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Àíîòàöiÿ. Âèâ÷à¹òüñÿ ïèòàííÿ ïðî òå, ÷è çáåðiãà¹òüñÿ âëàñòèâiñòü âiäñóòíîñòi ïiñëÿäi¨, ïðè-
òàìàííî¨ ãåîìåòðè÷íîìó òà ïîêàçíèêîâîìó ðîçïîäiëàì, äëÿ ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ ìàéæå
íàïiâíåïåðåðâíèõ çâåðõó öiëîçíà÷íèõ òà äiéñíîçíà÷íèõ ïðîöåñiâ íà ëàíöþãó Ìàðêîâà (ËÌ). Óñòà-
íîâëþ¹òüñÿ, ùî çà óìîâè äîñÿæíîñòi ðiâíÿ òà âiäîìîãî ñòàíó ñåðåäîâèùà â ìîìåíò äîñÿãíåííÿ
öüîãî ðiâíÿ çàçíà÷åíà âëàñòèâiñòü ñïðàâåäëèâà ëèøå äëÿ ïåðåñòðèáêó ÷åðåç ðiâåíü x ≥ 0 i éîãî
ðîçïîäië íå çàëåæèòü íi âiä ìîìåíòó ïåðåñòðèáó, íi âiä x. Ðîçïîäië íåäîñòðèáêó ðiâíÿ x âèçíà÷à-
¹òüñÿ â òåðìiíàõ ðîçïîäiëó íåäîñòðèáêó íóëüîâîãî ðiâíÿ. Àíàëîãi÷íà çàëåæíiñòü óñòàíîâëþ¹òüñÿ
äëÿ ñòðèáêà, ùî íàêðèâà¹ ðiâåíü x.

Êëþ÷îâi ñëîâà i ôðàçè. Ìàéæå íàïiâíåïåðåðâíi ïðîöåñè íà ËÌ, âiäñóòíiñòü ïiñëÿäi¨, ôóíêöiîíà-
ëè ïåðåòèíó äîäàòíîãî ðiâíÿ, îñíîâíà ôàêòîðèçàöiéíà òîòîæíiñòü.

2010 Mathematics Subject Classi�cation. Primary 60K37; Secondary 60G51.

1. Âñòóï

Ðîçãëÿíåìî äâîâèìiðíèé ïðîöåñ Ìàðêîâà {ξ(t), J(t)}, ó ÿêîãî äðóãà êîìïîíåíòà
¹ íåçâiäíèé åðãîäè÷íèé ËÌ iç ìíîæèíîþ ñòàíiâ {1, . . . ,m}, iíôiíiòåçèìàëüíîþ ìà-
òðèöåþ Q òà ïî÷àòêîâèì ñòàöiîíàðíèì ðîçïîäiëîì π, à ïåðøà çà ôiêñîâàíèõ çíà÷åíü
äðóãî¨ ¹ ïðîöåñîì Ëåâi, ùî ïî÷èíà¹òüñÿ ç íóëÿ. Äëÿ äîâiëüíèõ k, r = 1,m, x ∈ R òà
áîðåëåâî¨ ìíîæèíè A ç R:
P{ξ(s + t) ∈ A, J(s + t) = r|ξ(s) = x, J(s) = k} = P{ξ(t) ∈ A− x, J(t) = r|J(0) = k}.
Òàêi ïðîöåñè íàçèâàþòü ìàðêîâñüêèìè àäèòèâíèìè ïðîöåñàìè, âîíè ìîæóòü ñëóãó-
âàòè ÿê áàçîâà ìîäåëü çàäà÷ òåîði¨ ðèçèêó òà òåîði¨ ìàñîâîãî îáñëóãîâóâàííÿ, ùî
äîçâîëÿ¹ âðàõóâàòè çàëåæíiñòü âiä ñòàíó ¾çîâíiøíüîãî¿ ñåðåäîâèùà (äèâ. íàïðè-
êëàä, [1, Chapter VII], [2, Chapter 3] òà [3, Chapter 8]). Ïðè öüîìó ðÿä çàäà÷ ìîæíà
çâåñòè äî âèâ÷åííÿ ðîçïîäiëiâ ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ:

τ+(x) = inf{t > 0 : ξ(t) > x},γ1(x) = γ+(x) = ξ
(
τ+(x)

)
− x, (1)

γ2(x) = x− ξ
(
τ+(x)− 0

)
,γ3(x) = γ1(x) + γ2(x), x ≥ 0.

ßêùî ïðîöåñ ξ(t) ¹ íàïiâíåïåðåðâíèì çâåðõó (òðà¹êòîði¨ íå ìàþòü äîäàòíèõ ñòðèá-
êiâ), òî çà óìîâè äîñÿæíîñòi ðiâíÿ x öÿ çàäà÷à ¹ äîñòàòíüî ïðîñòîþ, îñêiëüêè òîäi
γ1,2,3(x) = 0 ìàéæå íàïåâíî. Çà íàÿâíîñòi äîäàòíèõ ñòðèáêiâ, ùî ìàþòü ðîçïîäiëè
ôàçîâîãî òèïó (phase-type distributions), çàñòîñîâóþ÷è ìåòîä ïîáóäîâè ïîòîêîâèõ
ìîäåëåé (�uid �ow models) (äèâ., íàïðèêëàä, [1, IX.5]), ìîæíà îòðèìàòè ìàòðè÷íî
åêñïîíåíöiéíèé âèðàç äëÿ ãåíåðàòðèñ ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ. Áðåé¹ð ó [4]
çà äîïîìîãîþ ìåòîäó ïîòîêîâèõ ìîäåëåé îäåðæàâ ìàòðè÷íî åêñïîíåíöiéíèé âèðàç
äëÿ ðîçïîäiëó ïåðåñòðèáêó i â [5] óçàãàëüíèâ ðåçóëüòàò ùîäî ðîçïîäiëó ïðîñòîðîâî-
÷àñîâîãî ïîëîæåííÿ ïåðåñòðèáêó òà íåäîñòðèáêó, îòðèìàíèé â [6], äëÿ çáóðåíîãî
ñêëàäíîãî ïðîöåñó Ïóàññîíà çi ñòðèáêàìè, ùî ìàþòü ðîçïîäiëè ôàçîâîãî òèïó, çà-
äàíîãî íà ËÌ. Öåé ðåçóëüòàò Áðåé¹ð i Áàäåñêó â [7] çàñòîñîâóâàëè äëÿ çíàõîäæåííÿ,
òàê çâàíî¨, ìiðè Ãåðáåðà�Øió (Gerber�Shiu measure), ÿêà â òåîði¨ ðèçèêó çàäà¹
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ôóíêöiþ øòðàôó (expected discounted penalty function, îçíà÷åííÿ äèâ., íàïðèêëàä,
[8, Chapter 1]). Êðiì òîãî, ñïiëüíèé ðîçïîäië ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ ìà¹ âà-
æëèâå çíà÷åííÿ ïiä ÷àñ âèâ÷åííÿ ðîçïîäiëiâ äâîãðàíè÷íèõ ôóíêöiîíàëiâ, ÿêi, çîêðå-
ìà, ó ôiíàíñîâié ìàòåìàòèöi ìîæíà çàñòîñóâàòè äëÿ âèçíà÷åííÿ ðàöiîíàëüíî¨ öiíè
äîâi÷íîãî àìåðèêàíñüêîãî îïöiîíó (äèâ., íàïðèêëàä, [9]).

ßêùî îáìåæèòè ðîçãëÿä ëèøå ñïiëüíèì ðîçïîäiëîì ìîìåíòó ïåðøîãî äîñÿãíåííÿ
äîäàòíîãî ðiâíÿ òà ïåðåñòðèáêó, òî ìîæíà îáiéòèñü áåç iñòîòíèõ îáìåæåíü íà ðîç-
ïîäië âiä'¹ìíèõ ñòðèáêiâ (öåé âèñíîâîê ìîæåìî îòðèìàòè áåçïîñåðåäíüî iç äðóãî¨
ôàêòîðèçàöiéíî¨ òîòîæíîñòi [10, ðîçäië I, òåîðåìà 3.1]). ßêùî æ äî ðîçãëÿäó âêëþ-
÷èòè íåäîñòèáîê, òî ìåòîä ïîòîêîâèõ ìîäåëåé âèìàãàòèìå ïðèïóùåííÿ ïðî òå, ùî
ðîçïîäië ÿê äîäàòíèõ òàê i âiä'¹ìíèõ ñòðèáêiâ ìà¹ ôàçîâèé òèï. Ó ðîáîòi [10, ðîç-
äië I, òåîðåìà 3.3] ïðè çàñòîñóâàííi ôàêòîðèçàöiéíîãî ìåòîäó îäåðæàíî ôîðìóëè
äëÿ ñïiëüíî¨ ãåíåðàòðèñè ôóíêöiîíàëiâ ïåðåòèíó äîäàòíîãî ðiâíÿ â òåðìiíàõ iíòå-
ãðàëüíèõ ïåðåòâîðåíü ðîçïîäiëiâ åêñòðåìóìiâ ïðîöåñó ξ±(t) = sup(inf)0≤u≤tξ(u) òà

¨õ äîïîâíåíü ξ̄(t) = ξ(t) − ξ+(t), ξ̌(t) = ξ(t) − ξ−(t), çóïèíåíèõ ó åêñïîíåíöiéíî
ðîçïîäiëåíèé ìîìåíò ÷àñó. Ïîøóê öèõ iíòåãðàëüíèõ ïåðåòâîðåíü ó çàãàëüíîìó âè-
ïàäêó òàêîæ ¹ íåïðîñòîþ çàäà÷åþ, ïðîòå, ÿêùî ïðèïóñòèòè, ùî äîäàòíèé ðiâåíü
ïåðåòèíà¹òüñÿ ëèøå ñòðèáêàìè, ÿêi ìàþòü ðîçïîäiëè iç âëàñòèâiñòþ âiäñóòíîñòi ïi-
ñëÿäi¨ (ξ(t)�ìàéæå íàïiâíåïåðåðâíèé çâåðõó), òî çàäà÷à äåùî ñïðîùó¹òüñÿ [11, 12].
Íàãàäà¹ìî, ùî âëàñòèâiñòü âiäñóòíîñòi ïiñëÿäi¨ äëÿ ãåîìåòðè÷íî (ïîêàçíèêîâî) ðîç-
ïîäiëåíèõ âèïàäêîâèõ âåëè÷èí ηc > 0 îçíà÷à¹, ùî

P{ηc − x > y|ηc > x} = P{ηc > y} =

{
cy, y ∈ N, 0 < c < 1;

e−cy, y > 0, c > 0.

Äëÿ ñêàëÿðíîãî âèïàäêó (m = 1) âàæëèâiñòü öi¹¨ âëàñòèâîñòi äëÿ äîäàòíèõ ñòðèá-
êiâ áóëà âiäìi÷åíà â ðîáîòi [13]. Çîêðåìà, ó [13, Proposition 2.1] äëÿ çáóðåíèõ ïðî-
öåñiâ Ïóàññîíà ç åêñïîíåíöiéíî ðîçïîäiëåíèìè ñòðèáêàìè âñòàíîâëåíî óìîâíó íå-
çàëåæíiñòü ìîìåíòó äîñÿãíåííÿ ðiâíÿ òà ïåðåñòðèáêó, ÿêùî ïåðåñòðèáîê äîäàòíèé.
Çà ïðèïóùåííÿ ïåðåòèíó äîäàòíîãî ðiâíÿ ëèøå ïîêàçíèêîâî ðîçïîäiëåíèìè ñòðèá-
êàìè íåçàëåæíiñòü γ1(x) òà τ+(x) ó ñêàëÿðíîìó âèïàäêó äîñëiäæóâàëàñü òàêîæ ó
[14, Chapter 5], ïèòàííÿ çàëåæíîñòi γ2,3(x) òà τ+(x) ó [13] i [14] íå ðîçãëÿäàëîñü.
Ïèòàííÿ ïðî íåçàëåæíiñòü γk(x) âiä τ+(x) çîêðåìà ¹ âàæëèâèì ïiä ÷àñ âèçíà÷åííÿ
ìiðè Ãåðáåðà�Øió i çàëåæíiñòü γ2(x) âiä τ+(x) ñëiä âðàõîâóâàòè ïiä ÷àñ ¨¨ àíàëiçó.

Ó ðîáîòàõ [15, 16] áóëè äîñëiäæåíi ðîçïîäiëè ôóíêöiîíàëiâ äîñÿãíåííÿ äîäàòíî-
ãî ðiâíÿ äëÿ ïðîöåñiâ Ïóàññîíà íà ËÌ çà ïðèïóùåííÿ, ùî âiä'¹ìíi ñòðèáêè ìàþòü
ãåîìåòðè÷íèé òà ïîêàçíèêîâèé ðîçïîäiëè âiäïîâiäíî, áåç iñòîòíèõ îáìåæåíü íà òèï
ðîçïîäiëó äîäàòíèõ ñòðèáêiâ. Ó öié ðîáîòi ðîçãëÿäàþòüñÿ àíàëîãi÷íi ôóíêöiîíàëè
äëÿ äóàëüíèõ ïðîöåñiâ (dual processes). Çîêðåìà, äîñëiäæó¹òüñÿ íåçàëåæíiñòü àáî
çàëåæíiñòü γ1,2,3(x) òà τ+(x), à òàêîæ óñòàíîâëþ¹òüñÿ çâ'ÿçîê ìiæ ãåíåðàòðèñàìè
ïàð {γk(x), τ+(x)}, k = 2, 3, òà ñïiëüíîþ ãåíåðàòðèñîþ äëÿ {γ2(0), τ+(0)}, ÿêó ìîæå-
ìî âèðàçèòè â òåðìiíàõ ðîçïîäiëó âiä'¹ìíèõ çíà÷åíü ξ(t). Îòðèìàíèé ðåçóëüòàò äî-
çâîëÿ¹ çîñåðåäèòèñü íà âèçíà÷åííi ãåíåðàòðèñè äëÿ {γ2(0), τ+(0)} ïiä ÷àñ âèâ÷åííÿ
ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ äëÿ çàçíà÷åíèõ ïðîöåñiâ. Êðiì òîãî, äëÿ ñêàëÿðíîãî
öiëîçíà÷íîãî ïðîöåñó îäåðæàíî ðiçíi ïîäàííÿ êîðåíÿ êóìóëÿíòíîãî ðiâíÿííÿ çàëå-
æíî âiä çíàêó Eξ(1), ÿêi ìîæíà çàñòîñóâàòè äëÿ âèâ÷åííÿ éîãî ãðàíè÷íî¨ ïîâåäiíêè.

Äëÿ äiéñíîçíà÷íîãî âèïàäêó ðîçãëÿäàòèìåìî ïðîöåñè Ïóàññîíà íà ËÌ, ÿêi ïå-
ðåòèíàþòü äîäàòíèé ðiâåíü ëèøå ïîêàçíèêîâî ðîçïîäiëåíèìè ñòðèáêàìè, à äëÿ öi-
ëîçíà÷íèõ � ãåîìåòðè÷íî ðîçïîäiëåíèìè. Â îáîõ âèïàäêàõ ïðîöåñè áóäåìî íàçèâàòè
ìàéæå íàïiâíåïåðåðâíèìè çâåðõó. Óíàñëiäîê äèñêðåòíîñòi ðîçïîäiëó öiëîçíà÷íèé
âèïàäîê çàñëóãîâó¹ íà îêðåìó óâàãó.
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2. Öiëîçíà÷íi ïðîöåñè

Ñïî÷àòêó ðîçãëÿíåìî ìàéæå íàïiâíåïåðåðâíi çâåðõó öiëîçíà÷íi ïðîöåñè Ïóàññîíà
ξ(t) íà ËÌ J(t). Íåõàé ‖pkr‖mk,r=1 � ìàòðèöÿ ïåðåõiäíèõ iìîâiðíîñòåé âêëàäåíîãî

ëàíöþãà äëÿ J(t) òà
{
nk, k = 1,m

}
� iíòåíñèâíîñòi, ç ÿêèìè âiäáóâàþòüñÿ ïåðåõîäè.

Ïîçíà÷èìî ÷åðåç S
(1)
k (t) òà S

(2)
k (t) íåçàëåæíi â ñóêóïíîñòi ñêëàäíi ïðîöåñè Ïóàññîíà ç

iíòåíñèâíîñòÿìè ñòðèáêiâ λ1k > 0 òà λ2k > 0 âiäïîâiäíî, ñòðèáêè S
(1)
k (t) ãåîìåòðè÷íî

ðîçïîäiëåíi ç ïàðàìåòðîì 0 < ck < 1, à ñòðèáêè S
(2)
k (t) ìàþòü ðîçïîäië fk(x), x ∈ N,

k = 1,m. Ïðîöåñ ξ(t) ïî÷èíà¹òüñÿ ç íóëÿ, ÿêùî J(t) = k, òî éîãî ïðèðiñò âèçíà÷åíèé

ïðèðîñòîì ïðîöåñó S
(1)
k (t) − S

(2)
k (t). Ó ìîìåíò ïåðåõîäó J(t) çi ñòàíó k ó ñòàí r

ïðîöåñ ξ(t) ìà¹ âiä'¹ìíèé ñòðèáîê âåëè÷èíîþ χkr. Åâîëþöiÿ òàê âèçíà÷åíîãî ïðîöåñó
çàäà¹òüñÿ ìàòðè÷íîþ ãåíåðàòðèñîþ òà êóìóëÿíòîþ (äåòàëüíiøå äèâ. [11])

Ezξ(t) = ‖E
[
zξ(t), J(t) = j|J(0) = i

]
‖mk,r=1 = exp{tK(z)},

K(z) =
∑
x6=0

(zx − 1)Π0(x) + Q, (2)

äå Π0(x) = ‖δkrλ2kfk(−x) + nkpkrP{χkr = x}‖, ÿêùî x < 0, i ÿêùî x ∈ N, ìà¹ìî
Π0(x) = Λ1(I−C)Cx−1 ç C = ‖δkrck‖ òà Λ1 = ‖δkrλ1k‖.

Ïîçíà÷èìî ÷åðåç θs âèïàäêîâó âåëè÷èíó, íåçàëåæíó âiä ξ(t) òà J(t), òàêó, ùî
P{θs > t} = e−st, s, t > 0, çà äîïîìîãîþ ÿêî¨ âèçíà÷à¹òüñÿ ïåðåòâîðåííÿ Ëàïëàñà -

�Êàðñîíà, çîêðåìà, Ps
def
= EeθsQ = s(sI−Q)

−1
. Òàêîæ ïîçíà÷èìî ãåíåðàòðèñè

åêñòðåìóìiâ òà ¨õ äîïîâíåíü ÿê

g±(s, z) = Ezξ
±(θs) =

∑
x∈Z±

zxp±x (s),

g−(s, z) = Ezξ̄(θs) =
∑
x∈Z+

z−xp̌−−x(s),g+(s, z) = Ezξ̌(θs) =
∑
x∈Z+

zxp̌+
x (s),

äå p±x (s) = P{ξ±(θs) = x}, p̌−−x(s) = P
{
ξ̄(θs) = −x

}
òà p̌+

x (s) = P
{
ξ̌(θs) = x

}
. Íà-

âåäåíi ãåíåðàòðèñè âèçíà÷àþòü îñíîâíó ôàêòîðèçàöiéíó òîòîæíiñòü (î.ô.ò.)

g(s, z)
def
= Ezξ(θs) =

{
g+(s, z)P−1

s g−(s, z),

g−(s, z)P−1
s g+(s, z), |z| = 1.

(3)

Ïîçíà÷èìî p+(s) = P{ξ+(θs) = 0} òà q+(s) = Ps − p+(s) i âèçíà÷èìî ìàòðèöþ

Zs =
(
q+(s)P−1

s + p+(s)P−1
s C

)−1
. Â [11] âñòàíîâëåíî, ùî

g+(s, z) = (I−Cz)
(
I− Z−1

s z
)
p+(s),

p+
k (s) = (I−CZs)Z

−k
s p+(s), k ≥ 1, (4)

P
{
ξ+(θs) > x

}
P−1

s =
(
Z−1

s −C
)
Z−xs (I−C)

−1
.

Çãiäíî ç [15, ëåìà 2.1] òâiðíà ôóíêöiÿ ñïiëüíî¨ ãåíåðàòðèñè ïåðåñòðèáêîâèõ ôóíêöiî-
íàëiâ âèðàæà¹òüñÿ ÷åðåç êîìïîíåíòè âåðõíüîãî ðÿäêà î.ô.ò. (3). Àíàëîãi÷íî, òâiðíà
ôóíêöiÿ ãåíåðàòðèñ ôóíêöiîíàëiâ, ïîâ'ÿçàíèõ iç ïåðåòèíîì ¾íèæíüîãî¿ ðiâíÿ x ≤ 0,
âèðàæà¹òüñÿ ÷åðåç êîìïîíåíòè íèæíüîãî ðÿäêà î.ô.ò. (3). Îñêiëüêè äëÿ ìàéæå íà-
ïiâíåïåðåðâíèõ çâåðõó ξ(t) äîäàòíi ñòðèáêè ãåîìåòðè÷íî ðîçïîäiëåíi, òî çãîðòêè

Wk(s, x, u)
def
=
∑
y≥0

p̌−−y(s)Ak(x + y, u), k = 1, 3,

A1(x, u) =
∑

k≥x+1

uk−xΠ0(k),A2(x, u) = ux
∑

k≥x+1

Π0(k), (5)
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A3(x, u) =
∑

k≥x+1

ukΠ0(k),

ñïðîùóþòüñÿ i çâîäÿòüñÿ äî ïîêàçíèêîâîãî âèãëÿäó. Ãåíåðàòðèñè ïàð {τ+(x),γk(x)},
k = 1, 3, âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè, ÿêi çâîäÿòüñÿ äî îäíîòèïíîãî âèãëÿäó

Vk(s, x, u)
def
= E

[
e−sτ

+(x)uγk(x), τ+(x) <∞
]

=

=

x∑
y=0

s−1p+
x−y(s)Wk(s, y, u), x ≥ 0, k = 1, 3. (6)

Äëÿ àíàëiçó ãåíåðàòðèñè {τ+(x),γ1(x)} çðó÷íiøå çàñòîñîâóâàòè ìàòðè÷íèé àíàëîã
äðóãî¨ ôàêòîðèçàöiéíî¨ òîòîæíîñòi (äèâ. [17, òåîðåìà 7.3]), ÿêèé ïiñëÿ óñåðåäíåííÿ
ïî νε: P{νε = k} = (1− ε)εk−1, k ∈ N, âèðàæà¹òüñÿ ÷åðåç ãåíåðàòðèñó ξ+(θs):

E
[
e−sτ

+(νε)uγ1(νε), τ+(νε) <∞
]

=
(1− ε)u
u− ε

(
I− g+(s, ε)g−1

+ (s, u)
)
. (7)

Òåîðåìà 1. Äëÿ öiëîçíà÷íîãî ìàéæå íàïiâíåïåðåðâíîãî çâåðõó ïðîöåñó ξ(t) iç êó-
ìóëÿíòîþ (2) ãåíåðàòðèñà {τ+(x),γ1(x)} çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

V1(s, x, u) =
(
Z−1

s −C
)
Z−xs (I−C)

−1
u(I−C)(I− uC)

−1
. (8)

Ãåíåðàòðèñè äëÿ {τ+(x),γ2(x)} òà {τ+(0),γ2(0)} ïîâ'ÿçàíi ñïiââiäíîøåííÿìè:

V2(s, 0, u) = s−1p+(s)W2(s, 0, u) = s−1p+(s)E(uC)|ξ̄(θs)|Λ1,

W2(s, x, u) = E(uC)|ξ̄(θs)|(uC)
x
Λ1, x ≥ 0,

V2(s, x, u) = p−1
+ (s)

x∑
y=0

p+
y (s)V2(s, 0, u)(uC)

x−y
, x ≥ 0, (9)

E
(
C|ξ̄(θs)|

)
= Psp

−1
+ (s)E

[
C|ξ(θs)|, ξ(θs) ≤ 0

]
=

= (I−C)
(
I− Z−1

s

)
E
[
C|ξ(θs)|, ξ(θs) ≤ 0

]
,

V2(s, 0, 1) = s−1E
[
C|ξ(θs)|, ξ(θs) ≤ 0

]
Λ1.

Äëÿ ãåíåðàòðèñ V3(s, 0, u) òà V3(s, x, u) ìà¹ìî

V3(s, 0, u) = s−1p+(s)W3(s, 0, u) =

= s−1p+(s)E(uC)|ξ̄(θs)|Λ1u(I−C)(I− uC)
−1

,

W3(s, x, u) = E(uC)|ξ̄(θs)|u(I−C)(I−Cu)
−1

(uC)
x
Λ1, x ≥ 0, (10)

V3(s, x, u) = p−1
+ (s)

x∑
y=0

p+
y (s)V3(s, 0, u)(uC)

x−y
, x ≥ 0.

Ïðè m0
1 = π>K′(1)e > 0, äå e� âåêòîð-ñòîâï÷èê îäèíèöü, ðîçïîäië ξ̄ íåâèðîäæå-

íèé, òîäi â ñèëó ñïiââiäíîøåííÿ (26) iç [11]

E
(
C|ξ̄|

)
=

1

µ+
∗

(I−C)Π∗

∫ ∞

0

∑
x≤0

C|x|P{ξ(t) = x}dt, (11)

äå Π∗ � ìàòðèöÿ ç îäíàêîâèìè ðÿäêàìè, âèçíà÷åíèìè ñòàöiîíàðíèì ðîçïîäiëîì
ëàíöþãà {J(τ+(z − 1)), z ≥ 0}, à µ+

∗ � óñåðåäíåíå çà öèì ñòàöiîíàðíèì ðîçïîäiëîì
ìàòåìàòè÷íå ñïîäiâàííÿ äëÿ τ+(0) (äåòàëüíiøå äèâ. [11, c. 1040]).
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Äîâåäåííÿ. Ó çàãàëüíîìó âèïàäêó âiäíîøåííÿ ïðèðîñòó ãåíåðàòðèñè äî ïðèðîñòó
àðãóìåíòó ìîæíà âèðàçèòè òàê:

∆g+(s, u)

∆u
=

1

u− ε
[g+(s, u)− g+(s, ε)] =

∑
k≥0

uk − εk

u− ε
p+
k (s) =

=
∑
k≥1

(
k−1∑
r=0

( ε
u

)r
uk−1

)
p+
k (s) =

∑
r≥0

( ε
u

)r ∑
k≥r+1

uk−1p+
k (s). (12)

Iç (12) ïiñëÿ ïiäñòàíîâêè p+
k (s) iç (4) âèïëèâà¹, ùî

∆g+(s, u)

∆u
=
∑
r≥0

( ε
u

)r
(I−CZs)

∑
k≥r+1

Z−1
s uk−1p+(s) =

=
(
Z−1

s −C
)(

I− εZ−1
s

)(
I− Z−1

s u
)−1

p+(s).

Îòæå
g+(s, u)− g+(s, ε)

u− ε
=
(
Z−1

s −C
)(

I− εZ−1
s

)(
I− Z−1

s u
)−1

p+(s). (13)

ßêùî äîìíîæèòè (13) íà u(1− ε) i íà g−1
+ (s, u) ñïðàâà, òî äðóãà ôàêòîðèçàöiéíà

òîòîæíiñòü (7) äà¹

E
[
e−sτ

+(νε)uγ1(νε), τ+(νε) <∞
]

= u(1− ε)
(
Z−1

s −C
)(

I− εZ−1
s

)−1
(I−Cu)

−1
. (14)

Ïiñëÿ îáåðíåííÿ (14) ïî ε îäåðæó¹ìî (8).
Çi ñïiââiäíîøåííÿ (6) ïðè x = 0 âèâîäèìî âèðàçè äëÿ ãåíåðàòðèñ ïåðåñòðèáêîâèõ

ôóíêöiîíàëiâ ðiâíÿ 0 ó ôîðìóëàõ (9) òà (10). Iç (5) äëÿ k = 2, 3 ïðè ïiäñòàíîâöi
Π0(k) = Λ1(I−C)Ck−1, k ∈ N, çíàõîäèìî ïîêàçíèêîâi çîáðàæåííÿ Wk(s, u, x). Iç
(6), âðàõîâóþ÷è âèðàçè äëÿ V2(s, 0, u) òà V3(s, 0, u), îòðèìà¹ìî îñòàííi ñïiââiäíî-
øåííÿ â (9) òà (10). Îñòàííi äâà ñïiââiäíîøåííÿ â (9) âèïëèâàþòü iç ìàòðè÷íîãî
óçàãàëüíåííÿ ôîðìóëè (7.29) ó [17] ïðè z = C−1 (äèâ. òàêîæ [11]):

g−(s, z) = Psp
−1
+ (s)

(
E
[
zξ(θs), ξ(θs) ≤ 0

]
+

+
(
Z−1

s −C
)
z(I−Cz)

−1
E
[
C|ξ(θs)| − zξ(θs), ξ(θs) < 0

]
=

= Psp
−1
+ (s)

∫ ∞

0

se−st
∑
x≤0

(
zxI +

(
Z−1

s −C
)
z(I−Cz)

−1×

×
(
C|x| − zxI

))
P{ξ(t) = x}dt.

Ôîðìóëà (11) âèïëèâà¹ iç ïåðøîãî ñïiââiäíîøåííÿ â (9) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó
s→ 0, u→ 1. �

Ïîçíà÷èìî ηC = ‖δkrηck‖mk,r=1 òà η0
C = ‖δkrη0

ck
‖mk,r=1, äå ηck òà η0

ck
� âèïàäêî-

âi âåëè÷èíè, ùî ìàþòü ãåîìåòðè÷íèé ðîçïîäië, ÿêèé ñòàðòó¹ ç 1 òà 0 âiäïîâiäíî,
iç ïàðàìåòðîì ck. Òîäi äëÿ ãåíåðàòðèñ âiäïîâiäíî ìà¹ìî EuηC = ‖δkrEuηck ‖ =

= ‖δkr u(1−ck)
1−uck ‖ = u(I−C)(I− uC)

−1
òà Euη

0
C = ‖δkrEuη

0
ck ‖ = (I−C)(I− uC)

−1
.

Ïîçíà÷èâøè òàêîæ T+(s, x) = E
[
e−sτ

+(x), τ+(x) <∞
]
, ðiâíiñòü (8) ìîæåìî çàïèñà-

òè ÿê

V1(s, x, u) = T+(s, x)EuηC .

Ó ðîçãîðíóòîìó âèãëÿäi ìà¹ìî, ùî äëÿ i, j = 1,m
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E
[
e−sτ

+(x)uγ1(x), τ+(x) <∞, J
(
τ+(x)

)
= j|J(0) = i

]
=

= E
[
e−sτ

+(x), τ+(x) <∞, J
(
τ+(x)

)
= j|J(0) = i

]
Euηcj

àáî

E
[
e−sτ

+(x)uγ1(x)|τ+(x) <∞, J
(
τ+(x)

)
= j
]

=

= E
[
e−sτ

+(x)|τ+(x) <∞, J
(
τ+(x)

)
= j
]
Euηcj .

Çâiäêè ðîáèìî âèñíîâîê, ùî τ+(x) òà γ1(x) çà óìîâè τ+(x) < ∞ òà J(τ+(x)) = j ¹
íåçàëåæíèìè. Áiëüø òîãî, çà öi¹¨ óìîâè γ1(x) ¹ ãåîìåòðè÷íî ðîçïîäiëåíîþ. Òîáòî,
çà çãàäàíî¨ óìîâè γ1(x) ìà¹ âëàñòèâiñòü âiäñóòíîñòi ïiñëÿäi¨.

Iç (9) òà (10) âèïëèâà¹, ùî ãåíåðàòðèñè V2(s, 0, u) òà V3(s, 0, u) ïîâ'ÿçàíi ñïiâ-
âiäíîøåííÿì V3(s, 0, u) = V2(s, 0, u)EuηC . Çàëåæíiñòü V2(s, x, u) òà V3(s, x, u) âiä
V2,3(s, 0, u) òà âiä x äîïîâíþ¹òüñÿ çàëåæíiñòþ ÷åðåç çãîðòêó ðîçïîäiëó ξ+(θs) iç ðîç-
ïîäiëîì η0

uC. Ó ñêàëÿðíîìó âèïàäêó, êîëè ëàíöþã J(t) ìà¹ ëèøå îäèí ñòàí, ðåçóëü-
òàòè òåîðåìè 1 ìîæíà ïåðåïèñàòè â äåùî iíøié ôîðìi çà ðàõóíîê êîìóòàòèâíîñòi
îêðåìèõ ìíîæíèêiâ.

Íàñëiäîê 1. ßêùî ξ(t) � ñêàëÿðíèé ìàéæå íàïiâíåïåðåðâíèé çâåðõó öiëîçíà÷íèé
ïðîöåñ, òîäi

V1(s, x, u) = T+(s, x)Euγ+(x),

T+(s, x) = q+(s)z−xs , Euγ+(x) = u(1− c)(1− uc)
−1

, 0 < c < 1, (15)

z−1
s = q+(s) + p+(s)c.

ßêùî m0
1 = Eξ(1) ≥ 0, òîäi zs → 1, s→ 0, âiäïîâiäíî z−1

s çâîäèòüñÿ äî âèãëÿäó

z−1
s = 1 + λ1(1− c)

∫ ∞

0

(
1− e−st

)∑
x≤0

c|x|P{ξ(t) = x}dt. (16)

Ïðè m0
1 < 0 ìà¹ìî z−1

0 < 1 òà

z−1
s = z−1

0 + λ1(1− c)

∫ ∞

0

(
1− e−st

)∑
x≤0

c|x|P{ξ(t) = x}dt. (17)

Ïðè k = 2

V2(s, 0, 1) = q+(s) = λ1

∫ ∞

0

∑
x≤0

c|x|e−sxP{ξ(t) = x}dt.

ßêùî m0
1 < 0, òîäi p+ =

(
1− z−1

0

)
(1− c)

−1
, q+ = q+(0) =

(
z−1

0 − c
)
(1− c)

−1
,

q+(s) = q+(0) + λ1

∫ ∞

0

(
e−st − 1

)∑
x≤0

c|x|P{ξ(t) = x}dt. (18)

Ïðè m0
1 ≥ 0 ìà¹ìî q+(s)→ 1, s→ 0 òà

q+(s) = 1 + λ1

∫ ∞

0

(
e−st − 1

)∑
x≤0

c|x|P{ξ(t) = x}dt. (19)

Äëÿ ñïiëüíî¨ ãåíåðàòðèñè {τ+(x),γ2(x)} ìà¹ìî

V2(s, 0, u) = s−1p+(s)W2(s, 0, u) = λ1s
−1p+(s)E(uc)|ξ

−(θs)|,

W2(s, x, u) = λ1E(uc)|ξ
−(θs)|(uc)x = λ1g−

(
s, (uc)

−1
)
P{ηcu > x},

V2(s, 0, 1) = q+(s) = s−1λ1E
[
c|ξ(θs)|, ξ(θs) ≤ 0

]
, (20)
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E
[
c|ξ(θs)|, ξ(θs) ≤ 0

]
=
λ1

s
q+(s) =

λ1

s

z−1
s − c

1− c
,

V2(s, x, u) = p−1
+ (s)V2(s, 0, u)

x∑
y=0

p+
y (s)(uc)

x−y
=

= V2(s, 0, u)

(
(uc)

x − (1− czs)((uc)
x − z−xs )

1− uczs

)
, x ≥ 0.

Âiäìiòèìî, ùî ïðè u = 1 iç (20) âèïëèâà¹

T+(s, x) = T+(s, 0)z−xs , x ≥ 0, T+(s, 0) = q+(s).

Ïðè k = 3

V3(s, 0, u) = s−1p+(s)W3(s, 0, u) =

= λ1s
−1p+(s)E(uc)|ξ

−(θs)|Euηc = V2(s, 0, u)Euηc ,

W3(s, x, u) = λ1E(uc)|ξ
−(θs)|u(1− c)(1− cu)

−1
(uc)

x
, x ≥ 0, (21)

V3(s, x, u) = p−1
+ (s)V3(s, 0, u)

x∑
y=0

p+
y (s)(uc)

x−y
=

= V3(s, 0, u)

(
(uc)

x − (1− czs)((uc)
x − z−xs )

1− uczs

)
, x ≥ 0,

Ezξ
−(θs) = p−1

+ (s)
∑
x≤0

(
zx +

(
z−1
s − c

)
z

1− cz

(
c|x| − zx

))
P{ξ(θs) = x}.

Çãiäíî ç òåîðåìîþ 7.5 ó [17] ïðè m0
1 > 0 ðîçïîäië ξ− íåâèðîäæåíèé i p′+(0) =

= Eτ+(0) = z′(0)
1−c , z

′(0) = 1
m0

1
, òîäi

Ec|ξ
−| = m0

1(1− c)

∫ ∞

0

∑
x≤0

c|x|P{ξ(t) = x}dt. (22)

Ñëiä çàóâàæèòè, ùî äëÿ íàïiâíåïåðåðâíèõ çâåðõó öiëîçíà÷íèõ ïóàññîíiâñüêèõ
ïðîöåñiâ γ1(x) = γ3(x) = 1 òà γ2(x) = 0, x ≥ 0. Âiäçíà÷èìî òàêîæ, ùî àíàëîãi÷íi
ðåçóëüòàòè ñïðàâåäëèâi äëÿ ìàéæå íàïiâíåïåðåðâíîãî çíèçó ïðîöåñó, çîêðåìà, ïðî
íåçàëåæíiñòü τ−(x) = inf{t > 0 : ξ(t) < x}, x ≤ 0, òà γ−(x) = ξ(τ−(x))− x.

Ïðèêëàä 1. Íåõàé m = 1 òà êóìóëÿíòà ξ(t) ìà¹ âèãëÿä

K(z) = λ1(z − 1)(1− cz)
−1

+ λ2(z − 1)(z − b)
−1

, 0 < b, c < 1,

òîáòî âiä'¹ìíi ñòðèáêè òàêîæ ãåîìåòðè÷íî ðîçïîäiëåíi ç ïàðàìåòðîì b. Ó ñèëó ìàéæå
íàïiâíåïåðåðâíîñòi çíèçó çãiäíî iç (7.12) ó [17]

Eu|ξ
−(θs)| = p−(s)

u + b

u + z1(s)
, b < z1(s) = q−(s) + bp−(s) < 1.

Òîäi çà ïåðøîþ ôîðìóëîþ ó (20) ìà¹ìî

V2(s, 0, u) = λ1s
−1p+(s)p−(s)

uc + b

uc + z1(s)
.

Çâiäêè q+(s) = V2(s, 0, 1) = λ1s
−1p+(s)p−(s) c+b

c+z1(s) , à çíà÷èòü,

V2(s, 0, u) = q+(s)
c + z1(s)

c + b

uc + b

uc + z1(s)
.



78 Ä. Â. ÃÓÑÀÊ, �. Â. ÊÀÐÍÀÓÕ

Ïiäñòàíîâêîþ â îñòàííþ ôîðìóëó ó (20) îòðèìà¹ìî âèðàç äëÿ V2(s, x, u). Âiäïî-
âiäíèé âèðàç äëÿ V2(s, x, u) óêàçó¹, ùî íàâiòü ó òàêîìó ïðîñòîìó âèïàäêó ñïiëüíó
ãåíåðàòðèñó {τ+(x),γ2(x)} íå ìîæíà ïîäàòè ÿê äîáóòîê ìàðãiíàëüíèõ ãåíåðàòðèñ

E
[
e−sτ

+(x), τ+(x) <∞
]
òà Euγ2(x).

3. Äiéñíîçíà÷íi ïðîöåñè

Íåõàé ξ(t) � ìàéæå íàïiâíåïåðåðâíèé çâåðõó ïðîöåñ Ïóàññîíà çi çíåñåííÿì íà
ËÌ J(t) (äèâ. äåòàëüíiøå [12, 16]) òà êóìóëÿíòîþ

Ψ(α) = ‖1

t
lnE

[
eıαξ(t), J(t) = r|J(0) = k

]
‖ =

= ıαA + Λ1ıα(C− ıαI)
−1

+

∫ 0

−∞
(eıα − 1)dK0(x) + Q, (23)

äå K0(x) = ‖δkrλ2kFk(−x) + pkrnkP{χkr < x}‖, x ≤ 0, Fk(x) � ôóíêöiÿ ðîçïîäiëó
ñòðèáêiâ ïðîöåñó S2k(t), A = ‖δkrak‖, ak ≤ 0. Äëÿ ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ
çáåðiãàþòüñÿ ïîçíà÷åííÿ (1), à î.ô.ò. ìà¹ âèãëÿä

Φ(s,α)
def
= Eeıαξ(θs) =

{
Φ+(s,α)P−1

s Φ−(s,α),

Φ−(s,α)P−1
s Φ+(s,α),

(24)

äå Φ±(s,α) = Eeıαξ
±(θs), Φ+(s,α) = Eeıαξ̌(θs) òà Φ−(s,α) = Eeıαξ̄(θs).

Àíàëîãàìè ôîðìóë (4) ¹

p∗+(s) = p+(s)P−1
s =

(
I + s−1
∫ 0

−∞
P
{
ξ̄(θs) ∈ dy

}
eCyΛ1

)−1

,

Eeıαξ
+(θs) = (C− ıαI)

(
p∗+(s)C− ıαI

)−1
p+(s), (25)

P
{
ξ+(θs) > x

}
= T+(s, x)Ps = q+(s)P−1

s e−Cp∗+(s)xPs.

Âiäìiòèìî, ùî Eeıαξ
+(θs) ìîæíà ïåðåïèñàòè â òåðìiíàõ ìàòðèöi R+(s) = Cp∗+(s),

ÿêà, òàê ñàìî ÿê i Zs â öiëîçíà÷íîìó âèïàäêó, óçàãàëüíþ¹ ñêàëÿðíèé êîðiíü ðiâíÿííÿ
Ëóíäáåðãà. Çîêðåìà, çàñòîñîâóþ÷è ñòîõàñòè÷íi ñïiââiäíîøåííÿ, íàâåäåíi â äîâåäåííi
òåîðåìè 3.2 ç [10, ñ. 62], âèâîäèìî

(sI + Λ + N)
(
I− p∗+(s)

)
= A

(
I− p∗+(s)

)
R+(s) + Λ1+

+

∫ 0

−∞
dK0(z)

(
I− p∗+(s)

)
eR+(s)z,

ùî ¹ óçàãàëüíåííÿì ðiâíÿííÿ Ëóíäáåðãà.
Çàóâàæèìî, ùî äîñëiäæóâàíi ãåíåðàòðèñè ¾âåðõíiõ¿ ôóíêöiîíàëiâ {τ+(x),γk(x)},

ïîâ'ÿçàíèõ iç ïåðåòèíîì ¾âåðõíüîãî¿ ðiâíÿ x ≥ 0, âèçíà÷àþòüñÿ ÿê i â öiëîçíà÷íîìó
âèïàäêó êîìïîíåíòàìè âåðõíüîãî ðÿäêà î.ô.ò. (äèâ. ôîðìóëó (3.21) òåîðåìè 3.3 äëÿ
B = 0 òà A ≤ 0 â [10, c. 70]).

Òåîðåìà 2. Äëÿ äiéñíîçíà÷íîãî ìàéæå íàïiâíåïåðåðâíîãî çâåðõó ïðîöåñó íà ËÌ
ãåíåðàòðèñè

Vk(s, x, u)
def
= E

[
e−sτ

+(x)−uγk(x), τ+(x) <∞
]
, k = 1, 3,

âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

V1(s, x, u) =
(
I− p∗+(s)

)
e−Cp∗+(s)xC(C + uI)

−1
, (26)
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V2(s, x, u) = V2(s, 0, u)e−(uI+C)x +

+
(
I− p∗+(s)

) ∫ x
0

e−Cp∗+(s)yCV2(s, 0, u)e−(uI+C)(x−y)dy, (27)

äå

V2(s, 0, u) = s−1p∗+(s)

∫ 0

−∞
dP−(s, z)e(uI+C)zΛ1 = s−1p∗+(s)Eeξ̄(θs)(uI+C)Λ1,

V3(s, x, u) = V2(s, x, u)C(uI + C)
−1

. (28)

Ñïiëüíó ãåíåðàòðèñó äëÿ {τ+(0),γ2(0)} ìîæíà òàêîæ ïîäàòè òàê:

V2(s, 0, u) = s−1

(
E
[
eξ(θs)(uI+C), ξ(θs) ≤ 0

]
−

−
(
I− p∗+(s)

)
C

∫ 0

−∞
E
[
eC(ξ(θs)−y), ξ(θs) ≤ y

]
e(uI+C)ydy

)
Λ1. (29)

Çâiäêè âèïëèâà¹

V2(s, 0, 0) = s−1E
[
eξ(θs)C, ξ(θs) ≤ 0

]
Λ1−

− s−1
(
I− p∗+(s)

)
C

∫ 0

−∞
E
[
eC(ξ(θs)−y), ξ(θs) ≤ y

]
eCydyΛ1. (30)

Äîâåäåííÿ. Çãiäíî ç íàñëiäêîì 3.4 (äèâ. [10, ñ. 72]) äëÿ äîâiëüíîãî ïðîöåñó Ëåâi ç
îáìåæåíîþ âàðiàöi¹þ òà A ≤ 0 ìà¹ìî äëÿ k = 1, 3

Vk(s, x, u) =

∫ x

0

s−1P
{
ξ+(θs) ∈ dy

}
P−1

s

∫ 0

−∞
P
{
ξ̄(θs) ∈ dz

}
Wk(x− y − z, u), (31)

äå W1(x, u) =
∫∞
x eu(x−z)dK0(z), W2(x, u) =

∫∞
x e−uxdK0(z), à òàêîæ W3(x, u) =

=
∫∞
x e−uzdK0(z). Äëÿ ìàéæå íàïiâíåïåðåðâíîãî ïðîöåñó ïîêàçíèêîâà ôîðìà K0(x)

äëÿ x ≥ 0 äà¹

W1(x, u) = e−CxΛ1C(uI + C)
−1

,W2(x, u) = e−(uI+C)xΛ1,

W3(x, u) = W2(x, u)C(uI + C)
−1

.

Îñêiëüêè s−1Eeξ̄(θs)CΛ1 =
(
p∗+(s)

)−1 − I, iç ôîðìóëè (31) âèâîäèìî òàêå ñïiââiäíî-
øåííÿ:

V1(s, x, u) =
(
I− p∗+(s)

)
e−CxC(uI + C)

−1
+

+
(
I− p∗+(s)

) ∫ x
0

e−Cp∗+(s)y
(
C−Cp∗+(s)

)
e−C(x−y)dyC(uI + C)

−1
,

ç ÿêîãî, âðàõîâóþ÷è ùî d
dx

(
eD1xeD2x

)
= eD1x(D1 + D2)eD2x äëÿ ñòàëèõ ìàòðèöü

D1 òà D2 âiäïîâiäíî¨ ðîçìiðíîñòi, ïðèõîäèìî äî (26). Ïiäñòàíîâêîþ Wk(x, u) ó (31)
âèâîäèìî ñïiââiäíîøåííÿ (27) òà (28) äëÿ Vk(s, x, u), k = 2, 3.

Ìàòðè÷íèé àíàëîã ôîðìóëè (3.101) [17, c. 120] àáî (3.97) [14, p. 85]

P−(s, x) =
(
p∗+(s)

)−1
[
P{ξ(θs) < x}−

−
(
I− p∗+(s)

)
C

∫ 0

−∞
eCyP{ξ(θs) < x + y}dy

]
, x ≤ 0, (32)

äîçâîëÿ¹ çàïèñàòè ôîðìóëó (28) òàêèì ÷èíîì:

V2(s, 0, u) = s−1

(
E
[
e(uI+C)ξ(θs), ξ(θs) ≤ 0

]
−
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−
(
I− p∗−(s)

)
C

∫ 0

−∞

∫ 0

−∞
eCy ∂

∂x
(P{ξ(θs) < x + y})e(uI+C)xdydx

)
Λ1,

çâiäêè çàìiíîþ çìiííèõ òà ïåðåñòàíîâêîþ ïîðÿäêó iíòåãðóâàííÿ âèâîäèìî (29), à
ïiäñòàíîâêîþ u = 0 ïðèõîäèìî äî (30). �

Çàóâàæèìî, ùî ñïiââiäíîøåííÿ (28) äëÿ Vk(s, x, u), k = 2, 3, îäíîòèïíi ó äiéñíî-
çíà÷íîìó âèïàäêó. Ðîçáiæíiñòü ñïiââiäíîøåíü äëÿ V2(s, x, u) òà V3(s, x, u) ó öiëîçíà-
÷íîìó âèïàäêó ïîÿñíþ¹òüñÿ òèì, ùî γ2(x) (íà âiäìiíó âiä γ1,3(x)) íàáóâà¹ íóëüîâå
çíà÷åííÿ ç äîäàòíîþ éìîâiðíiñòþ.

Âèçíà÷èâøè ηC ÿê äiàãîíàëüíó ìàòðèöþ ç ïîêàçíèêîâî ðîçïîäiëåíèìè åëåìåíòà-

ìè
{
ηcj , j = 1,m

}
íà äiàãîíàëi, ìàòèìåìî Ee−uηC = C(C + uI)

−1
, i çíà÷èòü, ôîð-

ìóëè (26) òà (28) ìîæåìî çàïèñàòè êîìïàêòíiøå, ÿê V1(s, x) = T+(s, x)Ee−uηC òà
V3(s, x, u) = V2(s, x, u)Ee−uηC . Öi âèðàçè äîçâîëÿþòü çðîáèòè âèñíîâêè, àíàëîãi-
÷íi òèì, ùî â öiëîçíà÷íîìó âèïàäêó ùîäî óìîâíî¨ íåçàëåæíîñòi γ1(x) òà τ+(x).
Áiëüø òîãî, çàñòîñóâàííÿ íàñëiäêó 3.4 ç [10, ñ. 72], àíàëîãi÷íå òîìó, ùî i çà äîâåäåí-

íÿ (28), äîçâîëÿ¹ òàêîæ îòðèìàòè ïîäàííÿ äëÿ ñïiëüíî¨ ãåíåðàòðèñè V(s, x, u, v)
def
=

def
= E

[
e−sτ

+(x)−uγ1(x)−vγ2(x), τ+(x) <∞
]
ÿê äîáóòîê V2(s, x, v) òà Ee−uηC , ùî âêàçó¹

íà óìîâíó íåçàëåæíiñòü γ1(x) íå òiëüêè âiä τ+(x), à é âiä γ2(x).

Íàñëiäîê 2. Ó ñêàëÿðíîìó âèïàäêó äëÿ äiéñíîçíà÷íîãî ìàéæå íàïiâíåïåðåðâíîãî
çâåðõó ïðîöåñó ñïðàâåäëèâi ñïiââiäíîøåííÿ:

V1(s, x, u) = q+(s)e−cp+(s)xc(c + u)
−1

= q+(s)e−cp+(s)xEe−uγ1(x),

V2(s, x, u) =
ue−(u+c)x + cq+(s)e−cp+(s)x

u + cq+(s)
V2(s, 0, u),

äå V2(s, 0, u) = s−1p+(s)Eeξ
−(θs)(u+c)λ1, V3(s, x, u) = V2(s, x, u)Ee−uγ1(x). Ãåíåðàòðè-

ñó äëÿ {τ+(0),γ2(0)} ìîæåìî ïîäàòè ÿê

V2(s, 0, u) =
λ1

s

(
E
[
e(u+c)ξ(θs), ξ(θs) ≤ 0

]
+

+
c

u
q+(s)E

[
ecξ(θs)

(
euξ(θs) − 1

)
, ξ(θs) ≤ 0

])
. (33)

Çàçíà÷èìî, ùî ôîðìóëà äëÿ V1(s, x, u) óçãîäæó¹òüñÿ ç âiäîìèìè ðåçóëüòàòàìè
(äèâ., íàïðèêëàä, [17, íàñëiäîê 3.4]).

Ïðèêëàä 2. Íåõàé m = 1, Ψ(α) = ıαa + ıα
(
λ1(c− ıα)

−1 − λ2(b + ıα)
−1
)
, äå a < 0

òà b, c, λ1, λ2 > 0. Òîáòî ξ(t) � ñêëàäíèé ïðîöåñ Ïóàññîíà ç âiä'¹ìíèì çíåñåííÿì òà
ïîêàçíèêîâî ðîçïîäiëåíèìè âiä'¹ìíèìè òà äîäàòíèìè ñòðèáêàìè. Öåé ïðîöåñ ìî-
æåìî ïðîiíòåðïðåòóâàòè ÿê ïðîöåñ àãðåãîâàíèõ âòðàò (aggregate loss process, [1,
p. 1]), ó ÿêîãî âèìîãè ìàþòü ïîêàçíèêîâèé ðîçïîäië, êðiì òîãî ìà¹ìî ïîêàçíèêî-
âî ðîçïîäiëåíi íàäõîäæåííÿ. Çàñòîñîâóþ÷è ðåçóëüòàòè iç [13, theorem 3.1], îòðè-

ìà¹ìî Eeıαξ
−(θs) = r1(s)r2(s)

b
b+ıα

(r1(s)+ıα)(r2(s)+ıα) , äå −r1(s),−r2(s) � âiä'¹ìíi êîðåíi

êóìóëÿíòíîãî ðiâíÿííÿ Ψ(−ıα) = s, ïðè÷îìó r1(s) < b < r2(s). Âðàõîâóþ÷è, ùî
cp+(s) òàêîæ êîðiíü öüîãî ðiâíÿííÿ i çíà÷èòü −cp+(s)r1(s)r2(s) = scb, îäåðæèìî

V2(s, 0, u) = s−1p+(s)Eeξ
−(θs)(u+c)λ1 = λ1

u+c+b
(r1(s)+u+c)(r2(s)+u+c) . Òîäi çà äîïîìîãîþ

íàñëiäêó 2 âèâîäèìî

V2(s, x, u) = λ1
u + c + b

(r1(s) + u + c)(r2(s) + u + c)

ue−(u+c)x + cq+(s)e−cp+(s)x

u + cq+(s)
.
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Çâiäêè âèïëèâà¹, ùî, ÿê i â ïðèêëàäi 1, ñïiëüíà ãåíåðàòðèñà {γ2(x), τ+(x)} íå ìîæå
áóòè ïîäàíà ÿê äîáóòîê âiäïîâiäíèõ ìàðãiíàëüíèõ ãåíåðàòðèñ.

ßêùî ïîçíà÷èòè B1(s) = λ1
b−r1(s)

r2(s)−r1(s) òà B2(s) = λ1
r2(s)−b

r2(s)−r1(s) , òîäi îáåðíåííÿì

V2(s, x, u) ïî u ìà¹ìî

E
[
e−sτ

+(x),γ2(x) ∈ dz, τ+(x) <∞
]

=

=

2∑
i=1

(
eri(s)x−(c+ri(s))z

(
c + ri(s)− cq+(s)e−(cp+(s)+ri(s))(x−z)

)
1{z>x}+

+ cq+(s)
(
e−cq+(s)z − e(c+ri(s))z

)) Bi(s)

cp+(s) + ri(s)
,

äå 1{z>x} =

{
1, z > x,

0, z ≤ x.
Îòðèìàíèé ðåçóëüòàò äîçâîëÿ¹ âèçíà÷èòè ìiðó Ãåðáåðà�

Øió, îñêiëüêè, âðàõîâóþ÷è óìîâíó íåçàëåæíiñòü γ1(x) âiä {γ2(x), τ+(x)}, îäåðæó¹ìî

K(s)(x, dy, dz)
def
= E

[
e−sτ

+(x),γ1(x) ∈ dy,γ2(x) ∈ dz, τ+(x) <∞
]

=

= ce−cydy × E
[
e−sτ

+(x),γ2(x) ∈ dz, τ+(x) <∞
]
.
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ON A FEATURE OF DISTRIBUTIONS OF THE OVERSHOOT
FUNCTIONALS FOR UPPER SEMICONTINUOUS PROCESSES ON

A MARKOV CHAIN

D. V. HUSAK, IE. V. KARNAUKH

Abstract. We examine the question whether the memoryless property associated with the geometric

and exponential distributions remains true for the overshoot functionals of almost upper semicontinuous
integer- and real-valued processes on a Markov chain. It is established that under the condition of a

level attainability and knowing the environment state at the moment of reaching the level this property

only holds for overshoot through the level x ≥ 0 and its distribution depends neither on the overshoot
moment nor on x. The undershoot distribution of a level x is determined in terms of the zero-level

undershoot distribution. A similar dependence is established for a jump that covers the level x.
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Àííîòàöèÿ. Èçó÷àåòñÿ âîïðîñ î òîì, ñîõðàíÿåòñÿ ëè ñâîéñòâî îòñóòñòâèÿ ïîñëåäåéñòâèÿ, ïðèñó-
ùåå ãåîìåòðè÷åñêîìó è ïîêàçàòåëüíîìó ðàñïðåäåëåíèþ, äëÿ ïåðåñêîêîâ ïî÷òè ïîëóíåïðåðûâíûõ
ñâåðõó öåëîçíà÷íûõ è äåéñòâèòåëüíîçíà÷íûõ ïðîöåññîâ íà öåïè Ìàðêîâà. Óñòàíàâëèâàåòñÿ, ÷òî
ïðè óñëîâèè äîñòèæåíèÿ óðîâíÿ è çíàíèÿ ñîñòîÿíèÿ îêðóæàþùåé ñðåäû â ìîìåíò äîñòèæåíèÿ
óðîâíÿ óêàçàííîå ñâîéñòâî ñïðàâåäëèâî òîëüêî äëÿ ïåðåñêîêà ÷åðåç óðîâåíü x ≥ 0 è åãî ðàñïðåäå-
ëåíèå íå çàâèñèò íè îò ìîìåíòà ïåðåñêîêà, íè îò x. Ðàñïðåäåëåíèå íåäîñêîêà óðîâíÿ x îïðåäåëÿåòñÿ
â òåðìèíàõ ðàñïðåäåëåíèÿ íåäîñêîêà íóëåâîãî óðîâíÿ. Àíàëîãè÷íàÿ çàâèñèìîñòü óñòàíàâëèâàåòñÿ
äëÿ ïðûæêà, íàêðûâàþùåãî óðîâåíü x.


