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1. Âñòóï òà ïîñòàíîâêà çàäà÷i

Íåõàé (Ω,F , (Ft)t∈[0,T ],P)�éìîâiðíiñíèé ïðîñòið iç ôiëüòðàöi¹þ, íà ÿêîìó âè-
çíà÷åíî âñi îá'¹êòè, ùî äàëi ðîçãëÿäàþòüñÿ. Çàôiêñó¹ìî T > 0, òà íåõàé P1 � iíøà
éìîâiðíiñíà ìiðà íà (Ω,F), ïðè÷îìó ìiðà P1 àáñîëþòíî íåïåðåðâíà âiäíîñíî ìiðè
P. Çãiäíî ç îçíà÷åííÿì [1, ñ. 121�130], ó âèïàäêó êîëè P1 àáñîëþòíî íåïåðåðâíà
âiäíîñíî ìiðè P, åíòðîïiÿ éìîâiðíiñíî¨ ìiðè P1 âiäíîñíî P âèçíà÷à¹òüñÿ ÿê

H(P1|P) := E

[
dP1

dP
log

dP1

dP

]
.

Îñíîâíîþ âëàñòèâiñòþ ôóíêöiîíàëà H(P1|P) ¹ òå, ùî H(P1|P) ≥ 0 òà H(P1|P) = 0
òîäi é òiëüêè òîäi, êîëè P1 = P.

Äiéñíî, ôóíêöiÿ h(x) = x log x ¹ ñòðîãî îïóêëîþ íà (0,∞). Çàñòîñóâàâøè íåðiâ-
íiñòü É¹íñåíà äî ôóíêöi¨ h(x), îòðèìà¹ìî

H(P1|P) = E

[
h

(
dP1

dP

)]
≥ h

(
E

[
dP1

dP

])
≥ h(1) = 0,

òà ðiâíiñòü ñïðàâåäëèâà òîäi é òiëüêè òîäi, êîëè P1 = P . Âiä ñòàíäàðòíî¨ åíòðîïi¨
ïåðåéäåìî äî iíøèõ ôóíêöiîíàëiâ, çàäàíèõ íà ùiëüíîñòÿõ iìîâiðíiñíèõ ìið. Âîíè
âèíèêàþòü ïðè ðîçãëÿäi, íàïðèêëàä, òàêî¨ çàäà÷i.

Ïðèïóñòèìî, ùî íà (Ω,F , (Ft)t∈[0,T ],P) çàäàíî äâà íåçàëåæíi âiíåðiâñüêi ïðîöåñè
W1 = {W1(t), t ∈ [0, T ]} òà W2 = {W2(t), t ∈ [0, T ]}, i íåõàé íåâèïàäêîâà íåâiä'¹ìíà
ôóíêöiÿ f ∈ L2([0, T ], λ1), λ1 �ìiðà Ëåáåãà íà ïðÿìié. Ðîçãëÿíåìî ñóìè öèõ âiíåðiâ-
ñüêèõ ïðîöåñiâ çi çíîñîì, òîáòî âèïàäêîâèé ïðîöåñ âèãëÿäó

S(t) = W1(t) + W2(t) +

∫ t

0

f(s)ds, t ∈ [0, T ]. (1)

Íåçâàæàþ÷è íà òå, ùî ñóìà äâîõ íåçàëåæíèõ âiíåðiâñüêèõ ïðîöåñiâ çíîâó ¹ âiíåðiâñü-
êèì ïðîöåñîì, iç òî÷íiñòþ äî ñòàëîãî ìíîæíèêà, ìè áóäåìî ðîãëÿäàòè öi ïðîöåñè
îêðåìî. Ïåðåéäåìî äî iíøî¨ éìîâiðíiñíî¨ ìiðè P̃, âiäíîñíî ÿêî¨ ñóìà S(t) ç (1) íàáóâà¹
âèãëÿäó

S̃(t) = W̃1(t) + W̃2(t), t ∈ [0, T ], (2)
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äå W̃1 òà W̃2 �äâà íåçàëåæíi âiíåðiâñüêi ïðîöåñè âiäíîñíî ìiðè P̃. Ó ñèëó íåçàëåæ-
íîñòi âiíåðiâñüêèõ ïðîöåñiâ W̃1 òà W̃2 , âiäíîøåííÿ âiðîãiäíîñòåé ðîçïàäåòüñÿ â äî-
áóòîê:

dP̃

dP
=

dP1

dP
× dP2

dP
,

äå ìiðè P1 òà P2 âiäïîâiäàþòü âiíåðiâñüêèì ïðîöåñàì W̃1 òà W̃2. Ñóìó ïðîöåñiâ W1

òà W2 çi çíîñîì ðîçêëàäåìî i áóäåìî óñóâàòè çíîñ
∫ t
0 f(s)ds òàêèì ÷èíîì:

W̃1(t) = W1(t) +

∫ t

0

f1(s)ds,

W̃2(t) = W2(t) +

∫ t

0

f2(s)ds,

f1(t) + f2(t) = f(t), t ∈ [0, T ],

ïðè÷îìó ôóíêöi¨ fi çàäîâîëüíÿþòü óìîâè

fi ∈ L2([0, T ], λ1), 0 ≤ fi(t) ≤ f(t), t ∈ [0, T ].

Òîäi çà òåîðåìîþ Ãiðñàíîâà

dPi

dP
= exp

{
∫ T

0

fi(s)dWi(s)− 1/2

∫ T

0

f2
i (s)ds

}
, i = 1, 2.

Íàøà ìåòà � ïiäiáðàòè ôóíêöi¨ f1(t) òà f2(t) òàêèì ÷èíîì, ùîá âîíè ìiíiìiçóâàëè
àáî ìàêñèìiçóâàëè ôóíêöiîíàëè âèäó

E

[
F

(
dP1

dP
,
dP2

dP

)]
,

äå F (·, ·) : R2 → R+ �äåÿêà íåâiä'¹ìíà âèìiðíà ôóíêöiÿ. Çàóâàæèìî, ùî iíøèé ïiä-
õiä äî ìiíiìiçàöi¨ åíòðîïiéíèõ ôóíêöiîíàëiâ ðåàëiçîâàíî ó ñòàòòi [2]. Ùîá ðîçâ'ÿçàòè
ïîñòàâëåíó çàäà÷ó, ðîçãëÿíåìî äâà âèïàäêè� êîëè ôóíêöiÿ F ¹ äèôåðåíöiéîâíîþ
i äî íå¨ ìîæíà çàñòîñóâàòè ñòàíäàðòíó ôîðìóëó Iòî, i âèïàäîê, êîëè F çàäà¹ ôóí-
êöiîíàë åíòðîïiéíîãî òèïó, ùî ìiñòèòü ëîãàðèôìè. Äàëi ñòàòòþ îðãàíiçîâàíî òàêèì
÷èíîì. Ó ðîçäiëi 2 ñôîðìóëüîâàíî òåîðåìó ïðî òî÷êè ìàêñèìóìó òà ìiíiìóìó äëÿ
ôóíêöiîíàëà âiä òðüîõ iìîâiðíiñíèõ ìið, â ÿêîìó çàäiÿíî äâi÷i äèôåðåíöiéîâíó ôóí-
êöiþ. Ó ðîçäiëi 3 çíàéäåíî òî÷êè åêñòðåìóìó äëÿ åíòðîïiéíîãî ôóíêöiîíàëà âiä
òðüîõ éìîâiðíiñíèõ ìið, ùî ìiñòèòü ëîãàðèôìè. Âèñíîâêè ðîçìiùåíî ó ðîçäiëi 4.

2. Åêñòðåìóìè ôóíêöiîíàëiâ äëÿ äèôåðåíöiéîâíèõ ôóíêöié

Îòæå, ðîçãëÿíåìî âèïàäîê, êîëè ôóíêöiÿ F ∈ C2(R2) i ïðè öüîìó ìà¹, ðàçîì
çi ñâî¨ìè ïîõiäíèìè, çðîñòàííÿ íå âèùå ñòåïåíåâîãî. Óâåäåìî â ðîçãëÿä íåâiä'¹ìíi
ìàðòèíãàëè

Mi(t) = exp

{
∫ t

0

fi(s)dWi(s)− 1/2

∫ t

0

f2
i (s)ds

}
, i = 1, 2.

Î÷åâèäíî dPi

dP = Mi(T ), i = 1, 2.

Ëåìà 2.1. Íåõàé F ∈ C2(R2) òà iñíóþòü òàêi ñòàëi k ∈ N òà C > 0, ùî

|F (x1, x2)|,
∣∣∣∣∂F (x1, x2)

∂xi

∣∣∣∣, ∣∣∣∣∂2F (x1, x2)

∂x2
i

∣∣∣∣ ≤ C‖x‖k, i = 1, 2,
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äå ‖x‖2 = x2
1 + x2

2. Òîäi

E

[
F

(
dP1

dP
,
dP2

dP

)]
= F (1, 1) + 1/2

(
∫ T

0

(
E

(
∂2F (M1(s),M2(s))

∂x2
1

)
f2
1 (s) +

+ E

(
∂2F (M1(s),M2(s))

∂x2
2

)
f2
2 (s)

)
ds

)
. (3)

Äîâåäåííÿ. Çàñòîñó¹ìî ñòàíäàðòíó ôîðìóëó Iòî äî ôóíêöi¨ F òà ìàðòèíãàëiâ Mi,
i = 1, 2. Ïðè öüîìó, ó ñèëó óìîâè çðîñòàííÿ íå âèùå ñòåïåíåâîãî, óñi ñòîõàñòè÷íi
iíòåãðàëè, íàâåäåíi íèæ÷å, iñíóþòü i ìàþòü ìîìåíòè âñiõ ïîðÿäêiâ. Îòæå,

F

(
dP1

dP
,
dP2

dP

)
= F (M1(T ),M2(T )) = F (1, 1) +

+
∑
i=1,2

∫ T

0

∂F (M1(s),M2(s))

∂xi
fi(s)dWi(s) + 1/2

∑
i=1,2

∫ T

0

∂2F (M1(s),M2(s))

∂x2
i

f2
i (s)ds,

çâiäêè áåçïîñåðåäíüî âèïëèâà¹ äîâåäåííÿ. �

Òåïåð, çàäà÷ó âiäøóêàííÿ åêñòðåìóìiâ ôóíêöiîíàëà E
[
F
(
dP1

dP
dP2

dP

)]
äîðå÷íî çâåñòè

äî âèïàäêiâ, êîëè ìàòåìàòè÷íå ñïîäiâàííÿ ó ïðàâié ÷àñòèíi (3) ìîæíà ÿâíî îá÷è-
ñëèòè. Íàïðèêëàä, ðîçãëÿíåìî ôóíêöiîíàë âèãëÿäó

F (x1, x2) = xk+2
1 + xl+2

2 ,

äå k i l�öiëi íåâiä'¹ìíi ÷èñëà. Ó öüîìó ðàçi

E

(
∂2F (M1(s),M2(s))

∂x2
1

)
= (k + 2)(k + 1)E(M1(s))k =

= (k + 2)(k + 1)E exp

{
k

∫ s

0

f1(u)dW1(u)− 1

2
k

∫ s

0

f2
1 (u)du

}
=

= (k + 2)(k + 1) exp

{
1

2
(k2 − k)

∫ s

0

f2
1 (u)du

}
, (4)

i, öiëêîì àíàëîãi÷íî,

E

(
∂2F (M1(s),M2(s))

∂x2
2

)
= (l + 2)(l + 1)E(M2(s))l =

= (l + 2)(l + 1)E exp

{
l

∫ s

0

f2(u)dW2(u)− 1

2
l

∫ s

0

f2
2 (u)du

}
=

= (l + 2)(l + 1) exp

{
1

2
(l2 − l)

∫ s

0

f2
2 (u)du

}
. (5)

Òåïåð, ç óðàõóâàííÿì ôîðìóë (3)�(5), çàäà÷à çâîäèòüñÿ äî îïòèìiçàöi¨ (âiäøóêàííÿ
ìàêñèìóìiâ àáî ìiíiìóìiâ) ôóíêöiîíàëà

G :=

∫ T

0

[
E

(
∂2F (M1(s),M2(s))

∂x2
1

)
f2
1 (s) + E

(
∂2F (M1(s),M2(s))

∂x2
2

)
f2
2 (s)

]
ds =

= (k + 2)(k + 1)

∫ T

0

exp

{
1

2
(k2 − k)

∫ s

0

f2
1 (u)du

}
f2
1 (s)ds +

+ (l + 2)(l + 1)

∫ T

0

exp

{
1

2
(l2 − l)

∫ s

0

f2
2 (u)du

}
f2
2 (s)ds =

= k1

(
exp

{
1

2
(k2 − k)

∫ T

0

f2
1 (u)du

}
− 1

)
+ l1

(
exp

{
1

2
(l2 − l)

∫ T

0

f2
2 (u)du

}
− 1

)
, (6)
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äå k1 = 2(k+2)(k+1)
k2−k , l1 = 2(l+2)(l+1)

l2−l . Ó ñâîþ ÷åðãó, ôîðìóëó (6) äîðå÷íî ïåðåïèñàòè
òàêèì ÷èíîì: ââåäåìî ïîçíà÷åííÿ f1(t) = α(t)f(t), äå α(t) ∈ [0, 1]� âèìiðíà ôóí-
êöiÿ, ïðè öüîìó f2(t) = (1− α(t))f(t), i çàäà÷ó (6) çâåäåìî äî íàñòóïíî¨: âiäøóêàòè
åêñòðåìóìè ôóíêöiîíàëà

G(α) := k1 exp

{
k2

∫ T

0

α2(u)f2(u)du

}
+ l1 exp

{
l2

∫ T

0

(1− α(u))2f2(u)du

}
, (7)

äå k2 = 1
2 (k2 − k), l2 = 1

2 (l2 − l). Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî
k > l.

Òåîðåìà 2.1. 1) Iñíó¹ ¹äèíà ôóíêöiÿ α(s) = α0, ÿêà ìiíiìiçó¹ ôóíêöiîíàë
G(α), ïðè÷îìó α0 çàäîâîëüíÿ¹ ðiâíÿííÿ

α0 =
l1l2 exp

{
l2c(1− α0)2

}
k1k2 exp{k2cα2

0}+ l1l2 exp{l2c(1− α0)2}
, äå c = ‖f‖2L2([0,T ],λ1)

.

2) Ïðè k = l α0 = 1
2 .

3) Ìàêñèìóì G(α) äîðiâíþ¹ max{k1 + l1 exp{l2c}, k1 exp{k2c}+ l1}.

Äîâåäåííÿ. Äîâåäåìî ïåðøå òâåðäæåííÿ. Iç öi¹þ ìåòîþ, ïiäñòàâèìî â (7) çàìiñòü
α(u) ôóíêöiþ α(u)+εβ(u), äå ε ∈ R, β� áóäü-ÿêà îáìåæåíà âèìiðíà ôóíêöiÿ. Òîáòî,
ðîçãëÿíåìî ôóíêöiîíàë G(α, ε) := G(α+ εβ). Ïîçíà÷èìî

G1(α, ε) = exp

{
k2

∫ T

0

(α(u) + εβ(u))
2
f2(u)du

}
,

G2(α, ε) = exp

{
l2

∫ T

0

(1− α(u)− εβ(u))
2
f2(u)du

}
.

Òîäi G(α, ε) = k1G1(α, ε) + l1G2(α, ε). Âiçüìåìî ïîõiäíó ïî ε:

G′ε(α, ε) = k1G
′
1(α, ε) + l1G

′
2(α, ε) = 2k1k2G1(α, ε)

∫ T

0

(α(u) + εβ(u))β(u)f2(u)du−

− 2l1l2G2(α, ε)

∫ T

0

(1− α(u)− εβ(u))β(u)f2(u)du. (8)

Îñêiëüêè çàðàç ìè øóêà¹ìî òî÷êè ìiíiìóìó, òî ìà¹ áóòè G(α, 0) ≤ G(α, ε) äëÿ âñiõ
ε ∈ R. Òîìó ïîõiäíó, îá÷èñëåíó ó (8), ïðèðiâíÿ¹ìî â íóëi äî íóëÿ:

k1k2G1(α, 0)

∫ T

0

α(u)β(u)f2(u)du− l1l2G2(α, 0)

∫ T

0

(1− α(u))β(u)f2(u)du = 0,

àáî
∫ T

0

[k1k2G1(α, 0)α(u)− l1l2G2(α, 0) + l1l2G2(α, 0)α(u)]β(u)f2(u)du = 0

äëÿ áóäü-ÿêî¨ îáìåæåíî¨ ôóíêöi¨ β.
Ïîêëàäåìî β(u) = (k1k2G1(α1, 0) + l1l2G2(α, 0))α(u) − l1l2G2(α, 0), é îäåðæèìî

ðiâíÿííÿ äëÿ α(u):

α(u) =
l1l2G2(α, 0)

k1k2G1(α, 0) + l1l2G2(α, 0)
. (9)

Ðiâíÿííÿ (9) îçíà÷à¹, ùî α(u) = α ∈ (0, 1)�äåÿêà ñòàëà, ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

α =
l1l2 exp

{
l2(1− α)2c

}
k1k2 exp{k2α2c}+ l1l2 exp{l2(1− α)2c}

, (10)
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äå c := ‖f‖2L2([0,T ],λ1)
, k1k2 = (k + 2)(k + 1), l1l2 = (l + 2)(l + 1). Ëiâà ÷àñòèíà (10)

çðîñòà¹ âiä 0 äî 1. Ïðàâó ÷àñòèíó (10) ñïðîñòèìî äî äðîáó

1

r exp{(k2α2 − l2(1− α)2)c}+ 1
, äå r =

k1k2
l1l2

,

i äîñëiäèìî ïîâåäiíêó ôóíêöi¨ ϕ(α) = exp
{
c(k2 − l2)α2 + 2l2cα

}
. Îñêiëüêè k > l, òî

k2 > l2, i çíà÷èòü, ôóíêöiÿ ϕ(α) çðîñòà¹ ïî α. Òîìó äðiá ñïàäà¹ âiä

l1l2 exp{l2c}
k1k2 + l1l2 exp{l2c}

äî
l1l2

k1k2 exp{k2c}+ l1l2
,

ïðè÷îìó îáèäâà çíà÷åííÿ ç iíòåðâàëó (0, 1). Iç íåïåðåðâíîñòi ôóíêöié ó ëiâié i ïðàâié
÷àñòèíàõ (10) âèïëèâà¹, ùî ðiâíÿííÿ (10) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Ïîçíà÷èìî éîãî α0.
Òåïåð îá÷èñëèìî äðóãó ïîõiäíó G′′εε(α, ε) i âñòàíîâèìî ¨¨ çíàê ïðè ε = 0.

Î÷åâèäíî, ùî G′′εε(α, ε) = k1G
′′
1(α, ε) + l1G

′′
2(α, ε), òîìó äîñòàòíüî äîñëiäèòè çíàê

êîæíîãî äîäàíêà. Íàïðèêëàä, äëÿ G′′1(α, ε) îäåðæèìî çà äîïîìîãîþ (8):

G′′1(α, ε)
∣∣∣
ε=0

=

[
2k2G

′
1(α, ε)

∫ T

0

(α(u) + εβ(u))β(u)f2(u)du

+ 2k2G1(α, ε)

∫ T

0

β2(u)f2(u)du

]
|ε=0 = 4k22G1(α, 0)

(
∫ T

0

α(u)β(u)f2(u)du

)2

+

+ 2k2G1(α, 0)

∫ T

0

β2(u)f2(u)du > 0. (11)

Àíàëîãi÷íî,

G′′2(α, ε)|ε=0 = 4l22G2(α, 0)

(
∫ T

0

(1− α(u))β(u)f2(u)du

)2

+

+ 2l2G2(α, 0)

∫ T

0

β2(u)f2(u)du > 0. (12)

Òàêèì ÷èíîì, ó òî÷öi α0 ñïðàâäi äîñÿãà¹òüñÿ ìiíiìóì ôóíêöiîíàëà G(α), çâiäêè
âèïëèâà¹ ïåðøå òâåðäæåííÿ. Òâåðäæåííÿ 2) i 3) ¹ î÷åâèäíèìè. �

3. Åêñòðåìóìè ôóíêöiîíàëiâ åíòðîïiéíîãî òèïó

ßê áóëî ñêàçàíî ó âñòóïi, åíòðîïiÿ îäíi¹¨ éìîâiðíiñíî¨ ìiðè âiäíîñíî iíøî¨ ¹ íå-
âiä'¹ìíèì ôóíêöiîíàëîì âiä ïîõiäíî¨ Ðàäîíà �Íiêîäèìà öèõ ìið, ÿêèé äîðiâíþ¹
íóëþ òîäi é òiëüêè òîäi, êîëè ìiðè îäíàêîâi. Òàêi ôóíêöiîíàëè áóäåìî íàçèâàòè
ôóíêöiîíàëàìè åíòðîïiéíîãî òèïó. Ïðîäîâæóþ÷è ðîçãëÿäàòè çàäà÷ó ïðî óñóíåííÿ
çñóâó äëÿ ñóìè äâîõ íåçàëåæíèõ âiíåðiâñüêèõ ïðîöåñiâ, çíàéäåìî òi ìiðè P1 i P2, ÿêi
äîñòàâëÿþòü åêñòðåìóìè ñóìi äâîõ ôóíêöiîíàëiâ åíòðîïiéíîãî òèïó:

H(P,P1,P2) = E

[(
dP1

dP

)2(
− log

dP2

dP

)]
+ E

[(
dP2

dP

)2(
− log

dP1

dP

)]
. (13)

Âèáið ôóíêöiîíàëà (13) óìîòèâîâàíî òàêèì ÷èíîì: ç îäíîãî áîêó, öiêàâî ðîçãëÿ-
íóòè ôóíêöiîíàë, ÿêèé ìà¹ íåòðèâiàëüíi òî÷êè ìiíiìiçàöi¨. Ç iíøîãî áîêó, áàæàíî
ñïî÷àòêó ïiäiáðàòè òàêèé ôóíêöiîíàë, äëÿ ÿêîãî òî÷êè ìiíiìiçàöi¨ ìîæíà îá÷èñëèòè.
Âëàñòèâîñòi ôóíêöiîíàëà H(P,P1,P2), çãiäíî ç ÿêèìè éîãî ñïðàâäi ìîæíà ââàæàòè
åíòðîïiéíèì, ðîçãëÿíóòî â ëåìi 3.1.

Ëåìà 3.1. Ôóíêöiîíàë H(P,P1,P2), ÿêèé çàäàíî ôîðìóëîþ (13), çàäîâîëüíÿ¹ íåðiâ-
íiñòü H(P,P1,P2) ≥ 0, ïðè÷îìó H(P,P1,P2) = 0 òîäi é òiëüêè òîäi, êîëè P1 = P
òà P2 = P.
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Äîâåäåííÿ. Ôóíêöiîíàë H(P,P1,P2) ¹ ñóìîþ äîäàíêiâ

E

[(
dP1

dP

)2(
− log

dP2

dP

)]
òà E

[(
dP2

dP

)2(
− log

dP1

dP

)]
.

Äàëi,

E

[(
dP1

dP

)2(
− log

dP2

dP

)]
= E

[(
dP1

dP

)]2(
−E log

dP2

dP

)
.

Âèêîðèñòîâóþ÷è óãíóòiñòü ôóíêöi¨ log x, îòðèìó¹ìî, ùî

E log
dP2

dP
≤ log E

dP2

dP
= log 1 = 0,

à îòæå, E
[(

dP1

dP

)2(− log dP2

dP

)]
≥ 0. Àíàëîãi÷íi âëàñòèâîñòi ìà¹ äðóãèé äîäàíîê. �

Çàóâàæèìî, ùî çà äîïîìîãîþ ôîðìóëè Iòî i ç óðàõóâàííÿì íåçàëåæíîñòi âiíå-
ðiâñüêèõ ïðîöåñiâ, ôóíêöiîíàë H(P,P1,P2) ìîæíà ïåðåïèñàòè ó âèãëÿäi

H(P,P1,P2) =
1

2

(
exp

{
∫ T

0

f2
1 (t)dt

}
∫ T

0

f2
2 (t)dt +

+ exp

{
∫ T

0

f2
2 (t)dt

}
∫ T

0

f2
1 (t)dt

)
.

Ó ñòàòòi [3] çíàéäåíî ìiíiìóìè i ìàêñèìóìè ôóíêöiîíàëà (13) çà óìîâè, ùî f1(t) =
αf(t) òà f1(t) = (1−α)f(t) , òîáòî ìè øóêàëè òî÷êó α, â ÿêié öåé ìiíiìóì äîñÿãàâñÿ.
Çàðàç áóäåìî øóêàòè ìiíiìóìè i ìàêñèìóìè öüîãî æ ôóíêöiîíàëà â øèðøîìó êëàñi
ôóíêöié

f1(t) = α(t)f(t) òà f2(t) = (1− α(t))f(t), (14)

äå α(t) ∈ [0, 1] � âèìiðíà îáìåæåíà ôóíêöiÿ. Íàãàäà¹ìî ïîçíà÷åííÿ c = ‖f‖L2([0,T ],λ1).

Òåîðåìà 3.1. 1) ßêùî c ≤ 2, òî ôóíêöiîíàë H(P,P1,P2) äîñÿãà¹ ñâîãî ìiíi-

ìóìó ïðè f1(t) = f2(t) = f(t)
2 , i öå ìiíiìàëüíå çíà÷åííÿ äîðiâíþ¹ c

4e
c/4, à

ìàêñèìóìó, íàïðèêëàä ïðè f1(t) = 1, i öå ìàêñèìàëüíå çíà÷åííÿ äîðiâíþ¹
c/2.

2) ßêùî 2 < c < 4, òî ôóíêöiîíàë äîñÿãà¹ ñâîãî ìiíiìóìó ïðè f1(t) = x1f(t)
òà f2(t) = (1− x1)f(t), äå x1 �òîé ¹äèíèé êîðiíü ðiâíÿííÿ

x exp{c(1− 2x)}+ x− 1 = 0,

ÿêèé íàëåæèòü äî iíòåðâàëó (0, 1/c). Öå ìiíiìàëüíå çíà÷åííÿ äîðiâíþ¹
1−x1

2 exp{cx2
1}. Ó ñèëó ñèìåòði¨ ôóíêöiîíàë äîñÿãà¹ ñâîãî ìiíiìóìó òàêîæ

ïðè f1(t) = (1−x1)f(t) òà f2(t) = x1f(t). Ùîäî ìàêñèìóìó, ïðè 2 < c < ln 16
âií äîðiâíþ¹ c/2, à ïðè ln 16 ≤ c < 4 âií äîðiâíþ¹ c

4e
c
4 .

3) ßêùî c ≥ 4, òî ìiíiìóì, ÿê i ó ïîïåðåäíüîìó âèïàäêó, äîñÿãà¹òüñÿ êîëè
f1(t) = x1f(t) òà f2(t) = (1− x1)f(t), äå x1 �òîé ¹äèíèé êîðiíü ðiâíÿííÿ

x exp{c(1− 2x)}+ x− 1 = 0,

ÿêèé íàëåæèòü äî iíòåðâàëó (0, 1/c). Ïðè c = 4 ìàêñèìóì äîðiâíþ¹ c
4e

c
4 ,

à êîëè c > 4 ìàêñèìóì äîñÿãà¹òüñÿ ïðè f1(t) = x4,5f(t) òà f2(t) = (1 −
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−x4,5)f(t), äå x4,5 � êîðåíi êâàäðàòíîãî ïîëiíîìà 1− xc+ x2c = 0, ÿêi äîðiâ-

íþþòü âiäïîâiäíî 1
2 ±

1
2

√
1− 4

c . Çíà÷åííÿ ìàêñèìóìó ðiâíå

1

4
exp

{
(c− 2)−

√
c(c− 4)

2

}(
(c− 2)−

√
c(c− 4) −

−
(√

c(c− 4)− (c− 2)
)

exp
{√

c(c− 4)
})

.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (14), ïåðåïèøåìî ôóíêöiîíàë H(P,P1,P2) ó
âèãëÿäi

H(P,P1,P2) =
1

2
exp

{
∫ T

0

f2(t)α2(t)dt

}
∫ T

0

f2(t)(1− α(t))2dt +

+
1

2
exp

{
∫ T

0

f2(t)(1− α(t))2dt

}
∫ T

0

f2(t)α2(t)dt.

ßê i ïðè äîâåäåííi òåîðåìè 2.1, äëÿ äîâiëüíî¨ ôóíêöi¨ β ∈ L2[0, T ] òà ε ∈ R ðîçãëÿ-
íåìî çíà÷åííÿ ôóíêöiîíàëà H ïðè α(t) + εβ(t):

H(α+ εβ) =
1

2
exp

{
∫ T

0

f2(t)(α(t) + εβ(t))2dt

}
∫ T

0

f2(t)(1− (α(t) + εβ(t)))2dt +

+
1

2
exp

{
∫ T

0

f2(t)(1− (α(t) + εβ(t)))2dt

}
∫ T

0

f2(t)(α(t) + εβ(t))2dt. (15)

Ïîçíà÷èìî I1 = exp
{
∫T
0 f2(t)α2(t)dt

}
òà I2 = exp

{
∫T
0 f2(t)(1− α(t)2)dt

}
. ßêùî øó-

êà¹ìî òàêó ôóíêöiþ α, ÿêà ìiíiìiçó¹ (15), òî çðîçóìiëî, ùî H(α) ≤ H(α+ εβ), òîìó
∀ε ∈ R,∀β ∈ L2[0, T ] H(α+εβ) äîñÿãà¹ ìiíiìóìó ïðè ε = 0. Çíàõîäèìî ïåðøó ïîõiäíó
ôóíêöiîíàëà H(α+ εβ) ïî ε:

H′(α+ εβ)
∣∣
ε=0

= I1

∫ T

0

f2(t)α(t)β(t)dt

∫ T

0

f2(t)(1− α(t))2dt−

− I1

∫ T

0

f2(t)(1− α(t))β(t)dt− I2

∫ T

0

f2(t)(1− α(t))β(t)dt

∫ T

0

f2(t)α2(t)dt +

+ I2

∫ T

0

f2(t)α(t)β(t)dt. (16)

Ñïðîñòèìî ïðàâó ÷àñòèíó (16), ïðèðiâíÿ¹ìî ¨¨ äî íóëÿ é îòðèìà¹ìî òàêå ðiâíÿííÿ:

I1

[
∫ T

0

f2(t)α(t)β(t)dt

∫ T

0

f2(t)(1− α(t))2dt−
∫ T

0

f2(t)(1− α(t))β(t)dt

]
−

− I2

[
∫ T

0

f2(t)(1− α(t))β(t)dt

∫ T

0

f2(t)α2(t)dt−
∫ T

0

f2(t)α(t)β(t)dt

]
= 0. (17)

Ïîçíà÷èìî K = I1
I2
.Òîäi ðiâíiñòü (17) ìîæíà ïåðåïèñàòè ó âèãëÿäi

K :=

∫T
0 f2(t)(1− α(t))β(t)dt

∫T
0 f2(t)α2(t)dt−

∫T
0 f2(t)α(t)β(t)dt

∫T
0 f2(t)α(t)β(t)dt

∫T
0 f2(t)(1− α(t))2dt−

∫T
0 f2(t)(1− α(t))β(t)dt

,

àáî, ùî òå ñàìå,
∫ T

0

f2(t)(1− α(t))β(t)dt

∫ T

0

f2(t)α2(t)dt−
∫ T

0

f2(t)α(t)β(t)dt =

= K

(
∫ T

0

f2(t)α(t)β(t)dt

∫ T

0

f2(t)(1− α(t))2dt−
∫ T

0

f2(t)(1− α(t))β(t)dt

)
. (18)
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Òåïåð ïåðåãðóïó¹ìî äîäàíêè ó (18) òàêèì ÷èíîì, ùîá âiäîêðåìèòè ìíîæíèêè, ùî
ìiñòÿòü β(t):

[
∫ T

0

f2(t)α2(t)dt + K

]
∫ T

0

f2(t)β(t)(1− α(t))dt =

=

[
1 + K

∫ T

0

f2(t)(1− α(t))2dt

]
∫ T

0

f2(t)α(t)β(t)dt. (19)

Óâåäåìî ïîçíà÷åííÿ äëÿ òàêîãî êîåôiöi¹íòà L:

L :=

∫T
0 f2(t)α2(t)dt + K

1 + K
∫T
0 f2(t)(1− α(t))2dt

,

òîäi ðiâíiñòü (19) ìîæíà ïåðåïèñàòè ó âèãëÿäi
∫ T

0

f2(t)β(t)[α(t)− L(1− α(t))]dt = 0. (20)

Îñêiëüêè ðiâíiñòü (20) âèêîíó¹òüñÿ äëÿ äîâiëüíî¨ îáìåæåíî¨ ôóíêöi¨ β = β(t), òî
ìîæíà ïîêëàñòè:

β(t) = (1 + L)α(t)− L.

Òîäi ðiâíÿííÿ (20) íàáóâà¹ âèãëÿäó
∫ T

0

f2(t)(α(t)− L(1− α(t)))2dt = 0, (21)

çâiäêè α(t) = α := L
1+L , òîáòî L = α

1−α . Ïðè ñòàëîìó α ìà¹ìî ðiâíîñòi

K = exp{c(2α− 1)}, L =
α

1− α
=

α2c + exp{c(2α− 1)}
1 + exp{c(2α− 1)}c(1− α)2

,

é îñòàííÿ ðiâíiñòü åêâiâàëåíòíà òàêîìó òðàíñöåíäåíòíîìó ðiâíÿííþ:

(α2c− αc + 1)((1− α) exp{c(2α− 1)} − α) = 0. (22)

Ó ñòàòòi [3] äîâåäåíî, ùî ëiâà ÷àñòèíà ðiâíÿííÿ (22) � öå ïîõiäíà íàøîãî åíòðî-
ïiéíîãî ôóíêöiîíàëà ç òî÷íiñòþ äî ìíîæíèêà ecα

2

, ÿêùî ðîçãëÿäàòè éîãî òiëüêè
ïðè ñòàëèõ α ∈ [0, 1]. Îñêiëüêè ìè äîâåëè, ùî åêñòðåìàëüíi çíà÷åííÿ íàøîãî åíòðî-
ïiéíîãî ôóíêöiîíàëà äîñÿãàþòüñÿ ñàìå ïðè ñòàëèõ α, òåïåð ïîòðiáíî çíàéòè êîðåíi
ðiâíÿííÿ (22), ç'ÿñóâàòè, ÿêi ç íèõ âiäïîâiäàþòü ìàêñèìóìàì àáî ìiíiìóìàì, i ïî-
ðiâíÿòè âiäïîâiäíi çíà÷åííÿ çi çíà÷åííÿìè åíòðîïiéíîãî ôóíêöiîíàëà ïðè α = 0, 1.
Ïîçíà÷èìî x = 1 − α, ïðè öüîìó ïåðøèé ìíîæíèê ó (22) íå çìiíèòüñÿ, à äðóãèé
áóäå äîðiâíþâàòè x exp{c(1− 2x)}+ x− 1. Ñàì ôóíêöiîíàë âèãëÿäàòèìå òàê:

H(P,P1,P2) = c/2((1− x)2 exp{cx2}+ x2 exp{c(1− x)2}). (23)

Éîãî çíà÷åííÿ â òî÷êàõ 0 òà 1/2 äîðiâíþþòü, âiäïîâiäíî, c/2 òà c
4e

c
4 . Ðîçãëÿíåìî

îêðåìî ðiâíÿííÿ
x exp{c(1− 2x)}+ x− 1 = 0. (24)

Ó ñòàòòi [3] ðiâíÿííÿ (22) ïðîàíàëiçîâàíî, ïðè öüîìó îäåðæàíî òàêi ðåçóëüòàòè.
Ïåðøèé ìíîæíèê ìà¹ êîðåíi ëèøå ïðè c ≥ 4. Ó âèïàäêó, êîëè c ≤ 2, äðóãèé ìíîæíèê
ìà¹ ¹äèíèé êîðiíü x = 1

2 , öå òî÷êà ìiíiìóìó. Âiäïîâiäíî ìàêñèìóì äîñÿãà¹òüñÿ íà
êiíöÿõ âiäðiçêà òà äîðiâíþ¹ c/2. Çâiäñè âèïëèâà¹ ïåðøå òâåðäæåííÿ.

Âèïàäîê, êîëè c > 2, ðîçãëÿíåìî áiëüø äåòàëüíî. Íåõàé c ∈ (2, 4). Ïîçíà÷èìî

z(x) = x exp{c(1− 2x)}+ x− 1.
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Äëÿ âiäøóêàííÿ òî÷îê åêñòðåìóìó ôóíêöi¨ z çíàéäåìî ïåðøó òà äðóãó ïîõiäíi:

z′(x) = ec−2xc(1− 2xc) + 1,

z′′(x) = 4c(xc− 1)ec−2xc.

Äðóãà ïîõiäíà çìiíþ¹ çíàê ó òî÷öi 1
c , à ñàìå z

′′(x) < 0, ÿêùî x ∈ [0, 1
c ), òà z′′(x) ≥ 0,

ÿêùî x ∈ ( 1
c , 1]. Äëÿ çíàêó ïåðøî¨ ïîõiäíî¨ z′(x) ìà¹ìî òàêi âèïàäêè:

z′(x) > 0 ïðè x ∈ [0, x1), äå x1 ∈
(

0,
1

c

)
,

z′(x) < 0 ïðè x ∈ [x1, x2), äå x2 ∈
(

1− 1

c
, 1

)
,

z′(x) > 0 ïðè x ∈ [x2, 1].

ßê íàñëiäîê, ôóíêöiÿ z(x) íå ñïàäà¹ íà iíòåðâàëi [0, x1), ïîòiì íå çðîñòà¹ íà iíòåðâàëi
[x1, x2) òà çíîâó íå ñïàäà¹ íà [x2, 1]. Îñêiëüêè z(0) = −1 < 0, z(1/2) = 0 òà z(1) =
= e−c > 0, ìè ðîáèìî âèñíîâîê ïðî òå, ùî z(x) ìà¹ òðè êîðåíi: x1 ∈ (0, 1/c), x2 = 1

2
òà x3 ∈ (1− 1/c, 1). Îòæå, ïðè 2 < c < 4 ôóíêöiîíàë íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ
â òî÷êàõ x1, x3, i âîíî äîðiâíþ¹ 1−x1

2 exp{cx2
1}. Ïîðiâíþþ÷è çíà÷åííÿ ôóíêöiîíàëà

â x2 òà íà êiíöÿõ âiäðiçêà, îòðèìó¹ìî, ùî ìàêñèìàëüíå çíà÷åííÿ äîðiâíþ¹ c/2, êîëè
c ∈ (2, ln 16), òà c

4e
c
4 , êîëè c ∈ [ln 16, 4).

Íåõàé òåïåð c ≥ 4. Íà öüîìó ïðîìiæêó ðiâíÿííÿ (22) ìà¹ 5 êîðåíiâ:

x1 ∈ (0, 1/c), x2 =
1

2
, x3 ∈ (1− 1/c, 1), òà x4,5 =

√
c±
√
c− 4

2
√
c

.

Ïîçíà÷èìî ëiâó ÷àñòèíó ðiâíÿííÿ (22) ÷åðåç y. Âðàõîâóþ÷è àíòèñèìåòðè÷íiñòü ôóí-
êöi¨ y âiäíîñíî x = 1

2 , îòðèìó¹ìî, ùî òî÷êàìè ëîêàëüíîãî ìiíiìóìó ¹ x1 ∈ (0, 1/c),
x2 = 1

2 , x3 ∈ (1− 1/c, 1). Äîñèòü ïîðiâíÿòè çíà÷åííÿ ôóíêöiîíàëà â òî÷êàõ x1 òà

x2 = 1
2 . Äëÿ öüîãî ðîçãëÿíåìî ôóíêöiþ g(x) = ecx

2

(1 − x), x ∈ [0, 1]. �¨ ïåðøà

ïîõiäíà ¹ g′(x) = ecx
2

(2cx− 2cx2 − 1) òà ìà¹ äâà êîðåíi x̃1,2 = 1
2 ±

1
2

√
1− 2

c . Äiéñíî,

x̃1 < 1
2 < x̃2, òà g′(x) > 0 äëÿ x ∈ (x̃1, x̃2), g′(x) < 0 äëÿ x ∈ (0, x̃1) ∪ (x̃2, 1).

Êðiì òîãî, ó òî÷öi x̃1 z(x̃1) =
(

1
2 −

1
2

√
1− 2

c

)(
ec
√

1− 2
c + 1

)
− 1 > 0. Öÿ íåðiâíiñòü

åêâiâàëåíòíà òàêié

e
√
c2−2c >

1 +
√

1− 2
c

1−
√

1− 2
c

.

Ïåðåïèøåìî ïðàâó ÷àñòèíó ó âèãëÿäi

1 +
√

1− 2
c

1−
√

1− 2
c

=
(
c− 1−

√
c2 − 2c

)
,

òîäi äëÿ u =
√
c2 − 2c ìà¹ìî

eu > 1 + u +
u2

2
= 1 +

√
c2 − 2c +

c2

2
− c > c− 1−

√
c2 − 2c ïðè c ≥ 4.

Öå îçíà÷à¹, ùî x̃1 > x1. Çàóâàæèìî, ùî g(1) = 1 òà äî x̃1 g′(x) < 0.
Ïîðiâíþþ÷è çíà÷åííÿ g′(x) ó òî÷êàõ 0 òà 1

2 , ìè îòðèìó¹ìî, ùî g′(0) < g′
(
1
2

)
.

Áiëüøå òîãî, ìà¹ìî, ùî çíà÷åííÿ ôóíêöiîíàëà â òî÷öi x1 ìåíøå çà çíà÷åííÿ â 1
2 .

Ó âèïàäêó, êîëè c = 4, x2 = x4 = x5 = 1
2 òà ìàêñèìàëüíå çíà÷åííÿ äîðiâíþ¹ c

4e
c
4 .

Ïðè c > 4 ìàêñèìóì äîñÿãà¹òüñÿ â òî÷êàõ, ÿêi ¹ êîðåíÿìè êâàäðàòíîãî ïîëiíîìà,
à ñàìå x4,5 = c±

√
c2−4c
2c =

√
c±
√
c−4

2
√
c

. Âèçíà÷èìî, ó ÿêèõ iíòåðâàëàõ ìiñòÿòüñÿ êîðåíi
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x4 òà x5. Ïîðiâíÿ¹ìî x4 ç 1
c , ìà¹ìî

1
2 −

1
2

√
1− 4

c > 1
c . Îòæå, êîðiíü x4 ∈ ( 1

c ,
1
2 ) òà

x5 ∈ ( 1
2 , 1−

1
c ). Ìàêñèìàëüíå çíà÷åííÿ äîðiâíþ¹

1

4
exp

{
(c− 2)−

√
c(c− 4)

2

}(
(c− 2)−

√
c(c− 4)−

−
(√

c(c− 4)− (c− 2)
)

exp
{√

c(c− 4)
})

.

Öå ñïðàâäi ¹ íàéáiëüøèì çíà÷åííÿì ôóíêöiîíàëà, ùî âèïëèâà¹ ç íàñòóïíèõ ìið-
êóâàíü: ìiæ òî÷êàìè ìàêñèìóìó x4 òà x5 ìiñòèòüñÿ òî÷êà ëîêàëüíîãî ìiíiìóìó
x = 1/2. Îòæå, çíà÷åííÿ ôóíêöi¨ â òî÷öi x2 = 1/2 ìåíøå, íiæ çíà÷åííÿ â òî÷êàõ x4

òà x5, à, ÿê óæå áóëî ñêàçàíî, ïðè c > 4 çíà÷åííÿ â òî÷öi x = 1/2, ÿêå äîðiâíþ¹ c
4e

c
4 ,

ïåðåâèùó¹ çíà÷åííÿ íà êiíöÿõ, ÿêå äîðiâíþ¹ c/2. Îòæå, òåîðåìó äîâåäåíî. �

4. Âèñíîâêè

Ó ñòàòòi äîâåäåíî òåîðåìó ïðî åêñòðåìóìè ôóíêöiîíàëà, ïîáóäîâàíîãî íà òðüîõ
iìîâiðíiñíèõ ìiðàõ, i òàêîãî, ùî ìiñòèòü äâi÷i íåïåðåðâíî äèôåðåíöiéîâíó ôóíêöiþ, à
òàêîæ çíàéäåíî åêñòðåìóìè ôóíêöiîíàëó åíòðîïiéíîãî òèïó, ïîáóäîâàíîãî íà òðüîõ
iìîâiðíiñíèõ ìiðàõ.
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CALCULATION OF EXTREMUMS OF ENTROPY FUNCTIONALS

Y. S. MISHURA, H. S. ZHELEZNIAK

Abstract. We consider a sum of two independent Wiener processes with a drift and construct new

probabilistic measures, with respect to which the drift is zero. Among these measures, we are looking

for those that minimize or maximize certain including entropy functionals.

ÎÒÛÑÊÀÍÈÅ ÝÑÒÐÅÌÓÌÎÂ ÝÍÒÐÎÏÈÉÍÛÕ ÔÓÍÊÖÈÎÍÀËÎÂ

Þ. Ñ. ÌÈØÓÐÀ, À. Ñ. ÆÅËÅÇÍßÊ

Àííîòàöèÿ. Ðàññìîòðèì ñóììó äâóõ íåçàâèñèìûõ âèíåðîâñêèõ ïðîöåññîâ ñî ñíîñîì è ïîñòðîèì
ñåìüþ âåðîÿòíîñòíûõ ìåð, îòíîñèòåëüíî êîòîðûõ ñíîñ ðàâåí íóëþ. Ñðåäè ýòèõ ìåð èùåì òå, êîòî-
ðûå ìèíèìèçèðóþò èëè ìàêñèìèçèðóþò îïðåäåëåííûå ôóíêöèîíàëû, â òîì ÷èñëå ôóíêöèîíàëû
ýíòðîïèéíîãî òèïà.


