑
k=1

εk

QUk +

k−1∑
n=0

[ k−n
2 ]∑

i=0

µk−n−i(x)Li
k,nUn(t)

− εN+1ψ

 = εN+1ψ,

äå îñòàíí¹ ñïiââiäíîøåííÿ ¹ íàñëiäêîì ñïiââiäíîøåíü, îòðèìàíèõ ó íàñëiäêó 3.1 ó [5]:

QU0(t) = 0,

QU1(t) = −V(x)PU0(t),

QU2(t) =
∂PU0(t)

∂t
− µ2(x)V2(x)PU0(t)− V(x)PU1(t),

QU3(t) =
∂PU1(t)

∂t
− µ2(x)V2(x)PU1(t)− V(x)PU2(t) +

+ µ2(x)C2
1V(x)P

∂U0(t)

∂t
− µ3(x)V3(x)PU0(t),

. . .

QUk(t) = −
k−1∑
n=0

[ k−n
2 ]∑

i=0

µk−n−i(x)Li
k,nUn(t), k ≥ 3,

. . .

òóò

Li
k,nUn(t) := (−1)iCk−n−i

k−n−2iV
k−n−2i(x)PU (i)

n (t).

Ôóíêöiÿ ψ ¹ iíòåãðàëîì, ùî ìà¹ ôîðìó, ïîäiáíó äî (8), i îòæå éîãî ìîæíà îöiíèòè
àíàëîãi÷íî òîìó, ÿê i îïåðàòîðè Qε1 òà Qε2.

Îòæå, ìè ïîêàçàëè, ùî ôóíêöiÿ Uε,N (t) çàäîâîëüíÿ¹ ðiâíÿííÿ[
Q + εQε1 + ε2Qε2

]
Uε,N (t) = εN+1ψ, (9)

äå óìîâè íàñëiäêó 2.1 âèêîíóþòüñÿ äëÿ Q,Qε1, Q
ε
2,ψ.

Òàêèì ÷èíîì, ó ïiäïðîñòîði RQ:∥∥Uε,N (t)
∥∥ ≤ CεN+1. (10)

Ëåãêî áà÷èòè, ùî ðiâíÿííÿ (9) ó ïiäïðîñòîði NQ ìà¹ ôîðìó[
εQε1 + ε2Qε2

]
cε,N (t) = εN+1ψ. (11)

Iç (8) îòðèìà¹ìî

[Qε1 + εQε2]cε,N (t) = m1(x)V(x)cε,N (t) + εV2(x)

∫ ∞

0

F x(s)

∫ ε2s

0

Vθ(x)Pcε,N (t)dθds−

− ε
∫ ∞

0

sFx(ds)Vε2s(x)P
(
cε,N (t)

)′
+



212 Â. Ñ. ÊÎÐÎËÞÊ, I. Â. ÑÀÌÎÉËÅÍÊÎ

+

∫ ∞

0

Fx(ds)Vε2s(x)P
[
cε,N (t− ε2s)− cε,N (t) + ε2s

(
cε,N (t)

)′]
/ε.

Îòæå, ìîæåìî ïåðåïèñàòè (11) ó òàêié ôîðìi:

[Q1 + εQ2]cε,N (t) = εNψ,

äå Q−11 ¹ îáìåæåíèì îïåðàòîðîì, à Q2 òà ψ ¹ iíòåãðàëàìè òèïó (8) i ¨õ ìîæíà îöiíèòè
òàê ñàìî, ÿê Qε1 òà Qε2.

Òàêèì ÷èíîì, óìîâè íàñëiäêó 2.1 çàäîâîëåíî äëÿ Q1, Q2,ψ, i ìè ìà¹ìî ó ïiäïðî-
ñòîði NQ: ∥∥cε,N (t)

∥∥ ≤ CεN . (12)

Òåïåð ðîçãëÿíåìî ôóíêöiþ W ε,N (τ) := W ε(τ)−
∑N

k=1 ε
kWk(τ), ÿêà âèçíà÷à¹ ñèí-

ãóëÿðíó ÷àñòèíó Φε,N (t).
Iç ðiâíÿííÿ (3) ìà¹ìî
∫ ∞

0

Fx(ds)Vε2s(x)PW ε,N (τ− s)−W ε,N (τ) =

=

∫ τ

0

Fx(ds)Vε2s(x)PW ε,N (τ− s)−W ε,N (τ) +

∫ ∞

τ

Fx(ds)Vε2s(x)PW ε,N (τ− s) =

=

∫ τ

0

Fx(ds)PW ε,N (τ− s)−W ε,N (τ) +

∫ ∞

τ

Fx(ds)Vε2s(x)PW ε,N (τ− s) +

+

∫ τ

0

Fx(ds)[Vε2s(x)− I]PW ε,N (τ− s) =

= [Q− I]W ε,N (τ)− F x(s)Vε2s(x)PW ε,N (τ− s)
∣∣∞
τ

+

+ εV(x)

∫ ∞

τ

F x(s)Vε2s(x)PW ε,N (τ− s)ds− F x(s)[Vε2s(x)− I]PW ε,N (τ− s)
∣∣τ
0

+

+ εV(x)

∫ τ

0

F x(s)Vε2s(x)PW ε,N (τ− s)ds =

= [Q− I]W ε,N (τ) + F x(τ)Vt(x)PW ε,N (0)− F x(τ)[Vt(x)− I]PW ε,N (0) +

+ εV(x)

∫ ∞

0

F x(s)Vε2s(x)PW ε,N (τ− s)ds =

= [Q− I]W ε,N (τ) + F x(τ)PW ε,N (0) + εV(x)

∫ ∞

0

F x(s)Vε2s(x)PW ε,N (τ− s)ds =

= ([Q− I] + εQ1)W ε,N (τ),

äå îïåðàòîð Q âèçíà÷åíî â (4), à çãiäíî ç íàñëiäêîì 5.1 iç [5]

εQ1W
ε,N (τ) := εV(x)

∫ ∞

0

F x(s)Vε2s(x)PW ε,N (τ− s)ds + F x(τ)PUε,N (0),

i ìè îòðèìà¹ìî ç óìîâ (1), (5) òà (10):

‖Q1‖ =

∥∥∥∥V ∫ ∞
0

F x(s)Vε2s(x)Pds

∥∥∥∥+
∥∥F x(τ)PUε,N (0)

∥∥ ≤
≤ ‖V‖
∫ ∞

0

eε
2s‖V‖F x(s)ds +

∥∥Uε,N (0)
∥∥ ≤ C1 + εN+1C2 ≤ C.

Óìîâè ðîçäiëiâ 3, 4 ìîíîãðàôi¨ [9, ãëàâà 1] âèêîíóþòüñÿ äëÿ îïåðàòîðà Q(τ).
À ñàìå,

∫

E

∫

E

∫ ∞

0

π(dx)Fx(dt)P (x, dy) = 1 <∞.

Îòæå, îïåðàòîð Q− I ìà¹ îáìåæåíèé îáåðíåíèé îïåðàòîð.
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Ç iíøîãî áîêó, ìà¹ìî
∫ ∞

0

Fx(ds)Vε2s(x)PW ε,N (τ− s)−W ε,N (τ) =

=

[
∫ ∞

0

Fx(ds)Vε2s(x)PW ε(τ− s)−W ε(τ)

]
−

−

[
(Q− I) +

N∑
k=1

εk
∫ ∞

0

Fx(ds)
sk

k!
Vk(x)P

][
N∑

k=1

εkWk

]
−

−
∫ ∞

0

Fx(ds)
εN+1VN+1(x)

(N + 1)!

∫ ε2s

0

Vθ(x)PW ε
N (τ− s)dθ.

Ðiâíÿííÿ äëÿ ñèíãóëÿðíîãî äîäàíêà W (τ), τ = t/ε2(ε > 0) ìîæíà ëåãêî îòðèìàòè
iç (3), îñêiëüêè çñóâ íà −εs ìîæíà çàïèñàòè ÷åðåç ñïiââiäíîøåííÿ

LεW ε(τ) =

∫ ∞

0

Fx(ds)Vε2s(x)PW ε(τ− s)−W ε(τ) = εψε(τ), (13)

äå

εψε(τ) = εV(x)

∫ ∞

τ

F x(s)Vε2s(x)ϕ(u)ds.

Îñêiëüêè äîäàíîê
[
∫∞
0 Fx(ds)Vε2s(x)PW ε(τ− s)−W ε(τ)

]
çàäîâîëüíÿ¹ ðiâíÿííÿ

(13), ìà¹ìî
∫ ∞

0

Fx(ds)Vε2s(x)PW ε,N (τ− s)−W ε,N (τ) =

= εV(x)

∫ ∞

τ

F x(s)Vε2s(x)ϕ(u)ds−
N∑

k=1

εk
[
(Q− I)Wk(τ) +ψk

0(τ)
]

+ O(εN+1) =

=

N∑
k=1

ψk(τ) + O(εN+1)−
N∑

k=1

εk
[
(Q− I)Wk(τ) +ψk

0(τ)
]

+ O(εN+1) = εN+1φ,

äå ìè âèêîðèñòîâó¹ìî ðiâíîñòi îòðèìàíi ó [5, ëåìà 4.1]. Òóò ôóíêöiÿ φ ¹ iíòåãðàëîì
òèïó (8) i ìîæå áóòè îöiíåíà òàê ñàìî, ÿê îïåðàòîðè Qε1, Q

ε
2.

Îòæå, ìè ïîêàçàëè, ùî ôóíêöiÿ W ε,N (τ) çàäîâîëüíÿ¹ ðiâíÿííÿ

([Q− I] + εQ1)W ε,N (τ) = εN+1φ,

äå Q− I,Q1 òà φ çàäîâîëüíÿþòü óìîâè íàñëiäêó 2.1.
Îòæå, ìè îòðèìà¹ìî ∥∥W ε,N (τ)

∥∥ ≤ CεN+1. (14)

Äëÿ ôóíêöi¨ Φε,N (t) ìà¹ìî ç (10), (12) òà (14):∥∥Φε,N (t)
∥∥ ≤ ∥∥Uε,N (t)

∥∥+
∥∥cε,N (t)

∥∥+
∥∥W ε,N (τ)

∥∥ ≤ CεN+1 + CεN + CεN+1 = CεεN .

Íàðåøòi, ÿêùî ðîçãëÿíåìî

Φε,N+1(t) = Φε,N (t)− εN+1
[
Uε,N+1(t) + cε,N+1(t) + W ε,N+1(t)

]
,

òî

Φε,N (t) = Φε,N+1(t) + εN+1
[
Uε,N+1(t) + cε,N+1(t) + W ε,N+1(t)

]
.

À îòæå, ñïðàâåäëèâà òàêà îöiíêà:∥∥Φε,N (t)
∥∥ ≤ ∥∥Φε,N+1(t)

∥∥+ O
(
εN+1

)
≤ CεεN+1.

Òåîðåìó äîâåäåíî. �



214 Â. Ñ. ÊÎÐÎËÞÊ, I. Â. ÑÀÌÎÉËÅÍÊÎ

Ñïèñîê ëiòåðàòóðè

1. S. Albeverio, V. S. Koroliuk, I. V. Samoilenko, Asymptotic expansion of semi-Markov random

evolutions, Stochastics, 81 (2009), no. 5, 343�356.
2. V. S. Korolyuk, V. V. Korolyuk, Stochastic Models of Systems, Kluwer Acad. Publ., 1999.
3. V. S. Korolyuk, N. Limnios, Stochastic Systems in Merging Phase Space,World Scienti�c Publi-

shers, 2005.
4. V. S. Korolyuk, A. F. Turbin, Mathematical foundation of state lumping of large systems,

Kluwer Acad. Publ., 1990.
5. V. S. Koroliuk, I. V. Samoilenko, Asymptotic expansion for a functional of semi-Markov random

evolution in di�usion approximation scheme, Theory Probab. Math. Statist., 96 (2017), 84�99.
(Ukrainian)

6. A. A. Pogorui, R. M. Rodriguez-Dagnino, Asymptotic expansion for transport processes in

semi-Markov media, Theory Probab. Math. Statist., 83 (2011), 127�134.
7. I. V. Samoilenko, Asymptotic expansion for the functional of markovian evolution in Rd in the

circuit of di�usion approximation, J. Appl. Math. Stoch. Anal., 3 (2005), 247�258.
8. I. V. Samoilenko, Asymptotic expansion of a semi-Markov random evolution, Ukr. Math. J.,

58 (2006), no. 9, 1396�1414.
9. V. M. Shurenkov, Ergodic Markov processes, Nauka, Moscow, 1989. (Russian)
10. A. V. Swishchuk, Semi-Markov random evolutions: some ideas, methods and results, Exploring

Stochastic Laws. Festschrift in Honour of the 70th Birthday of Academician V. S. Korolyuk
(A. V. Skorokhod and Yu. V. Borovskikh, ed.), VSP, 1995, 417�442.

11. A. Swishchuk, Jianhong Wu, Evolution of Biological Systems in Random Media: Limit

Theorems and Stability, Springer, 2003.
12. A. V. Swishchuk, Estimations of convergence rate in limi theorems for semi-Markov random

evolutions, Stochastic systems and theor applications, Inst. of Math. NasUSSR, Kiev, 1990,
86�92. (Russian)

13. G. G. Yin, Q. Zhang, Continuous-Time Markov Chains and Applications: a Singular Pertur-

bation Approach, Springer, 1998.

Iíñòèòóò ìàòåìàòèêè, Íàöiîíàëüíà àêàäåìiÿ íàóê Óêðà¨íè, âóë. Òåðåùåíêiâñüêà, 3,

Êè¨â, Óêðà¨íà, 01601

Àäðåñà åëåêòðîííî¨ ïîøòè: vskorol@yahoo.com

Ôàêóëüòåò êîìï'þòåðíèõ íàóê òà êiáåðåíåòèêè, Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò

iìåíi Òàðàñà Øåâ÷åíêà, âóë. Âîëîäèìèðñüêà, 64, Êè¨â, Óêðà¨íà, 01601

Àäðåñà åëåêòðîííî¨ ïîøòè: isamoil@i.ua

Ñòàòòÿ íàäiéøëà äî ðåäêîëåãi¨ 16.02.2018

ESTIMATION OF THE REMAINDER IN ASYMPTOTIC EXPANSION
OF A FUNCTIONAL OF SEMI-MARKOV RANDOM EVOLUTION

V. S. KOROLIUK, I. V. SAMOILENKO

Abstract. In [5] we found regular and singular parts of the expansion for a functional of semi-Markov

random evolution and showed regularity of initial conditions. In this work we estimate the remainder of
the asymptotic expansion found in [5].

ÎÖÅÍÊÀ ÎÑÒÀÒÎ×ÍÎÃÎ ×ËÅÍÀ Â ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÌ
ÐÀÇËÎÆÅÍÈÈ ÔÓÍÊÖÈÎÍÀËÀ ÎÒ ÏÎËÓÌÀÐÊÎÂÑÊÎÉ

ÑËÓ×ÀÉÍÎÉ ÝÂÎËÞÖÈÈ

Â. Ñ. ÊÎÐÎËÞÊ, È. Â. ÑÀÌÎÉËÅÍÊÎ

Àííîòàöèÿ. Â ðàáîòå [5] íàéäåíà ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ ñîñòàâëÿþùèå ðàçëîæåíèÿ ôóíêöèî-
íàëà îò ïîëóìàðêîâñêîé ñëó÷àéíîé ýâîëþöèè, ïîêàçàíà ðåãóëÿðíîñòü íà÷àëüíûõ óñëîâèé. Â äàííîé
ñòàòüå ïðîâåäåíà îöåíêà îñòàòî÷íîãî ÷ëåíà äëÿ ïîëó÷åííîãî â [5] àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ.


