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Àíîòàöiÿ. Ðîçãëÿíóòî äðîáîâó ìîäåëü Âàñi÷åêà âèãëÿäó dXt = (α− βXt)dt + γdBH
t , ÿêà ïîðî-

äæó¹òüñÿ äðîáîâèì áðîóíiâñüêèì ðóõîì BH ç iíäåêñîì Õþðñòà H ∈ (1/2, 1). Äîñëiäæåíî àñèì-
ïòîòè÷íèé ðîçïîäië îöiíêè ìàêñèìàëüíî¨ âiðîãiäíîñòi (ÎÌÂ) äëÿ âåêòîðíîãî ïàðàìåòðà (α,β) òà
äîâåäåíî ¨¨ àñèìïòîòè÷íó íîðìàëüíiñòü ó âèïàäêó β > 0. Ïîêàçàíî, ùî îöiíêè ïàðàìåòðiâ α òà β
¹ àñèìïòîòè÷íî íåçàëåæíèìè.

Êëþ÷îâi ñëîâà i ôðàçè. Äðîáîâèé áðîóíiâñüêèé ðóõ, äðîáîâà ìîäåëü Âàñi÷åêà, îöiíêè ìàêñè-
ìàëüíî¨ âiðîãiäíîñòi, ãåíåðàòðèñà ìîìåíòiâ, àñèìïòîòè÷íèé ðîçïîäië.
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1. Âñòóï

Ó 1977 ðîöi Î. Âàñi÷åê [37] çàïðîïîíóâàâ ìàòåìàòè÷íó ìîäåëü äëÿ âiäñîòêîâî¨
ñòàâêè, ÿêà çãîäîì ñòàëà íàçèâàòèñÿ éîãî iì'ÿì. Âîíà îïèñóâàëàñÿ òàêèì ñòîõàñòè-
÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

dXt = (α− βXt)dt + γdWt,

äå α,β,γ ∈ R+, à W �öå ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ. Öÿ ìîäåëü çíàéøëà ñâî¹
çàñòîñóâàííÿ â áàãàòüîõ ñôåðàõ íàóêè, îäíàê íàé÷àñòiøå âîíà âèêîðèñòîâó¹òüñÿ â
åêîíîìiöi òà ôiíàíñîâié ìàòåìàòèöi, äå ¨¨ ïàðàìåòðè ìàþòü òàêó iíòåðïðåòàöiþ: β�
ïàðàìåòð, ùî õàðàêòåðèçó¹ øâèäêiñòü ïîâåðíåííÿ äî ñåðåäíüîãî çíà÷åííÿ, α/β�
ñåðåäíié (äîâãîòåðìiíîâèé) ðiâåíü ïðîöåíòíî¨ ñòàâêè, γ�ïàðàìåòð âîëàòèëüíîñòi.

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ äðîáîâà ìîäåëü Âàñi÷åêà âèãëÿäó

dXt = (α− βXt)dt + γdBH
t , (1.1)

äå âiíåðiâñüêèé ïðîöåñ W çàìiíåíèé äðîáîâèì áðîóíiâñüêèì ðóõîì BH . Âîíà ñòà-
ëà êîðèñíîþ âæå äëÿ øèðøîãî êîëà çàäà÷ iç ôiíàíñîâî¨ ìàòåìàòèêè (äèâ. [6�10,
14, 15, 34, 42]), ãiäðîëîãi¨, òåëåêîìóíiêàöiéíèõ òåõíîëîãié òà íàâiòü îáðîáêè çî-
áðàæåíü, îñêiëüêè äîçâîëÿ¹ ìîäåëþâàòè ïðîöåñè ç äîâãîòåðìiíîâîþ çàëåæíiñòþ
(¾ïàì'ÿòòþ¿).

Ó [28] âèâ÷àëèñÿ îöiíêè ìåòîäó íàéìåíøèõ êâàäðàòiâ òà åðãîäè÷íîãî òèïó äëÿ
ïàðàìåòðiâ α òà β. Áóëî äîâåäåíî ¨õ ñòðîãó êîíñèñòåíòíiñòü ó âèïàäêó β > 0 òà
ðîçãëÿíóòî äèñêðåòèçàöiþ îöiíêè åðãîäè÷íîãî òèïó. Ó [29] çàïðîïîíîâàíî îöiíêè
ìàêñèìàëüíî¨ âiðîãiäíîñòi (ÎÌÂ) äëÿ ïàðàìåòðiâ α òà β i âñòàíîâëåíî ¨õ êîíñèñòåí-
òíiñòü òà àñèìïòîòè÷íó íîðìàëüíiñòü êîæíî¨ ç íèõ îêðåìî. Ó öié ðîáîòi áóäå äîâå-
äåíî àñèìïòîòè÷íó íîðìàëüíiñòü ñïiëüíîãî ðîçïîäiëó ÎÌÂ iç [29] äëÿ âåêòîðíîãî
ïàðàìåòðà (α,β), ÿêà ïîêàçàëà âàæëèâèé ðåçóëüòàò � àñèìïòîòè÷íó íåçàëåæíiñòü
öèõ äâîõ îöiíîê. Òàêîæ áóäå ñôîðìóëüîâàíî àíàëîãi÷íèé ðåçóëüòàò ó âèïàäêó iíøî¨
ïàðàìåòðèçàöi¨:

dYt = κ(µ− Yt)dt + σdBH
t .

Ó òàêîìó âèãëÿäi äðîáîâà ìîäåëü Âàñi÷åêà äîñëiäæóâàëàñÿ â [39�41], äå áóëî çàïðî-
ïîíîâàíî îöiíêè ìåòîäó íàéìåíøèõ êâàäðàòiâ òà åðãîäè÷íîãî òèïó äëÿ ïàðàìåòðiâ
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κ òà µ i âñòàíîâëåíî ¨õ ñòðîãó êîíñèñòåíòíiñòü òà àñèìïòîòè÷íi ðîçïîäiëè äëÿ äî-
âiëüíèõ çíà÷åíü κ.

Âàðòî âiäçíà÷èòè, ùî ó âèïàäêó α = 0 ìîäåëü (1.1) ¹ äðîáîâèì ïðîöåñîì Îðí-
øòåéíà �Óëåíáåêà, îöiíþâàííÿ ïàðàìåòðà çñóâó β ÿêîãî âèâ÷àëîñÿ â áàãàòüîõ ðîáî-
òàõ, çîêðåìà [2, 16, 19, 20, 33, 35, 36].

Áiëüø çàãàëüíi çàäà÷i îöiíþâàííÿ ïàðàìåòðiâ ó ìîäåëÿõ, ïîðîäæåíèõ äðîáîâèì
áðîóíiâñüêèì ðóõîì, ðîçãëÿäàëèñÿ ó [12, 23, 26, 30, 31].

Äàíà ðîáîòà ïîáóäîâàíà òàêèì ÷èíîì. Ó ðîçäiëi 2 íàâåäåíî ôîðìàëüíèé îïèñ
ìîäåëi, ùî ðîçãëÿäà¹òüñÿ, òà íåîáõiäíi ïîçíà÷åííÿ. Ðîçäië 3 ïðèñâÿ÷åíèé îá÷èñëåí-
íþ ñïiëüíî¨ ãåíåðàòðèñè ìîìåíòiâ ÷îòèðüîõ äîïîìiæíèõ ñòàòèñòèê. Ó ðîçäiëi 4 äî-
ñëiäæó¹òüñÿ àñèìïòîòè÷íà ïîâåäiíêà ÎÌÂ. Ðåçóëüòàòè ó âèïàäêó àëüòåðíàòèâíî¨
ïàðàìåòðèçàöi¨ ìiñòÿòüñÿ â ðîçäiëi 5. Ó ðîçäiëi 6 çiáðàíî íåîáõiäíi ôàêòè i äîâå-
äåíî äîïîìiæíi ðåçóëüòàòè äëÿ ìîäèôiêîâàíî¨ ôóíêöi¨ Áåññåëÿ ïåðøîãî ðîäó, ÿêà
âèíèêà¹ ó âèðàçàõ äëÿ ãåíåðàòðèñ ìîìåíòiâ.

2. Îïèñ ìîäåëi

Íåõàé (Ω,F, {Ft},P)�ïîâíèé iìîâiðíiñíèé ïðîñòið ç ôiëüòðàöi¹þ. Íåõàé BH =
= {BH

t , t ≥ 0}�äðîáîâèé áðîóíiâñüêèé ðóõ íà öüîìó ïðîñòîði, òîáòî, öåíòðîâàíèé
ãàóññiâ ïðîöåñ iç êîâàðiàöiéíîþ ôóíêöi¹þ

EBH
t BH

s =
1

2

(
t2H + s2H − |t− s|2H

)
.

Ó ïîäàëüøîìó áóäåìî ðîçãëÿäàòè íåïåðåðâíó ìîäèôiêàöiþ BH , ÿêà iñíó¹ çà òåîðå-
ìîþ Êîëìîãîðîâà.

Íàäàëi ïðèïóñêà¹òüñÿ, ùî H ∈ (1/2, 1). Ó öüîìó âèïàäêó äðîáîâèé áðîóíiâñüêèé
ðóõ ìà¹ âëàñòèâiñòü äîâãîòåðìiíîâî¨ çàëåæíîñòi, âàæëèâó ç òî÷êè çîðó çàñòîñó-
âàíü. Çàóâàæèìî, ùî ÷åðåç íåðåãóëÿðíiñòü òðà¹êòîðié âèïàäîê êîðîòêîòåðìiíîâî¨
çàëåæíîñòi H ∈ (0, 1/2) ïîòðåáó¹ iíøèõ ìåòîäiâ äîñëiäæåííÿ é îöiíþâàííÿ òà íå
ðîçãëÿäà¹òüñÿ â öié ðîáîòi.

Äîñëiäæó¹òüñÿ äðîáîâà ìîäåëü Âàñi÷åêà, ÿêà îïèñó¹òüñÿ òàêèì ñòîõàñòè÷íèì äè-
ôåðåíöiàëüíèì ðiâíÿííÿì:

Xt = x0 +

∫ t

0

(α− βXs)ds + γBH
t , t ≥ 0. (2.1)

Çàäà÷à ïîëÿãà¹ â îöiíþâàííi ïàðàìåòðiâ α ∈ R i β > 0 çà íåïåðåðâíèìè ñïîñòå-
ðåæåííÿìè òðà¹êòîði¨ ïðîöåñó X íà iíòåðâàëi [0, T ]. Ïðèïóñêà¹òüñÿ, ùî ïàðàìåòðè
x0 ∈ R, γ > 0 òà H ∈ (1/2, 1) âiäîìi. Çàóâàæèìî, ùî îöiíþâàííþ ïàðàìåòðà H ó
ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿííÿõ iç äðîáîâèì áðîóíiâñüêèì ðóõîì ïðèñâÿ-
÷åíî áàãàòî ðîáiò. Áiëüø äåòàëüíó iíôîðìàöiþ ìîæíà çíàéòè, çîêðåìà, ó êíèãàõ
[3, 23] òà ñòàòòÿõ [4, 17, 21, 22, 24, 43]. Ïàðàìåòð γ ìîæíà îöiíèòè òî÷íî çà äîïî-
ìîãîþ êâàäðàòè÷íèõ âàðiàöié, äèâ. çàóâàæåííÿ 2.1 íèæ÷å, ùîäî iíøèõ ìåòîäiâ äèâ.
êíèãó [3].

Ðiâíÿííÿ (2.1) ìà¹ ¹äèíèé ðîçâ'ÿçîê, ùî çàäà¹òüñÿ

Xt = x0e
−βt +

α

β

(
1− e−βt

)
+ γ

∫ t

0

e−β(t−s)dBH
s , t ≥ 0, (2.2)

äå
∫ t

0 e
−β(t−s)dBH

s �ïîòðà¹êòîðíèé iíòåãðàë Ðiìàíà �Ñòiëòü¹ñà. Âií iñíó¹ çà [5, òâåð-
äæåííÿ A.1].

Àíàëîãi÷íî äî [18], äëÿ 0 < s < t ≤ T âèçíà÷èìî

κH = 2HΓ(3/2−H)Γ(H + 1/2), λH =
2HΓ(3− 2H)Γ(H + 1/2)

Γ(3/2−H)
,
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kH(t, s) = κ−1
H s1/2−H(t− s)1/2−H , wH

t = λ−1
H t2−2H .

Êðiì òîãî, óâåäåìî òðè âèïàäêîâi ïðîöåñè:

PH(t) =
1

γ

d

dwH
t

∫ t

0

kH(t, s)Xs ds,

QH(t) =
1

γ

d

dwH
t

∫ t

0

kH(t, s)(α− βXs) ds,

St =
1

γ

∫ t

0

kH(t, s) dXs.

Çàóâàæèìî, ùî çà [29, ëåìà 4.1] ìà¹ìî

QH(t) =
α

γ
− βPH(t). (2.3)

Ïðîöåñ S íàçèâà¹òüñÿ ôóíäàìåíòàëüíèì ñåìiìàðòèíãàëîì òà ìà¹ òàêi âëàñòèâîñòi
[18, òåîðåìà 1]:

(1) ïðîöåñ S ¹ (Ft)-ñåìiìàðòèíãàëîì iç ðîçêëàäîì

St =

∫ t

0

QH(s) dwH
s + MH

t , (2.4)

äå MH
t =
∫ t

0 kH(t, s) dBH
s � ãàóññiâñüêèé ìàðòèíãàë iç êâàäðàòè÷íîþ âàðiàöi-

¹þ 〈MH〉 = wH ;
(2) ïðîöåñ X äîïóñêà¹ çîáðàæåííÿ

Xt =

∫ t

0

KH(t, s) dSs, (2.5)

äå

KH(t, s) = γH(2H − 1)

∫ t

s

rH−1/2(r − s)H−3/2 dr;

(3) íàòóðàëüíi ôiëüòðàöi¨ ïðîöåñiâ S òà X çáiãàþòüñÿ.

Çàóâàæåííÿ 2.1. Ïîçíà÷èìî Zt =
∫ t

0 kH(t, s) dXs = γSt. Iç (2.4) âèïëèâà¹, ùî êâà-
äðàòè÷íà âàðiàöiÿ Z íà [0, t] ¹ òàêîþ:

〈Z〉t = γ2wH
t ì. í.

Çâiäñè ïàðàìåòð γ ìîæíà îöiíèòè çà äîïîìîãîþ òàêî¨ ãðàíèöi:(
wH

t

)−1
lim
n

∑
i

(
Z
t
(n)
i+1
− Z

t
(n)
i

)2

= γ2 ì. í.,

äå
{
t
(n)
i

}
�ðîçáèòòÿ âiäðiçêà [0, t], òàêå ùî sup

i

∣∣∣t(n)
i+1 − t

(n)
i

∣∣∣→ 0 ïðè n→∞.

Çàñòîñîâóþ÷è àíàëîã ôîðìóëè Ãiðñàíîâà äëÿ äðîáîâîãî áðîóíiâñüêîãî ðóõó ([18,
òåîðåìà 3], äèâ. òàêîæ [20]), îòðèìó¹ìî òàêå âiäíîøåííÿ âiðîãiäíîñòåé:

ΛH(T ) = exp

{
∫ T

0

QH(t) dSt −
1

2

∫ T

0

(QH(t))
2
dwH

t

}
=

= exp

{
α

γ
ST − β
∫ T

0

PH(t) dSt −
α2

2γ2
wH

T +

+
αβ

γ

∫ T

0

PH(t) dwH
t −

β2

2

∫ T

0

(PH(t))
2
dwH

t

}
. (2.6)
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ÎÌÂ ïàðàìåòðiâ α òà β ìàêñèìiçóþòü (2.6) òà ìàþòü âèãëÿä [29]:

α̂T =
STKT − ITJT
wH

T KT − J2
T

γ, β̂T =
STJT − wH

T IT
wH

T KT − J2
T

, (2.7)

äå

IT =

∫ T

0

PH(t) dSt, JT =

∫ T

0

PH(t) dwH
t , KT =

∫ T

0

(PH(t))
2
dwH

t .

3. Îá÷èñëåííÿ ñóìiñíîãî ðîçïîäiëó ñòàòèñòèê ST , IT , JT , KT

3.1. Äîïîìiæíèé äðîáîâèé ïðîöåñ Îðíøòåéíà �Óëåíáåêà. Ïåðåïèøåìî (2.2)
ó âèãëÿäi

Xt =
α

β
+

(
x0 −

α

β

)
e−βt + γUt, t ≥ 0, (3.1)

äå

Ut =

∫ t

0

e−β(t−s) dBH
s , t ≥ 0.

Òîäi U �öå äðîáîâèé ïðîöåñ Îðíøòåéíà �Óëåíáåêà, óâåäåíèé ó [5]. Âií ¹ ðîçâ'ÿçêîì
ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

dUt = −βUt dt + dBH
t , U0 = 0.

Îöiíþâàííÿ ïàðàìåòðà β ìåòîäîì ìàêñèìàëüíî¨ âiðîãiäíîñòi ïðîöåñó U âèâ÷àëîñü
ó ñòàòòÿõ [19, 35]. Çîêðåìà, iç ðåçóëüòàòiâ [19] âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Ëåìà 3.1. Ïîçíà÷èìî S̃t =
∫ t

0 kH(t, s) dUs. Òîäi
(
S̃T ,
∫T

0 r2H−1 dS̃r

)′
�öåíòðîâàíèé

íîðìàëüíèé âåêòîð iç êîâàðiàöiéíîþ ìàòðèöåþ

R(T ) =

[
R11(T ) R12(T )
R12(T ) R22(T )

]
, (3.2)

äå

R11(T ) =
Γ(H)Γ(1−H)

2λ∗H
T 2−2He−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
, (3.3)

R22(T ) =
Γ(H)Γ(1−H)

2λ∗H
T 2He−βT IH

(
βT

2

)
I−H

(
βT

2

)
, (3.4)

R12(T ) =
Γ(H)Γ(1−H)

2λ∗H
Te−βT IH

(
βT

2

)
I1−H

(
βT

2

)
+

1− e−βT

βλ∗H
, (3.5)

òóò λ∗H = λH/(2 − 2H), Iν(z)�ìîäèôiêîâàíà ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó, äèâ.

ðîçäië 6.

Äîâåäåííÿ. Iç [19, ôîðìóëà (5.9)] ç óðàõóâàííÿì (6.2) âèïëèâà¹, ùî âèïàäêîâèé âå-

êòîð
(
S̃T ,
∫T

0 r2H−1 dS̃r

)′
¹ íîðìàëüíèì iç íóëüîâèì ñåðåäíiì òà êîâàðiàöiéíîþ ôóí-

êöi¹þ

R(T ) =
1

λ∗H
Ψ−1

1 (T )

∫ T

0

Ψ1(s)BH(s)Ψ′1(s) ds
(
Ψ−1

1 (T )
)′
, (3.6)

äå

BH(t) =

[
t1−2H 1

1 t2H−1

]
, Ψ1(t) = e

βt
2

[
ψ11

1 (t) ψ12
1 (t)

ψ21
1 (t) ψ22

1 (t)

]
, (3.7)

ψ11
1 (t) =

(
β

4

)H

Γ(1−H)tHI−H

(
βt

2

)
, (3.8)
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ψ12
1 (t) =

(
β

4

)H

Γ(1−H)t1−HI1−H

(
βt

2

)
, (3.9)

ψ21
1 (t) =

(
β

4

)1−H

Γ(H)tHIH

(
βt

2

)
, (3.10)

ψ22
1 (t) =

(
β

4

)1−H

Γ(H)t1−HIH−1

(
βt

2

)
. (3.11)

Åëåìåíòè ìàòðèöi Ψ1 çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (äèâ. [19, çàóâàæåííÿ 5.1])

ψ11
1 ψ

22
1 −ψ12

1 ψ
21
1 ≡ 1. (3.12)

Iç äîâåäåííÿ [19, ëåìà 5.1] ìà¹ìî

V (T ) =
−β
2

∫ T

0

Ψ1(s)BH(s)Ψ′1(s) ds =

=

[
−Ψ11

1 Ψ12
1

1
2

(
1−Ψ11

1 Ψ22
1 −Ψ12

1 Ψ21
1

)
1
2

(
1−Ψ11

1 Ψ22
1 −Ψ12

1 Ψ21
1

)
−Ψ22

1 Ψ21
1

]
(T ), (3.13)

äå Ψij
1 = e

βt
2 ψij

1 , i, j = 1, 2�öå (i, j)-é åëåìåíò ìàòðèöi Ψ1. Êîìáiíóþ÷è (3.6), (3.7)
i (3.13) iç âèêîðèñòàííÿì (3.12), îòðèìó¹ìî

R(T ) =
2

−βλ∗H
Ψ−1

1 (T )V (T )
(
Ψ−1

1 (T )
)′

=

=
e−βT

βλ∗H

[
2ψ12

1 (T )ψ22
1 (T ) −2ψ12

1 (T )ψ21
1 (T ) + eβT − 1

−2ψ12
1 (T )ψ21

1 (T ) + eβT − 1 2ψ11
1 (T )ψ21

1 (T )

]
. (3.14)

Ïiäñòàâëÿþ÷è (3.8)�(3.11) ó (3.14), îòðèìó¹ìî (3.3)�(3.5). �

3.2. Ñóìiñíèé ðîçïîäië ST i IT . Òåïåð äîâåäåìî àíàëîã ëåìè 3.1 äëÿ ïðîöåñó S.

Ëåìà 3.2. Âåêòîð
(
ST ,
∫T

0 r2H−1 dSr

)′
ìà¹ íîðìàëüíèé ðîçïîäië iç ñåðåäíiì a(T ) =

=
(
a1(T ), a2(T )

)′
, äå

a1(T ) = −ρH
(
x0 −

α

β

)
βHT 1−He−

βT
2 I1−H

(
βT

2

)
, (3.15)

a2(T ) = ρH

(
x0 −

α

β

)
βHTHe−

βT
2 I−H

(
βT

2

)
−
(
x0 −

α

β

)
22HρH

Γ(1−H)
, (3.16)

ρH =
√
πΓ(3/2−H)

γκH
, òà êîâàðiàöiéíîþ ìàòðèöåþ R(T ), âèçíà÷åíîþ â ëåìi 3.1.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (3.1), ìà¹ìî

St =
1

γ

∫ t

0

kH(t, s) dXs =
1

γ

∫ t

0

kH(t, s) d

[
α

β
+

(
x0 −

α

β

)
e−βs + γUs

]
=

=
1

γ

(
x0 −

α

β

)
∫ t

0

kH(t, s) de−βs +

∫ t

0

kH(t, s) dUs =

= F (t) + S̃t, (3.17)

äå

F (t) = −β
γ

(
x0 −

α

β

)
∫ t

0

kH(t, s)e−βs ds.

Òîìó [
ST
∫T

0 r2H−1 dSr

]
=

[
S̃T
∫T

0 r2H−1 dS̃r

]
+

[
F (T )
∫T

0 r2H−1 dF (r)

]
.
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Çâiäñè, çà ëåìîþ 3.1, âåêòîð
(
ST ,
∫T

0 r2H−1 dSr

)′
ìà¹ íîðìàëüíèé ðîçïîäië iç ñåðå-

äíiì

a(T ) = (a1(T ), a2(T ))
′

=

(
F (T ),

∫ T

0

r2H−1 dF (r)

)′
òà êîâàðiàöiéíîþ ìàòðèöåþ R(T ).

Çà äîïîìîãîþ çàìiíè s = T
2 (u + 1) îòðèìó¹ìî

a1(T ) = F (T ) = −β
γ

(
x0 −

α

β

)
∫ T

0

kH(T, s)e−βs ds =

= −β
γ

(
x0 −

α

β

)
κ−1
H

∫ T

0

s1/2−H(T − s)1/2−He−βs ds =

= −β
γ

(
x0 −

α

β

)
κ−1
H

(
T

2

)2−2H

e−
βT
2

∫ 1

−1

(1− u2)1/2−He−
βT
2 u du.

Âðàõîâóþ÷è, ùî çãiäíî ç ôîðìóëîþ (6.3) ó äîäàòêó,
∫ 1

−1

(1− u2)1/2−He−
βT
2 u du =

√
πΓ(3/2−H)

(βT/4)
1−H I1−H

(
βT

2

)
,

îäåðæó¹ìî (3.15).
Äàëi, iç (3.15) îòðèìó¹ìî

a2(T ) =

∫ T

0

r2H−1 da1(r) = −ρH
(
x0 −

α

β

)
βH
∫ T

0

r2H−1 dg(r),

äå g(r) = r1−He−
βr
2 I1−H

(
βr
2

)
. Çà ëåìîþ 6.1 ó äîäàòêó,

∫ T

0

r2H−1 dg(r) = −THe−
βT
2 I−H

(
βT

2

)
+

22H

βHΓ(1−H)
,

çâiäêè âèïëèâà¹ (3.16). �

Ëåìà 3.3. Ãåíåðàòðèñà ìîìåíòiâ ïàðè (ST , IT ) ìà¹ âèãëÿä

m1(ξ1, ξ2) = E[exp{ξ1ST + ξ2IT }] = D−
1
2 exp

{
A1 + A2 + A3 + A4

8D
− ξ2T

2

}
, (3.18)

äå

D = D(ξ2) =

(
1− ξ2

2β

)2

+
ξ2

2

4β2
e−2βT +

(
ξ2

β
− ξ2

2

2β2

)
βπT

4 sinπH
e−βT ×

×
[
I−H

(
βT

2

)
IH−1

(
βT

2

)
+ I1−H

(
βT

2

)
IH

(
βT

2

)]
, (3.19)

A1 = A1(ξ1, ξ2) = ξ2(c1ξ1 − c2ξ2)βH−1T 1−He−
3βT
2 I1−H

(
βT

2

)
, (3.20)

A2 = A2(ξ1, ξ2) =
(
ξ2

1c3 − ξ1ξ2c4 + ξ2
2c5

)
T 2−2He−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
, (3.21)

A3 = A3(ξ1, ξ2) = ξ2(ξ2 − 2β)c6β
2H−1Te−βT I1−H

(
βT

2

)
I−H

(
βT

2

)
, (3.22)

A4 = A4(ξ1, ξ2) = (c1ξ1 − c2ξ2)(ξ2 − 2β)βH−1T 1−He−
βT
2 I1−H

(
βT

2

)
, (3.23)
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c1 =

(
x0 −

α

β

)
4ρH , c4 =

(
x0 −

α

β

)
ρH22H+1Γ(H),

c2 =

(
x0 −

α

β

)2
λ∗H22H+1ρ2

H

Γ(1−H)
, c5 =

(
x0 −

α

β

)2
λ∗H24H−1ρ2

HΓ(H)

Γ(1−H)
,

c3 =
2Γ(H)Γ(1−H)

λ∗H
, c6 =

(
x0 −

α

β

)2

2λ∗Hρ
2
H .

Îáëàñòþ âèçíà÷åííÿ ôóíêöi¨ m1 ¹
{

(ξ1, ξ2) ∈ R2 : D(ξ2) > 0
}
.

Äîâåäåííÿ. Àíàëîãi÷íî äî [19, ôîðìóëè (3.3), (3.5)] âèçíà÷èìî

φ(t, r) =
d

dwH
t

∫ t

r

kH(t, s)KH(s, r) ds =
λ∗Hγ

2

(
t2H−1 + r2H−1

)
, 0 ≤ r ≤ t ≤ T. (3.24)

Çâiäñè
∫ t

r

kH(t, s)KH(s, r) ds =

∫ t

r

φ(s, r) dwH
s . (3.25)

Âèêîðèñòîâóþ÷è îçíà÷åííÿ PH(t), çîáðàæåííÿ (2.5), çìiíó ïîðÿäêó iíòåãðóâàííÿ òà
(3.25), îòðèìà¹ìî

∫ t

0

PH(s) dwH
s =

1

γ

∫ t

0

[
d

dwH
s

∫ s

0

kH(s, r)Xr dr

]
dwH

s =

=
1

γ

∫ t

0

kH(t, s)

[
∫ s

0

KH(s, r) dSr

]
ds =

=
1

γ

∫ t

0

[
∫ t

r

kH(t, s)KH(s, r) ds

]
dSr =

=
1

γ

∫ t

0

[
∫ t

r

φ(s, r) dwH
s

]
dSr =

1

γ

∫ t

0

[
∫ s

0

φ(s, r) dSr

]
dwH

s ,

çâiäêè, ç óðàõóâàííÿì (3.24),

PH(t) =
1

γ

∫ t

0

φ(t, r) dSr =
λ∗H
2

(
t2H−1St +

∫ t

0

r2H−1 dSr

)
. (3.26)

À îòæå, çà äîïîìîãîþ iíòåãðóâàííÿ ÷àñòèíàìè îäåðæèìî

IT =

∫ T

0

PH(t) dSt =
λ∗H
2

∫ T

0

[
t2H−1St +

∫ t

0

r2H−1 dSr

]
dSt =

=
λ∗H
2

(
∫ T

0

t2H−1St dSt +

∫ T

0

[
∫ t

0

r2H−1 dSr

]
dSt

)
=

=
λ∗H
2

(
∫ T

0

t2H−1St dSt + ST

∫ T

0

r2H−1 dSr −
∫ T

0

u2H−1Su dSu −
2(1−H)

λH
T

)
=

=
λ∗H
2

ST

∫ T

0

r2H−1 dSr −
T

2
. (3.27)

Çâiäñè

m1(ξ1, ξ2) = E

[
exp

{
ξ1ST +

ξ2λ
∗
H

2
ST

∫ T

0

r2H−1 dSr −
ξ2T

2

}]
=

= exp

{
−ξ2T

2

}
E

[
exp

{
ξ2λ
∗
H

2
STGT

}]
, (3.28)
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äå GT = 2ξ1

ξ2λ
∗
H

+
∫T

0 r2H−1 dSr. Çà ëåìîþ 3.2 âåêòîð[
ST

GT

]
=

[
ST
∫T

0 r2H−1 dSr

]
+

[
0

2ξ1

ξ2λ
∗
H

]
ìà¹ íîðìàëüíèé ðîçïîäië N (b(T ), R(T )), äå

b(T ) =

[
b1(T )
b2(T )

]
=

[
a1(T )

a2(T ) + 2ξ1

ξ2λ
∗
H

]
, (3.29)

à âåêòîð a(T ) i ìàòðèöÿ R(T ) âèçíà÷àþòüñÿ ôîðìóëàìè (3.15)�(3.16) òà (3.2)�(3.5).
Äàëi çà ôîðìóëîþ äëÿ ïåðåòâîðåííÿ Ëàïëàñà äîáóòêó äâîõ íîðìàëüíèõ âèïàäêîâèõ
âåëè÷èí (äèâ., íàïðèêëàä, [11]) ìà¹ìî

E

[
exp

{
ξ2λ
∗
H

2
STGT

}]
=

= D−
1
2 exp


[
b2
1(T )R22(T ) + b2

2(T )R11(T )− 2b1(T )b2(T )R12(T )
](ξ2λ

∗
H

2

)2

2D
+

+
2b1(T )b2(T )

(
ξ2λ

∗
H

2

)
2D

, (3.30)

äå

D = det

[
I − ξ2λ

∗
H

2
JR(T )

]
, I =

[
1 0
0 1

]
, J =

[
0 1
1 0

]
.

Ïîêàæåìî, ùî D ìîæíà ïîäàòè ó âèãëÿäi (3.19). Çà [19, ôîðìóëà (5.12)],

D =
βπT

4 sinπH

[(
1 +

ξ2

β
e−

βT
2 sinh

(
−βT

2

))2

I−H

(
βT

2

)
IH−1

(
βT

2

)
−

−
(

1− ξ2

β
e−

βT
2 cosh

(
−βT

2

))2

I1−H

(
βT

2

)
IH

(
βT

2

)]
.

Âèêîðèñòîâóþ÷è îçíà÷åííÿ ãiïåðáîëi÷íèõ ñèíóñà òà êîñèíóñà, îäåðæó¹ìî

D =
βπT

4 sinπH

[(
1− ξ2

2β
+
ξ2

2β
e−βT

)2

I−H

(
βT

2

)
IH−1

(
βT

2

)
−

−
(

1− ξ2

2β
− ξ2

2β
e−βT

)2

I1−H

(
βT

2

)
IH

(
βT

2

)]
=

=
βπT

4 sinπH

([(
1− ξ2

2β

)2

+
ξ2

2

4β2
e−2βT +

ξ2

β
e−βT

(
1− ξ2

2β

)]
I−H

(
βT

2

)
IH−1

(
βT

2

)
−

−

[(
1− ξ2

2β

)2

+
ξ2

2

4β2
e−2βT − ξ2

β
e−βT

(
1− ξ2

2β

)]
I−H

(
βT

2

)
IH−1

(
βT

2

))
=

=
βπT

4 sinπH

([(
1− ξ2

2β

)2

+
ξ2

2

4β2
e−2βT

]
×

×
[
I−H

(
βT

2

)
IH−1

(
βT

2

)
− I1−H

(
βT

2

)
IH

(
βT

2

)]
+
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+
ξ2

β
e−βT

(
1− ξ2

2β

)[
I−H

(
βT

2

)
IH−1

(
βT

2

)
+ I1−H

(
βT

2

)
IH

(
βT

2

)])
.

Çâiäñè âèïëèâà¹ (3.19), ÿêùî âðàõóâàòè, ùî çà ôîðìóëîþ (6.5) ó äîäàòêó,

I−H

(
βT

2

)
IH−1

(
βT

2

)
− I1−H

(
βT

2

)
IH

(
βT

2

)
=

4 sinπH

βπT
. (3.31)

Äàëi ç (3.30) ç óðàõóâàííÿì ñïiââiäíîøåííÿ (3.29) ìà¹ìî

E

[
exp

{
ξ2λ
∗
H

2
STGT

}]
= D−

1
2 exp

{
1

8D

8∑
i=1

Bi

}
, (3.32)

äå

B1 = ξ2
2(λ∗H)

2
R22(T )(a1(T ))2, B5 = −4ξ1ξ2λ

∗
HR12(T )a1(T ),

B2 = 4ξ2
1R

11(T ), B6 = −2ξ2
2(λ∗H)

2
R12(T )a1(T )a2(T ),

B3 = 4ξ1ξ2λ
∗
HR11(T )a2(T ), B7 = 8ξ1a1(T ),

B4 = ξ2
2(λ∗H)

2
R11(T )(a2(T ))

2
, B8 = 4ξ2λ

∗
Ha1(T )a2(T ).

Ïîçíà÷èìî äîäàòêîâî

c7 =
1

2

(
x0 −

α

β

)2

λ∗Hρ
2
HΓ(H)Γ(1−H), (3.33)

c8 =

(
x0 −

α

β

)
2ρHΓ(H)Γ(1−H), (3.34)

c9 =

(
x0 −

α

β

)2

λ∗H22Hρ2
HΓ(H). (3.35)

Òîäi çà äîïîìîãîþ ôîðìóë äëÿ R(T ) i a(T ) iç ëåì 3.1 òà 3.2, äîäàíêè Bi, i = 1, . . . , 8,
ìîæíà ïåðåïèñàòè ó âèãëÿäi:

B1 = ξ2
2c7β

2HT 2e−2βT IH

(
βT

2

)
I−H

(
βT

2

)[
I1−H

(
βT

2

)]2

,

B2 = ξ2
1c3T

2−2He−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
,

B3 = ξ1ξ2c8β
HT 2−He−

3βT
2 I1−H

(
βT

2

)
IH−1

(
βT

2

)
I−H

(
βT

2

)
−

− ξ1ξ2c4T
2−2He−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
=: B31 + B32,

B4 = ξ2
2c7β

2HT 2e−2βT I1−H

(
βT

2

)
IH−1

(
βT

2

)[
I−H

(
βT

2

)]2

−

− ξ2
2c9β

HT 2−He−
3βT
2 I1−H

(
βT

2

)
IH−1

(
βT

2

)
I−H

(
βT

2

)
+

+ ξ2
2c5T

2−2He−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
=: B41 + B42 + B43,

B5 = −ξ1ξ2c8β
HT 2−He−

3βT
2 IH

(
βT

2

)[
I1−H

(
βT

2

)]2

−

− ξ1ξ2c1β
H−1T 1−He−

3βT
2 I1−H

(
βT

2

)
+



ÀÑÈÌÏÒÎÒÈÊÀ ÎÌÂ 143

+ ξ1ξ2β
H−1T 1−He−

βT
2 I1−H

(
βT

2

)
=: B51 + B52 + B53,

B6 = −ξ2
22c7β

2HT 2e−2βT IH

(
βT

2

)
I−H

(
βT

2

)[
I1−H

(
βT

2

)]2

+

+ ξ2
2c9β

HT 2−He−
3βT
2 IH

(
βT

2

)[
I1−H

(
βT

2

)]2

−

− ξ2
2c6β

2H−1Te−2βT I1−H

(
βT

2

)
I−H

(
βT

2

)
+

+ ξ2
2c2β

H−1T 1−He−
3βT
2 I1−H

(
βT

2

)
+

+ ξ2
2c6β

2H−1Te−βT I1−H

(
βT

2

)
I−H

(
βT

2

)
−

− ξ2
2c2β

H−1T 1−He−
βT
2 I1−H

(
βT

2

)
=:

=: B61 + B62 + B63 + B64 + B65 + B66,

B7 = −ξ12c1β
HT 1−He−

βT
2 I1−H

(
−βT

2

)
,

B8 = −ξ22c6β
2HTe−βT I1−H

(
βT

2

)
I−H

(
βT

2

)
+

+ ξ22c2β
HT 1−He−

βT
2 I1−H

(
βT

2

)
=: B81 + B82.

Òåïåð ñïðîñòèìî äîäàíêè îäíàêîâîãî ïîðÿäêó. Çà ðàõóíîê òîòîæíîñòi

Γ(H)Γ(1−H) =
π

sinπH

ìà¹ìî òàêi ñïiââiäíîøåííÿ:

c7
4 sinπH

π
= c6, c8

2 sinπH

π
= c1, c9

2 sinπH

π
= c2. (3.36)

Âèêîðèñòîâóþ÷è (3.31) òà (3.33), îòðèìà¹ìî

B1 + B41 + B61 = ξ2
2c7β

2HT 2e−2βT I1−H

(
βT

2

)
I−H

(
βT

2

)
×

×
[
I−H

(
βT

2

)
IH−1

(
βT

2

)
− IH

(
βT

2

)
I1−H

(
βT

2

)]
=

= ξ2
2c7β

2H−1 4 sinπH

π
Te−2βT I1−H

(
βT

2

)
I−H

(
βT

2

)
,

çâiäêè, ç óðàõóâàííÿì (3.36),

B1 + B41 + B61 + B63 = 0.

Âèêîðèñòîâóþ÷è (3.31), (3.34) òà (3.35), îòðèìà¹ìî

B31 + B42 + B51 + B62 =
(
ξ1ξ2c8 − ξ2

2c9

)
βHT 2−He−

3βT
2 I1−H

(
βT

2

)
×

×
[
I−H

(
βT

2

)
IH−1

(
βT

2

)
− IH

(
βT

2

)
I1−H

(
βT

2

)]
=

=
(
ξ1ξ2c8 − ξ2

2c9

)
βH−1 4 sinπH

π
T 1−He−

3βT
2 I1−H

(
βT

2

)
,
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çâiäêè, ç óðàõóâàííÿì (3.36),

B31 + B42 + B51 + B62 + B52 + B64 = A1.

Äàëi áåçïîñåðåäíiìè ïiäðàõóíêàìè âñòàíîâëþ¹ìî ñïiââiäíîøåííÿ

B2 + B32 + B43 = A2, B81 + B65 = A3, B7 + B82 + B53 + B66 = A4.

Òàêèì ÷èíîì,
∑8

i=1 Bi = A1 + A2 + A3 + A4. Ëåìó äîâåäåíî. �

3.3. Ñóìiñíèé ðîçïîäië ST , IT , JT , KT . Óâåäåìî äîïîìiæíèé ïðîöåñ

X
(α1,β1)
t = x

(α1,β1)
0 +

∫ t

0

(
α1 − β1X

(α1,β1)
s

)
ds + γBH

t , t ≥ 0,

äëÿ ÿêîãî P
(α1,β1)
H (t), S

(α1,β1)
t ,Λ

(α1,β1)
H (T ), I

(α1,β1)
T , J

(α1,β1)
T ,K

(α1,β1)
T ,m

(α1,β1)
1 (ξ1, ξ2)

âèçíà÷àþòüñÿ àíàëîãi÷íî äî PH(t), St,ΛH(T ), IT , JT ,KT ,m1(ξ1, ξ2) çà äîïîìîãîþ
ïiäñòàíîâêè α1 i β1 çàìiñòü α i β âiäïîâiäíî.

Òåîðåìà 3.4. Ãåíåðàòðèñà ìîìåíòiâ ÷åòâiðêè (ST , IT , JT ,KT ) ìà¹ âèãëÿä

m2(θ1, θ2, θ3, θ4) = E[exp{θ1ST + θ2IT + θ3JT + θ4KT }] =

= m
(α1,β1)
1

(
θ1 +

α− α1

γ
, θ2 − β+ β1

)
exp

{
α2

1 − α2

2γ2
wH

T

}
,

äå

α1 =
γθ3 + αβ√
β2 − 2θ4

, β1 =
√
β2 − 2θ4. (3.37)

Îáëàñòü âèçíà÷åííÿ ôóíêöi¨ m2 ìà¹ âèãëÿä{
(θ1, θ2, θ3, θ4) ∈ R4 : θ4 < β2/2, D

(
θ2 − β+

√
β2 − 2θ4

)
> 0
}
,

äå D âèçíà÷åíî çà äîïîìîãîþ (3.19).

Äîâåäåííÿ. Iç òåîðåìè Ãiðñàíîâà äëÿ äðîáîâèõ ïðîöåñiâ (äèâ. [18, òåîðåìà 3]), ç
óðàõóâàííÿì (3.37), âèïëèâà¹

m2(θ1, θ2, θ3, θ4) = E[exp{θ1ST + θ2IT + θ3JT + θ4KT }] =

= E

[
exp
{
θ1S

(α1,β1)
T + θ2I

(α1,β1)
T + θ3J

(α1,β1)
T + θ4K

(α1,β1)
T

} ΛH(T )

Λ
(α1,β1)
H (T )

]
=

= E

[
exp

{(
θ1 +

α− α1

γ

)
S

(α1,β1)
T + (θ2 − β+ β1)I

(α1,β1)
T +

+

(
θ3 +

αβ− α1β1

γ

)
J

(α1,β1)
T +

(
θ4 −

β2 − β2
1

2

)
K

(α1,β1)
T − α

2 − α2
1

2γ2
wH

T

}]
=

= E

[
exp

{(
θ1 +

α− α1

γ

)
S

(α1,β1)
T + (θ2 − β+ β1)I

(α1,β1)
T − α

2 − α2
1

2γ2
wH

T

}]
=

= m
(α1,β1)
1

(
θ1 +

α− α1

γ
, θ2 − β+ β1

)
× exp

{
α2

1 − α2

2γ2
wH

T

}
. �

Çàóâàæåííÿ 3.5. Ó âèïàäêó x0 = α = 0, ñóìiñíèé ðîçïîäië IT òà KT áóëî çíàéäå-
íî ó [35]. Ìè óçàãàëüíþ¹ìî öåé ðåçóëüòàò, çíàõîäÿ÷è cóìiñíèé ðîçïîäië ÷åòâiðêè
(ST , IT , JT ,KT ) äëÿ äîâiëüíèõ x0,α ∈ R.
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4. Àñèìïòîòè÷íà ïîâåäiíêà ÎÌÂ

Óñòàíîâèìî ñïî÷àòêó àñèìïòîòèêó êîæíî¨ çi ñòàòèñòèê ST , IT , JT , KT .

Ëåìà 4.1. Ïðè T →∞

TH− 1
2ST

d−→ N
(
−c1β

H−1/2

4
√
π

,
c3

4πβ

)
, (4.1)

IT
T

P−→ −1

2
, (4.2)

JT
wH

T

P−→ α

βγ
, (4.3)

KT

T

P−→ 1

2β
. (4.4)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ëåìó 3.3, îá÷èñëèìî ãåíåðàòðèñó ìîìåíòiâ âåëè÷èíè
TH− 1

2ST òà ïåðåéäåìî äî ãðàíèöi çà äîïîìîãîþ (6.4). Îäåðæèìî

E exp
{
θTH− 1

2ST

}
= m1

(
θTH− 1

2 , 0
)

=

= exp

{
1

8
θ2c3Te

−βT I1−H

(
βT

2

)
IH−1

(
βT

2

)
− 1

4
c1θβ

HT
1
2 e−

βT
2 I1−H

(
βT

2

)}
→

→ exp

{
c3

8πβ
θ2 − c1β

H−1/2

4
√
π

θ

}
, T →∞,

çâiäêè âèïëèâà¹ (4.1).
Àíàëîãi÷íî, çà ëåìîþ 3.3 îá÷èñëþ¹ìî ãåíåðàòðèñó ìîìåíòiâ

E exp

{
θ
IT
T

}
= m1

(
0,
θ

T

)
=

1√
D(θ/T )

exp

{
1

8D(θ/T )

4∑
i=1

Ai(0, θ/T )− θ
2

}
.

Çà äîïîìîãîþ (6.4) óñòàíîâëþ¹ìî, ùî ïðè T →∞

D(θ/T )→ 1, Ai(0, θ/T )→ 0, i = 1, 2, 3, 4.

Îòæå, E exp
{
θ IT

T

}
→ exp

{
−θ

2

}
, ùî ðiâíîñèëüíî (4.2).

Çáiæíîñòi (4.3) òà (4.4) äîâåäåíî â [29, ëåìè 4.6 i 4.7]. �

Òåïåð ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò ñòàòòi.

Òåîðåìà 4.2. ÎÌÂ
(
α̂T , β̂T

)
ïàðàìåòðà (α,β) ¹ àñèìïòîòè÷íî íîðìàëüíîþ:[

T 1−H(α̂T − α)√
T
(
β̂T − β

) ] d−→ N
([

0
0

]
,

[
λHγ

2 0
0 2β

])
, T →∞, (4.5)

òîáòî îöiíêè α̂T òà β̂T � àñèìïòîòè÷íî íåçàëåæíi.

Äëÿ äîâåäåííÿ òåîðåìè âèçíà÷èìî

V1(T ) =
1√
wH

T

(
JT −

α

βγ
wH

T

)
,

V2(T ) =
1√
T

(
IT −

α

γ
JT + βKT

)
,

V3(T ) =
KT

T
− J2

T

wH
T T

,
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òà ïåðåïèøåìî ÎÌÂ (2.7) ó âèãëÿäi

T 1−H(α̂T − α) =
βγ
√
λH

KT

T V1(T ) + R1(T )

V3(T )
, (4.6)

√
T
(
β̂T − β

)
=
−V2(T ) + R2(T )

V3(T )
, (4.7)

äå

R1(T ) =
γ
√
λH

T
√
wH

T

(
STKT − JTV2(T )

)
,

R2(T ) =
βJTV1(T )√

TwH
T

+
STJT√
TwH

T

.

Çíàéäåìî àñèìïòîòè÷íèé ðîçïîäië âåêòîðà (V1(T ), V2(T ))′.

Ëåìà 4.3. Ïðè T →∞

E exp{µ1V1(T ) + µ2V2(T )} → exp

{
µ2

1

2β2
+
µ2

2

4β

}
, (4.8)

òîáòî [
V1(T )
V2(T )

]
d−→ N

([
0
0

]
,

[ 1
β2 0

0 1
2β

])
. (4.9)

Äîâåäåííÿ. Çà òåîðåìîþ 3.4,

E exp{µ1V1(T ) + µ2V2(T )} =

= E exp

 µ2√
T
IT +

 µ1√
wH

T

− αµ2

γ
√
T

JT +
βµ2√
T
KT −

αµ1

√
wH

T

βγ

 =

= exp

−αµ1

√
wH

T

βγ

m2

0,
µ2√
T
,

 µ1√
wH

T

− αµ2

γ
√
T

,
βµ2√
T

 =

= exp{η(T )}m(α1(T ),β1(T ))
1 (ξ1(T ), ξ2(T )), (4.10)

äå

β1(T ) =

√
β2 − 2β

µ2√
T
, α1(T ) =

γµ1√
wH

T

− αµ2√
T

+ αβ

β1(T )
,

ξ1(T ) =
α− α1(T )

γ
, ξ2(T ) =

µ2√
T
− β+ β1(T ),

η(T ) =
α1(T )2 − α2

2γ2
wH

T −
αµ1

√
wH

T

βγ
.

Çàóâàæèìî, ùî ãåíåðàòðèñà ìîìåíòiâ (4.10) âèçíà÷åíà äëÿ âñiõ µ1 ∈ R òà òàêèõ

µ2, ùî µ2 < β
√
T/2 i D

(
µ2√
T
− β+

√
β2 − 2βµ2√

T

)
> 0. Ïðè äîñèòü âåëèêèõ T öi

íåðiâíîñòi âèêîíóþòüñÿ, îñêiëüêè D
(

µ2√
T
− β+

√
β2 − 2βµ2√

T

)
→ D(0) = 1 > 0 ïðè

T →∞.
Âèêîðèñòîâóþ÷è ðîçêëàä çà ôîðìóëîþ Òåéëîðà, ìà¹ìî

β1(T ) = β− µ2√
T
− µ2

2

2βT
+ o
(
T−1

)
, T →∞. (4.11)
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Çâiäñè

ξ2(T ) = − µ2
2

2βT
+ o
(
T−1

)
, T →∞. (4.12)

Kpiì òîãî, î÷åâèäíî, ùî ïðè T →∞
α1(T )→ α, ξ1(T )→ 0. (4.13)

Äàëi,

η(T ) =
wH

T

2γ2
·

(
γµ1√
wH

T

− αµ2√
T

+ αβ

)2

− α2
(
β2 − 2β µ2√

T

)
β2 − 2β µ2√

T

−
αµ1

√
wH

T

βγ
.

Ïiñëÿ ñïðîùåíü îäåðæèìî

η(T ) =
γ2µ2

1 + α2µ2
2
wH

T

T + 2αγµ1µ2

√
wH

T√
T

2γ2
(
β2 − 2β µ2√

T

) → µ2
1

2β2
, T →∞. (4.14)

Âèêîðèñòîâóþ÷è (4.11)�(4.13) òà (6.4), íåâàæêî ïîêàçàòè, ùî ïðè T →∞
D(ξ2(T ))→ 1, Ai(ξ1(T ), ξ2(T ))→ 0, 1 ≤ i ≤ 4.

(Òóò D òà Ai, i = 1, 2, 3, 4, âèçíà÷åíî çà äîïîìîãîþ ôîðìóë (3.19)�(3.23), â ÿêi
ïiäñòàâëåíî α1(T ), β1(T ) çàìiñòü α, β.) Òîìó ç (3.18) òà (4.12) âèïëèâà¹, ùî

m
(α1(T ),β1(T ))
1 (ξ1(T ), ξ2(T )) ∼ exp

{
−ξ2(T )T

2

}
→ exp

{
µ2

2

4β

}
, T →∞.

Ïiäñòàâëÿþ÷è öþ çáiæíiñòü ðàçîì iç (4.14) ó ðiâíiñòü (4.10), îäåðæó¹ìî òâåðäæåííÿ
ëåìè. �

Äîâåäåííÿ òåîðåìè 4.2. Iç ëåì 4.1 i 4.3 îäåðæó¹ìî, ùî ïðè T →∞
KT

T
→ 1

2β
, V3(T )→ 1

2β
, R1(T )→ 0, R2(T )→ 0

çà éìîâiðíiñòþ. Îòæå, òâåðäæåííÿ òåîðåìè âèïëèâà¹ iç çîáðàæåíü (4.6)�(4.7), çái-
æíîñòi (4.9) òà òåîðåìè Ñëóöüêîãî. �

5. Àëüòåðíàòèâíà ïàðàìåòðèçàöiÿ

Ðîçãëÿíåìî ïðîöåñ Y , ÿêèé åêâiâàëåíòíèé X iç (2.1), àëå ç iíøîþ ïàðàìåòðèçàöi-
¹þ. À ñàìå, âií îïèñó¹òüñÿ òàêèì ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì:

dYt = κ(µ− Yt)dt + γdBH
t . (5.1)

Âèçíà÷èìî

PY
H (t) =

1

γ

d

dwH
t

∫ t

0

kH(t, s)Ys ds,

SY
t =

1

γ

∫ t

0

kH(t, s) dYs.

Àíàëîãi÷íî äî ïîïåðåäíiõ ðîçäiëiâ ìîæíà îäåðæàòè, ùî ÎÌÂ ïàðàìåòðiâ µ i κ ìàþòü
âèãëÿä

µ̂T =
SY
T

∫T
0 (PY

H (t))2 dwH
t −
∫T

0 PY
H (t) dSY

t

∫T
0 PY

H (t) dwH
t

SY
T

∫T
0 PY

H (t) dwH
t − wH

T

∫T
0 PY

H (t) dSY
t

γ, (5.2)

κ̂T =
SY
T

∫T
0 PY

H (t) dwH
t − wH

T

∫T
0 PY

H (t) dSY
t

wH
T

∫T
0 (PY

H (t))2 dwH
t −

(
∫T

0 PY
H (t) dwH

t

)2 . (5.3)
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Î÷åâèäíî, ùî

µ̂T =
α̂T

β̂T

, κ̂T = β̂T , µ =
α

β
, κ = β.

Îòæå, [
T 1−H(µ̂T − µ)√

T (κ̂T − κ)

]
=

 T 1−H(α̂T−α)

β̂T√
T
(
β̂T − β

)+

[
−αT 1−H

β̂Tβ

(
β̂T − β

)
0

]
. (5.4)

Ïîçíà÷èìî ξ̂T = T 1/2−H(α̂T − α). Òîäi

√
T

[
ξ̂T − 0

β̂T − β

]
=

[
T 1−H(α̂T − α)√

T
(
β̂T − β

) ] d−→ N
([

0
0

]
,

[
λHγ

2 0
0 2β

])
, T →∞.

Çâiäñè, çàñòîñóâàâøè äåëüòà-ìåòîä äî
(
ξ̂T , β̂T

)′
iç ïåðåõiäíîþ ôóíêöi¹þ g(x, y) =

= (x/y, y)
′
, îäåðæèìî T 1−H(α̂T−α)

β̂T√
T
(
β̂T − β

) =
√
T

[
ξ̂T

β̂T
− 0

β̂T − β

]
=
√
T
(
g(ξ̂T , β̂T )− g(0,β)

)
d−→

d−→ N

([
0
0

]
,

[
λHγ2

β2 0

0 2β

])
, T →∞. (5.5)

Iç òåîðåìè 4.2 âèïëèâà¹, ùî äëÿ H > 1/2

−αT
1−H

β̂Tβ

(
β̂T − β

)
= −αT

1/2−H

β̂Tβ

√
T
(
β̂T − β

)
P−→ 0, T →∞. (5.6)

Òîäi çà òåîðåìîþ Ñëóöüêîãî ç (5.4), (5.5) i (5.6) ìà¹ìî, ùî[
T 1−H(µ̂T − µ)√

T (κ̂T − κ)

]
d−→ N

([
0
0

]
,

[
λHγ2

κ2 0
0 2κ

])
, (5.7)

òîáòî ÎÌÂ ïàðàìåòðiâ µ i κ òàêîæ ¹ àñèìïòîòè÷íî íîðìàëüíèìè òà àñèìïòîòè÷íî
íåçàëåæíèìè.

6. Äîäàòîê. Ìîäèôiêîâàíà ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó

Ó öüîìó äîäàòêó íàâåäåìî äåÿêi âëàñòèâîñòi ìîäèôiêîâàíî¨ ôóíêöi¨ Áåññåëÿ ïåð-
øîãî ðîäó Iν(x), ÿêi âèêîðèñòîâóþòüñÿ ïðè äîâåäåííi îñíîâíèõ ðåçóëüòàòiâ ñòàòòi.
Äëÿ áiëüø äåòàëüíî¨ iíôîðìàöi¨ iç öi¹¨ òåìè ðàäèìî ÷èòà÷åâi êíèãó [38]. Ìè îáìå-
æèìîñü âèïàäêîì ν > −1, x ∈ R, ó ÿêîìó ôóíêöiþ Iν(x) ìîæíà âèçíà÷èòè ÿê ñóìó
ñòåïåíåâîãî ðÿäó [32, ôîðìóëà 50:6:1]:

Iν(x) =

∞∑
j=0

(x/2)2j+ν

j!Γ(j + 1 + ν)
. (6.1)

Çàóâàæèìî, ùî ïðè íåöiëèõ âiä'¹ìíèõ çíà÷åííÿõ x ôóíêöiÿ Iν(x) íàáóâà¹ êîìïëå-
êñíèõ çíà÷åíü. Ïðîòå çíà÷åííÿ ôóíêöi¨ Iν(x)/xν çàâæäè ¹ äiéñíèìè. Öÿ ôóíêöiÿ
äîðiâíþ¹ 2−ν/Γ(1 + ν) ïðè x = 0 òà ¹ ïàðíîþ, òîáòî

Iν(−x)

(−x)ν
=

Iν(x)

xν
, (6.2)

äèâ. [32, ôîðìóëà 50:2:1]. Ïðè ν > − 1
2 ôóíêöiþ Iν(x) ìîæíà òàêîæ âèçíà÷èòè çà

äîïîìîãîþ iíòåãðàëà (äèâ. [1, ôîðìóëà 9.6.18] àáî [32, ôîðìóëà 50:3:1]):

Iν(x) =
(x/2)ν√
πΓ
(
ν+ 1

2

) ∫ 1
−1

(
1− t2

)ν− 1
2 e−xt dt. (6.3)
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Ïðè âåëèêèõ çíà÷åííÿõ x ôóíêöiÿ Iν(x) ìà¹ òàêó àñèìïòîòè÷íó ïîâåäiíêó [1, ôîð-
ìóëà 9.7.1]:

Iν(x) =
ex√
2πx

(
1− 4ν2 − 1

8x
+ O

(
x−2

))
, x→∞. (6.4)

Êðiì òîãî, ñïðàâåäëèâå ñïiââiäíîøåííÿ [32, ôîðìóëà 50:5:5]:

I−ν(x)Iν−1(x)− I1−ν(x)Iν(x) =
2 sin(πν)

πx
. (6.5)

Ëåìà 6.1. Íåõàé ν ∈ (0, 1
2 ), θ > 0, g(r) = rνe−θrIν(θr). Òîäi

∫ T

0

r1−2ν dg(r) = −T 1−νe−θT Iν−1(θT ) +
21−ν

θ1−νΓ(ν)
. (6.6)

Äîâåäåííÿ. Iíòåãðóþ÷è ÷àñòèíàìè, îäåðæèìî

∫ T

0

r1−2ν dg(r) = T 1−νe−θT Iν(θT )− lim
r→0

r1−νe−θrIν(θr)−

− (1− 2ν)

∫ T

0

r−νe−θrIν(θr) dr. (6.7)

Çà ôîðìóëîþ (6.1),

Iν(θr) =
(θr/2)ν

Γ(1 + ν)
+ O

(
r2+ν

)
, r → 0,

à òîìó

r1−νe−θrIν(θr) =
(θ/2)ν

Γ(1 + ν)
re−θr + O

(
r3
)
→ 0, r → 0. (6.8)

Iç [32, ôîðìóëà 50:10:9] ìà¹ìî
∫ x

0

t−νe−tIν(t) dt = −x1−νe−x

2ν− 1
[Iν−1(x) + Iν(x)] +

21−ν

(2ν− 1)Γ(ν)
.

Çâiäñè çà äîïîìîãîþ çàìiíè θr = t îòðèìà¹ìî
∫ T

0

r−νe−θrIν(θr) dr = θν−1
∫ θT

0

t−νe−tIν(t) dt =

= θν−1

(
− (θT )1−νe−θT

2ν− 1
[Iν−1(θT ) + Iν(θT )] +

21−ν

(2ν− 1)Γ(ν)

)
=

=
1

1− 2ν

(
T 1−νeθT [Iν(θT ) + Iν−1(θT )]− 21−ν

θ1−νΓ(ν)

)
. (6.9)

Ïiäñòàâëÿþ÷è (6.8) i (6.9) ó (6.7), îäåðæó¹ìî (6.6). �
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ASYMPTOTIC DISTRIBUTION OF MAXIMUM LIKELIHOOD
ESTIMATOR IN FRACTIONAL VASICEK MODEL

S. S. LOHVINENKO, K. V. RALCHENKO

Abstract. We consider the fractional Vasicek model of the form dXt = (α− βXt)dt + γdBH
t driven

by fractional Brownian motion BH with Hurst index H ∈ (1/2, 1). We study asymptotic distribution
of maximum likelihood estimator of vector parameter (α,β) and prove its asymptotic normality in the

case β > 0. We show that the estimators of α and β are asymptotically independent.

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÐÀÑÏÐÅÄÅËÅÍÈÅ ÎÖÅÍÎÊ
ÌÀÊÑÈÌÀËÜÍÎÃÎ ÏÐÀÂÄÎÏÎÄÎÁÈß Â ÄÐÎÁÍÎÉ ÌÎÄÅËÈ

ÂÀÑÈ×ÅÊÀ

Ñ. Ñ. ËÎÃÂÈÍÅÍÊÎ, Ê. Â. ÐÀËÜ×ÅÍÊÎ

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ äðîáíàÿ ìîäåëü Âàñè÷åêà âèäà dXt = (α− βXt)dt+γdBH
t ,

ïîðîæäåííàÿ äðîáíûì áðîóíîâñêèì äâèæåíèåì BH ñ èíäåêñîì Õþðñòà H ∈ (1/2, 1). Èññëåäóåòñÿ
àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ âåêòîðíîãî ïàðàìåòðà
(α,β) è äîêàçûâàåòñÿ åå àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü â ñëó÷àå β > 0. Ïîêàçàíî, ÷òî îöåíêè
ïàðàìåòðîâ α è β ÿâëÿþòñÿ àñèìïòîòè÷åñêè íåçàâèñèìûìè.


