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Àíîòàöiÿ. Ïðè çàäàíîìó Q2-çîáðàæåííi ÷èñåë x ∈ [0; 1], âèçíà÷åíîìó ïàðàìåòðîì q0 ∈ (0; 1) i
ðîçêëàäîì ÷èñëà x ∈ [0; 1] ó ðÿä

x = α1q1−α1 +

∞∑
k=2

(αkq1−αk

k−1∏
j=1

qαj(x)
) ≡ ∆Q2

α1α2...αn...,

äå αk ∈ {0, 1} ≡ A, q1 ≡ 1− q0, âèâ÷àþòüñÿ ñòðóêòóðíi, ëîêàëüíi òà ãëîáàëüíi òîïîëîãî-ìåòðè÷íi
i ôðàêòàëüíi âëàñòèâîñòi ôóíêöi¨ fϕ, îçíà÷åíî¨ ðiâíiñòþ

fϕ(x) = fϕ(∆Q2
α1α2α3...αn−1αnαn+1...) = ∆Q2

ϕ(α1,α2)ϕ(α2,α3)...ϕ(αn−1,αn)ϕ(αn,αn+1)...
,

äå ϕ � íàïåðåä çàäàíà ôóíêöiÿ (ϕ : A2 → A).
Äëÿ âèïàäêîâî¨ âåëè÷èíè Y = fϕ(X), äå X � âèïàäêîâà âåëè÷èíà ç âiäîìèì ðîçïîäiëîì,

âèâ÷à¹òüñÿ ëåáåãiâñüêà ñòðóêòóðà (âìiñò äèñêðåòíî¨, àáñîëþòíî íåïåðåðâíî¨ òà ñèíãóëÿðíî¨ êîì-
ïîíåíò) òà ñïåêòðàëüíi âëàñòèâîñòi (âëàñòèâîñòi ìíîæèíè òî÷îê çðîñòàííÿ ôóíêöi¨ ðîçïîäiëó).

Êëþ÷îâi ñëîâà i ôðàçè. Q2-çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, êëàñè÷íå äâiéêîâå çî-
áðàæåííÿ ÷èñåë, îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð çîáðàæåííÿ, iíâåðñîð öèôð çîáðàæåííÿ,
ñèíãóëÿðíà ôóíêöiÿ, ôðàêòàëüíà ôóíêöiÿ, ìíîæèíà ðiâíÿ ôóíêöi¨, ðîçïîäië çíà÷åíü ôóíêöi¨.

2010 Mathematics Subject Classi�cation. 60E05, 28A80, 97F50, 26A30.

1. Âñòóï

Çàñîáè òåîði¨ ôðàêòàëiâ (ôðàêòàëüíî¨ ãåîìåòði¨ òà ôðàêòàëüíîãî àíàëiçó), iäå¨
ñàìîïîäiáíîñòi, ñàìîàôiííîñòi òà àâòîìîäåëüíîñòi ñóòò¹âî ðîçøèðèëè ìîæëèâîñòi
âèâ÷àòè ôóíêöi¨ i ðîçïîäiëè éìîâiðíîñòåé, ùî ìàþòü iððåãóëÿðíó ëîêàëüíó áóäîâó
(¾ïîâåäiíêó¿) i ñêëàäíi (íåîäíîðiäíi) ëîêàëüíi òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi. Åôå-
êòèâíèì çàñîáîì ¨õ àíàëiòè÷íîãî çàäàííÿ òà äîñëiäæåííÿ ¹ ðiçíi ñèñòåìè çîáðàæå-
ííÿ (êîäóâàííÿ) äiéñíèõ ÷èñåë [2, 4, 5, 11, 20, 21, 23], ÿêi ìîæóòü òîíêî ¾âiä÷óâàòè¿
ëîêàëüíó ñòðóêòóðó îá'¹êòà. Öå âëàñíå ôðàêòàëüíi ñèñòåìè êîîðäèíàò [19].

Ìè êàæåìî, ùî ôóíêöiÿ ìà¹ ôðàêòàëüíi âëàñòèâîñòi, ÿêùî âèêîíó¹òüñÿ ïðèíàéì-
íi îäíà ç óìîâ: ôóíêöiÿ ìà¹

(1) õî÷à á îäíó ôðàêòàëüíó ìíîæèíó ðiâíÿ [17],
(2) ñàìîïîäiáíèé, ñàìîàôiííèé, àâòîìîäåëüíèé àáî ôðàêòàëüíèé ãðàôiê (ÿê

ìíîæèíó â R2) [15],
(3) ôðàêòàëüíó ìíîæèíó òî÷îê íåñòàëîñòi (çðîñòàííÿ, ñïàäàííÿ) [17],
(4) ôðàêòàëüíó ìíîæèíó îñîáëèâîñòåé (äèôåðåíöiàëüíîãî [3, 13, 14] àáî iíøîãî

õàðàêòåðó),
(5) ðîçïîäië çíà÷åíü ïðè ðiâíîìiðíîìó ðîçïîäiëi àðãóìåíòà, çîñåðåäæåíèé íà

ôðàêòàëi [16];
(6) òðàíñôîðìó¹ ôðàêòàëüíó ðîçìiðíiñòü [1] ïðèíàéìíi îäíi¹¨ áîðåëiâñüêî¨ ïiä-

ìíîæèíè [0; 1].
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Íàâiòü ó ìåòðè÷íîìó ïðîñòîði C[0; 1] áiëüøiñòü (ó òîïîëîãi÷íîìó ñåíñi) ôóíêöié
ìà¹ ôðàêòàëüíi âëàñòèâîñòi. Îäíèì iç ïðîäóêòèâíèõ ìåòîäiâ çàäàííÿ òàêèõ ôóíêöié
¹ çàäàííÿ ¨õ ïåðåòâîðþâà÷àìè öèôð àáî àâòîìàòàìè çi ñêií÷åííîþ ïàì'ÿòòþ [6].

Îñíîâíèì îá'¹êòîì íàøîãî iíòåðåñó ¹ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè Y = f(X), äå
f � ôðàêòàëüíà ôóíêöiÿ (ôóíêöiÿ iç ôðàêòàëüíèìè âëàñòèâîñòÿìè), à X � âèïàäêî-
âà âåëè÷èíà ç âiäîìèì ðîçïîäiëîì. Éîãî çìiñòîâíèé òåîðåòè÷íèé àíàëiç ìîæëèâèé
ïðè óìîâi, ùî çàäàííÿ f i X ¹ óçãîäæåíèìè.

Ñåðåä ðiçíîìàíiòòÿ ñèñòåì êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë [2, 5, 11, 20]
îêðåìå ìiñöå çàéìàþòü äâîñèìâîëüíi ñèñòåìè [4, 8, 10, 12, 22]. Ó öié ðîáîòi, âèêîðè-
ñòîâóþ÷è ñàìîïîäiáíó äâîñèìâîëüíó ñèñòåìó çîáðàæåííÿ ÷èñåë � Q2-çîáðàæåííÿ,
òîïîëîãî-ìåòðè÷íà òà éìîâiðíiñíà òåîði¨ ÿêî¨ ¹ äîñòàòíüî ðîçâèíóòèìè [8, 11, 12, 18],
ìè âèâ÷à¹ìî êëàñ îá'¹êòiâ, ùî ìàþòü ôðàêòàëüíi âëàñòèâîñòi.

Íåõàé A ≡ {0, 1} � àëôàâiò, L ≡ A × A × . . . × A × . . . � ïðîñòið ïîñëiäîâíîñòåé
åëåìåíòiâ àëôàâiòó; 0 < q0 � çàäàíå äiéñíå ÷èñëî (ïàðàìåòð), ìåíøå 1, q1 ≡ 1−q0. Âi-
äîìà òåîðåìà [8, 11] ñòâåðäæó¹: äëÿ äîâiëüíîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (αn) ∈ L
òàêà, ùî

x = βα1(x) +

∞∑
k=2

(βαk(x)

k−1∏
j=1

qαj(x)) ≡ ∆Q2
α1α2...αn..., (1)

β0 ≡ 0, β1 ≡ q0, òîáòî βi = iq1−i. Ïðè öüîìó ðÿä (1) íàçèâà¹òüñÿ Q2-ïðåäñòàâëåííÿì

÷èñëà x, à ôîðìàëüíèé çàïèñ ∆Q2
α1α2...αn... � Q2-çîáðàæåííÿì ÷èñëà x i ðÿäó (1). Ïðè

öüîìó ÷èñëî αn = αn(x) íàçèâà¹òüñÿ n-þ öèôðîþ äàíîãî çîáðàæåííÿ. Çàóâàæèìî,
ùî Q2-ïðåäñòàâëåííÿ ¹ óçàãàëüíåííÿì êëàñè÷íîãî äâiéêîâîãî ðîçêëàäó ÷èñëà i çái-
ãà¹òüñÿ ç íèì ïðè q0 = 1

2 .
Íàãàäà¹ìî, ùî çëi÷åííà ìíîæèíà ÷èñåë ìà¹ äâà Q2-ïðåäñòàâëåííÿ. Öå ÷èñëà iç

çîáðàæåííÿìè
∆Q2

α1α2α3...αn1(0)
= ∆Q2

α1α2α3...αn0(1)
.

Òàêi íàçèâàþòüñÿ Q2-ðàöiîíàëüíèìè ÷èñëàìè, ðåøòà ÷èñåë ìàþòü ¹äèíå çîáðàæåí-
íÿ i íàçèâàþòüñÿ Q2-iððàöiîíàëüíèìè. Öèôðà αn(x) ¹ êîðåêòíî îçíà÷åíîþ ôóíêöi¹þ
äëÿ Q2-iððàöiîíàëüíèõ çíà÷åíü x. Çàðàäè êîðåêòíîñòi îçíà÷åííÿ îñíîâíîãî îá'¹êòà
äîñëiäæåííÿ i ôóíêöié αn(x) äëÿ Q2-ðàöiîíàëüíèõ çíà÷åíü x äîìîâèìîñÿ âèêîðè-
ñòîâóâàòè ëèøå ïåðøå iç çîáðàæåíü Q2-ðàöiîíàëüíèõ ÷èñåë.

Íàãàäà¹ìî [8, 11], ùî öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ ìíîæè-
íà ∆Q2

c1c2...cm âñiõ òèõ ÷èñåë âiäðiçêà [0; 1], ùî ìàþòü Q2-çîáðàæåííÿ, ïåðøi m öèôð
ÿêèõ âiäïîâiäíî ðiâíi c1, c2, . . . , cm. Öèëiíäð ∆Q2

c1c2...cm ¹ âiäðiçêîì[
∆Q2

c1c2...cm(0); ∆Q2

c1c2...cm(1)

]
,

äîâæèíà ÿêîãî îá÷èñëþ¹òüñÿ çà ôîðìóëîþ |∆Q2
c1c2...cm | =

m∏
j=1

qcj . Öèëiíäðè îäíîãî

ðàíãó íå ïåðåêðèâàþòüñÿ i â îá'¹äíàííi óòâîðþþòü âåñü âiäðiçîê [0; 1]. Êiíöi êîæíîãî
iç öèëiíäðiâ ¹ Q2-ðàöiîíàëüíèìè ÷èñëàìè. Êëþ÷îâèìè ïîíÿòòÿìè ìåòðè÷íî¨ òåîði¨
Q2-çîáðàæåííÿ äiéñíèõ ÷èñåë ¹ îñíîâíå ìåòðè÷íå âiäíîøåííÿ, ÿêå âèðàæà¹ ðiâíiñòü

|∆Q2

c1...cmi| = qi|∆Q2
c1...cm |.

Çàóâàæåííÿ 1. Äàëi, âðàõîâóþ÷è ââåäåíó âèùå äîìîâëåíiñòü, ïiä öèëiíäðîì
∆Q2

c1c2...cm ìè ðîçóìi¹ìî ïiââiäðiçîê [∆Q2

c1c2...cm(0); ∆Q2

c1c2...cm(1)).

Íàãàäà¹ìî [7], ùî ëåáåãiâñüêîþ ñòðóêòóðîþ ìiðè µ i âiäïîâiäíî¨ ¨é ôóíêöi¨ ðîç-
ïîäiëó Fµ(x) = µ{(−∞;x)} íàçèâàþòüñÿ ðîçêëàäè

µ(·) = α1µd(·) + α2µac(·) + α3µs(·), Fµ(x) = α1Fd(x) + α2Fac(x) + α3Fs(x),
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äå αi ≥ 0, α1 + α2 + α3 = 1, µd, µac, µs � äèñêðåòíà (÷èñòî àòîìàðíà), àáñîëþòíî
íåïåðåðâíà, ñèíãóëÿðíà (îðòîãîíàëüíà ìiði Ëåáåãà) éìîâiðíiñíi ìiðè (êîìïîíåíòè);
Fd � ôóíêöiÿ ñòðèáêiâ, Fac � àáñîëþòíî íåïåðåðâíà ôóíêöiÿ, Fs � ñèíãóëÿðíî
íåïåðåðâíà ôóíêöi¨ ðîçïîäiëó.

ßêùî îäèí iç êîåôiöi¹íòiâ αi = 1, òî êàæóòü, ùî éìîâiðíiñíà ìiðà (ôóíêöiÿ
ðîçïîäiëó) ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï. Ó ïðîòèëåæíîìó âèïàäêó, êàæóòü, ùî ìiðà
(ôóíêöiÿ ðîçïîäiëó) ¹ íåòðèâiàëüíîþ ñóìiøøþ òèõ êîìïîíåíò, êîåôiöi¹íòè ïðè ÿêèõ
âiäìiííi âiä íóëÿ.

Ùå äîíåäàâíà ñèíãóëÿðíi ìiðè (ÿê i ñèíãóëÿðíi ôóíêöi¨) ïðåäñòàâëÿëè íàéìåíø
âèâ÷åíèé êëàñ iç òðüîõ iñíóþ÷èõ êëàñiâ ÷èñòèõ ëåáåãiâñüêèõ òèïiâ ìið. Ñüîãîäíi ¹
àêòóàëüíîþ çàäà÷à çíàéòè ïðèðîäíó íiøó iñíóâàííÿ íåòðèâiàëüíèõ ñóìiøåé ñèíãó-
ëÿðíèõ ðîçïîäiëiâ (éìîâiðíiñíèõ ìið) ç iíøèìè. ¾Ïåðñïåêòèâíèìè¿ â öüîìó âiäíî-
øåííi ¹ ðîçïîäiëè çíà÷åíü ôðàêòàëüíèõ ôóíêöié âèïàäêîâèõ âåëè÷èí [17]. Ðàçîì iç
öèì, ìåòîäîëîãiÿ äîñëiäæåííÿ òàêèõ îá'¹êòiâ áiäíà. Íà öüîìó øëÿõó ìè ïðîïîíó¹ìî
ðåçóëüòàòè äîñëiäæåííÿ îá'¹êòiâ öi¹¨ ðîáîòè.

2. Îá'¹êò äîñëiäæåííÿ

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ fϕ, îçíà÷åíà íà [0; 1) ðiâíiñòþ

fϕ(x) = fϕ(∆Q2
α1α2...αn−1αnαn+1...) = ∆Q2

ϕ(α1,α2)ϕ(α2,α3)...ϕ(αn−1,αn)ϕ(αn,αn+1)...
, (2)

äå ϕ− ôiíiòíà ôóíêöiÿ, ÿêà âèçíà÷åíà íà ÷îòèðèåëåìåíòíié ìíîæèíi A2 ≡ A × A

i íàáóâà¹ çíà÷åíü iç ìíîæèíè A, a ∆Q2
α1α2...αn... − Q2-çîáðàæåííÿ ÷èñëà x ∈ [0, 1),

îçíà÷åíå ðiâíiñòþ (1).
Iñíó¹ 16 ðiçíèõ ôóíêöié fϕ, ïîðîäæåíèõ 16 ðiçíèìè ôóíêöiÿìè ϕ. �õ ñiì'þ ïîçíà-

÷èìî ÷åðåç Φ. Ôóíêöi¨ ϕ, ϕ òà ¨ì âiäïîâiäíi fϕ i fϕ íàçèâàþòüñÿ ïîïàðíî äâî¨ñòèìè,
ÿêùî äëÿ áóäü-ÿêî¨ ïàðè (i, j) ∈ A2 âèêîíó¹òüñÿ ðiâíiñòü ϕ(i, j) = 1 − ϕ(i, j). Äâî-
¨ñòèìè ¹ òðèâiàëüíi ("âèðîäæåííi") ôóíêöi¨ fϕ = 0, fϕ = 1, ïîðîäæåíi ôóíêöiÿìè
ϕ(i, j) = 0 i ϕ(i, j) = 1 âiäïîâiäíî. Ñåðåä ðåøòè 14 ôóíêöié iñíó¹ 7 ïàð äâî¨ñòèõ ôóí-
êöié, ÿêi ìàþòü íà ïåðøèé ïîãëÿä ¾ñõîæi¿ âëàñòèâîñòi é âèçíà÷àþòüñÿ ç òî÷íiñòþ äî
¾ñèìåòði¨¿ öèôð çîáðàæåííÿ. Öå ôóíêöi¨ fϕ, ïîðîäæåíi íàñòóïíèìè ôóíêöiÿìè ϕ:

ϕ1(i, j) = i · j; ϕ2(i, j) = |i− j|i; ϕ3(i, j) = i; ϕ4(i, j) = |i− j|j;
ϕ5(i, j) = j; ϕ6(i, j) = |i− j|; ϕ7(i, j) = i · j + |i− j|,

òà ¨õ "äâiéíèêàìè". Çâåðíåìî óâàãó íà ¹äèíó â ñiì'¨ Φ ïàðó íåïåðåðâíèõ äâî¨ñòèõ
ôóíêöié. Âîíè ïîðîäæåíi ôóíêöiÿìè ϕ3(i, j) = i i ϕ3(i, j) = 1 − i. Ëåãêî áà÷èòè,
ùî

fϕ3
(x) = fϕ3

(∆Q2
α1α2...αn...) = ∆Q2

α1α2...αn... = x;

fϕ3(x) = fϕ3(∆Q2
α1α2...αn...) = ∆Q2

[1−α1][1−α2]...[1−αn]...
≡ I(x).

Çàóâàæèìî, ùî ôóíêöiÿ fϕ3
íàçèâà¹òüñÿ iíâåðñîðîì öèôð Q2-çîáðàæåííÿ ÷èñåë. �¨

âëàñòèâîñòi âèâ÷àëèñü ó ðîáîòi [18], äå äîâåäåíî, ùî öå ñòðîãî ñïàäíà, à ïðè q0 6= 1
2

ñèíãóëÿðíà ôóíêöiÿ (íåïåðåðâíà ôóíêöiÿ, ïîõiäíà ÿêî¨ ìàéæå ñêðiçü ó ðîçóìiííi
ìiðè Ëåáåãà ðiâíà íóëþ). Òîìó ôîðìàëüíà ñõîæiñòü äâî¨ñòèõ ôóíêöié çíà÷íîþ ìiðîþ
¹ iëþçîðíîþ.

Äëÿ ïàðè äâî¨ñòèõ ôóíêöié fϕ5
i fϕ5

, ïîðîäæåíèõ ϕ5(i, j) = j i ϕ5(i, j) = 1 − j
âiäïîâiäíî, ñïðàâåäëèâi ðiâíîñòi:

fϕ5
(∆Q2
α1α2α3...αn...) = ∆Q2

α2α3...αn... ≡ w(x) =
1

qα1(x)
x−

βα1(x)

qα1(x)
,

fϕ5
(∆Q2
α1α2α3...αn...) = ∆Q2

[1−α2][1−α3]...[1−αn]...
= I(w(x)),
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äå I(x)− iíâåðñîð öèôð Q2-çîáðàæåííÿ ÷èñåë, w(x)− îïåðàòîð ëiâîñòîðîííüîãî çñó-
âó öèôð Q2-çîáðàæåííÿ ÷èñåë [9]. Ôóíêöiÿ w(x) âiäiãðà¹ âàæëèâó ðîëü ó ìåòðè÷íié
òà éìîâiðíiñíié òåîðiÿõ ÷èñåë â ¨õ Q2-çîáðàæåííi, à òàêîæ â åðãîäè÷íié òåîði¨ [11]
òà òåîði¨ ôóíêöié i ïåðåòâîðåíü ïðîñòîðó, ùî çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë.
Ëåãêî áà÷èòè iñòèííiñòü òàêîãî òâåðäæåííÿ.

Ëåìà 1. Äëÿ äâî¨ñòèõ ôóíêöié fϕ i fϕ ñïðàâåäëèâà ðiâíiñòü: fϕ(x) = I(fϕ(x)).

Çàóâàæåííÿ 2. Óêàçàíå òâåðäæåííÿ äà¹ ïiäñòàâè ÷àñòêîâî îáìåæèòèñü âèâ÷åííÿì
âëàñòèâîñòåé ëèøå îäíi¹¨ iç äâî¨ñòèõ ôóíêöié.

Îäèí ç àñïåêòiâ âëàñòèâîñòåé ôóíêöi¨ fϕ ðîçêðèâàþòü âëàñòèâîñòi ðîçïîäiëó âè-
ïàäêîâî¨ âåëè÷èíè Y = fϕ(X), äå X � âèïàäêîâà âåëè÷èíà ç íàïåðåä çàäàíèì
ðîçïîäiëîì, çîêðåìà, ðiâíîìiðíèì. Íàñ öiêàâèòü âèïàäîê, êîëè X = ∆Q2

η1η2...ηn... ¹
âèïàäêîâîþ âåëè÷èíîþ ç íåçàëåæíèìè öèôðàìè Q2-çîáðàæåííÿ iç çàäàíèìè ðîçïî-
äiëàìè

P{ηn = i} = pin ≥ 0, i = 0, 1, p0n + p1n = 1,

ÿêèé ¹ ðiâíîìiðíèì ïðè p0n = q0. Ñòðóêòóðà i âëàñòèâîñòi ðîçïîäiëó âèïàäêîâî¨
âåëè÷èíè X äîáðå âèâ÷åíî [8, 11]. Âèðàç ¨¨ ôóíêöi¨ ðîçïîäiëó ìà¹ âèãëÿä

FX(x) = ρα1(x)1 +

∞∑
k=2

(ραk(x)k

k−1∏
j=1

pαj(x)j),

äå αk(x)− k-òà öèôðà Q2-çîáðàæåííÿ ÷èñëà x, ρ0k = 0, ρ1k = p0k.
Ó öié ðîáîòi ìè çîñåðåäèìî óâàãó íà âèïàäêó îäíàêîâî¨ ðîçïîäiëåíîñòi öèôð âè-

ïàäêîâî¨ âåëè÷èíè X, à ñàìå: p0k = p0, p1k = 1− p0. Ó öüîìó âèïàäêó ôóíêöiÿ ðîç-
ïîäiëó FX(x), ïðè óìîâi 0 < p0 < 1, ïîðîäæó¹ íîâå Q′2-çîáðàæåííÿ (Q′2 = {p0; p1})
÷èñåë âiäðiçêà [0; 1].

Òåîðåìà 1. [8, 11] Âèïàäêîâà âåëè÷èíà X ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîçïîäiëó,
à ñàìå:

(1) ÷èñòî äèñêðåòíèé (i íàâiòü âèðîäæåíèé) òîäi é òiëüêè òîäi, êîëè p0p1 = 0;
(2) àáñîëþòíî íåïåðåðâíèé (íàâiòü ðiâíîìiðíèé) òîäi é ëèøå òîäi, êîëè p0 = q0;
(3) ÷èñòî ñèíãóëÿðíèé òîäi é òiëüêè òîäi, êîëè p0p1 6= 0 i p0 6= q0.

Îñíîâíèì îá'¹êòîì ðîçãëÿäó ó öié ðîáîòi ¹ äâi ôóíêöi¨ fϕ2
i fϕ6

òà ðîçïîäiëè ¨õ
çíà÷åíü.

3. Ìíîæèíè çíà÷åíü òà ðiâíiâ ôóíêöié

3.1. Ìíîæèíà çíà÷åíü ôóíêöi¨ fϕ2
.

Ëåìà 2. Ïðîîáðàçîì öèëiíäðà m-ãî ðàíãó ôóíêöi¨ fϕ, ïðè ϕ = ϕ2 ¹ àáî ïîðîæíÿ
ìíîæèíà, àáî öèëiíäð (m + 1)-ãî ðàíãó, àáî îá'¹äíàííÿ öèëiíäðiâ (m + 1)-ãî ðàíãó.

Äîâåäåííÿ. Î÷åâèäíî, ùî f(∆Q2
α1α2...αmαm+1) = ∆Q2

c1c2...cm−1cm òîäi é òiëüêè òîäi, êîëè
ϕ(α1,α2) = c1,

ϕ(α2,α3) = c2,

.......................

ϕ(αm,αm+1) = cm.

(3)

Öÿ ñèñòåìà ìîæå íå ìàòè ðîçâ'ÿçêiâ, ìîæå ìàòè îäèí àáî äåêiëüêà ðîçâ'ÿçêiâ,
ïðè÷îìó ðîçâ'ÿçêîì ¹ âïîðÿäêîâàíèé íàáið ç (m + 1)-î¨ öèôðè.
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ßêùî iñíó¹ äåÿêå k ∈ {1, 2, . . . ,m − 1} òàêå, ùî ckck+1 = 11, òî ñèñòåìà (3) íå
ìàòèìå ðîçâ'ÿçêiâ. Ñïðàâäi, âðàõîâóþ÷è âèðàç ôóíêöi¨ ϕ2 = |i− j|i, ìà¹ìî ñèñòåìó{

|αk − αk+1|αk = 1,

|αk+1 − αk+2|αk+1 = 1,

ÿêà íåñóìiñíà. Îòæå, ïðîîáðàçîì öèëiíäðà ∆Q2
c1c2...cm áóäå ïîðîæíÿ ìíîæèíà.

ßêùî c1 = c2 = . . . = cm = 0, òî êîæåí ç óïîðÿäêîâàíèõ íàáîðiâ

(0 . . . 0︸ ︷︷ ︸
k

1 . . . 1︸ ︷︷ ︸
m+1−k

), k = 0,m + 1 ,

¹ ðîçâ'ÿçêîì ñèñòåìè (3). Îòæå, ïðîîáðàçîì öèëiíäðà m-ãî ∆Q2

00...0 ¹ îá'¹äíàííÿ
m + 2 öèëiíäðiâ.

Òàêèì ÷èíîì, ñèñòåìà ìîæå íå ìàòè ðîçâ'ÿçêiâ àáî æ ìàòè ¨õ ñêií÷åííó êiëüêiñòü.
�

Òåîðåìà 2. Ïðè ϕ(i, j) = ϕ2(i, j) = |i − j|i ìíîæèíîþ çíà÷åíü Efϕ ôóíêöi¨ fϕ
¹ ñàìîïîäiáíà ìíîæèíà êàíòîðiâñüêîãî òèïó (íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨
ìiðè Ëåáåãà)

Efϕ = C ≡ C[Q2, 11] ≡ {x : αk(x)αk+1(x) 6= 11, k ∈ N},
ÿêà ìà¹ ñàìîïîäiáíó ðîçìiðíiñòü, ùî ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

qx0 + (q0q1)x = 1 (4)

i çáiãà¹òüñÿ ç ðîçìiðíiñòþ Ãàóñäîðôà�Áåçèêîâè÷à.

Äîâåäåííÿ. ×èñëî y0 ∈ C ìà¹ âèãëÿä

y0 = ∆Q2

(0),

y0 = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2

1...0 . . . 0︸ ︷︷ ︸
cm

1(0)
,

y0 = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2

1...0 . . . 0︸ ︷︷ ︸
ck

1...
, ck ∈ N.

Î÷åâèäíî, ùî
fϕ(∆Q2

(0)) = ∆Q2

(0);

fϕ(∆Q2

0 . . . 0︸ ︷︷ ︸
c1

10 . . . 0︸ ︷︷ ︸
c2+1

1...0 . . . 0︸ ︷︷ ︸
ck+1

1(0)
) = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2

1...0 . . . 0︸ ︷︷ ︸
ck

1(0)
;

fϕ(∆Q2

0 . . . 0︸ ︷︷ ︸
c1

10 . . . 0︸ ︷︷ ︸
c2+1

1...0 . . . 0︸ ︷︷ ︸
ck+1

1...
) = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2

1...0 . . . 0︸ ︷︷ ︸
ck

1...
.

Îòæå, C ⊂ Efϕ .
Ïîêàæåìî, ùî Efϕ\C = ∅. Ïðèïóñòèìî ñóïðîòèâíå. Íåõàé Efϕ\C 6= ∅, òîáòî iñíó¹

òàêå y = ∆Q2
γ1γ2...γn..., ùî äëÿ äåÿêîãî k ∈ N γk(y)γk+1(y) = 11. Òîäi äëÿ ïðîîáðàçó

x = ∆Q2
α1α2...αn... çíà÷åííÿ y ìà¹ìî ñèñòåìó ðiâíîñòåé{

γk = |αk − αk+1|αk = 1,

γk+1 = |αk+1 − αk+2|αk+1 = 1,

ÿêà íåñóìiñíà. Öå ãîâîðèòü ïðî õèáíiñòü ïðèïóùåííÿ. Îòæå, Efϕ = C.
Îñêiëüêè C = ∆′0 ∪ ∆′10, äå ∆′0 = ∆Q2

0 ∩ C, ∆′10 = ∆Q2

10 ∩ C, ïðè÷îìó C ïîäiáíà
∆′0 ç êîåôiöi¹íòîì ïîäiáíîñòi q0, à C ïîäiáíà ∆′10 ç êîåôiöi¹íòîì ïîäiáíîñòi q0q1, òî
C ¹ ñàìîïîäiáíîþ ìíîæèíîþ, ðîçìiðíiñòü ÿêî¨ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4). Îñêiëüêè
ìíîæèíà C çàäîâîëüíÿ¹ óìîâó âiäêðèòî¨ ìíîæèíè, òî ¨¨ ñàìîïîäiáíà ðîçìiðíiñòü
çáiãà¹òüñÿ ç ðîçìiðíiñòþ Ãàóñäîðôà�Áåçèêîâè÷à. �
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Íàñëiäîê 1. Ïðè q0 = 1
2 ñàìîïîäiáíà ðîçìiðíiñòü ìíîæèíè Efϕ2

äîðiâíþ¹

log2 (
√

5 + 1)− 1.

3.2. Ìíîæèíà çíà÷åíü ôóíêöi¨ fϕ6 .

Òåîðåìà 3. Ïðè ϕ(i, j) = ϕ6(i, j) = |i − j| ìíîæèíîþ çíà÷åíü Efϕ ôóíêöi¨ fϕ ¹
âiäðiçîê [0; 1], ïðè÷îìó

1) f−1ϕ (∆Q2

(0)) = {∆Q2

(0)}, f−1ϕ (∆Q2

(1)) = {∆Q2

(01),∆
Q2

(10)};
2) äëÿ Q2-iððàöiîíàëüíîãî çíà÷åííÿ y0 ðiâåíü ôóíêöi¨ fϕ ñêëàäà¹òüñÿ iç äâîõ

òî÷îê:

f−1ϕ (∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

1...
) =

= {∆Q2

a . . . a︸ ︷︷ ︸
c1

[1− a] . . . [1− a]︸ ︷︷ ︸
c2

a . . . a︸ ︷︷ ︸
c3

... [1− a] . . . [1− a]︸ ︷︷ ︸
ck

...
, a ∈ {0; 1}}, ci ∈ N ;

3) äëÿ Q2-ðàöiîíàëüíîãî çíà÷åííÿ y0 ðiâåíü ôóíêöi¨ fϕ ñêëàäà¹òüñÿ iç òðüîõ
òî÷îê:

f−1ϕ (∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

0(1)
) =

= {∆Q2

a . . . a︸ ︷︷ ︸
c1

[1− a] . . . [1− a]︸ ︷︷ ︸
c2

...a . . . a︸ ︷︷ ︸
ck

(a[1−a])
, a ∈ {0; 1}}, ci ∈ N,

f−1ϕ (∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

1(0)
) = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1

1 . . . 1︸ ︷︷ ︸
c2

...1 . . . 1︸ ︷︷ ︸
ck

(0)
, ci ∈ N.

Äîâåäåííÿ. 1) Ëåãêî ïîêàçàòè, ùî fϕ(∆Q2

(10)) = fϕ(∆Q2

(01)) = ∆Q2

(1) = 1 i fϕ(∆Q2

(0)) =

= ∆Q2

(0) = 0.
2) Áóäü-ÿêå Q2-iððàöiîíàëüíå ÷èñëî y0 ∈ (0; 1] ìîæíà ïîäàòè ó âèãëÿäi

[0; 1] 3 y0 = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

10 . . . 0︸ ︷︷ ︸
c3−1

1...
, äå ci ∈ N.

Âîíî, ÿê ëåãêî áà÷èòè, ¹ îáðàçîì ÷èñåë âèãëÿäó

x = ∆Q2

a . . . a︸ ︷︷ ︸
c1

[1− a] . . . [1− a]︸ ︷︷ ︸
c2

a . . . a︸ ︷︷ ︸
c3

[1− a] . . . [1− a]︸ ︷︷ ︸
c4

...
, äå a ∈ {0; 1}.

3) ßêùî æ y0 ¹ Q2-ðàöiîíàëüíèì ÷èñëîì, òî éîãî ìîæíà çîáðàçèòè ÿê

y0 = ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

1(0)
= ∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

0(1)
, äå ci ∈ N.

Òîäi î÷åâèäíî, ùî

f−1ϕ (∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

1(0)
) = ∆Q2

1 . . . 1︸ ︷︷ ︸
c1

0 . . . 0︸ ︷︷ ︸
c2

...1 . . . 1︸ ︷︷ ︸
ck

(0)
;

f−1ϕ (∆Q2

0 . . . 0︸ ︷︷ ︸
c1−1

10 . . . 0︸ ︷︷ ︸
c2−1

1...0 . . . 0︸ ︷︷ ︸
ck−1

0(1)
) =

= {∆Q2

a . . . a︸ ︷︷ ︸
c1

[1− a] . . . [1− a]︸ ︷︷ ︸
c2

...a . . . a︸ ︷︷ ︸
ck

(a[1−a])
, a ∈ {0; 1}}.



ÂËÀÑÒÈÂÎÑÒI ÒÀ ÐÎÇÏÎÄIËÈ ÇÍÀ×ÅÍÜ ÔÐÀÊÒÀËÜÍÈÕ ÔÓÍÊÖIÉ 193

Òîäi Efϕ = [0; 1] i òåîðåìó äîâåäåíî â ñèëó ¹äèíîñòi âêàçàíèõ çîáðàæåíü. �

3.3. Ìíîæèíè ðiâíiâ ôóíêöi¨ fϕ2
.

Òåîðåìà 4. Êîæíà ìíîæèíà Q2-ðàöiîíàëüíîãî ðiâíÿ ôóíêöi¨ fϕ, äå ϕ = ϕ2(i; j) =
= |i− j|i ¹ ñêií÷åííîþ, ïðè÷îìó

1) ìíîæèíè ðiâíiâ y0 = ∆Q2

(0) i y0 = ∆Q2

1(0) îäíîòî÷êîâi, à ñàìå:

f−1ϕ (∆Q2

(0)) = ∆Q2

(0), f−1ϕ (∆Q2

1(0)) = ∆Q2

1(0);

2) ìíîæèíà ðiâíÿ y0 = ∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

1(0) ñêëàäà¹òüñÿ iç S = (s1 +

1)s2 . . . sm òî÷îê, à ñàìå: ç òî÷îê

x = ∆Q2

0 . . .0︸ ︷︷ ︸
k1

1 . . .1︸ ︷︷ ︸
s1−k1

1 0 . . .0︸ ︷︷ ︸
k2

1 . . .1︸ ︷︷ ︸
s2−k2

1...1 0 . . .0︸ ︷︷ ︸
km

1 . . .1︸ ︷︷ ︸
sm−km

1(0), k1 = 0, s1, ki+1 = 1, si+1, si ∈ N ;

3) ìíîæèíà ðiâíÿ y1 = ∆Q2

1 0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

...1 0 . . .0︸ ︷︷ ︸
sm

1(0) ñêëàäà¹òüñÿ iç S = s1s2 . . . sm

òî÷îê, à ñàìå:

f−1ϕ (y1) =

= {x : x = ∆Q2

10 . . . 0︸ ︷︷ ︸
k1

1 . . . 1︸ ︷︷ ︸
s1−k1

10 . . . 0︸ ︷︷ ︸
k2

1 . . . 1︸ ︷︷ ︸
s2−k2

...10 . . . 0︸ ︷︷ ︸
km

1 . . . 1︸ ︷︷ ︸
sm−km

1(0)
, ki = 1, si, si ∈ N, i = 1,m}.

Äîâåäåííÿ. 1) Ïåðøå òâåðäæåííÿ ¹ î÷åâèäíèì.
2) Î÷åâèäíîþ òàêîæ ¹ ðiâíiñòü fϕ(x) = y0. Òå, ùî iíøèõ ïðîîáðàçiâ ÷èñëî y0 íå

ìà¹, âèïëèâà¹ ç òîãî, ùî ïðîîáðàçîì y0 ¹ ÷èñëî, Q2-çîáðàæåííÿ ÿêîãî ìiñòèòü ðiâíî
m ïàð ïîñëiäîâíèõ öèôð 10, ïðè÷îìó ¨õíi ìiñöÿ âèçíà÷åíî çàäàíèì óïîðÿäêîâàíèì
íàáîðîì íàòóðàëüíèõ ÷èñåë:

s1 + 1, s1 + s2 + 2, . . . , s1 + s2 + . . . + sm + m.

Êiëüêiñòü ïðîîáðàçiâ ÷èñëà y0 ¹ íàñëiäêîì êîìáiíàòîðíîãî ïðàâèëà ìíîæåííÿ.
3) Òâåðäæåííÿ äëÿ çíà÷åííÿ y1 ôóíêöi¨ fϕ îáãðóíòîâó¹òüñÿ àíàëîãi÷íî. Áiëüøå

òîãî, äðóãå òâåðäæåííÿ ¹ îêðåìèì âèïàäêîì òðåòüîãî. Àëå ìè äëÿ áiëüøî¨ ïðîçîðî-
ñòi âèêëàäó âiääàëè ïåðåâàãó òàêîìó ôîðìóëþâàííþ òåîðåìè. �

Òåîðåìà 5. ßêùî ϕ = ϕ2(i, j) = |i − j|i é ó çîáðàæåííi Q2-iððàöiîíàëüíîãî ÷èñëà
ỹ ∈ Efϕ êiëüêiñòü ñåðié íóëiâ iç äîâæèíîþ áiëüøîþ 1 ñêií÷åííà, òî ìíîæèíà ðiâíÿ
ỹ ôóíêöi¨ fϕ ¹ ñêií÷åííîþ, ó ïðîòèëåæíîìó âèïàäêó � êîíòèíóàëüíîþ, ïðè÷îìó

1) f−1ϕ (∆Q2

(01)) = {∆Q2

11(01),∆
Q2

0(10)}, f
−1
ϕ (∆Q2

(10)) = ∆Q2

1(01);

2) f−1ϕ (∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

(10)...) =

= {x = ∆Q2

0 . . .0︸ ︷︷ ︸
k1

1 . . .1︸ ︷︷ ︸
s1−k1

1 0 . . .0︸ ︷︷ ︸
k2

1 . . .1︸ ︷︷ ︸
s2−k2

1...1 0 . . .0︸ ︷︷ ︸
km

1 . . .1︸ ︷︷ ︸
sm−km

(10)}, k1 = 0, s1, km = 1, sm,

si ∈ N , i = 1,m;

3) Q2-çîáðàæåííÿ ïðîîáðàçy x ÷èñëà y• = ∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

1... ìà¹ âèãëÿä

x = ∆Q2

0 . . .0︸ ︷︷ ︸
k1

1 . . .1︸ ︷︷ ︸
s1−k1

1 0 . . .0︸ ︷︷ ︸
k2

1 . . .1︸ ︷︷ ︸
s2−k2

1...1 0 . . .0︸ ︷︷ ︸
km

1 . . .1︸ ︷︷ ︸
sm−km

1...,

k1 = 0, s1, km = 1, sm, sm ∈ N,m = 2, 3 . . .;
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4) Q2-çîáðàæåííÿ ïðîîáðàçy ÷èñëà y∗ = ∆Q2

1 0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

1... ìà¹ âèãëÿä

x = ∆Q2

1 0 . . .0︸ ︷︷ ︸
k1

1 . . .1︸ ︷︷ ︸
s1−k1

1 0 . . .0︸ ︷︷ ︸
k2

1 . . .1︸ ︷︷ ︸
s2−k2

1...1 0 . . .0︸ ︷︷ ︸
km

1 . . .1︸ ︷︷ ︸
sm−km

1..., km = 1, sm, sm ∈ N,m = 1, 2, . . .

Äîâåäåííÿ. Ðiâíîñòi 1) ¹ î÷åâèäíèìè. Çðîçóìiëî, ùî ïðîîáðàç x = f−1ϕ (ỹ) çíà÷åííÿ
ỹ = ∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

(10)... ìiñòèòü ïåðiîä (10), ÿêèé ïî÷èíà¹òüñÿ iç (s1+· · ·+sm+

+m)-ãî ìiñöÿ. Ó öüîìó âèïàäêó ïîòóæíiñòü ìíîæèíè ðiâíÿ ỹ îá÷èñëþ¹òüñÿ çà ôîð-
ìóëîþ S = (s1 + 1)s2 · . . . · sm, îáãðóíòóâàííÿ ÿêî¨ àíàëîãi÷íå äî íàâåäåíîãî ïðè
äîâåäåííi ïîïåðåäíüî¨ òåîðåìè.

Íåõàé òåïåð êiëüêiñòü ñåðié íóëiâ iç ïîòóæíiñòþ, áiëüøîþ çà 1, ¹ íåñêií÷åííîþ.
Çàóâàæèìî, ùî ñòðóêòóðà Q2-çîáðàæåííÿ ÷èñëà y• îäíîçíà÷íî âèçíà÷à¹òüñÿ ïî-

ñëiäîâíiñòþ íàòóðàëüíèõ ÷èñåë (sm). Òîìó ëåãêî áà÷èòè, ùî ó Q2-çîáðàæåííi ïðî-
îáðàçó x = x(sm) ÷èñëà y• ñåði¨ íóëiâ òà îäèíèöü ÷åðãóþòüñÿ, ïðè÷îìó ïåðåõîäè
ñåðié îäèíèöü ó ñåði¨ íóëiâ çäiéñíþþòüñÿ ëèøå íà òàêié ïîñëiäîâíîñòi ìiñöü:

lm = s1 + s2 + .. + sm + m, m = 1, 2, . . .

Îòæå, fϕ(x) = y•.
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè ñåði¨ íóëiâ îäíàêîâi é ìiñòÿòü äâi öèôðè,

òîáòî sm = 2. Òîäi ìà¹ìî íàñòóïíå Q2-çîáðàæåííÿ y = ∆Q2

(001). Î÷åâèäíî, ùî

fϕ(∆Q2

(001)) = fϕ(∆Q2

(011)) = fϕ(∆Q2

1(110)) = ∆Q2

(001).

Àëå òîäi é fϕ(∆Q2

(001011)) = ∆Q2

(001), ïðîòå fϕ(∆Q2

(001110)) 6= ∆Q2

(001). Òîáòî ðiçíi âàði-

àíòè êîìáiíàöié òðiéîê öèôð "001" i "011"äàâàòèìóòü ∆Q2

(001). Òîäi ðiâåíü ∆Q2

(001)

ñêëàäàòèìåòüñÿ ïðèíàéìíi ç òî÷îê, ùî ó ñâî¹ìó Q2-çîáðàæåííi ìàòèìóòü ïîñëiäîâ-
íiñòü òðiéîê "001" i "011". Òîáòî f−1ϕ (∆Q2

(001)) ⊃ {x : x = ∆Q2
c1c2...cm..., c3m−2c3m−1c3m ∈

∈ {001, 011}, i ∈ N}. Îñòàííÿ ìíîæèíà ìà¹ ïîòóæíiñòü êîíòèíóóìó, îñêiëüêè íà íå-
ñêií÷åííié êiëüêîñòi ìiñöü ó çîáðàæåííi ïðîîáðàçó çíà÷åííÿ y• iñíó¹ àëüòåðíàòèâà
(äâà ðiçíi ìîæëèâi âàðiàíòè). Îòæå, êîíòèíóàëüíîþ ¹ i ìíîæèíà f−1ϕ (y•).

ßêùî îêðåìi ñåði¨ íóëiâ ìàþòü áiëüøó äîâæèíó, òî íà ¾¨õíiõ ìiñöÿõ¿ êiëüêiñòü
àëüòåðíàòèâ ëèøå çáiëüøó¹òüñÿ (äèâèñü ìiðêóâàííÿ ïðè äîâåäåííi 2-ãî òâåðäæåí-
íÿ). ßêùî sm = 1, òîáòî y• = ∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm−1

101 0 . . .0︸ ︷︷ ︸
sm+1

1..., òî äëÿ ïðîîáðàçó x

÷èñëà y• íå iñíó¹ àëüòåðíàòèâ äëÿ (j − 1), j, (j + 1)-¨ öèôð, à ñàìå: αj−1(x) = 1 =
αj+1(x), αj(x) = 0, êîëè j = s1 + s2 + . . . + sm + m − 1. Àëå àëüòåðíàòèâè iñíóþòü
íà íåñêií÷åííié êiëüêîñòi ìiñöü, êîëè sm > 1 äëÿ íåñêií÷åííî¨ ìíîæèíè çíà÷åíü m.
Òîìó â öüîìó âèïàäêó ìíîæèíà ðiâíÿ y• ¹ êîíòèíóàëüíîþ.

Äîâåäåííÿ ðiâíîñòi 4) àíàëîãi÷íå äî íàâåäåíîãî. �

4. Âëàñòèâîñòi ãðàôiêà ôóíêöi¨

Íàãàäà¹ìî, ùî ìíîæèíà E ⊂ R2 íàçèâà¹òüñÿ N -ñàìîàôiííîþ ìíîæèíîþ, ÿêùî
E = g1(E)∪g2(E)∪· · ·∪gn(E)∪· · · , äå gn � àôiííå ïåðåòâîðåííÿ ïëîùèíè, ïðè÷îìó
gi 6= gj , êîëè i 6= j.

ßêùî E ⊂ R2 ¹ ñàìîàôiííîþ ìíîæèíîþ, ïðè÷îìó

gn :

{
x = a

(n)
11 x + a

(n)
12 y + a

(n)
10 ,

y = a
(n)
21 x + a

(n)
22 y + a

(n)
20 ,
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òî ÷èñëî αa(E) = sup
k
{x :

k∑
n=1
|

∣∣∣∣∣a(n)11 a
(n)
12

a
(n)
21 a

(n)
22

∣∣∣∣∣| x2 = 1} íàçèâà¹òüñÿ ñàìîàôiííîþ ðîçìið-

íiñòþ ìíîæèíè E.

4.1. Âëàñòèâîñòi ãðàôiêà ôóíêöi¨ fϕ2
.

Òåîðåìà 6. Ãðàôiê Γfϕ2
= {(x; y) : x ∈ [0; 1), y = fϕ2(x)} ôóíêöi¨ fϕ2 ¹ N -ñàìîàôií-

íîþ ìíîæèíîþ, ïðè÷îìó

Γfϕ2
=

∞⋃
n=0

δn(Γfϕ2
),

äå δ0 òà δn � àôiííi ïåðåòâîðåííÿ

δ0 :

{
x′ = q0x;

y′ = q0y,
δn :

x′ = qn1 q0x + q0
n−1∑
i=0

qi1;

y′ = qn0 q1y + qn0 , n ∈ N.

Äîâåäåííÿ. Íåõàé G ≡ δ0(Γfϕ2
) ∪ δ1(Γfϕ2

) ∪ δ2(Γfϕ2
) ∪ . . . ∪ δk(Γfϕ2

) ∪ . . . Äîâåäå-
ìî, ùî Γfϕ2

= G. Cïî÷àòêó ïîêàæåìî, ùî G ⊂ Γfϕ2
. Ðîçãëÿíåìî äîâiëüíó òî÷êó

M ′(xM ′ ; yM ′) ∈ G. Òîäi iñíó¹ òàêèé íîìåð k, ùî M ′ ∈ δk(Γfϕ2
), äå M ′ = δk(M),

M ∈ Γfϕ2
. ßêùî k = 0, òî{

xM ′ = x′ = q0x = ∆Q2

0α1(x)α2(x)...αn(x)...
,

yM ′ = y′ = q0y = ∆Q2

0α1(y)α2(y)...αn(y)...
.

Î÷åâèäíî, ùî f(xM ′) = yM ′ , à îòæå, M ′ ∈ Γfϕ2
. Íåõàé k ∈ N , òîáòî

xM ′ = x′ = qk1q0x + q0
k−1∑
i=0

qi1 = ∆Q2

1 . . .1︸ ︷︷ ︸
k

0α1(x)α2(x)...αn(x)...
,

yM ′ = y′ = qk0q1y + qk0 = ∆Q2

0 . . .0︸ ︷︷ ︸
k

10α1(x)α2(x)...αn(x)...
.

Ëåãêî áà÷èòè, ùî yM ′ = fϕ2(xM ′), òîáòî M ′ ∈ Γfϕ2
. Îòæå, G ⊂ Γfϕ2

.
Ïîêàæåìî, ùî Γfϕ2

⊂ G. Íåõàé M(x, y) ∈ Γfϕ2
, òîáòî y = fϕ2

(x), x ∈ [0; 1).

ßêùî x = ∆Q2

0α2α3...
= q0x̃, äå x̃ = ∆Q2

α2α3..., òî y = fϕ(x) = ∆Q2

0γ2γ3
= q0ỹ, äå

ỹ = ∆Q2
γ2γ3..., i M ∈ δ0(Γfϕ2

), à îòæå, M ∈ G. ßêùî

x = ∆Q2

1 . . . 1︸ ︷︷ ︸
i

0αi+2αi+3...
= qi1q0x̃ + q0

i∑
j=0

qj1, äå x̃ = ∆Q2
αi+2αi+3...,

òî

fϕ2
(x) = ∆Q2

0 . . . 0︸ ︷︷ ︸
i−1

10γi+2γi+3...
= qi0q1ỹ + qi0, äå ỹ = ∆Q2

γi+2γi+3....

Îòæå, M ∈ δi(Γfϕ2
), Γfϕ2

⊂ G. Ùî é âèìàãàëîñÿ äîâåñòè. �

Íàñëiäîê 2. N -ñàìîàôiííà ðîçìiðíiñòü ãðàôiêà Γfϕ2
ôóíêöi¨ fϕ2

¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ

qx0 +
(q0q1)x

1− (q0q1)
x
2

= 1. (5)

Âîíà ïðè q0 = 1
2 äîðiâíþ¹ 1.
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Ñïðàâäi ðiâíÿííÿ äëÿ âèçíà÷åííÿN -ñàìîàôiííî¨ ðîçìiðíîñòi ãðàôiêà ôóíêöi¨ ìà¹
âèãëÿä ∣∣∣∣q0 0

0 q0

∣∣∣∣ x2 +

∞∑
n=1

∣∣∣∣qn1 q0 0
0 qn0 q1

∣∣∣∣ x2 = 1.

Âîíî ïiñëÿ çãîðòàííÿ ëiâî¨ ÷àñòèíè íàáóâà¹ âèãëÿäó (5).

4.2. Âëàñòèâîñòi ãðàôiêà ôóíêöi¨ fϕ6
.

Ëåìà 3. Ãðàôiê Γfϕ6
ôóíêöi¨ fϕ6

íà ìíîæèíi Q2-iððàöiîíàëüíèõ òî÷îê ìà¹ òàêó
"ñèìåòðiþ":

fϕ6
(x) = fϕ6

(I(x)), äå I(∆Q2
α1α2...αk...

) = ∆Q2

[1−α1][1−α2]...[1−αk]...
.

Äîâåäåííÿ. Çãiäíî ç îçíà÷åííÿì ôóíêöi¨ äëÿ äîâiëüíîãî Q2-iððàöiîíàëüíîãî ÷èñëà
x = ∆Q2

α1α2α3...αk−1αk... ìà¹ìî

fϕ6
(x) = ∆Q2

|α1−α2||α2−α3|...|αk−1−αk|...,

I(x) = ∆Q2

[1−α1][1−α2]...[1−αk−1][1−αk]...
.

Òîäi

fϕ6
(I(x)) = ∆Q2

|1−α1−1+α2||1−α2−1+α3|...|1−αk−1−1+αk|... =

= ∆Q2

|α2−α1||α3−α2|...|αk−αk−1|... = fϕ6
(x).

Ëåìó äîâåäåíî. �

Òåîðåìà 7. Äëÿ ãðàôiêà Γfϕ6
ôóíêöi¨ fϕ6

ñïðàâåäëèâà òàêà âëàñòèâiñòü àâòîìî-
äåëüíî¨ ñèìåòði¨:

Γfϕ6
= Γ0 ∪ Γ1 = (Γ00 ∪ Γ10) ∪ (Γ01 ∪ Γ11), (6)

äå
Γi = {M(x, fϕ6

(x)) : x = ∆Q2

iα2α3...αn
, (αn) ∈ L}, i ∈ {0, 1},

Γij = {M(x, fϕ6
(x)) : x = ∆Q2

ijα3...αn
, (αn) ∈ L}, i, j ∈ {0, 1},

Γij = gij(Γj), (7)

g00 :

{
x′ = q0x,

y′ = q0y;
g10 :

{
x′ = q1x + q0,

y′ = q1y + q0;
g01 :

{
x′ = q0x,

y′ = q1y + q0;
g11 :

{
x′ = q1x + q0,

y′ = q0y.

Äîâåäåííÿ. Ðiâíiñòü (6) î÷åâèäíà. Äîâåäåìî ðiâíiñòü (7).
1. Íåõàé M(x; y) ∈ Γ0, òîáòî x = ∆Q2

0α2α3...αn...
, y = fϕ6

(x) = ∆Q2
c1c2...cn.... Òîäi

1) äëÿ M ′(x′; y′) = g00(M), òîáòî{
x′ = q0x = ∆Q2

00α2α3...αn...
,

y′ = q0y = ∆Q2

0c1c2...cn...
,

î÷åâèäíî, ùî y′ = fϕ6(x′) i M ′ ∈ Γ00. À îòæå, g00(Γ0) ⊂ Γ00.
2) äëÿ M ′(x′; y′) = g10(M), òîáòî{

x′ = q1x + q0 = ∆Q2

10α2α3...αn...
,

y′ = q1y + q0 = ∆Q2

1c1c2...cn...
,

ìà¹ìî y′ = fϕ6
(x′) i M ′ ∈ Γ10. À îòæå, g10(Γ0) ⊂ Γ10.

2. Íåõàé M(x; y) ∈ Γ1, òîáòî x = ∆Q2

1α2α3...αn...
, y = fϕ6

(x) = ∆Q2

d1d2...dn...
. Òîäi

1) äëÿ M ′(x′; y′) = g01(M), òîáòî{
x′ = q0x = ∆Q2

01α2α3...αn...
,

y′ = q1y + q0 = ∆Q2

1d1d2...dn...
,

o÷åâèäíî, ùî y′ = fϕ6
(x′) i M ′ ∈ Γ01. À îòæå, g01(Γ1) ⊂ Γ01.
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2) Äëÿ M ′(x′; y′) = g11(M), òîáòî{
x′ = q1x + q0 = ∆Q2

11α2α3...αn...
,

y′ = q0y = ∆Q2

0d1d2...dn...
,

ìà¹ìî y′ = fϕ6
(x′) i M ′ ∈ Γ11. À îòæå, g11(Γ1) ⊂ Γ11.

Âêëþ÷åííÿ Γij ⊂ gij(Γj) ¹ î÷åâèäíèì. Òîìó ðiâíiñòü (7) äîâåäåíî. �

5. Ðîçïîäië çíà÷åíü ôóíêöi¨

5.1. Ðîçïîäië çíà÷åíü ôóíêöi¨ fϕ2
(x). Íåõàé (ηk)− ïîñëiäîâíiñòü íåçàëåæíèõ

îäíàêîâî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí, ÿêi íàáóâàþòü çíà÷åííÿ 0 i 1 ç iìîâið-
íîñòÿìè p0 i p1 âiäïîâiäíî, òîáòî

P{ηk = 0} = p0, P{ηk = 1} = p1, p0 + p1 = 1, ∀k ∈ N.

Ëåìà 4. Âèïàäêîâà âåëè÷èíà ξk ≡ ϕ2(ηk,ηk+1) íàáóâà¹ çíà÷åíü 0 i 1 ç iìîâiðíî-
ñòÿìè 1− p0p1 i p0p1 âiäïîâiäíî.

Äîâåäåííÿ. Âðàõîâóþ÷è íåçàëåæíiñòü âèïàäêîâèõ âåëè÷èí ηk, ìà¹ìî

P{ξk = 1} = P{ηk > ηk+1} = P{ηk = 1}P{ηk+1 = 0} = p0p1;

P{ξk = 0} = 1− P{ξk = 1} = 1− p0p1 = p20 + p0p1 + p21.

�

Çàóâàæåííÿ 3. Êîðåêòíiñòü çàäàííÿ âèïàäêîâî¨ âåëè÷èíè îá ðóíòîâó¹òüñÿ àíàëî-
ãi÷íî ÿê i â ëåìi 5.

Òåîðåìà 8. Íåõàé ϕ = ϕ2(i; j) = |i−j|i. ßêùî ðîçïîäië X íå ¹ âèðîäæåíèì, òîáòî
¹ íåïåðåðâíèì, òî âèïàäêîâà âåëè÷èíà Y = fϕ(X) ìà¹ ñèíãóëÿðíî íåïåðåðâíèé
ðîçïîäië êàíòîðiâñüêîãî òèïó.

Äîâåäåííÿ. Äëÿ îá ðóíòóâàííÿ âèñíîâêó òåîðåìè äîñèòü äîâåñòè, ùî ðîçïîäië âè-
ïàäêîâî¨ âåëè÷èíè Y íå ìà¹ àòîìiâ. Çãiäíî ç îçíà÷åííÿì íåïåðåðâíîñòi ðîçïîäiëó
äëÿ öüîãî äîñèòü äîâåñòè, ùî éìîâiðíiñòü êîæíî¨ îäíîòî÷êîâî¨ ìíîæèíè ðiâíà 0.

Çàçíà÷èìî, ùî P{Y = y0} = P{X ∈ f−1ϕ (y0)}. Òîìó, ÿêùî ìíîæèíà ðiâíÿ y0 ¹
ñêií÷åííîþ àáî çëi÷åííîþ, òî òî÷êà y0 íå ¹ àòîìîì ó ñèëó íåàòîìàðíîñòi ðîçïîäiëó
âèïàäêîâî¨ âåëè÷èíè X.

Íåõàé ìíîæèíà ðiâíÿ y0 ¹ êîíòèíóàëüíîþ. Òîäi y0 ¹ Q2-iððàöiîíàëüíèì ÷èñëîì,
à îòæå, éîãî çîáðàæåííÿ ìiñòèòü íåñêií÷åííó êiëüêiñòü ÿê íóëiâ, òàê i îäèíèöü.
Ìîæëèâi âèïàäêè:

1. Q2�çîáðàæåííÿ ÷èñëà y0 ïî÷èíà¹òüñÿ öèôðîþ 0;
2. Q2�çîáðàæåííÿ ÷èñëà y0 ïî÷èíà¹òüñÿ öèôðîþ 1;

ÿêi âàðòî ðîçãëÿäàòè îêðåìî.
Íåõàé y0 = ∆Q2

0 . . .0︸ ︷︷ ︸
s1

1 0 . . .0︸ ︷︷ ︸
s2

1... 0 . . .0︸ ︷︷ ︸
sm

1..., sm ∈ N . Òîäi ìíîæèíà f−1ϕ (y0) ñêëàäà¹òüñÿ

ç òî÷îê âèãëÿäó
x = ∆Q2

0 . . .0︸ ︷︷ ︸
k1

1 . . .1︸ ︷︷ ︸
s1−k1

1 0 . . .0︸ ︷︷ ︸
k2

1 . . .1︸ ︷︷ ︸
s2−k2

1...1 0 . . .0︸ ︷︷ ︸
km

1 . . .1︸ ︷︷ ︸
sm−km

1..., k1 = 0, s1, km = 1, sm, sm ∈ N . Îñêiëü-

êè

P{Y = y0} = P{X ∈ f−1ϕ (y0)} =

=

(
s1∑

k1=0

pk1
0 ps1−k1

1

) ∞∏
m=2

(
sm∑

km=1

pkm
0 psm−km

1

)
,
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a
sm∑
km

pkm
0 psm−km

1 ≤ 1
4 , òî îñòàííié íåñêií÷åííèé äîáóòîê ðîçáiãà¹òüñÿ äî íóëÿ â ñèëó

òîãî, ùî íå âèêîíó¹òüñÿ íåîáõiäíà óìîâà éîãî çáiæíîñòi. Òîìó P{Y = y0} = 0. À
îòæå, ðîçïîäië âèïàäêîâî¨ âåëè÷èíè Y ¹ íåïåðåðâíèì.

Îñêiëüêè P{Y ∈ Efϕ} = 1, à ìiðà Ëåáåãà λ(Efϕ) = 0, òî ðîçïîäië âèïàäêîâî¨
âåëè÷èíè Y ¹ ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó.

Ó äðóãîìó âèïàäêó äîâåäåííÿ ïðîâîäèòüñÿ àíàëîãi÷íî. �

5.2. Ðîçïîäië çíà÷åíü ôóíêöi¨ fϕ6 . Íåõàé (ηk) � ïîñëiäîâíiñòü íåçàëåæíèõ îäíà-
êîâî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí, ÿêi íàáóâàþòü çíà÷åíü 0 i 1 ç iìîâiðíîñòÿìè
p0 i p1 âiäïîâiäíî, òîáòî

P{ηn = 0} = p0, P{ηn = 1} = p1, p0 + p1 = 1, n ∈ N. (8)

Ëåìà 5. Ôóíêöiÿ fϕ6 ¹ âèìiðíîþ, à ñàìå: äëÿ áóäü-ÿêîãî ÷èñëà y ∈ R ìíîæèíà
Dy ≡ {x : fϕ6

(x) < y} ¹ áîðåëiâñüêîþ.

Äîâåäåííÿ. Äëÿ y ∈ (−∞; 0] ∪ [1;∞) òâåðäæåííÿ ¹ î÷åâèäíèì. Íåõàé òåïåð
x = ∆Q2

c1c2...ck...
− áóäü-ÿêå ÷èñëî ç (0; 1). Ìîæëèâi âèïàäêè:

1) y�Q2-ðàöiîíàëüíå ÷èñëî;
2) y�Q2-iððàöiîíàëüíå ÷èñëî.

ßêùî y�Q2-ðàöiîíàëüíå ÷èñëî i y = ∆Q2

c1c2...ck−11(0)
, òî ìíîæèíà Dy ≡ {x : fϕ6(x) <

< y} ¹ ñêií÷åííèì îá'¹äíàííÿì ïîïàðíî íåïåðåòèííèõ ìíîæèí, à ñàìå:

Dy = {|α1 − α2| < c1} ∪ {|α1 − α2| = c1 ∧ |α2 − α3| < c2} ∪ . . .

∪ {|αi − αi+1| = ci, i = 1, k − 1 ∧ |αk − αk+1| < ck}.

Êîæåí ç åëåìåíòiâ îá'¹äíàííÿ ¹ àáî ïîðîæíüîþ ìíîæèíîþ, àáî îá'¹äíàííÿì öèëií-
äðè÷íèõ ïiââiäðiçêiâ. Òîìó Dy ¹ áîðåëiâñüêîþ ìíîæèíîþ (ÿê ñêií÷åííå îá'¹äíàííÿ
áîðåëiâñüêèõ ìíîæèí).

ßêùî y−Q2-iððàöiîíàëüíå ÷èñëî i y = ∆Q2
c1c2...ck...

, òî ìíîæèíà Dy ≡ {x : fϕ6
(x) <

< y} ¹ çëi÷åííèì îá'¹äíàííÿì ïîïàðíî íåïåðåòèííèõ ìíîæèí, à ñàìå:

Dy = {|α1 − α2| < c1} ∪ {|α1 − α2| = c1 ∧ |α2 − α3| < c2} ∪ . . .

∪ {|αi − αi+1| = ci, i, i = 1, k − 1 ∧ |αk − αk+1| < ck} ∪ . . .

Êîæåí ç åëåìåíòiâ îá'¹äíàííÿ ¹ àáî ïîðîæíüîþ ìíîæèíîþ, àáî îá'¹äíàííÿì öèëií-
äðè÷íèõ ïiââiäðiçêiâ. Òîìó Dy ¹ áîðåëiâñüêîþ ìíîæèíîþ (ÿê çëi÷åííå îá'¹äíàííÿ
áîðåëiâñüêèõ ìíîæèí). Ëåìó äîâåäåíî. �

Íàñëiäîê 3. ßêùî ζ− âèïàäêîâà âåëè÷èíà, òî Y = fϕ6
(ζ) ¹ âèïàäêîâîþ âåëè÷è-

íîþ.

Ëåìà 6. Ñïåêòðîì SY ðîçïîäiëó çíà÷åíü ôóíêöi¨ Y = fϕ6
(X), êîëè p1p0 6= 0, ¹

ìíîæèíà çíà÷åíü Efϕ6 ôóíêöi¨ fϕ6 .

Äîâåäåííÿ. Îñêiëüêè ñïåêòðîì ðîçïîäiëó ¹ ìiíiìàëüíà çàìêíåíà ìíîæèíà, íà ÿêié
çîñåðåäæåíà éìîâiðíiñòü (çîñåðåäæåíèé ðîçïîäië), i êîæíà òî÷êà ìíîæèíè Efϕ6

çíà÷åíü ôóíêöi¨ fϕ6 ¹ ìîæëèâèì çíà÷åííÿì âèïàäêîâî¨ âåëè÷èíè Y , òî SY = Efϕ6
.

�

Òåîðåìà 9. Äëÿ òîãî, ùîá âèïàäêîâi âåëè÷èíè Y = fϕ6(X) òà X ìàëè îäíàêîâi
íåïåðåðâíi ðîçïîäiëè, íåîáõiäíî i äîñòàòíüî, ùîá p0 = 1

2 .

Äîâåäåííÿ. Íåîáõiäíiñòü. Ñêîðèñòà¹ìîñü ìåòîäîì âiä ñóïðîòèâíîãî.
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Ïðèïóñòèìî, ùî âèïàäêîâi âåëè÷èíè X òà Y ìàþòü îäíàêîâi ðîçïîäiëè i ïðè
öüîìó p0 6= 1

2 . Îñêiëüêè, âèïàäêîâi âåëè÷èíè X òà Y ìàþòü îäíàêîâi ðîçïîäiëè, òî

P{Y ∈ ∆Q2

0 } = P{X ∈ ∆Q2

00 ∪∆Q2

11 } = P{X ∈ ∆Q2

00 }+ P{X ∈ ∆Q2

11 } = p20 + p21.

Òîäi p0 = p20 + p21. Îñòàííÿ ðiâíiñòü âèêîíó¹òüñÿ ëèøå ïðè p0 = 1 i p0 = 1
2 . Àëå

ðîçïîäië X íåïåðåðâíèé, îòæå, p0 6= 1, à òîìó p0 = 1
2 . Îòðèìàëè ñóïåðå÷íiñòü.

Íåîáõiäíiñòü äîâåäåíî.
Äîñòàòíiñòü. Íåõàé ìà¹ìî X = ∆Q2

η1η2...ηn..., P{ηn = i} = 1
2 i Y = fϕ6

(X) =

= ∆Q2

ξ1ξ2...ξn...
, |ηn − ηn+1| = ξn. Òîäi

P{Y ∈ ∆Q2
c1c2...cm} = P{X ∈ ∆Q2

α1α2...αmαm+1
}+ P{X ∈ ∆Q2

[1−α1][1−α2]...[1−αm][1−αm+1]
},

äå |αk − αk+1| = ck, k = 1,m,

P{Y ∈ ∆Q2
c1c2...cm} =

(
1

2

)m+1

+

(
1

2

)m+1

=

(
1

2

)m

= P{X ∈ ∆Q2
c1c2...cm}.

Äîñòàòíiñòü i âñþ òåîðåìó äîâåäåíî. �

Ëåìà 7. ßêùî âèêîíó¹òüñÿ íåðiâíiñòü

max{p0, p1} ≡ pmax < q0
q0q1

q1 , (9)

òî p0 6= q0.

Äîâåäåííÿ. Ïðèïóñòèìî ñóïðîòèâíå, à ñàìå: ïðè âèêîíàííi óìîâè (9) ñïðàâåäëèâà
ðiâíiñòü p0 = q0. Ðîçãëÿíåìî âèïàäêè:

1) pmax = p0;
2) pmax = 1− p0.

Òîäi ó ïåðøîìó âèïàäêó ìà¹ìî

p0 < pp0

0 (1− p0)1−p0 ⇔ 1 < pp0−1
0 (1− p0)1−p0 =

(
1− p0
p0

)1−p0

.

Îñêiëüêè pmax = p0, òî
1−p0

p0
< 1 i

(
1−p0

p0

)1−p0

< 1. Îòðèìàëè ïðîòèði÷÷ÿ. Ó äðóãîìó
âèïàäêó ìà¹ìî

1− p0 < pp0

0 (1− p0)1−p0 ⇔ 1 < pp0

0 (1− p0)−p0 =

(
p0

1− p0

)p0

.

Îñêiëüêè pmax = 1 − p0, òî
p0

1−p0
< 1 i

(
p0

1−p0

)p0

< 1. Çíîâó îòðèìàëè ïðîòèði÷÷ÿ,

ÿêå äîâîäèòü òâåðäæåííÿ. Îòæå, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü (9), òî i âèêîíó¹òüñÿ
p0 6= q0. Ëåìó äîâåäåíî. �

Çàóâàæåííÿ 4. Äëÿ áóäü-ÿêîãî q0 ∈ (0; 1) ñïðàâäæó¹òüñÿ ïîäâiéíà íåðiâíiñòü
1
2 < qq00 qq11 < 1, ïðè÷îìó qq00 qq11 → 1

2 , êîëè q0 → 1
2 , i q

q0
0 qq11 → 1, êîëè q0 → 0 àáî

q0 → 1.

Òåîðåìà 10. 1) Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè Y = fϕ6
(X) ¹ íåïåðåðâíèì òî-

äi é òiëüêè òîäi, êîëè òàêèì ¹ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè X.
2) ßêùî âèêîíóþòüñÿ óìîâè 0 < p0 < 1 i

pmax < qq00 qq11 , äå pmax = max{p0, p1},

òî âèïàäêîâi âåëè÷èíè X i Y ìàþòü cèíãóëÿðíî íåïåðåðâíi ðîçïîäiëè ñàëå-
ìiâñüêîãî òèïó.
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Äîâåäåííÿ. 1. Öå òâåðäæåííÿ ¹ íàñëiäêîì òîãî, ùî ðîçïîäië âèïàäêîâî¨ âåëè÷èíè
X ¹ íåïåðåðâíèì, à êîæåí ðiâåíü ôóíêöi¨ fϕ6

ìiñòèòü íå áiëüøå òðüîõ òî÷îê.
2. Âiäîìî ç [8], ùî ïðè p0 6= q0 ðîçïîäië âèïàäêîâî¨ âåëè÷èíè X ¹ ñèíãóëÿðíèì

ðîçïîäiëîì ñàëåìiâñüêîãî òèïó. Âèêîíàííÿ öi¹¨ óìîâè ãàðàíòóþòü óìîâè òåîðåìè i
ëåìè 7. Îòæå, âèïàäêîâà âåëè÷èíà X ìà¹ âêàçàíèé ðîçïîäië.

Íàãàäà¹ìî, ùî Q2-íîðìàëüíèì ÷èñëîì íàçèâà¹òüñÿ ÷èñëî x, äëÿ ÿêîãî ÷àñòîòè
ν1(x) = q1, ν0(x) ≡ 1− ν1(x), äå

ν1(x) ≡ lim
n→∞

N1(x, n)

n
, N1(x, n) ≡

n∑
i=1

αi(x).

Âiäîìî [8, 11], ùî ìíîæèíàHQ2 âñiõ Q2-íîðìàëüíèõ ÷èñåë âiäðiçêó [0; 1] ¹ ìíîæèíîþ
ïîâíî¨ ìiðè Ëåáåãà, òîáòî λ(HQ2) = 1. Íåõàé WY � ìíîæèíà, â òî÷êàõ ÿêî¨ iñíó¹
ñêií÷åííà ïîõiäíà ôóíêöi¨ ðîçïîäiëó FY âèïàäêîâî¨ âåëè÷èíè Y (âiäîìà òåîðåìà
Ëåáåãà êîíñòàòó¹ ïîâíîòó ìiðè Ëåáåãà öi¹¨ ìíîæèíè). Òîäi ìíîæèíà V ≡ HQ2

∩WY

¹ ìíîæèíîþ ïîâíî¨ ìiðè Ëåáåãà (òîáòî λ(V ) = 1). Ðîçãëÿíåìî òî÷êó t ∈ V . Ó íié
iñíó¹ ñêií÷åííà ïîõiäíà F ′Y (t), ÿêà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

F ′Y (t) = lim
n→∞

P{Y ∈ ∆Q2

α1(t)α2(t)...αn(t)
}

|∆Q2

α1(t)α2(t)...αn(t)
|

,

ïðè÷îìó |∆Q2

α1(t)...αn(t)
| = q

N0(t,n)
0 q

N1(t,n)
1 . ×èñëî t = ∆Q2

α1(t)α2(t)...αn(t)...
¹ îáðàçîì äâîõ

òî÷îê x1, x2 ïðè âiäîáðàæåííi fϕ6 , à ñàìå: ÿêùî t = f(x1), äå x1 = ∆Q2
a1a2...an..., òî

x2 = ∆Q2

[1−a1][1−a2]...[1−an]...
. Òîäi

P{Y ∈ ∆Q2

α1(t)α2(t)...αn(t)
} =

= P{X ∈ ∆Q2
a1a2...anan+1

}+ P{X ∈ ∆Q2

[1−a1][1−a2]...[1−an][1−an+1]
}.

ßêùî ïîçíà÷èòè ÷åðåç c1(x1, n + 1) êiëüêiñòü ïåðåõîäiâ âiä ñåði¨ ¾íóëiâ¿ äî ñåði¨
¾îäèíèöü¿ ñåðåä ïåðøèõ n+ 1 ñèìâîëiâ i íàâïàêè ó Q2-çîáðàæåííi ÷èñëà x1, à ñàìå:

c1(x1, n + 1) = #{j : aj 6= aj+1, j = 1, 2, . . . , n},

òî ìàòèìåìî c1(x1, n + 1) = c1(x2, n + 1) = N1(t, n). Òîäi N1(t,n)
n = c1(x1,n+1)

n =

= c1(x2,n+1)
n ,

ν1 = lim
n→∞

N1(t, n)

n
= lim

n→∞

c1(x1, n + 1)

n
= lim

n→∞

c1(x2, n + 1)

n
.

Íåõàé s1(xi, n + 1) � êiëüêiñòü öèôð ¾1¿ ñåðåä ïåðøèõ (n + 1)-¨ öèôðè ó
Q2-çîáðàæåííi ÷èñåë xi, s0(xi, n+ 1) ≡ n+ 1− s1(xi, n+ 1), i = 0, 1. Òîäi 1

2N1(x1, t) ≤
≤ s0(x1, n + 1),

N1(t, n)

2
≤ s1(x1, n + 1) = n + 1− s0(x1, n + 1) ≤ n + 1− N1(t, n)

2
,

P{Y ∈ ∆Q2

α1(t)α2(t)...αn(t)
} = ps11 pn+1−s1

0 + ps10 pn+1−s1
1 ≤ pn+1

max.

Âðàõîâóþ÷è, ùî |∆Q2

α1(t)...αn(t)
| = q

N0(t,n)
0 q

N1(t,n)
1 , ìà¹ìî

F ′Y (t) ≤ pmax lim
n→∞

 2
1
n pmax

q
N0
n

0 q
N1
n

1

n

.

Îñêiëüêè

lim
n→∞

2
1
n pmax

q
N0
n

0 q
N1
n

1

=
pmax

qq00 qq11
< 1,
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òî ïðè n > − loga 2, äå a = pmax

q
q0
0 q

q1
1

, âèêîíó¹òüñÿ 2
1
n pmax

q
q0
0 q

q1
1

< 1. Îòæå, F ′Y (t) = 0 i

Y = fϕ6(X) ¹ ñèíãóëÿðíî ðîçïîäiëåíîþ âèïàäêîâîþ âåëè÷èíîþ. Òåîðåìó äîâåäåíî.
�
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PROPERTIES AND DISTRIBUTIONS OF VALUES OF FRACTAL
FUNCTIONS RELATED TO Q2-REPRESENTATION OF REAL NUMBERS

M. V. PRATSIOVYTYI, S. P. RATUSHNIAK

Abstract. We consider Q2-representation of numbers x ∈ [0, 1] defined by one parameter q0 ∈ (0; 1)

and expansion of numbers x ∈ [0, 1] in series

x = α1q1−α1 +

∞∑
k=2

(αkq1−αk

k−1∏
j=1

qαj(x)
) ≡ ∆Q2

α1α2...αn...,

where αk ∈ {0, 1} ≡ A, q1 ≡ 1−q0. We study structural, local and global topological, metric and fractal
properties of the function defined by equality

fϕ(x) = fϕ(∆Q2
α1α2α3...αn−1αnαn+1...) = ∆Q2

ϕ(α1,α2)ϕ(α2,α3)...ϕ(αn−1,αn)ϕ(αn,αn+1)...
,

where ϕ is a given function (ϕ : A2 → A).

Let X be a random variable with a given distribution. For random variable Y = F (X), Lebesgue

structure (i.e., content of discrete, absolutely continuous and singular components) and spectral proper-
ties (properties of the set of points of increasing for the probability distribution function) are studied.

ÑÂÎÉÑÒÂÀ È ÐÀÑÏÐÅÄÅËÅÍÈß ÇÍÀ×ÅÍÈÉ ÔÐÀÊÒÀËÜÍÛÕ
ÔÓÍÊÖÈÉ, CÂßÇÀÍÍÛÕ Ñ Q2-ÏÐÅÄÑÒÀÂËÅÍÈÅÌ

ÄÅÉÑÒÂÈÒÅËÜÍÛÕ ×ÈÑÅË

Í. Â. ÏÐÀÖÅÂÈÒÛÉ , Ñ. Ï. ÐÀÒÓØÍßÊ

Àííîòàöèÿ. Äëÿ çàäàíîãî Q2-ïðåäñòàâëåíèÿ ÷èñåë x ∈ [0; 1], îïðåäåë¼ííîãî ïàðàìåòðîì
q0 ∈ (0; 1) è ðàçëîæåíèåì ÷èñëà x ∈ [0; 1] â ðÿä

x = α1q1−α1 +

∞∑
k=2

(αkq1−αk

k−1∏
j=1

qαj(x)
) ≡ ∆Q2

α1α2...αn...,

ãäå αk ∈ {0, 1} ≡ A, q1 ≡ 1 − q0, èçó÷àþòñÿ ñòðóêòóðíûå, ëîêàëüíûå è ãëîáàëüíûå òîïîëîãî-
ìåòðè÷åñêèå è ôðàêòàëüíûå ñâîéñòâà ôóíêöèè fϕ, îïðåäåë¼ííîé ðàâåíñòâîì

fϕ(x) = fϕ(∆Q2
α1α2α3...αn−1αnαn+1...) = ∆Q2

ϕ(α1,α2)ϕ(α2,α3)...ϕ(αn−1,αn)ϕ(αn,αn+1)...
,

ãäå ϕ � çàäàííàÿ ôóíêöèÿ (ϕ : A2 → A).
Äëÿ ñëó÷àéíîé âåëè÷èíû Y = fϕ(X), ãäå X � ñëó÷àéíàÿ âåëè÷èíà ñ çàäàííûì ðàñïðåäåëåíèåì,

èçó÷àåòñÿ ëåáåãîâñêàÿ ñòðóêòóðà (ñîäåðæàíèå äèñêðåòíîé, àáñîëþòíî íåïðåðûâíîé è ñèíãóëÿðíîé
êîìïîíåíò) è ñïåêòðàëüíûå ñâîéñòâà (ñâîéñòâà ìíîæåñòâà òî÷åê ðîñòà ôóíêöèè ðàñïðåäåëåíèÿ).


