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1. Âñòóï

Ðîçãëÿíåìî ñóìó íåçàëåæíèõ îäíàêîâî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí Sn =
= ξ1 + · · · + ξn ç Mξk = 0, Mξ2k = 1. Ïîçíà÷èìî ÷åðåç F (x) ôóíêöiþ ðîçïîäiëó
ξk i ïîêëàäåìî Fn(x) = P{Sn < x

√
n} i Φ(x)�ôóíêöiÿ ðîçïîäiëó ñòàíäàðòíîãî

íîðìàëüíîãî çàêîíó, ρ(Fn,Φ) = supx∈R |Fn(x)− Φ(x)|.
ßêùî F (x) = Φ(x), òî ρ(Fn,Φ) = 0, à ïðàâà ÷àñòèíà íåðiâíîñòi Áåðði �Åññååíà

âiäìiííà âiä íóëÿ. Âèêîðèñòàííÿ ïñåâäîìîìåíòiâ (õàðàêòåðèñòèê, ùî âðàõîâóþòü
áëèçüêiñòü äâîõ ðîçïîäiëiâ) óñóâà¹ öåé íåäîëiê. Â 1965 ðîöi Çîëîòàðüîâ Â.Ì. ó [1]
îäåðæàâ îöiíêó, ÿêà âðàõîâó¹ áëèçüêiñòü ðîçïîäiëiâ äîäàíêiâ äî ãðàíè÷íîãî. Ó [2]
Â. Ïàóëàóñêàñ óçàãàëüíèâ îöiíêó ç [1]. Â 1973 ðîöi Çîëîòàðüîâ ó [3] îäåðæàâ îöiíêó,
ÿêà óòî÷íþ¹ ðåçóëüòàò Ïàóëàóñêàñà. Çîëîòàðüîâ ó [3] âèêîðèñòîâó¹ õàðàêòåðèñòèêè
(ïñåâäîìîìåíòè)

κ = 3

∫ ∞

−∞
x2|F (x)− Φ(x)|dx,

κ0 =

∫ ∞

−∞
max(1, 3x2)|F (x)− Φ(x)|dx,

ν0 =

∫ ∞

−∞
max(1, |x|3)

∣∣d(F (x)− Φ(x)
)∣∣

é îäåðæó¹ òàêi îöiíêè. Äëÿ âñiõ n ≥ 1

ρ(Fn,Φ) ≤ cn−
1
2 max{κ; κ

n
3n+1 },

ρ(Fn,Φ) ≤ cn−
1
2 max{κ0; κ

n
n+1

0 },

ρ(Fn,Φ) ≤ cn−
1
2ν0.

Ó ìîíîãðàôi¨ [4, ñ. 377], ÿêà ìiñòèòü äåòàëüíó áiáëiîãðàôiþ, Çîëîòàðüîâ âèêîðè-
ñòîâó¹ õàðàêòåðèñòèêè θs äëÿ ÿêèõ ïðè âñiõ t ñïðàâåäëèâà íåðiâíiñòü∣∣∣f(t)− e−

t2

2

∣∣∣ ≤ 1

3
θs min

(
|t|s, |t|3

)
, 0 ≤ s ≤ 3,

òóò f(t)� õàðàêòåðèñòè÷íà ôóíêöiÿ ξk. Iç õàðàêòåðèñòèê θs, ÿê îêðåìèé âèïàäîê,
îäåðæóþòüñÿ âèçíà÷åíi âèùå ïñåâäîìîìåíòè.



92 Ì. Ì. ÊÀÏÓÑÒÅÉ, Ï. Â. ÑËÞÑÀÐ×ÓÊ

Ó ðîáîòi [5] ðîçãëÿäàþòüñÿ óìîâè, ïðè âèêîíàííi ÿêèõ, øâèäêiñòü çáiæíîñòi áóäå

âèùîþ, íiæ n−
1
2 . Âiäçíà÷èìî, ùî ïñåâäîìîìåíòè çàñòîñîâóþòüñÿ äî îöiíêè øâèä-

êîñòi çáiæíîñòi öií îïöiîíiâ [6]. Ó ðîáîòàõ [7] i [8] ðîçãëÿäàþòüñÿ ðiçíi ïiäõîäè äî
óçàãàëüíåííÿ ðåçóëüòàòiâ iç [3] íà ðiçíîðîçïîäiëåíi âèïàäêîâi âåëè÷èíè. Âèêîðèñòî-
âóþ÷è ìåòîäè ðîáiò [3] i [4], ó öié ñòàòòi ìè óçàãàëüíþ¹ìî ðåçóëüòàòè ðîáîòè [3] íà
ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ ó êîæíié ñåði¨ ðiçíîðîçïîäiëåíèõ âèïàäêîâèõ âåëè-
÷èí ó òåðìiíàõ ñåðåäíiõ ïñåâäîìîìåíòiâ.

2. Îñíîâíà ÷àñòèíà

Ðîçãëÿíåìî ïîñëiäîâíiñòü ñåðié ξn1, . . . , ξnn íåçàëåæíèõ ó êîæíié ñåði¨ âèïàäêî-
âèõ âåëè÷èí iç ìàòåìàòè÷íèìè ñïîäiâàííÿìè Mξnk = 0, äèñïåðñiÿìè Dξnk = σ2nk,
σnk > 0,

∑n
k=1 σ

2
nk = 1. Ïîçíà÷èìî: Fnk(x)�ôóíêöiÿ ðîçïîäiëó ξnk, fnk(t)� õàðà-

êòåðèñòè÷íà ôóíêöiÿ ξnk, Sn = ξn1+· · ·+ξnn, Φn(x)�ôóíêöiÿ ðîçïîäiëó Sn, Φ(x)�
ôóíêöiÿ ðîçïîäiëó ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó, ρn = supx|Φn(x)− Φ(x)|.

Òåîðåìà 2.1. Íåõàé äëÿ äåÿêîãî s ∈ [0; 3] iñíóþòü âåëè÷èíè θnk(s) òàêi, ùî äëÿ

âñiõ t ∈ R, k = 1, . . . , n ñïðàâåäëèâi íåðiâíîñòi

ωnk(t) =

∣∣∣∣fnk(t)− e−
t2σ2

nk
2

∣∣∣∣ ≤ θnk(s) min

(
|t|sσsnk;

|t|3σ3nk
6

)
, (1)

θn(s) = σ2−sn

∑n
k=1 θnk(s)σsnk, σn = max{σn1, . . . ,σnn}, σn = min{σn1, . . . ,σnn}.

Òîäi iñíóþòü ñòàëi C1, C2, ÿêi çàëåæàòü òiëüêè âiä s, ùî äëÿ âñiõ n ≥ 2 ñïðà-

âåäëèâà íåðiâíiñòü

ρn ≤ C1σn max
{
δn(s)θn(s);

(
θn(s)

)p}
, (2)

äå p = min
{

1; n
sn+1

}
, δn(s) = max

{
σn

(
σn

σn

)r
; 1
}
, r =

{
s + 2, s ∈ [1; 3],
s + 3, s ∈ [0; 1),

à ïðè

s > 0

ρ1 ≤ C2

(
1 +

1

s

)
max

{
θ11(s); (θ11(s))

1
s+1

}
. (3)

ßêùî âèïàäêîâi âåëè÷èíè îäíàêîâî ðîçïîäiëåíi, òî δn(s) = 1.

Äîâåäåííÿ. Ó íåðiâíîñòi [9, ñ. 299]

|F (x)−G(x)| ≤ 2

π

∫ T

0

|f(t)− g(t)|dt
t

+
24 supx|G′(x)|

πT

ïîêëàäåìî F (x) = Φn(x), G(x) = Φ(x), f(t) =
n∏

k=1

fnk(t), g(t) = e−
1
2 t

2

. Òîäi

ρn = sup
x
|Φn(x)− Φ(x)| ≤ 2

π

∫ T

0

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt +
24

π
√

2πT
. (4)

Äëÿ áóäü-ÿêèõ êîìïëåêñíèõ ÷èñåë a1, . . . , an, b1, . . . , bn ñïðàâåäëèâi íåðiâíîñòi∣∣∣∣∣
n∏

i=1

ai −
n∏

i=1

bi

∣∣∣∣∣ ≤
n∑

i=1

|ai − bi|

(
i−1∏
k=1

|bk|

)
n∏

k=i+1

|ak|, (5)∣∣∣∣∣
n∏

i=1

ai −
n∏

i=1

bi

∣∣∣∣∣ ≤
n∑

i=2

|ai − bi|

(
i−1∏
k=1

|bk|

)
n∏

k=i+1

|ak|+

+

n∑
i=2

(
i−1∏
k=1

|ak − bk|

)
|bi|

n∏
k=i+1

|ak|+
n∏

k=1

|ak − bk|, (6)
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ùî îäåðæóþòüñÿ iç ðiâíîñòåé

n∏
i=1

ai −
n∏

i=1

bi =

n∑
i=1

(ai − bi)

(
i−1∏
k=1

bk

)
n∏

k=i+1

ak =

=

n∑
i=2

(ai − bi)

(
i−1∏
k=1

bk

)
n∏

k=i+1

ak +

+

n∑
i=2

(
i−1∏
k=1

(ak − bk)

)
bi

n∏
k=i+1

ak +

n∏
k=1

(ak − bk),

ÿêi ëåãêî ïåðåâiðÿþòüñÿ.
Íåõàé c ∈ (0; 1)�äåÿêà ñòàëà, âèáið ÿêî¨ âèçíà÷èìî ïiçíiøå. Ïîçíà÷èìî X =

= c
5
2

(
θn(s)

)−p
, X1 = min{

√
c;X}, äå p = min

{
1; n

sn+1

}
, ÿêùî θn(s) < 1, i p = 1,

ÿêùî θn(s) ≥ 1. Òàêi çìiíè ó âèçíà÷åííi p íå âïëèíóòü íà òâåðäæåííÿ òåîðåìè.

Âiäçíà÷èìî, ùî ó âèïàäêó X1 =
√
c θn(s) ≤ c

2
p , à ó âèïàäêó X1 = X θn(s) ≥ c

2
p .

|fnk(t)| =
∣∣∣∣fnk(t)− e−

t2σ2
nk

2 + e−
t2σ2

nk
2

∣∣∣∣ ≤ e−
t2σ2

nk
2 +ωnk(t) =

= ψnk(t) ≤ exp

{
e−

t2σ2
nk

2 − 1 +ωnk(t)

}
. (7)

Ôóíêöiÿ y = e−x−1
x çðîñòà¹ ïðè x > 0, áî y′ =

−e−xx−(e−x−1)
x2 = 1−e−x(1+x)

x2 ≥ 0.
Òîäi ïðè |t|σn ≤

√
c

e−
t2σ2

nk
2 − 1 =

e−
t2σ2

nk
2 − 1

t2σ2
nk

2

t2σ2nk
2
≤ e

− cσ2
nk

2σ2
n − 1

cσ2
nk

2σ2
n

t2σ2nk
2
≤ e−

c
2 − 1

c
t2σ2nk =

=
e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
,

à ïðè |t|σn >
√
c

e−
t2σ2

nk
2 − 1 ≤ e

− cσ2
nk

2σ2
n − 1 =

e
− cσ2

nk
2σ2

n − 1
cσ2

nk

2σ2
n

cσ2nk
2σ2n

≤ e−
c
2 − 1

c

cσ2nk
σ2n

=

=
e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
.

Îòæå, äëÿ áóäü-ÿêîãî t ∈ R

e−
t2σ2

nk
2 − 1 ≤ e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
.

Òîìó iç (7)

ψnk(t) ≤ exp

{
e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
+ωnk(t)

}
. (8)

Íåõàé X1 =
√
c, òîäi θn(s) ≤ c

2
p i 1− sp > 0. Ïðè |t|σn ≤

√
c

n∑
k=1

ωnk(t) ≤
n∑

k=1

θnk(s)
|t|3σ3nk

6
≤ |t|

3

6
θn(s)σn ≤

t2

6

√
cθn(s) ≤



94 Ì. Ì. ÊÀÏÓÑÒÅÉ, Ï. Â. ÑËÞÑÀÐ×ÓÊ

≤ c
5
2

6σ2n
min

{
c; t2σ2n

}
, (9)

à ó âèïàäêó
√
c ≤ |t|σn ≤ X

n∑
k=1

ωnk(t) ≤
n∑

k=1

θnk(s)|t|sσsnk ≤ c
5s
2

(
θn(s)

)−sp
σ−sn

n∑
k=1

θnk(s)σsnk ≤

≤ c
5s
2

(
θn(s)

)1−sp
σ−2n ≤ c

5s
2

(
c

2
p

)1−sp
σ−2n ≤ c

s
2 c2σ−2n =

=
c

s
2+1

σ2n
min

{
c; t2σ2n

}
. (10)

Íåõàé X1 = X, òîäi θn(s) ≥ c
2
p i ïðè |t|σn ≤ X

n∑
k=1

ωnk(t) ≤
n∑

k=1

θnk(s)
|t|3σ3nk

6
≤ t2

6
θn(s)σn

1

σn
c

5
2

(
θn(s)

)−p ≤
≤ t2

6
c

5
2

(
θn(s)

)1−p ≤ t2

6
c

5
2 =

c
5
2

6σ2n
min

{
c; t2σ2n

}
. (11)

Êðiì òîãî,

exp

{
−e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}}
≤ exp

{
1− e−

c
2

c
c

}
≤ e

1
2 c. (12)

Ó (4) ïîêëàäåìî T = 1
σn

X. Òîäi

ρn ≤
2

π

∫ X/σn

0

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt +
24σn

π
√

2πX
=

=
2

π

∫ X1/σn

0

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt +
2

π

∫ X/σn

X1/σn

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt +
24σn

π
√

2πX
=

= I1 + I2 +
24σn

(
θn(s)

)p
π
√

2πc
5
2

. (13)

Íåõàé n ≥ 2. Äëÿ îöiíêè I1 iç íåðiâíîñòi (5) îäåðæó¹ìî∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣ ≤
n∑

i=1

ωni(t)

i−1∏
k=1

e−
t2σ2

nk
2

n∏
k=i+1

|fnk(t)|,

à ç óìîâ òåîðåìè i (7) ïðè n ≥ 2∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣ ≤
n∑

i=1

|t|3σ3ni
6

θni(s)

i−1∏
k=1

e−
t2σ2

nk
2

n∏
k=i+1

|fnk(t)| ≤

≤ |t|
3

6
σ3−sn

n∑
i=1

σsniθni(s)

n∏
k=1,k 6=i

ψnk(t). (14)

Ïðè |t|σn ≤ X1, n ≥ 2, iç íåðiâíîñòåé (8), (9), (11) i (12)
n∏

k=1,k 6=i

ψnk(t) ≤
n∏

k=1,k 6=i

exp

{
e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
+ωnk(t)

}
≤

≤ exp

{
e−

c
2 − 1

c

(
1− σ2ni

) 1

σ2n
min

{
c; t2σ2n

}
+

c
5
2

6σ2n
min

{
c; t2σ2n

}}
≤

≤ e
1
2 ce−c1t

2

, (15)
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äå c1 = 1−e−
c
2

c − c
5
2

6 , ñòàëà c âèáèðà¹òüñÿ òàê, ùîá c1 > 0.
Iç (14) i (15) ïðè |t|σn ≤ X1 i n ≥ 2∣∣∣∣∣

n∏
k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣ ≤ e
1
2 ce−c1t

2 |t|3

6
σ3−sn

n∑
i=1

σsniθni(s) =

= σnθn(s)
e

1
2 c

6
|t|3e−c1t

2

.

Òîìó ïðè n ≥ 2

I1 =
2

π

∫ X1/σn

0

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt ≤ σnθn(s)
e

1
2 c

6

2

π

∫ X1/σn

0

t2e−c1t
2

dt ≤

≤ σnθn(s)
e

1
2 c

12
√
πc

3
2
1

. (16)

Áóäåìî ââàæàòè, ùî X1 =
√
c, áî ó âèïàäêó X1 = X I2 = 0 i ïðè n ≥ 2 òåîðåìà

âèïëèâà¹ iç (13) i (16).
Iç íåðiâíîñòåé (6), (7) é óìîâ òåîðåìè ïðè n ≥ 2∣∣∣∣∣

n∏
k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣ ≤
n∑

i=2

ωni(t)

i−1∏
k=1

e−
t2σ2

nk
2

n∏
k=i+1

|fnk(t)|+

+

n∑
i=2

e−
t2σ2

ni
2

i−1∏
k=1

ωnk(t)

n∏
k=i+1

|fnk(t)|+
n∏

k=1

ωnk(t) ≤

≤ |t|se−
t2σ2

n1
2

n∑
i=2

θni(s)σ
s
ni

n∏
k=2,k 6=i

ψnk(t) +

+ |t|sθn1(s)σsn1

n∑
i=2

e−
t2σ2

ni
2

n∏
k=2,k 6=i

ψnk(t) + |t|sn
n∏

k=1

(θnk(s)σsnk). (17)

Íåõàé
√
c ≤ |t|σn ≤ X, n ≥ 2. Ó öüîìó âèïàäêó min

{
c; t2σ2n

}
= c, òîìó iç (8), (10)

i (12)

n∏
k=2,k 6=i

ψnk(t) ≤
n∏

k=2,k 6=i

exp

{
e−

c
2 − 1

c

σ2nk
σ2n

min
{
c; t2σ2n

}
+ωnk(t)

}
≤

≤ exp

{
e−

c
2 − 1

c

(
1− σ2n1 − σ2ni

) 1

σ2n
c +

c
5s
2 +2

σ2n

}
≤ ece−cc2σ

−2
n , (18)

äå c2 = 1−e−
c
2

c − c
5s
2 +1, c âèáèðà¹òüñÿ òàê, ùîá c2 > 0.

Òîäi äëÿ n ≥ 2 i
√
c ≤ |t|σn ≤ X iç (17) i (18)∣∣∣∣∣

n∏
k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣ ≤
≤ ece−cc2σ

−2
n

(
|t|se−

t2σ2
n1

2

n∑
i=2

θni(s)σ
s
ni+|t|

s
θn1(s)σsn1

n∑
i=2

e−
t2σ2

ni
2

)
+

+ |t|sn
n∏

k=1

(θnk(s)σsnk) ≤
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≤ θn(s)σs−2n ece−cc2σ
−2
n |t|s

n∑
i=1

e−
t2σ2

ni
2 + |t|sn

n∏
k=1

(θnk(s)σsnk). (19)

Âðàõîâóþ÷è íåðiâíiñòü

n∏
k=1

(θnk(s)σsnk) ≤

(
1

n

n∑
k=1

θnk(s)σsnk

)n

=

(
1

n
σs−2n θn(s)

)n

≤
(
σsnθn(s)

)n
,

iç (19) îäåðæèìî

I2 =
2

π

∫ X/σn

√
c/σn

∣∣∣∣∣
n∏

k=1

fnk(t)− e−
1
2 t

2

∣∣∣∣∣dtt ≤
≤ θn(s)σs−2n ece−cc2σ

−2
n

2

π
n

∫ X/σn

√
c/σn

ts−1e−
t2σ2

n
2 dt +

+
(
σsnθn(s)

)n 2

π

∫ X/σn

√
c/σn

tsn−1dt = I ′2 + I ′′2 . (20)

ßêùî s ≥ 1, òî

∫ X/σn

√
c/σn

ts−1e−
t2σ2

n
2 dt ≤ 1

2

(√
2

σn

)s
∫ +∞

0

t
s
2−1e−tdt ≤

√
π

4

(√
2

σn

)s

,

à ïðè s < 1

∫ X/σn

√
c/σn

ts−1e−
t2σ2

n
2 dt ≤ σn√

c

∫ X/σn

√
c/σn

tse−
t2σ2

n
2 dt ≤ σn√

c

√
π

2

(√
2

σn

)s+1

.

Òîäi ïðè s ≥ 1

I ′2 ≤ θn(s)σs−2n ece−cc2σ
−2
n

n

2
√
π

(√
2

σn

)s

≤ σnθn(s)δn(s)σ−6n ece−cc2σ
−2
n

2
s
2−1
√
π
≤

≤ σnθn(s)δn(s)

(
3

cc2

)3
2

s
2−1ec−3√

π
, (21)

à ïðè s < 1

I ′2 ≤ σnθn(s)δn(s)

(
3

cc2

)3
2

s+1
2 ec−3√
cπ

. (22)

Íåõàé s ≥ 1
3 , n ≥ 2. Iç âèçíà÷åííÿ p âèïëèâà¹, ùî n− spn ≥ p. Òîìó

I ′′2 =
(
σsnθn(s)

)n 2

π

∫ X/σn

√
c/σn

tsn−1dt ≤
(
σsnθn(s)

)n 2

π

1

sn

(
X

σn

)sn

=

=
(
θn(s)

)n−spn 2

π

1

sn
c

5
2 sn ≤ σn

(
θn(s)

)p 3
√

2

π
c

5
3 . (23)

p = 1 ïðè s < 1
3 i n ≥ 2. Îñêiëüêè θn(s) ≤ c2 i n− sn− 4

3 ≥ 0, òî

I ′′2 =
(
σsnθn(s)

)n 2

π

∫ X/σn

√
c/σn

tsn−
2
3−

1
3 dt ≤

(
σsnθn(s)

)n 6

π

(
σn√
c

) 1
3
(
X

σn

)sn+ 1
3

≤

≤ θn(s)
(
c2
)n−sn− 4

3
6

π
c

5
2 sn+

2
3 ≤ θn(s)

6

π
c2n−2 ≤ σnθn(s)

6

π

√
nc2n−2. (24)

Iç (16), (20)�(24) i (13) îäåðæó¹ìî (2).

Íåõàé n = 1. Ó âèïàäêó X1 = X θ1(s) = θ11(s) ≥ c
2
p . Òîäi

ρ1 ≤ 1 ≤ c−
2
p θ11(s).
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ßêùî X1 =
√
c, òî θ11(s) ≤ c

2
p . Òîäi iç (4), äå T = X = c

5
2 (θ11(s))

−p
, ïðè s > 0

ρ1 ≤
2

π

∫ T

0

∣∣∣f11(t)− e−
1
2 t

2
∣∣∣dt
t

+
24

π
√

2πT
≤ θ11(s)

2

π

∫ T

0

ts−1dt +
24(θ11(s))

p

π
√

2πc
5
2

=

= θ11(s)
2

πs
T s +

24

π
√

2πT
=

2c
5
2 s

πs
(θ11(s))

1−sp
+

24c−
5
2

π
√

2π
(θ11(s))

p ≤

≤ C4

(
1 +

1

s

)
(θ11(s))

p
.

Ç îäåðæàíèõ îöiíîê âèïëèâà¹ (3). Òåîðåìó äîâåäåíî. �

3. Äåÿêi íàñëiäêè

Óâåäåìî ïñåâäîìîìåíòè âèãëÿäó

ν
(0)
nk =

∫ ∞

−∞
max

(
1, |x|3

)
|d(Fnk(xσnk)− Φ(x))|, ν(0)n = σ2n

n∑
k=1

ν
(0)
nk ;

κ(0)
nk =

∫ ∞

−∞
max

(
1, 3x2

)
|Fnk(xσnk)− Φ(x)| dx, κ(0)

n = σn

n∑
k=1

κ(0)
nk σnk;

κnk =

∫ ∞

−∞
3x2|Fnk(xσnk)− Φ(x)|dx, κn = σ−1n

n∑
k=1

κnkσ
3
nk.

Ëåìà 3.1. Äëÿ âñiõ t ∈ R ñïðàâåäëèâi íåðiâíîñòi

ωnk(t) ≤ ν(0)nk min

(
1,
|t|3σ3nk

6

)
, (25)

ωnk(t) ≤ κ(0)
nk min

(
|t|σnk,

|t|3σ3nk
6

)
, (26)

ωnk(t) ≤ κnk
|t|3σ3nk

6
. (27)

Äîâåäåííÿ. Âðàõîâóþ÷è, ùî Mξnk = 0, Dξnk = σ2nk,

ωnk(t) =

∣∣∣∣fnk(t)− e−
t2σ2

nk
2

∣∣∣∣ =

∣∣∣∣∫ +∞
−∞

eitxd(Fnk(x)− Φ(x/σnk))

∣∣∣∣ =

=

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− itx− (itx)

2

2

)
d(Fnk(x)− Φ(x/σnk))

∣∣∣∣∣ =

= |t|
∣∣∣∣∫ +∞
−∞

eitx(Fnk(x)− Φ(x/σnk))dx

∣∣∣∣ =

= |t|
∣∣∣∣∫ +∞
−∞

(
eitx − 1− itx

)
(Fnk(x)− Φ(x/σnk))dx

∣∣∣∣. (28)

Iç ðiâíîñòi (28)

ωnk(t) =

∣∣∣∣∫ +∞
−∞

eitxd(Fnk(x)− Φ(x/σnk))

∣∣∣∣ ≤ ∫ +∞
−∞
|d(Fnk(x)− Φ(x/σnk))| ≤

≤
∫ +∞

−∞
max

(
1,
|x|3

σ3nk

)
|d(Fnk(x)− Φ(x/σnk))| =

=

∫ +∞

−∞
max

(
1, |x|3

)
|d(Fnk(xσnk)− Φ(x))| = ν

(0)
nk . (29)
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Âèêîðèñòîâóþ÷è íåðiâíiñòü [4, ñ. 372]∣∣∣∣∣∣eiz −
m∑
j=0

(iz)
j

j!

∣∣∣∣∣∣ ≤ 21−γ|z|m+γ

m!(m + 1)
γ , 0 ≤ γ ≤ 1, m = 0, 1, 2, . . . , (30)

iç (28)

ωnk(t) =

∣∣∣∣∣
∫ +∞

−∞

(
eitx − 1− itx− (itx)

2

2

)
d(Fnk(x)− Φ(x/σnk))

∣∣∣∣∣ ≤
≤
∫ +∞

−∞

∣∣∣∣∣eitx − 1− itx− (itx)
2

2

∣∣∣∣∣|d(Fnk(x)− Φ(x/σnk))| ≤

≤
∫ +∞

−∞

|tx|3

6

∣∣∣∣d(Fnk(x)− Φ(
x

σnk
)

)∣∣∣∣ ≤
≤ |t|

3
σ3nk
6

∫ +∞

−∞
max

(
1,
|x|3

σ3nk

)
|d(Fnk(x)− Φ(x/σnk))| = ν

(0)
nk

|t|3σ3nk
6

. (31)

Iç (29) i (31) îäåðæó¹ìî íåðiâíiñòü (25).
Iç ðiâíîñòi (28) i íåðiâíîñòi (30)

ωnk(t) = |t|
∣∣∣∣∫ +∞
−∞

(
eitx − 1− itx

)
(Fnk(x)− Φ(x/σnk))dx

∣∣∣∣ ≤
≤ |t|
∫ +∞

−∞

∣∣eitx − 1− itx
∣∣|Fnk(x)− Φ(x/σnk)|dx ≤

≤ |t|
∫ +∞

−∞

(tx)
2

2
|Fnk(x)− Φ(x/σnk)|dx =

=
|t|3σ3nk

6

∫ +∞

−∞
3x2|Fnk(xσnk)− Φ(x)|dx =

|t|3σ3nk
6

κnk.

Íåðiâíiñòü (27) äîâåäåíî. Iç ïîïåðåäíüî¨ íåðiâíîñòi

ωnk(t) ≤ |t|
3
σ3nk
6

∫ +∞

−∞
3x2|Fnk(xσnk)− Φ(x)|dx ≤

≤ |t|
3
σ3nk
6

∫ +∞

−∞
max

(
1, 3x2

)
|Fnk(xσnk)− Φ(x)|dx =

=
|t|3σ3nk

6
κ(0)
nk ,

à iç (28)

ωnk(t) = |t|
∣∣∣∣∫ +∞
−∞

eitx(Fnk(x)− Φ(x/σnk))dx

∣∣∣∣ ≤
≤ |t|
∫ +∞

−∞
|Fnk(x)− Φ(x/σnk)|dx =

= |t|σnk
∫ +∞

−∞
|Fnk(xσnk)− Φ(x)|dx ≤ |t|σnkκ(0)

nk .

Iç öèõ íåðiâíîñòåé îäåðæèìî (26). Ëåìó äîâåäåíî. �

Íàñëiäîê 3.1. Iñíóþòü ñòàëi C(1), C(2), C(3), ùî äëÿ âñiõ n ≥ 1 ñïðàâåäëèâi íå-

ðiâíîñòi

ρn ≤ C(1)σnν
(0)
n δn(0), (32)
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ρn ≤ C(2)σn max

{
κ(0)

n δn(1);
(
κ(0)

n

) n
n+1

}
, (33)

ρn ≤ C(3)σn max
{
κnδn(3); (κn)

n
3n+1

}
. (34)

Äîâåäåííÿ. Iç íåðiâíîñòi (25) ëåìè âèïëèâà¹, ùî óìîâè òåîðåìè áóäóòü âèêîíóâàòèñü

äëÿ s = 0 i θnk(0) = ν
(0)
nk . Òîäi îäåðæó¹ìî (32) äëÿ n ≥ 2.

ρ1 = sup
x
|Φ1(x)− Φ(x)| = sup

x
|F11(x)− Φ(x)| =

= sup
x

∣∣∣∣∫ x
−∞

d(F11(u)− Φ(u))

∣∣∣∣ ≤ sup
x

∫ x

−∞
|d(F11(u)− Φ(u))| ≤

≤
∫ ∞

−∞
max

(
1, |x|3

)
|d(F11(x)− Φ(x))| = ν

(0)
11 .

Íåðiâíiñòü (32) ïðàâèëüíà äëÿ âñiõ n ≥ 1.

ßêùî â òåîðåìi ïîêëàñòè s = 1 i θnk(1) = κ(0)
nk , òî îäåðæèìî (33).

ßêùî æ ó òåîðåìi ïîêëàñòè s = 3 i θnk(3) = κnk, òî îäåðæèìî (34).
Íåõàé ξ1, ξ2, . . . , ξn, . . . �ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ìàòå-

ìàòè÷íèìè ñïîäiâàííÿìè Mξk = 0, äèñïåðñiÿìè Dξk = σ2k, B
2
n = σ21+ . . .+σ2n. Ïîçíà-

÷èìî ÷åðåç Fk(x) ôóíêöiþ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξk i ïîêëàäåìî
ξk

Bn
= ξ

nk
.

Òîäi Sn = ξ1+ξ2+...+ξn

Bn
, σ2nk =

σ2
k

B2
n
, Fnk(x) = Fk(xBn), Fnk(xσnk) = Fk(xσk), σn =

= 1
Bn

max1≤k≤n σk . Ïîçíà÷èìî

ν
(0)
k =

∫ ∞

−∞
max

(
1, |x|3

)
|d(Fk(xσk)− Φ(x))|, ν(0)n = σ2n

n∑
k=1

ν
(0)
k ;

κ(0)
k =

∫ ∞

−∞
max

(
1, 3x2

)
|Fk(xσk)− Φ(x)|dx, κ(0)

n = σn

n∑
k=1

κ(0)
k σnk;

κk =

∫ ∞

−∞
3x2|Fk(xσk)− Φ(x)|dx, κn = σ−1n

n∑
k=1

κkσ
3
nk.

Òîäi áóäóòü ñïðàâåäëèâi íåðiâíîñòi (32)�(34). A iç öèõ îöiíîê âèïëèâàþòü îöiíêè
Çîëîòàðüîâà iç [3]. �
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LIMIT THEOREM FOR A SEQUENCE OF SERIES IN TERMS OF MEAN
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M. M. KAPUSTEY, P. V. SLYUSARCHUK

Abstract. Article contains generalization of the Zolotarev V. M. estimates for a sequence of series

of differently distributed random variable in terms of average pseudomoments. Method of Zolotarev is
used in proof.
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