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1. Âñòóï

Ìè ïðîäîâæó¹ìî äîñëiäæåííÿ âëàñòèâîñòåé ì'ÿêîãî ðîçâ'ÿçêó õâèëüîâîãî ðiâíÿ-
ííÿ, êåðîâàíîãî çàãàëüíîþ ñòîõàñòè÷íîþ ìiðîþ, ïîïåðåäíi ðåçóëüòàòè ÿêîãî ïðåä-
ñòàâëåíî ó ðîáîòàõ [1, 2].

Íåõàé X �äîâiëüíà ìíîæèíà, B(X)� σ-àëãåáðà ïiäìíîæèí ç X; L0(Ω,F ,P)�ìíî-
æèíà äiéñíîçíà÷íèõ âèïàäêîâèõ âåëè÷èí, âèçíà÷åíèõ íà ïîâíîìó éìîâiðíiñíîìó
ïðîñòîði (Ω,F ,P). Çáiæíiñòü â L0(Ω,F ,P)�öå çáiæíiñòü çà éìîâiðíiñòþ. Íåõàé òà-
êîæ µ� ñòîõàñòè÷íà ìiðà íà B(X), òîáòî, σ-àäèòèâíå âiäîáðàæåííÿ

µ : B(X)→ L0(Ω,F ,P).

Ïðèêëàäè ñòîõàñòè÷íèõ ìið ìîæíà çíàéòè ó [3, ðîçäië 7] òà [4, 5].
Ðîçãëÿäà¹ìî çàäà÷ó Êîøi:

∂2u(t, x)

∂t2
= a2∆xu(t, x) + f(t, x, u(t, x)) + σ(t, x) µ̇(t),

u(0, x) = u0(x);
∂u(0, x)

∂t
= v0(x),

(1)

äå (t, x) ∈ [0, T ]×Rd, d = 1, 2, 3, T > 0, a > 0, òà µ� ñòîõàñòè÷íà ìiðà, âèçíà÷åíà íà
áîðåëåâié σ-àëãåáði B([0, T ]), ó òàêîìó ì'ÿêîìó ñåíñi (äèâ., íàïðèêëàä [6]):

u(t, x) =

∫

Rd

Sd(t, x− y)v0(y) dy +
∂

∂t

(
∫

Rd

Sd(t, x− y)u0(y) dy

)
+

+

∫ t

0

ds

∫

Rd

Sd(t− s, x− y)f(s, y, u(s, y)) dy +

+

∫ t

0

dµ(s)

∫

Rd

Sd(t− s, x− y)σ(s, y) ds , (2)

äå Sd �ôóíäàìåíòàëüíèé ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ â Rd.
Iíòåãðàëè âiä âèïàäêîâèõ ôóíêöié ïî dy òà ds áåðóòüñÿ äëÿ êîæíîãî ôiêñîâàíîãî

ω ∈ Ω. Òàêi iíòåãðàëè äîñëiäæåíî, íàïðèêëàä ó [7].
Ó ñòàòòÿõ [1, 2] äîñëiäæåíî äàíó çàäà÷ó ç îäíîâèìiðíîþ òà äâîâèìiðíîþ ïðî-

ñòîðîâèìè çìiííèìè âiäïîâiäíî. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ì'ÿêîãî ðîçâ'ÿçêó,
óñòàíîâëåíî ãåëüäåðîâiñòü éîãî òðà¹êòîðié òà íåïåðåðâíó çàëåæíiñòü âiä äàíèõ çà-
äà÷i. Ó öié ñòàòòi ìè ïåâíèì ÷èíîì óçàãàëüíþ¹ìî ðåçóëüòàòè ðîáiò [1, 2] íà âèïàäîê,
êîëè ïðîñòîðîâà çìiííà ¹ òðèâèìiðíîþ. À ñàìå, äîâîäèìî, ùî iñíó¹ ¹äèíèé ì'ÿêèé
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ðîçâ'ÿçîê çàäà÷i Êîøi (1), âèçíà÷åíèé ðiâíiñòþ (4) íèæ÷å, òà ïîêàçó¹ìî éîãî íåïå-
ðåðâíiñòü çà Ãåëüäåðîì çà ñóêóïíiñòþ çìiííèõ.

Âëàñòèâîñòi ì'ÿêèõ ðîçâ'ÿçêiâ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè äîñëiäæóâàëèñü ó áàãàòüîõ ðîáîòàõ. Çîêðåìà, ó [8] äîâåäåíî iñíó-
âàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó äëÿ êëàñó íåàâòîíîìíèõ ïàðàáîëi÷íèõ çìiøàíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü, ÿêi âèçíà÷åíi íà îáìåæåíié âiäêðèòié ïiäìíîæèíi D ∈ Rd i
ìiñòÿòü ñòàíäàðòíèé òà äðîáîâèé L2(D)-çíà÷íi äðîáîâi áðîóíiâñüêi ðóõè. Õâèëüî-
âi ðiâíÿííÿ iç øóìîì Ëåâi òà α-ñòiéêèìè ðîçïîäiëàìè âèâ÷àëèñÿ â ðîáîòàõ [9] òà
[10�12] âiäïîâiäíî. Âàðòî âiäìiòèòè, ùî ó [10] äîñëiäæåíî õâèëüîâå ðiâíÿíÿ, êåðîâà-
íå êîëüîðîâèì α-ñòiéêèì øóìîì, ÿêèé ¹ ïîõiäíîþ âiä àíiçîòðîïíîãî ãàðìîíiçîâàíîãî
äðîáîâîãî ñòiéêîãî ïîëÿ ç α ∈ (1, 2) òà iíäåêñîì Õþðñòà H ∈ (1/2, 1). Çîêðåìà, ó
çàçíà÷åíié ðîáîòi âèçíà÷åíî âiäïîâiäíó âèïàäêîâó ìiðó, äîâåäåíî ¨¨ σ-àäèòèâíiñòü
çà éìîâiðíiñòþ òà ïîáóäîâàíî ñòîõàñòè÷íèé iíòåãðàë çà òàêîþ α-ñòiéêîþ ìiðîþ. Òà-
êîæ ãåëüäåðîâiñòü ðîçâ'ÿçêó çà ñóêóïíiñòþ çìiííèõ óñòàíîâëåíî äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ iç öèëiíäðè÷íèì âiíåðiâñüêèì ïðîöåñîì ó [13] òà äëÿ íåîäíîðiäíîãî õâè-
ëüîâîãî ðiâíÿííÿ, êåðîâàíîãî ãàóññîâèì ïîëåì äèâ. [14]. Ó ñòàòòi [15] çà äîïîìîãîþ
ðÿäiâ Ôóð'¹ �Õààðà äîâåäåíî çáiæíiñòü ì'ÿêèõ ðîçâ'ÿçêiâ çà óìîâè, ùî çáiãàþòüñÿ
òðà¹êòîði¨ âiäïîâiäíèõ ñòîõàñòè÷íèõ ìið. Äîêëàäíi äîñëiäæåííÿ ñòîõàñòè÷íèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ìîæíà çíàéòè â [16, 17] àáî [18].
Ó áiëüøîñòi ðîáiò íà ñòîõàñòè÷íi iíòåãðàòîðè íàêëàäàþòüñÿ òàêi äîäàòêîâi óìîâè,
ÿê iñíóâàííÿ ìîìåíòiâ, ìàðòèíãàëüíiñòü òîùî. Îá'¹êòîì äîñëiäæåííÿ öi¹¨ ñòàòòi ¹
ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, êåðîâàíå çàãàëüíîþ ñòîõàñòè÷íîþ ìiðîþ áåç ïî-
äiáíèõ óìîâ.

Îñíîâíèé ðåçóëüòàò íàøîãî äîñëiäæåííÿ� òåîðåìó 2.1 � ñôîðìóëüîâàíî â ðîç-
äiëi 2 òà äîâåäåíî â ðîçäiëi 6. Òðåòié ðîçäië ìiñòèòü äåÿêi äîäàòêîâi âiäîìîñòi, ùî
âèêîðèñòîâóþòüñÿ ïðè äîâåäåííi îòðèìàíèõ ðåçóëüòàòiâ. Ó ðîçäiëàõ 4, 5 ïðåäñòàâ-
ëåíî òâåðäæåííÿ ïðî íåïåðåðâíiñòü çà Ãåëüäåðîì iíòåãðàëà çà ñòîõàñòè÷íîþ ìiðîþ
îêðåìî çà ïðîñòîðîâîþ (ëåìà 4.1) òà ÷àñîâîþ (ëåìà 5.1) çìiííèìè. Ó âèñíîâêàõ çi-
ñòàâëåíî îòðèìàíi ðåçóëüòàòè ç ðåçóëüòàòàìè ïîïåðåäíüîãî äîñëiäæåííÿ õâèëüîâîãî
ðiâíÿííÿ íà ïðÿìié òà ïëîùèíi.

2. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Çà [19, ï. 1, � 12] ôóíäàìåíòàëüíèé ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ (1) îá÷èñëþ¹-
òüñÿ çà ôîðìóëîþ

S3(t, x) =
1

2πa
δ
(
a2t2 − |x|2

)
I{t>0} =

1

4πa2t
δSatI{t>0},

äå δ�öå ôóíêöiÿ Äiðàêà (âiäïîâiäíî, δSat
�ðiâíîìiðíà ìiðà íà ñôåði ðàäióñà at iç

çàãàëüíîþ ìàñîþ 4πa2t2), òà | · | ïîçíà÷à¹ åâêëiäîâó íîðìó.
Íåõàé D(R4)�ïðîñòið îñíîâíèõ ôóíêöié (òîáòî ôiíiòíèõ íåñêií÷åííî äèôåðåí-

öiéîâíèõ ôóíêöié, âèçíà÷åíèõ íà R4), à D′(R4)� âiäïîâiäíèé ïðîñòið óçàãàëüíåíèõ
ôóíêöié (òîáòî ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà D(R4)).

Óçàãàëüíåíà ôóíêöiÿ S3 ∈ D′(R4) äi¹ íà îñíîâíó ôóíêöiþ ϕ ∈ D(R4) çà ïðàâèëîì
(äèâ. [19, ðiâíiñòü (1), � 12]):

(S3,ϕ) =
1

4πa2

∫ ∞

0

1

t

∫

|x|=at

ϕ(x, t) dS(x) dt =
1

4πa2

∫

R3

1

|x|
ϕ

(
x,
|x|
a

)
dx , (3)

äå dS(x)� åëåìåíò ïëîùi ñôåðè {x ∈ R3 : |x| = at}.
Ðîçãëÿäà¹ìî ì'ÿêèé ðîçâ'ÿçîê çàäà÷i (1), à ñàìå, òàêó âèìiðíó âèïàäêîâó ôóíêöiþ

u(t, x) = u(t, x,ω) : [0, T ] × R3 × Ω → R, ùî ì. í. çàäîâîëüíÿ¹ ðiâíÿííÿ (2). Òîáòî,
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øóêà¹ìî ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ

u(t, x) =
1

4πa2t

∫

|y−x|=at

v0(y) dS(y) +
1

4πa2

∂

∂t

1

t

∫

|y−x|=at

u0(y) dS(y)

+

+
1

4πa2

∫ t

0

ds

∫

|y−x|=a(t−s)

f(s, y, u(s, y))

t− s
dS(y) +

+
1

4πa2

∫ t

0

1

t− s
dµ(s)

∫

|x−y|=a(t−s)

σ(s, y) dS(y) . (4)

Òóò dS(y)� åëåìåíò ïëîùi ñôåðè {y ∈ R3 : |y − x| = at} òà ñôåðè
{y ∈ R3 : |y − x| = a(t− s)} ó âiäïîâiäíèõ iíòåãðàëàõ.

Áóäåìî ðîçãëÿäàòè òàêi ïðèïóùåííÿ.
A1. Ôóíêöi¨ u0(y) = u0(y,ω) : R3 × Ω→ R, v0(y) = v0(y,ω) : R3 × Ω→ R âèìiðíi

òà äëÿ êîæíîãî ω ∈ Ω:

|u0(y,ω)| ≤ Cu0(ω),

∣∣∣∣∂u0

∂yi
(y)

∣∣∣∣ ≤ Cu0(ω), |v0(y,ω)| ≤ Cv0(ω) .

A2. v0(y), u0(y), ∂u0(y)
∂yi

, i = 1, 2, 3, íåïåðåðâíi çà Ãåëüäåðîì:

|v0(y′)− v0(y′′)| ≤ Lv0(ω)|y′ − y′′|β(v0)
, 0 < β(v0) ≤ 1;

|u0(y′)− u0(y′′)| ≤ Lu0
(ω)|y′ − y′′|β(u0)

, 0 < β(u0) ≤ 1 ;∣∣∣∣∂u0

∂yi
(y′)− ∂u0

∂yi
(y′′)

∣∣∣∣ ≤ Lu0(ω)|y′ − y′′|β(u0)
.

A3. f(s, y, v) : [0, T ]× R3 × R→ R âèìiðíà òà îáìåæåíà: |f(s, y, v)| ≤ Cf .
A4. f(s, y, v) ëiïøèöåâà çà y ∈ R3, v ∈ R,

|f(s, y′, v′)− f(s, y′′, v′′)| ≤ Lf (|y′ − y′′|+ |v′ − v′′|) .

A5. σ(s, y) : [0, T ]× R3 → R âèìiðíà òà îáìåæåíà: |σ(s, y)| ≤ Cσ.
A6. σ(s, y) íåïåðåðâíà çà Ãåëüäåðîì:

|σ(s′, y′)− σ(s′′, y′′)| ≤ Lσ
(
|s′ − s′′|β(σ)

+ |y′ − y′′|β(σ))
, 1/2 < β(σ) ≤ 1.

A7. ∀t ∈ [0, T ] : |µ((0, t])| ≤ C(ω).
Íàäàëi ïîçíà÷àòèìåìî çà äîïîìîãîþ C òà C(ω) âiäïîâiäíî íåâèïàäêîâó òà âè-

ïàäêîâó äîäàòíi êîíñòàíòè, ùî ìîæóòü áóòè ðiçíèìè ó ðiçíèõ ôîðìóëàõ, i òî÷íå
çíà÷åííÿ ÿêèõ íå ñóòò¹âå.

Òåîðåìà 2.1. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ A1�A6. Òîäi
1) Ðiâíÿííÿ (4) ìà¹ ðîçâ'ÿçîê u(t, x). ßêùî v(t, x)� iíøèé ðîçâ'ÿçîê (4), òî äëÿ

âñiõ t ∈ [0, T ], x ∈ R3 u(t, x) = v(t, x) ì. í.
2) ßêùî òàêîæ ñïðàâäæó¹òüñÿ A7, òî ñòîõàñòè÷íà ôóíêöiÿ u(t, x) ìà¹ òàêó

ìîäèôiêàöiþ ū(t, x), ùî äëÿ áóäü-ÿêèõ ôiêñîâàíèõ δ > 0 òà γ ∈ [0,β(v0) ∧ β(u0)],
γ < β(σ)− 1/2, âèêîíó¹òüñÿ

|ū(t1, x
′)− ū(t2, x

′′)| ≤ C(ω)(|t1 − t2|γ + |x′ − x′′|γ),

t1, t2 ∈ [δ, T ], x′, x′′ ∈ R3 : |x′ − x′′| ≤ 1.
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3. Äîäàòêîâi âiäîìîñòi

Ðîçãëÿíåìî ïðîñòið Á¹ñîâà Bα22([b, c]), α ∈ (1/2, 1), b, c ∈ R. À ñàìå, ïðîñòið ôóí-
êöié g : [b, c]→ R, äëÿ ÿêèõ ñêií÷åííà íîðìà

‖g‖Bα
22([b,c]) = ‖g‖L2([b,c]) +

(∫ c−b
0

(
w2,[b,c](g, r)

)2
r−2α−1 dr

)1/2

,

äå

w2,[b,c](g, r) = sup
0≤h≤r

(
∫ c−h

b

|g(s + h)− g(s)|2 ds
)1/2

.

Ïîêëàäåìî äëÿ äîâiëüíîãî t ∈ (0, T ]

∆
(t)
kn = ((k − 1)2−nt, k2−nt], n ≥ 0, 1 ≤ k ≤ 2n.

Íåõàé ôóíêöiÿ g(z, s) : Z × [0, T ] → R òàêà, ùî ∀z ∈ Z : g(z, ·) íåïåðåðâíà íà
[0, T ]. Òóò Z �äîâiëüíà ìíîæèíà. Ïîçíà÷èìî

gn(z, s) = g(z, 0)1{0}(s) +
∑

1≤k≤2n

g(z, (k − 1)2−nT ∧ t)1
∆

(T )
kn

(s).

Òîäi çà [20, ëåìà 3] âèïàäêîâà ôóíêöiÿ

η(z) =

∫

(0,t]

g(z, s)dµ(s), z ∈ Z,

ìà¹ òàêó ìîäèôiêàöiþ

η̃(z) =

∫

(0,t]

g0(z, s)dµ(s) +
∑
n≥1

(
∫

(0,t]

gn(z, s)dµ(s)−
∫

(0,t]

gn−1(z, s)dµ(s)

)
, (5)

ùî äëÿ âñiõ ε > 0, ω ∈ Ω, z ∈ Z

|η̃(z)| ≤ |g(z, 0)µ((0, t])|+

+

∑
n≥1

2nε
∑

1≤k≤2n

∣∣g(z, k2−nT ∧ t)− g(z, (k − 1)2−nT ∧ t)
∣∣2

1
2

×

×

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣µ(∆
(T )
kn ∩ (0, t]

)∣∣∣2


1
2

.

Äëÿ öi¹¨ ìîäèôiêàöi¨ çà [21, òåîðåìà 1.2] òà [22, íåðiâíiñòü (6)] ñïðàâåäëèâà îöiíêà

|η̃(z)| ≤ |g(z, 0)µ((0, t])|+ C‖g(z, ·∧t)‖Bα
22([0,T ]) ×

×

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣µ(∆
(T )
kn ∩ (0, t]

)∣∣∣2


1
2

, (6)

äå α = ε/2 + 1/2. Çàóâàæèìî, ùî ìîäèôiêàöiÿ η̃ ¹ ñïiëüíîþ äëÿ âñiõ z ∈ Z, à ñòàëà
C çàëåæèòü âiä âåëè÷èí α, T òà íå çàëåæèòü âiä z,ω.

4. Ðåãóëÿðíiñòü ñòîõàñòè÷íîãî iíòåãðàëà çà ïðîñòîðîâîþ çìiííîþ

Ëåìà 4.1. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ A5, A6. Òîäi äëÿ äîâiëüíîãî ôiêñîâà-
íîãî t ∈ [0, T ] âèïàäêîâà ôóíêöiÿ

ϕ(x) =
1

4πa2

∫

(0,t]

1

t− s
dµ(s)

∫

|x−y|=a(t−s)

σ(s, y) dS(y) , x ∈ R3,
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ìà¹ ìîäèôiêàöiþ (5), ùî ∀γ1 < β(σ)− 1/2 âèêîíó¹òüñÿ

|ϕ(x′)−ϕ(x′′)| ≤ C(ω)|x′ − x′′|γ1 , ∀x′, x′′ ∈ R3 : |x′ − x′′| ≤ 1.

Äîâåäåííÿ. Ìà¹ìî

ϕ(x) =
1

4πa2

∫

(0,t]

1

t− s
dµ(s)

∫

|y|=1

a2(t− s)2σ(s, x + ay(t− s)) dS(y) =

=
1

4π

∫

(0,t]

(t− s)dµ(s)

∫

|y|=1

σ(s, x + ay(t− s)) dS(y) =
1

4π

∫

(0,t]

h(t, x, s)dµ(s),

äå

h(t, x, s) = (t− s)

∫

|y|=1

σ(s, x + ay(t− s)) dS(y) , s < t .

Ïåðåéäåìî âiä ïîâåðõíåâîãî iíòåãðàëà äî êðàòíîãî. Äëÿ öüîãî ñïî÷àòêó ïåðåéäå-
ìî äî ñôåðè÷íèõ êîîðäèíàò: y1 = r cosϕ sin θ ,

y2 = r sinϕ sin θ ,
y3 = r cos θ ,

r = 1, ϕ ∈ [0, 2π], θ ∈ [0,π].

Ïîêëàäåìî

xt−s = (x1 + a(t− s) cosϕ sin θ, x2 + a(t− s) sinϕ sin θ, x3 + a(t− s) cos θ) .

Òîäi, îñêiëüêè åëåìåíò ïîâåðõíi ó ñôåðè÷íèõ êîîðäèíàòàõ ìà¹ âèãëÿä

dS(y) = r2 sin θdϕdθ ,

òî îòðèìó¹ìî òàêå:

h(t, x, s) = (t− s)

∫ 2π

0

dϕ

∫ π

0

σ
(
s, xt−s

)
sin θ dθ . (7)

Ðîçãëÿäà¹ìî äîâiëüíi t ∈ (0, T ], x′, x′′ ∈ R3 : |x′ − x′′| ≤ 1. Òîäi

ϕ(x′)−ϕ(x′′) =
1

4π

∫ t

0

h(t, x′, s)dµ(s)− 1

4π

∫ t

0

h(t, x′′, s)dµ(s) =

=
1

4π

∫ t

0

H(z, s)dµ(s) , z = (x′, x′′, t).

Òóò äëÿ çðó÷íîñòi ïîäàëüøèõ îá÷èñëåíü ìè ïîçíà÷èëè

H(z, s) = h(t, x′, s)− h(t, x′′, s).

Äëÿ ìîäèôiêàöi¨ (5) âèïàäêîâî¨ ôóíêöi¨

η(z) = ϕ(x′)−ϕ(x′′)

âèêîðèñòà¹ìî îöiíêó (6), ïðè÷îìó ìîäèôiêàöiþ áóäó¹ìî íà ìíîæèíi Z × [0, t] =
= R3 × R3 × [0, t]× [0, t]. Ó òàêîìó âèïàäêó îöiíêà (6) ìà¹ âèãëÿä

4π|ϕ(x′)−ϕ(x′′)| ≤ |H(z, 0)µ((0, t])|+ C‖H(z, ·)‖Bα
22([0,t]) ×

×

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣µ(∆
(t)
kn ∩ (0, t]

)∣∣∣2


1
2

. (8)

Íàãàäà¹ìî, ùî òóò ñòàëà C çàëåæèòü âiä t.
Îöiíèìî íîðìó ïðîñòîðó Á¹ñîâà ôóíêöi¨ H(z, s). Äëÿ öüîãî ñïî÷àòêó ðîçãëÿíåìî

|H(z, s)|, à ïîòiì ‖H(z, ·)‖Bα
22([0,t]).
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Ìà¹ìî

|H(z, s)| =
∣∣∣(t− s)

∫ 2π

0

dϕ

∫ π

0

[
σ
(
s, x′t−s

)
− σ

(
s, x′′t−s

)]
sin θ dθ

∣∣∣ A6
≤

A6
≤ (t− s)Lσ|x′ − x′′|β(σ)2π ≤ C|x′ − x′′|β(σ) (9)

òà äëÿ s ∈ (0, t− h], h < t:

|H(z, s + h)−H(z, s)| ≤ C|x′ − x′′|β(σ) . (10)

Ç iíøîãî áîêó,

|H(z, s + h)−H(z, s)| =

=

∣∣∣∣(t− s)

∫ 2π

0

dϕ

∫ π

0

(
σ
(
s, x′t−s−h

)
− σ

(
s, x′t−s

))
sin θ dθ−

− (t− s)

∫ 2π

0

dϕ

∫ π

0

(
σ
(
s, x′′t−s−h

)
− σ

(
s, x′′t−s

))
sin θ dθ−

− h

∫ 2π

0

dϕ

∫ π

0

σ
(
s, x′t−s−h

)
sin θ dθ+ h

∫ 2π

0

dϕ

∫ π

0

σ
(
s, x′′t−s−h

)
sin θ dθ

∣∣∣∣ ≤
≤
(

(t− s)Lσh
β(σ) + Cσh

) ∫ 2π
0

dϕ

∫ π

0

sin θ dθ ≤

≤
(
TLσh

β(σ) + Cσh
)

2π ≤ Chβ(σ) , (11)

îñêiëüêè h ≤ t− s ≤ T .
Äëÿ äîâiëüíîãî λ1 ∈ (0, 1) ïåðåìíîæèìî íåðiâíîñòi (10), ïiäíåñåíó äî ñòåïåíÿ

1− λ1, òà (11), ïiäíåñåíó äî ñòåïåíÿ λ1. Îäåðæèìî

|H(z, s + h)−H(z, s)| ≤ C|x′ − x′′|(1−λ1)β(σ)hλ1β(σ)

òà(
∫ t

0

(
w2,[0,t](H, r)

)2
r−2α−1dr

)1/2

≤ C|x′ − x′′|(1−λ1)β(σ)

(
∫ t

0

r2λ1β(σ)−2α−1 dr

)1/2

≤

≤ C|x′ − x′′|(1−λ1)β(σ),

ïðè β(σ)λ1 > α ⇔ λ1 > α
β(σ) > 1

2β(σ) . Òîäi äëÿ äîâiëüíîãî

γ1 = (1− λ1)β(σ) <

(
1− 1

2β(σ)

)
β(σ) = β(σ)− 1/2

çíàéäåòüñÿ âiäïîâiäíå α > 1/2.
Êðiì òîãî, iç (9) ìà¹ìî

|H(z, 0)| ≤ C|x′ − x′′|β(σ), ‖H(z, ·)‖L2([0,t]) ≤ C|x′ − x′′|β(σ)

òà, äëÿ |x′ − x′′| ≤ 1, âèêîíó¹òüñÿ

|H(z, 0)| ≤ C|x′ − x′′|γ1 , ‖H(z, ·)‖L2([0,t]) ≤ C|x′ − x′′|γ1 .

Ïiäñòàâèìî îòðèìàíi îöiíêè ó (8). Îñòàòî÷íî ìè îäåðæó¹ìî

4π|ϕ(x′)−ϕ(x′′)| ≤

≤ C|x′ − x′′|γ1

|µ((0, t])|+
{∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣µ(∆
(t)
kn

)∣∣∣2} 1
2

 ≤ C(ω)|x′ − x′′|γ1 ,

äå ñóìà çi ñòîõàñòè÷íîþ ìiðîþ ñêií÷åííà çà [4, ëåìà 3.1]. �
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5. Ðåãóëÿðíiñòü ñòîõàñòè÷íîãî iíòåãðàëà çà ÷àñîâîþ çìiííîþ

Ëåìà 5.1. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ A5�A7. Òîäi äëÿ äîâiëüíîãî ôiêñîâàíî-
ãî x ∈ R3 âèïàäêîâà ôóíêöiÿ

ϕ̂(t) =
1

4πa2

∫ t

0

1

t− s
dµ(s)

∫

|x−y|=a(t−s)

σ(s, y) dS(y) , t ∈ [δ, T ],

ìà¹ ìîäèôiêàöiþ (5), ùî ∀ δ > 0 òà γ1 < β(σ) − 1/2 íåïåðåðâíà çà Ãåëüäåðîì iç
ïîêàçíèêîì γ1.

Äîâåäåííÿ. Íåõàé x ∈ R3 ôiêñîâàíå. Ðîçãëÿíåìî ìîäèôiêàöiþ (5) âèïàäêîâî¨ ôóí-
êöi¨

ϕ̂(t) =

∫

(0,t]

dµ(s)

∫

R3

S3(t− s, x− y)σ(s, y) dy =

=
1

4π

∫

(0,t]

ĥ(t, x, s)dµ(s) =
1

4π

∫

(0,t]

ĥ(z, s)dµ(s), z = (t, x) ∈ [δ, T ]× R3,

äå ĥ(z, s) âèçíà÷åíî ðiâíiñòþ (7), òà

ĥn(z, s) = ĥ(z, 0)1{0}(s) +
∑

1≤k≤2n

ĥ(z, (k − 1)2−nT ∧ t)1
∆

(T )
kn

(s).

Òîäi äëÿ äîâiëüíèõ ôiêñîâàíèõ δ ≤ t1 < t2 ≤ T òà zi = (ti, x), i = 1, 2, ìà¹ìî

4π
(
ϕ̂(t2)− ϕ̂(t1)

)
=

∫

(0,t2]

ĥ0(z2, s)dµ(s)−
∫

(0,t1]

ĥ0(z1, s)dµ(s) +

+
∑
n≥1

(
∫

(0,t2]

ĥn(z2, s)dµ(s)−
∫

(0,t2]

ĥn−1(z2, s)dµ(s)

)
−

−
∑
n≥1

(
∫

(0,t1]

ĥn(z1, s)dµ(s)−
∫

(0,t1]

ĥn−1(z1, s)dµ(s)

)
=

= I1 + I2 ,

äå

I1 =

∫

(0,t1]

(
ĥ0(z2, s)− ĥ0(z1, s)

)
dµ(s) +

+
∑
n≥1

(
∫

(0,t1]

(
ĥn(z2, s)− ĥn(z1, s)

)
dµ(s)−
∫

(0,t1]

(
ĥn−1(z2, s)− ĥn−1(z1, s)

)
dµ(s)

)
;

I2 =

∫

(t1,t2]

ĥ0(z2, s) dµ(s) +
∑
n≥1

(
∫

(t1,t2]

ĥn(z2, s) dµ(s)−
∫

(t1,t2]

ĥn−1(z2, s) dµ(s)

)
.

Ðîçãëÿíåìî ñïî÷àòêó äîäàíîê I1. Äëÿ s ∈ (0, t1], z̃ = (t1, t2, x) ïîêëàäåìî

Ĥ(z̃, s) = ĥ(z2, s)− ĥ(z1, s) .

Òîäi àíàëîãi÷íî äî (6) ìîæåìî çàïèñàòè

|I1| ≤
∣∣Ĥ(z̃, 0)µ((0, t1])

∣∣+

+ C
∥∥∥Ĥ(z̃, ·∧t1)

∥∥∥
Bα

22([0,T ])
×

∑
n≥1

2−nε
∑

1≤k≤2n

∣∣∣µ(∆
(T )
kn ∩ (0, t1]

)∣∣∣2


1
2

≤

≤
∣∣∣Ĥ(z̃, 0)µ((0, t1])

∣∣∣+ C(ω)
∥∥∥Ĥ(z̃, ·∧t1)

∥∥∥
Bα

22([0,T ])
, (12)

äå îñòàííÿ íåðiâíiñòü îòðèìó¹òüñÿ ç âèêîðèñòàííÿì A7 [22, îöiíêà (12)].
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Îöiíèìî êîæåí iç äîäàíêiâ ñïiââiäíîøåííÿ (12). Ñïî÷àòêó ðîçãëÿíåìî âåëè÷è-
íó q̂(z̃, s), s ∈ (0, t1]. Àíàëîãi÷íî äî ðiâíîñòi (7) îòðèìó¹ìî ïðåäñòàâëåííÿ ôóíêöi¨

ĥ(zi, s), i = 1, 2:

ĥ(zi, s) = (ti − s)

∫ 2π

0

dϕ

∫ π

0

σ
(
s, xti−s

)
sin θdθ . (13)

Òîäi àíàëîãi÷íî äî (9) òà (10) çà ïðèïóùåííÿìè À5, À6 ìà¹ìî∣∣Ĥ(z̃, s)
∣∣ ≤ C|t2 − t1|β(σ), (14)∣∣Ĥ(z̃, s + h)− Ĥ(z̃, s)

∣∣ ≤ C|t2 − t1|β(σ).

Îöiíèìî |Ĥ(z̃, s + h)− Ĥ(z̃, s)| çà äîïîìîãîþ ñòåïåíÿ h. Îñêiëüêè∣∣∣Ĥ(z̃, s + h)− Ĥ(z̃, s)
∣∣∣ ≤ ∣∣∣ĥ(z2, s + h)− ĥ(z2, s)

∣∣∣+
∣∣∣ĥ(z1, s + h)− ĥ(z1, s)

∣∣∣,
òî àíàëîãi÷íî äî ïîïåðåäíüî¨ îöiíêè, îòðèìó¹ìî∣∣∣Ĥ(z̃, s + h)− Ĥ(z̃, s)

∣∣∣ ≤ Chβ(σ) .

Äàëi òàêi æ ìiðêóâàííÿ, ùî i äëÿ àíàëîãi÷íîãî õâèëüîâîãî ðiâíÿííÿ â R2 (äèâ.
[2, äîâåäåííÿ ëåìè 5.1]) ïðèâîäÿòü äî

|I1| ≤ C(ω)|t2 − t1|γ1 ,

äå 0 < γ1 < β(σ)− 1/2.
Òåïåð îöiíèìî äîäàíîê I2. Ïîêëàäåìî

q̃n(z2, s) =
∑

1≤k≤2n

ĥ(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)1
∆

(T )
kn

(s), s ∈ [0, T ].

Çà àíàëîãîì òåîðåìè Ëåáåãà ïðî ìàæîðîâàíó çáiæíiñòü [3, òâåðäæåííÿ 7.1.1] âèêî-
íó¹òüñÿ

I2 = p lim
n→∞

∫

(t1,t2]

q̃n(z2, s)dµ(s), ∀x, t1, t2.

Îòæå, âèïàäêîâà ôóíêöiÿ
∫

(t1,t2]

q̃0(z2, s)dµ(s) +
∑
n≥1

(
∫

(t1,t2]

q̃n(z2, s)dµ(s)−
∫

(t1,t2]

q̃n−1(z2, s)dµ(s)

)
¹ ìîäèôiêàöi¹þ äëÿ I2, ÿêó ìè çíîâó ïîçíà÷èìî I2. Òîäi àíàëîãi÷íî äî (6) îäåðæèìî

|I2| ≤
∣∣∣ĥ(z2, t1)µ((t1, t2])

∣∣∣+

+

(∑
n≥1

∑
1≤k≤2n

2nε0 |ĥ(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)−

− ĥ(z2, (((k
′ − 1)2−n+1T ) ∨ t1) ∧ t2)|2

)1/2

×

×

(∑
n≥1

∑
1≤k≤2n

2−nε0
∣∣∣µ(∆

(T )
kn ∩ (t1, t2]

)∣∣∣2)1/2

,

äå k′ òàêå, ùî ∆
(T )
kn ⊂ ∆

(T )
k′(n−1), òà ε0 > 0�äîâiëüíå.

Âèêîðèñòîâóþ÷è ïðèïóùåííÿ À5 òà ðiâíiñòü (13), ìà¹ìî∣∣∣ĥ(z2, s)
∣∣∣ ≤ Cσ2π|t2 − s| ≤ C|t2 − t1|, ïðè s ∈ (t1, t2] .
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Òîäi∣∣∣ĥ(z2, (((k − 1)2−nT ) ∨ t1) ∧ t2)− ĥ(z2, (((k
′ − 1)2−n+1T ) ∨ t1) ∧ t2)

∣∣∣ ≤ C|t2 − t1|,
(15)

äå äàíà âåëè÷èíà ìà¹ âèãëÿä |ĥ(z2, s + h) − ĥ(z2, s)| äëÿ s ∈ [t1, t2] i òàêîãî
h ∈ [0, 2−nT ], ùî s + h ∈ (t1, t2].

Ç iíøîãî áîêó, çà ïðèïóùåííÿìè À6, À7 àíàëîãi÷íî äî (14)∣∣∣ĥ(z2, s + h)− ĥ(z2, s)
∣∣∣ ≤ Cσ2πh + Lσ2πa|t2 − s|hβ(σ) ≤ Ch + C|t2 − t1|hβ(σ) ≤

≤ C|t2 − t1|1−β(σ)2−nβ(σ),

îñêiëüêè h ≤ |t2 − t1| òà h ≤ 2−nT .
Âðàõîâóþ÷è (15), äëÿ λ0 ∈ (0, 1) ìà¹ìî∣∣∣ĥ(z2, s + h)− ĥ(z2, s)

∣∣∣ ≤ C|t2 − t1|1−λ0β(σ)2−nλ0β(σ),

i òîäi

|I2| ≤ C|t2 − t1||µ((t1, t2])|+ C|t2 − t1|1−λ0β(σ)

∑
n≥1

2n(ε0−2λ0β(σ)+1)

1/2

×

×

∑
n≥1

∑
1≤k≤2n

2−nε0
∣∣∣µ(∆

(T )
kn ∩ (t1, t2]

)∣∣∣2
1/2

≤

≤ C(ω)|t2 − t1|γ1 ,

ïðè λ0β(σ) > 1/2 i âiäïîâiäíîìó ε0 > 0.
Òàêèì ÷èíîì, ìè îäåðæàëè, ùî

|ϕ̂(t2)− ϕ̂(t1)| ≤ C(ω)|t2 − t1|γ1 . �

6. Äîâåäåííÿ òåîðåìè 2.1

1) Iñíóâàííÿ òà ¹äèíiñòü. Ïîêàæåìî, ùî ðiâíÿííÿ (4) ìà¹ ¹äèíèé ðîçâ'ÿçîê.
Ïîáóäó¹ìî öåé ðîçâ'ÿçîê çà äîïîìîãîþ òàêîãî ïðîöåñó ïîñëiäîâíèõ íàáëèæåíü.

Íåõàé u(0)(t, x) = 0 òà ∀n > 0:

u(n+1)(t, x) =
1

4a2πt

∫

|y−x|=at

v0(y) dS(y) +
1

4a2π

∂

∂t

1

t

∫

|y−x|=at

u0(y) dS(y)

+

+
1

4a2π

∫

|y−x|≤at

f
(
t− |y−x|a , y, u(n)

(
t− |y−x|a , y

))
|y − x|

dy +

+
1

4a2π

∫ t

0

1

t− s
dµ(s)

∫

|x−y|=a(t−s)

σ(s, y) dS(y) . (16)

Òóò ìè âèêîðèñòàëè ôîðìóëó (3) äëÿ ôóíêöi¨ f , à ñàìå:

1

4πa2

∫ t

0

ds

∫

|y−x|=a(t−s)

f(s, y, u(s, y))

t− s
dS(y) =

=
1

4a2π

∫

|y−x|≤at

f
(
t− |y−x|a , y, u(n)

(
t− |y−x|a , y

))
|y − x|

dy .
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Äëÿ âñiõ n, t, x áåðåìî îäíó é òó ñàìó ìîäèôiêàöiþ ñòîõàñòè÷íîãî iíòåãðàëà, i òîäi
íàñòóïíi îöiíêè âèêîíóâàòèìóòüñÿ ∀ω ∈ Ω. Çà ïðèïóùåííÿìè À3, À4 ìà¹ìî

∣∣∣u(n+1)(t, x)− u(n)(t, x)
∣∣∣ ≤ 1

4a2π

∣∣∣∣∣∣
∫

|y−x|≤at

f
(
t− |y−x|a , y, u(n)

(
t− |y−x|a , y

))
|y − x|

dy −

−
∫

|y−x|≤at

f
(
t− |y−x|a , y, u(n−1)

(
t− |y−x|a , y

))
|y − x|

dy

∣∣∣∣∣∣ ≤
≤ Lf

4a2π

∫

|y−x|≤at

∣∣∣u(n)
(
t− |y−x|a , y

)
− u(n−1)

(
t− |y−x|a , y

)∣∣∣
|y − x|

dy =

=
Lf

4a2π

∫

|y|≤at

∣∣∣u(n)
(
t− |y|a , y + x

)
− u(n−1)

(
t− |y|a , y + x

)∣∣∣
|y|

dy, n ≥ 1 , (17)

òà ∣∣∣u(2)(t, x)− u(1)(t, x)
∣∣∣ ≤ 2Cf

4a2π

∫

|y|≤at

1

|y|
dy =

Cf

2
t2 . (18)

Ïîêëàäåìî

Un(t) = sup
x∈R3

∣∣∣u(n+1)(t, x)− u(n)(t, x)
∣∣∣ , n ≥ 1 ,

òîäi iç (17) ìà¹ìî

Un(t) ≤ Lf

4a2π

∫

|y|≤at

Un−1

(
t− |y|a

)
|y|

dy . (19)

Çà äîïîìîãîþ ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ ïîêàæåìî, ùî

Un(t) ≤ 2Cf

Lf

(
t
√

Lf

2

)2n

(2n)!
. (20)

Äëÿ n = 1 ñïiââiäíîøåííÿ (20) âèêîíó¹òüñÿ çà (18). Ïðèïóñòèìî, ùî (20) âèêî-
íó¹òüñÿ ∀n ≥ 1, òà äîâåäåìî, ùî îöiíêà áóäå ñïðàâåäëèâîþ äëÿ n + 1. Äëÿ öüîãî
ïiäñòàâèìî (20) ó (19) òà ïåðåéäåìî äî ñôåðè÷íèõ êîðäèíàò: y1 = r cosϕ sin θ ,

y2 = r sinϕ sin θ ,
y3 = r cos θ ,

r = [0, at], ϕ ∈ [0, 2π], θ ∈ [0,π]. (21)

Îäåðæèìî

Un+1(t) ≤ Lf

4a2π

2Cf

Lf

(
t
√

Lf

2

)2n

(2n)!

∫ at

0

dr

∫ 2π

0

dϕ

∫ π

0

(
t− r

a

)2n
r

r2 sin θ dθ =

=
2Cf

Lf

(√
Lf

2

)2n+2

(2n)! a2n+2

∫ at

0

(at− r)
2n
r dr =

2Cf

Lf

(
t
√

Lf

2

)2n+2

(2n + 2)!
.

Òàêèì ÷èíîì, ðÿä
∑∞

n=0 Un(t) çáiãà¹òüñÿ ðiâíîìiðíî íà [0, T ]. Ðîçâ'ÿçîê áóäó¹ìî

ó âèãëÿäi ðiâíîìiðíî¨ ãðàíèöi u(n)(t, x) ïðè n→∞.
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Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî ïîáóäîâàíèé ðîçâ'ÿçîê ¹äèíèé. À ñàìå, íåõàé
u(t, x) òà v(t, x)�ðîçâ'ÿçêè ðiâíÿííÿ (4). Ïîêëàäà¹ìî

U(t) = sup
x∈R3

∣∣u(t, x)− v(t, x)
∣∣

òà ïðîâîäèìî òàêi æ ìiðêóâàííÿ, ùî é ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó. Âðàõîâó-
þ÷è ïðèïóùåííÿ A3 òà A4, îòðèìó¹ìî, ùî

0 ≤ U(t) ≤ 2Cf

Lf

(
t
√

Lf

2

)2n

(2n)!
≤ 2Cf

Lf

(
T
√

Lf

2

)2n

(2n)!
→ 0, n→∞ ,

i òàêèì ÷èíîì, U(t) = 0.
2) Ãåëüäåðîâiñòü. Ïîêàæåìî ãåëüäåðîâiñòü çà ïðîñòîðîâîþ çìiííîþ. Ðîçãëÿ-

äà¹ìî äîâiëüíi t ∈ (0, T ], x′, x′′ ∈ R3 òàêi, ùî |x′ − x′′| ≤ 1. Çàñòîñó¹ìî ïðîöåñ
ïîñëiäîâíèõ íàáëèæåíü (16) òà ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨. Äëÿ n = 0 âèêîíó¹òüñÿ∣∣∣u(0)(t, x′)− u(0)(t, x′′)

∣∣∣ = 0 ≤ C0(t,ω)|x′ − x′′|γ, C0(t,ω) = 0.

Íåõàé äëÿ n > 0 iñíó¹ òàêà ñòàëà Cn(t,ω) ≥ 0 ùî∣∣∣u(n)(t, x′)− u(n)(t, x′′)
∣∣∣ ≤ Cn(t,ω)|x′ − x′′|γ.

Òîäi, çàñòîñîâóþ÷è ëåìó 4.1, ìàòèìåìî äëÿ âiäïîâiäíî¨ ìîäèôiêàöi¨ u(t, ·)

∣∣∣u(n+1)(t, x′)− u(n+1)(t, x′′)
∣∣∣ ≤ 1

4a2πt

∣∣∣∣∣∣∣
∫

|y−x′|=at

v0(y) dS(y)−
∫

|y−x′′|=at

v0(y) dS(y)

∣∣∣∣∣∣∣+

+
1

4a2π

∣∣∣∣∣∣∣
∂

∂t

1

t

∫

|y−x′|=at

u0(y) dS(y)

− ∂

∂t

1

t

∫

|y−x′′|=at

u0(y) dS(y)


∣∣∣∣∣∣∣+

+
1

4a2π

∣∣∣∣∣∣
∫

|y−x′|≤at

f
(
t− |y−x

′|
a , y, u(n)

(
t− |y−x

′|
a , y

))
|y − x′|

dy −

−
∫

|y−x′′|≤at

f
(
t− |y−x

′′|
a , y, u(n)

(
t− |y−x

′′|
a , y

))
|y − x′′|

dy

∣∣∣∣∣∣+

+ C(ω)|x′ − x′′|γ1 =

= B1 + B2 + B3 + C(ω)|x′ − x′′|γ1 ,

äå C(ω)� iç òâåðäæåííÿ ëåìè 4.1, íå çàëåæèòü âiä n.
Ðîçãëÿíåìî êîæåí iç äîäàíêiâ îêðåìî. Íåõàé B1 = |I1(t, x′)− I1(t, x′′)| òà

I1(t, x) =
1

4πa2t

∫

|y−x|=at

v0(y) dS(y) =
t

4π

∫

|r|=1

v0(x + rat) dS(r) .

Òîäi, àíàëîãi÷íî äî çíàõîäæåííÿ h(t, x, s) ïðè äîâåäåííi ëåìè 4.1, îòðèìà¹ìî, ùî

I1(t, x) =
t

4π

∫ 2π

0

dϕ

∫ π

0

v0

(
xt

)
sin θ dθ . (22)

Çà ïðèïóùåííÿì À2 îäåðæó¹ìî òàêó îöiíêó:

B1 =
t

4π

∣∣∣∣∫ 2π
0

dϕ

∫ π

0

v0

(
x′t
)

sin θ dθ−
∫ 2π

0

dϕ

∫ π

0

v0

(
x′′t
)

sin θ dθ

∣∣∣∣ ≤
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≤ t

4π
Lv0(ω)

∫ 2π

0

dϕ

∫ π

0

|x′ − x′′|β(v0) sin θ dθ ≤ C(ω)|x′ − x′′|β(v0) .

Äàëi àíàëîãi÷íî ðîçãëÿäà¹ìî B2 = |I2(t, x′)− I2(t, x′′)|, äå

I2(t, x) =
1

4πa2

∂

∂t

1

t

∫

y:|y−x|=at

u0(y) dS(y)

 =
1

4π

∂

∂t

t

∫

|r|=1

u0(x + art) dS(r)

 =

=
1

4π

∫

|r|=1

u0(x + art) dS(r) +
t

4π

∫

|r|=1

∂

∂t
u0(x + art) dS(r)

òà

I2(t, x) =
1

4π

∫ 2π

0

dϕ

∫ π

0

u0

(
xt

)
sin θ dθ+

t

4π

∫ 2π

0

dϕ

∫ π

0

∂

∂t
u0

(
xt

)
sin θ dθ , (23)

i òàê ñàìî îòðèìà¹ìî çà ïðèïóùåííÿìè A1, À2, ùî

B2 ≤ C(ω)|x′ − x′′|β(u0) .

Òåïåð îöiíèìî B3. Ðîáèìî çàìiíó y − x′ òà y − x′′ → y ó ïåðøîìó òà äðóãîìó
iíòåãðàëàõ âiäïîâiäíî. Òîäi çàñòîñó¹ìî ïðèïóùåííÿ À4. Îäåðæèìî

B3 =
1

4a2π

∣∣∣∣∣∣
∫

|y|≤at

f
(
t− |y|a , y + x′, u(n)

(
t− |y|a , y + x′

))
|y|

dy −

−
∫

|y|≤at

f
(
t− |y|a , y + x′′, u(n)

(
t− |y|a , y + x′′

))
|y|

dy

∣∣∣∣∣∣ A4
≤

A4
≤ Lf

4a2π

∫

|y|≤at

(
|x′ − x′′|+

∣∣∣u(n)
(
t− |y|a , y + x′

)
− u(n)

(
t− |y|a , y + x′′

)∣∣∣)
|y|

dy .

Ïåðåéäåìî äî ñôåðè÷íèõ êîðäèíàò:

B3 ≤
Lf

2

t2

2
|x′ − x′′|+

+
Lf

4a2π

∫ at

0

dr

∫ 2π

0

dϕ

∫ π

0

∣∣∣u(n)
(
t− r

a
, x′r/a

)
− u(n)

(
t− r

a
, x′′r/a

)∣∣∣r sin θ dθ .

Íàãàäà¹ìî, ùî xr/a = (x1 + r cosϕ sin θ, x2 + r sinϕ sin θ, x3 + r cos θ) , i òîìó
|x′r/a − x′′r/a| ≤ 1.

Òîäi

|u(n+1)(t, x′)− u(n+1)(t, x′′)| ≤ C(ω)|x′ − x′′|γ +
Lf

2

t2

2
|x′ − x′′|γ +

+
Lf

4a2π

∫ at

0

dr

∫ 2π

0

dϕ

∫ π

0

∣∣∣u(n)
(
t− r

a
, x′r/a

)
− u(n)

(
t− r

a
, x′′r/a

)∣∣∣r sin θ dθ ≤

≤ C(ω)

(
1 +

Lf

2

)(
1 +

t2

2

)
|x′ − x′′|γ +

+
Lf

4a2π

∫ at

0

dr

∫ 2π

0

dϕ

∫ π

0

∣∣∣u(n)
(
t− r

a
, x′r/a

)
− u(n)

(
t− r

a
, x′′r/a

)∣∣∣r sin θ dθ =

= Cf (ω)

(
1 +

t2

2

)
|x′ − x′′|γ +

+
Lf

4a2π

∫ at

0

dr

∫ 2π

0

dϕ

∫ π

0

∣∣∣u(n)
(
t− r

a
, x′r/a

)
− u(n)

(
t− r

a
, x′′r/a

)∣∣∣r sin θ dθ .
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Îñêiëüêè C0(t,ω) = 0, òî∣∣∣u(1)(t, x′)− u(1)(t, x′′)
∣∣∣ ≤ C1(t,ω)|x′ − x′′|γ ,

äå

C1(t,ω) = Cf (ω)

(
1 +

t2

2

)
.

Çàñòîñó¹ìî òåïåð ïðèïóùåííÿ iíäóêöi¨, ìàòèìåìî∣∣∣u(n+1)(t, x′)− u(n+1)(t, x′′)
∣∣∣ ≤

≤ C1(t,ω)|x′ − x′′|γ +
Lf

2a2
|x′ − x′′|γ
∫ at

0

Cn

(
t− r

a
,ω
)
r dr .

Ðîáèìî çàìiíó çìiííî¨ t− r
a = z1, òîäi∣∣∣u(n+1)(t, x′)− u(n+1)(t, x′′)
∣∣∣ ≤

≤
(
C1(t,ω) + Cf (ω)

∫ t

0

Cn(z1,ω)(t− z1) dz1

)
|x′ − x′′|γ .

Òàêèì ÷èíîì, ìè îòðèìàëè, ùî∣∣∣u(n+1)(t, x′)− u(n+1)(t, x′′)
∣∣∣ ≤ Cn+1(t,ω)|x′ − x′′|γ ,

äå

Cn+1(t,ω) = Cf (ω)

(
1 +

t2

2
+

∫ t

0

Cn(z1,ω)(t− z1) dz1

)
,

òà çà iíäóêöi¹þ îòðèìà¹ìî

Cn+1(t,ω) = Cf (ω)

 n∑
j=0

(
t
√
Cf (ω)

)2j

(2j)!
+

n∑
j=0

(
t
√
Cf (ω)

)2j+2

(2j + 2)!

 ≤
≤ 2Cf (ω)eat

√
C(ω) ≤ 2Cf (ω)eaT

√
C(ω) = C(T,ω) ,

ùî i çàâåðøó¹ äîâåäåííÿ ãåëüäåðîâîñòi ðîçâ'ÿçêó çà ïðîñòîðîâîþ çìiííîþ.
Äëÿ âñòàíîâëåííÿ âèêîíàííÿ óìîâè Ãåëüäåðà çà ÷àñîâîþ çìiííîþ t ∈ [δ, T ] äëÿ

ñòîõàñòè÷íî¨ ôóíêöi¨ u(t, x) ñêîðèñòà¹ìîñü óæå äîâåäåíèì. À ñàìå, îáèðà¹ìî ìîäè-
ôiêàöiþ u, ùî ãåëüäåðîâà çà x òà, âiäïîâiäíî, ìîäèôiêàöiþ (5) ñòîõàñòè÷íîãî iíòå-
ãðàëà, ùî ãåëüäåðîâà çà t òà x. Îñòàíí¹ ìîæíà çðîáèòè ç òàêèõ ìiðêóâàíü. Ó ëåìi 4.1
ñòàëà ãåëüäåðîâîñòi C(ω) çàëåæèòü âiä çíà÷åííÿ çìiííî¨ t. Ïðîòå, ÿêùî äîäàòêîâî
âèìàãàòè âèêîíàííÿ ïðèïóùåííÿ A7 òà äëÿ äîâiëüíîãî δ > 0 ðîçãëÿäàòè ñòîõàñòè-
÷íèé iíòåãðàë äëÿ ôiêñîâàíîãî t ∈ [δ, T ], òî íåñêëàäíî îòðèìàòè óìîâó Ãåëüäåðà çi
ñòàëîþ, ùî íå çàëåæèòü âiä t. Äëÿ öüîãî ïîòðiáíî ñêîðèñòàòèñü îöiíêàìè (6) òà (7)
iç [22] âiäïîâiäíî äëÿ ñòîõàñòè÷íîãî iíòåãðàëà òà íîðìè ïðîñòîðó Á¹ñîâà íà [0, T ].
Òàêèì ÷èíîì, ìè îòðèìó¹ìî ìîäèôiêàöiþ ϕ(x), íåïåðåðâíó çà Ãåëüäåðîì çà çìií-
íîþ x ïðè ôiêñîâàíîìó t (ëåìà 4.1), òà ìîäèôiêàöiþ ϕ̂(t), ùî çàäîâîëüíÿ¹ óìîâó
Ãåëüäåðà çà t ïðè êîæíîìó ôiêñîâàíîìó x (ëåìà 5.1). Âèêëþ÷èìî âñi ω ∈ Ω, äëÿ
ÿêèõ ϕ(t, x) 6= ϕ̂(t, x) õî÷à á äëÿ îäíi¹¨ ïàðè ðàöiîíàëüíèõ (t, x) ∈ [δ, T ] × R3. Äëÿ
âñiõ iíøèõ ω ïîêëàäåìî ϕ̄ = ϕ = ϕ̂ äëÿ ðàöiîíàëüíèõ (t, x) òà äîâèçíà÷èìî íà âñþ
ìíîæèíó [δ, T ]× R3 çà íåïåðåðâíiñòþ.
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Îòæå, äëÿ âêàçàíî¨ ìîäèôiêàöi¨ ðîçâ'ÿçêó ìà¹ìî, ùî äëÿ äîâiëüíèõ δ ≤ t1≤ t2≤T
òà x ∈ R3:

|u(t1, x)− u(t2, x)| ≤

∣∣∣∣∣∣∣
1

4a2πt1

∫

|y−x|=at1

v0(y) dS(y)− 1

4a2πt2

∫

|y−x|=at2

v0(y) dS(y)

∣∣∣∣∣∣∣+

+
1

4a2π

∣∣∣∣∣∣∣
∂

∂t1

 1

t1

∫

|y−x|=at1

u0(y) dS(y)

− ∂

∂t2

 1

t2

∫

|y−x|=at2

u0(y) dS(y)


∣∣∣∣∣∣∣+

+
1

4a2π

∣∣∣∣∣∣
∫

|y−x|≤at1

f
(
t1 − |y−x|a , y, u

(
t1 − |y−x|a , y

))
|y − x|

dy −

−
∫

|y−x|≤at2

f
(
t2 − |y−x|a , y, u

(
t2 − |y−x|a , y

))
|y − x|

dy

∣∣∣∣∣∣+ C(ω)|t1 − t2|γ1 =

= D1 + D2 + D3 + C(ω)|t1 − t2|γ1 .

Âèêîðèñòîâóþ÷è ôîðìóëó (22) òà ïðèïóùåííÿ À1, À2, îäåðæèìî, ùî

D1 = |I1(t1, x)− I1(t2, x)| =

=
1

4π

∣∣∣∣t1 ∫ 2π
0

dϕ

∫ π

0

v0

(
xt1

)
sin θ dθ− t2

∫ 2π

0

dϕ

∫ π

0

v0

(
xt2

)
sin θ dθ

∣∣∣∣ =

=
1

4π

∣∣∣∣(t1 − t2)

∫ 2π

0

dϕ

∫ π

0

v0

(
xt1

)
sin θ dθ +

+ t2

∫ 2π

0

dϕ

∫ π

0

(
v0

(
xt1

)
− v0

(
xt2

))
sin θ dθ

∣∣∣∣ ≤
≤ aβ(v0)|t1 − t2|β(v0)

4π

(
T 1−β(v0)2πCv0(ω) + T2πLv0(ω)

)
≤ C(ω)|t1 − t2|β(v0) .

Òàê ñàìî, çà (23) ç óðàõóâàííÿì À1, À2, ìîæåìî çàïèñàòè

D2 = |I2(t1, x)− I2(t2, x)| =

=
1

4π

∣∣∣∣∫ 2π
0

dϕ

∫ π

0

(
u0

(
xt1

)
− u0

(
xt2

))
sin θ dθ +

+ (t1 − t2)

∫ 2π

0

dϕ

∫ π

0

∂

∂t1
u0

(
xt1

)
sin θ dθ+

+ t2

∫ 2π

0

dϕ

∫ π

0

(
∂

∂t1
u0

(
xt1

)
− ∂

∂t2
u0

(
xt2

))
sin θ dθ

∣∣∣∣ ≤
≤ C(ω)|t1 − t2|β(u0) .

Äëÿ îöiíêè D3 ïåðåõîäèìî äî ñôåðè÷íèõ êîîðäèíàò (21). Îäåðæèìî

D3 ≤
1

4a2π

∣∣∣∣∣
∫ at1

0

dr

∫ 2π

0

dϕ

∫ π

0

f
(
t1 − r

a , yr + x, u
(
t1 − r

a , yr + x
))
r2 sin θ

r
dθ−

−
∫ at2

0

dr

∫ 2π

0

dϕ

∫ π

0

f
(
t2 −

r

a
, yr + x, u

(
t2 −

r

a
, yr + x

))
r sin θ dθ

∣∣∣∣ ,
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äå yr = (r cosϕ sin θ, r sinϕ sin θ, r cos θ), òà â ïåðøîìó iíòåãðàëi ðîáèìî çàìiíó çìií-
íî¨ z = r + a(t2 − t1):

D3 =
1

4a2π

∣∣∣∣∫ at2
a(t2−t1)

dz

∫ 2π

0

dϕ×

×
∫ π

0

f
(
t2 −

z

a
, yz−a(t2−t1) + x, u

(
t2 −

z

a
, yz−a(t2−t1) + x

))
z sin θ dθ −

−
∫ at2

0

dr

∫ 2π

0

dϕ

∫ π

0

f
(
t2 −

r

a
, yr + x, u

(
t2 −

r

a
, yr + x

))
r sin θ dθ

∣∣∣∣ ≤
≤ 1

4a2π

∣∣∣∣∫ at2
a(t2−t1)

dr

∫ 2π

0

dϕ

∫ π

0

[
f
(
t2 −

r

a
, yr−a(t2−t1) + x, u

(
t2 −

r

a
, yr−a(t2−t1) + x

))
−

− f
(
t2 −

r

a
, yr + x, u

(
t2 −

r

a
, yr + x

))]
r sin θ dθ

∣∣∣+

+
1

4a2π

∣∣∣∣∣
∫ a(t2−t1)

0

dr

∫ 2π

0

dϕ

∫ π

0

f
(
t2 −

r

a
, yr + x, u

(
t2 −

r

a
, yr + x

))
r sin θ dθ

∣∣∣∣∣ .
Çà ïðèïóùåííÿìè À3, À4 ìà¹ìî òàêå:

D3 ≤
Lf

4a2π

∫ at2

a(t2−t1)

dr

∫ 2π

0

dϕ×

×
∫ π

0

[
a|t2 − t1|+

∣∣∣u(t2 − r

a
, yr−a(t2−t1) + x

)
− u
(
t2 −

r

a
, yr + x

)∣∣∣]r sin θ dθ+

+
Cf

4a2π
πa2(t2 − t1)2 .

Òîäi, îñêiëüêè u ãåëüäåðîâà çà ïðîñòîðîâîþ çìiííîþ, òî

D3 ≤
Lf

4a2π

∣∣∣∣∫ at2
a(t2−t1)

dr

∫ 2π

0

dϕ

∫ π

0

[
a|t2 − t1|+ C(T,ω)(a|t2 − t1|)γ

]
r sin θ dθ

∣∣∣∣+

+
Cf

4
T |t2 − t1| ≤ C(ω)|t2 − t1|γ .

Òàêèì ÷èíîì, ìà¹ìî

|u(t1, x)− u(t2, x)| ≤ C(ω)|t2 − t1|γ .

7. Âèñíîâêè

Ðîçãëÿíóòî çàäà÷ó Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ, ïîðîäæåíîãî çàãàëüíîþ ñòî-
õàñòè÷íîþ ìiðîþ dµ(t), íà ìíîæèíi [0, T ] × R3. Äîâåäåíî, ùî iñíó¹ ¹äèíèé ì'ÿêèé
ðîçâ'ÿçîê. Êðiì òîãî, óñòàíîâëåíî íåïåðåðâíiñòü öüîãî ðîçâ'ÿçêó çà Ãåëüäåðîì çà ñó-
êóïíiñòþ çìiííèõ iç ïîêàçíèêîì γ ∈ [0,β(v0)∧β(u0)], γ < β(σ)−1/2, ùî çáiãà¹òüñÿ ç
âiäïîâiäíèì ïîêàçíèêîì ãåëüäåðîâîñòi õâèëüîâîãî ðiâíÿííÿ íà ïëîùèíi [2]. Íàãàäà-
¹ìî, ùî β(v0),β(u0) òà β(σ)�öå ïîêàçíèêè ãåëüäåðîâîñòi âiäïîâiäíî ôóíêöié v0, u0,
ÿêi âiäïîâiäàþòü ïî÷àòêîâèì óìîâàì, òà ôóíêöi¨ σ, ÿêà ¹ êîåôiöi¹íòîì âèïàäêîâî-
ãî øóìó. Ïðè öüîìó, äëÿ àíàëîãi÷íî¨ çàäà÷i íà ïðÿìié ó [1] óñòàíîâëåíî âèêîíàííÿ
óìîâè Ãåëüäåðà ç ïîêàçíèêàìè γ1, γ2 ∈ [0,β(u0)] òàêèìè, ùî γ1 < 3/2 − 1/(2β(σ))
òà γ2 < 1/2, äëÿ ïðîñòîðîâî¨ òà ÷àñîâî¨ çìiííèõ âiäïîâiäíî.

8. Ïîäÿêà

Àâòîðè âäÿ÷íi ôîíäó Àëåêñàíäðà ôîí Ãóìáîëüäòà çà ïiäòðèìêó öüîãî äîñëiäæå-
ííÿ â ðàìêàõ Research Group Linkage Potsdam/Kyiv ïiä íàçâîþ �Singular di�usions:
analytic and stochastic approaches�.

Àâòîðè âèñëîâëþþòü ïîäÿêó ðåöåíçåíòó çà öiííi çàóâàæåííÿ òà ïîðàäè.
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WAVE EQUATION IN THREE-DIMENSIONAL SPACE DRIVEN BY A
GENERAL STOCHASTIC MEASURE

I. M. BODNARCHUK, V. M. RADCHENKO

Abstract. The Cauchy problem for a wave equation in three-dimensional space driven by a general

stochastic measure is investigated. The existence and uniqueness of the mild solution are proved. Hölder
regularity of its paths in time and spatial variables is obtained.

ÂÎËÍÎÂÎÅ ÓÐÀÂÍÅÍÈÅ Â ÒÐÅÕÌÅÐÍÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ,
ÓÏÐÀÂËßÅÌÎÅ ÎÁÙÅÉ ÑÒÎÕÀÑÒÈ×ÅÑÊÎÉ ÌÅÐÎÉ

È. Í. ÁÎÄÍÀÐ×ÓÊ, Â. Í. ÐÀÄ×ÅÍÊÎ

Àííîòàöèÿ. Èññëåäóåòñÿ çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ â òðåõìåðíîì ïðîñòðàíñòâå,
óïðàâëÿåìîãî îáùåé ñòîõàñòè÷åñêîé ìåðîé. Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ìÿãêîãî
ðåøåíèÿ. Ïîëó÷åíà íåïðåðûâíîñòü ïî Ãåëüäåðó åãî òðàåêòîðèé ïî âðåìåííîé è ïðîñòðàíñòâåííîé
ïåðåìåííûì.


