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ALEXEY M. KULIK

POINCARE INEQUALITY AND EXPONENTIAL INTEGRABILITY
OF THE HITTING TIMES OF A MARKOV PROCESS

Extending the approach of the paper [Mathieu, P. (1997) Hitting times and spec-
tral gap inequalities, Ann. Inst. Henri Poincaré 33, 4, 437-465], we prove that the
Poincaré inequality for a (possibly non-symmetric) Markov process yields the ex-
ponential integrability of the hitting times of this process. For symmetric elliptic
diffusions, this provides a criterion for the Poincaré inequality in the terms of hitting
times.

1. INTRODUCTION

In this paper, we investigate the relations between the following two topics:

e the Poincaré inequality for the Dirichlet form associated to a Markov process;
e the exponential integrability for hitting times of the process.

It is well known that when the state space of a (symmetric) Markov process is finite, the
topics listed above are, in fact, equivalent; see the detailed exposition in [1], Chapters
2 — 4. When the state space is infinite, the relations between these topics are more
complicated, see the detailed discussion in [8]. The purpose of this paper is two-fold.
First, we extend the approach of the paper [11], where it was proved that hitting times of
a Markov process are integrable assuming some weak version of the Poincaré inequality
holds true. In this paper, we prove that the Poincaré inequality itself provides the
exponential integrability for hitting times. Next, we show that, on the contrary, under
some additional assumptions the exponential integrability for hitting times yields the
Poincaré inequality. According to the recent paper [8], for a given Markov process X
the spectral gap property can be verified in the following way. First, one proves some of
the local non-degeneracy conditions on the transition probabilities of the Markov process
X (minorization condition, Doeblin condition, Dobrushin condition). Second, one finds
some Lyapunov-type function ¢ such that the recurrence conditions 1) — 3) of Theorem
2.2 in [8] hold true. Then X admits an exponential ¢-coupling (see Definition 2.2 in
[8]) according to Theorem 2.2 in [8]. When X is time-reversible (i.e. symmetric), this
provides the spectral gap property, which in this case is equivalent to the the Poincaré
inequality. The case where X is time-irreversible is more intrinsic; because we do not
address this case in the current paper we skip the discussion of this case and refer the
interested reader to the paper [8]. Note that in the strategy outlined above there is a lot
of freedom in the choice of the Lyapunov-type function ¢. Proposition 2.4 in [8] reduces
such a choice to the class of the functions of the form

(1) ¢(z) = Epe®™®, where 7 =inf{t: X; € K}

is the hitting time of a compact set K. In Section 3 below we demonstrate that, for
particularly important class of symmetric diffusions, this reduction corresponds to the
matter of the problem precisely, and deduce the Poincaré inequality under the exponen-
tial integrability assumption for the hitting times. Together with the result of Section 2
this provides an equivalence for symmetric diffusions of the Poincaré inequality on one
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hand, and the the exponential integrability of the hitting times on the other hand. Such
an equivalence for linear diffusions was established in the recent preprint [9]; note that
the case of the symmetric elliptic diffusion on a multidimensional manifold, considered
in the current paper, is more complicated because one can not apply here such partic-
ularly useful characteristics of the linear diffusion as the scale function and the speed
measure. It should be mentioned that in the recent years the relations between the
functional inequalities related to a Markov process (like the Poincaré inequality) and the
ergodic properties of this process (like the Lyapunov-type condition) have been studied
extensively, e.g. [2], [4], [5]. In this paper, we show, in particular, that for a symmet-
ric elliptic diffusion this relation is one-to-one, and the Poincaré inequality is equivalent
to the Lyapunov-type condition with the Lyapunov-type function of the form (1) (this
equivalence was investigated, as well, in the recent preprint [5]).

2. EXPONENTIAL MOMENTS FOR HITTING TIMES UNDER POINCARE INEQUALITY

We consider a time homogeneous Markov process X = {X;,t € RT} with a locally
compact metric space (X, p) as the state space. The process X is supposed to be strong
Markov and to have cadldg trajectories. The transition function for the process X is
denoted by Pi(z,dy),t € RT,z € X. We use standard notation P, for the distribution
of the process X conditioned that Xg = z,2 € X, and F, for the expectation w.r.t. P,.
All the functions on X considered in the paper are assumed to be measurable w.r.t. the
Borel o-algebra B(X). The set of probability measures on (X, B(X)) is denoted by P(X).

For a given p € P(X) and t € R*, we denote ,ut(dy)d:f Jx Pi(x,dy) p(dzx). The probability
measure p is called an invariant measure for X if uy = p, ¢t € RT.

In what follows, we suppose an invariant measure 7 for the process X to be fixed. The
process X generates the semigroup {73} in Ly = Lo(X, 7):

th(.f) = /Xf(y)Pt(l'7dy), f € LQ, te R+.

Let A be the generator of this semigroup, and £ be the associated Dirichlet form; which
is defined as the completion of the bilinear form

Dom(A) x Dom(A) > (f,9) — —(Af,9)L,

1/2
with respect to the norm || - ||g,1d:f N 13 = (4, ~)L2} (e.g. [10], Chapter 2). Within

this paper, we are mainly interested in the following Poincaré inequality:

(2) Vary ()2 /X [P - ( /X fdﬂ)Q <cE(f,f), f€ Dom(e).

In what follows, the form £ is supposed to be regular; that is, the set Dom(€) N
Cy(X) is claimed to be dense both in Dom(€) w.r.t. the norm || - |l¢,1 and in Cy(X)
w.r.t. uniform convergence on a compacts (Cp(X) is the set of continuous functions with
compact supports). We also assume that the following sector condition holds true:

AD eR" = [E(f,9)| < Dllflleallglles, f.g € Dom(£).

Tt is well-known (see the discussion in Introduction to [11] and references therein) that
the hitting times 7x have natural application in the probabilistic representation for the
family of a-potentials for the Dirichlet form £. The a-potential, for given o > 0 and closed
K C X, is defined as the function hX € Dom(€) such that hX = 1 quasi-everywhere
on K, and E(hE u) = —a(hK,u) for every quasi-continuous function u € Dom(€) such
that u = 0 quasi-everywhere on K. On the other hand,

hE(z) = Epe @™, zeX.
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It is a straightforward corollary of the part (i) of the main theorem from [11] that, if X
possesses (2) with some ¢ > 0, then E,7x < 400 for every K with 7(K) > 0 (here and

below, Eﬂd:f Jx Ex m(dz)). We will prove the following stronger version of this statement.
Theorem 2.1. Assume X possess (2) with some ¢ > 0. Then for every closed set K C X
with m(K) >0
7(K)

P

E e % < 400, a<

Moreover, the function hX, (m)iEme‘”K,m € X possesses the following properties:

a) h%, € Dom(&) and KX, =1 on K;

b) E(RE, u) = a(hE  u) for every quasi-continuous function u € Dom(&) such that
u = 0 quasi-everywhere on K.

We assume K to be fixed and omit the respective index in the notation, e.g. write 7
for 75 and h,, for hX. For z € C with Re z > 0, define respective z-potential:

hy(x) = Eze ", zeX
Denote by Hg the Dom(E) considered as a Hilbert space with the scalar product

(fv 9)571£(f, g)Lz + 5(fvg)

The following lemma shows that {h.,Rez > 0} can be considered as an analytical ex-
tension of the family of a-potentials {h,,a > 0} C Hg that, in addition, keeps the
properties of this family.

Lemma 2.1. 1) The function z — h, is analytic as a function taking values in the
Hilbert space Heg.

2) For every z with Rez > 0, the following properties hold:

(i) h. =1 quasi-everywhere on K;

(it) E(hyyu) = —z(hy,u) for every quasi-continuous function u € Dom(E) such that
u = 0 quasi-everywhere on K.

Proof. Denote hl*(z) = (—1)"E;7™e™*", 2 € X,;m > 1. One can verify easily that, for
every m € N,

dm
3 —h, =h""
( ) dzm Z
on the set {z : Rez > 0}, with the function z — h, is considered as a function taking
values in Ly. In addition,

mi|2 m _—z1|2 _ 2m _—2TRez (Qm)'
||hz ||2 SEW |T e | —EWT e S W’
since % < e27Rez Therefore,
122" |2 Com —m —m
(4) - < 222m (Rez)™™ < (Rez)™™, meN,

and hence the function
{z:Rez>0}>z+ h, € Lo

is analytic.
For every a, o’ > 0 we have hy — ho = 0 quasi-everywhere on K. Hence

E(ha — har,ha — har) = E(ha, ha — har) — E(har, ha — har)
(5) = —a(ha, ha = har) + O/(ha/v ha = har)
= (o/ — Oz)(ha/,ha - ha’) + Ol(ha’ - hom ha - ha/)-
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For a given @ > 0 and o — «, the family {%} converges to hl in Lo, see (3).
Then (5) yields that this family is bounded in Hg, and thus is weakly compact in Hg.
Combined with the fact that this family is converges in Lo, this yields that the function
(0,+00) € a +— h, € Hg is differentiable in a weak sense, and hl equals its (weak)
derivative at the point a.

We have hl = 0 quasi-everywhere on K, since

[0

ho(r) =1 e " =1P, —as. < 7=0P, —as. < hl(z)=0.

In addition, since hl is a weak derivative of hy, we have £(hL,u) = —(hq,u) — a(hl, u)
for every quasi-continuous function v € Dom(€) such that u = 0 quasi-everywhere on
K. Now, repeating the same arguments, we get by induction that, for every m > 1,
the function (0,+00) € a +— h, € Hg is m times weakly differentiable, A" is the
corresponding weak derivative of the m-th order, and the following properties hold:

(i™) h™ = 0 quasi-everywhere on K;

(ii™) E(R™,u) = —(h™ 1 u) — a(h™,u) for every quasi-continuous function u €
Dom/(€) such that u = 0 quasi-everywhere on K.

Property (ii) with w = A" and estimate (4) yield that, for a given «, series

df 2 2™
H.Zh, + Zl —h € He
o

converge in the circle {|z — a| < a}. The sum is a weakly analytic Hg-valued function,
and hence is analytic ([12], Theorem 3.31). On the other hand, the same series converge
in Ly to h,. This yields that h, = H, in the circle {|z — a| < a}. By taking various
a € (0,400), we get that the function z — h, is an Hg-valued analytic function inside the
angle Dldzf{z :Rez > |Im z|}. In addition, properties (™), (ii"*) of the m-~th coeflicients
of the series (m > 1) provide that h, satisfy (i),(ii) inside the angle.

Now, we complete the proof using the following iterative procedure. Assume that
the function z — h, € Hg is analytic in some domain D C {z : Rez > 0} and satisfy
(i),(ii) in this domain. Then the same arguments with those used above show that, for
every zg € D, the domain D can be extended to pEpu {#z 1|z — 20| <Rezp} with the
function z — h, still being analytic in D" and satisfying (i),(ii) in the extended domain.
Therefore, we prove iteratively that the required statement holds true in every angle

’Dki{z : Rez > }|Imz[}. Since UyDy, = {2 : Rez > 0}, this completes the proof. O

Next, we consider “¢-potentials” that correspond to functions 1 : Rt — R. Denote
hy(x) = Exp(r), zeX

The following statement is an appropriate modification of the inversion formula for the
Laplace transform.

Lemma 2.2. Let ¢ € C?(R) have a compact support and suppt) C [0,+0oc). Denote
U(z) = [pe*tp(t)dt, z € C.
The function hy belongs to He and admits integral representation
1 o+1i00

6 hy = — Y(z)h,dz,
(6) v=gm ) Ve
where o > 0 is arbitrary, and the integral is well defined as an improper Bochner integral
of an Hg-valued function.

Proof. First, let us show that the integral in the right hand side of (6) is well defined.
We have by condition (ii) of Lemma 2.1 that

E(ha,hs) = E(hayhy — 1) = —z(hs, he — 1).



POINCARE INEQUALITY AND EXPONENTIAL INTEGRABILITY 75

For any z with Rez > 0, we have |h,(z)| < E,e”™8¢* < 1, and thus |h.(z) — 1| < 2.

Hence,
sl = \/I0el3 + £(ha, ) < VI T 2J2]

On the other hand, for 1 satisfying conditions of the lemma,

2 _ > zt .1 2 > tRe z /i
z@@—A ety (t) dt, VWMSA Ry (1) dt.

Thus, on the line o + iRi{z : Rez = o}, the function z — ¥(2)h, € Hg admits the
following estimate:
1% (2)he e < Cl2| 72

and therefore it is integrable on o + ¢R. Denote by g, € Hg corresponding integral. In
order to prove that hy = gy, it is sufficient to prove that hy and g, coincide as elements
of Ly. Hence, we have reduced the proof of the lemma to verification of the following

“weak Lo-version” of (6):

(7) /X hyvdr = 5 / /H T B )ha(e)ole) den(ds), v € Ln.

Recall that h,(z) = Eye*7, and hence the right hand side of (7) can be rewritten to the
form

cr+zoo cr+zoo
27”//0 e *Tv(x) dzm(dz) m/ /U z)e *Tv(z) dzm(dx).

Here, we have changed the order of integration using Fubini’s theorem. This can be done,
because |¥(z)| < C|z|72, and therefore
o+1i00 o+1i00
E, (2)e | dz = hy () / 0(2)|dz < Chy (2).
The function ¥ is the (two-sided) Laplace transform for #, up to the change of variables
p — —z. We write the inversion formula for the Laplace transform in the terms of ¥
and, after the change of variables, get

1 —o+ioco . 1 o+ico .
P(t) = %/ eP" W (—p)dp = o e *'W(z)dz, teRT.

g —100 o —100

Hence, the right hand side of (7) is equal

/ E (r m(dx) / hyvdm,

that proves (7). O
Corollary 2.1. Let ¢ € C3(R) and suppy)’ C [0,+00). Then hy € Dom(E) and
(8) g(hwv ’LL) = (hw'v U)

for every uw € Dom(&) such that u = 0 quasi-everywhere on K.
Proof. Assume first that [,. 9'(z)dz = 0. Then both ¢ and ¢’ satisy conditions of

Lemma 2.2. We have \i/(z)d:f Jp €' (t) dt = —2¥(z). Hence, from the representation (6)
for hy and hys and relation £(h,,u) = —z(h,,u),Rez > 0, we get

1 o+1i00 1 o+1i00 -
E(hy,u) = I /(Fioo U(2)E(hy,u)dz = I - U(z)(hzu)dz = (hy,u).
The general case can be reduced to the one considered above by the following limit

procedure. Since suppv’ C [0, +00), there exist C' € R and z,. € RT such that ¢(x) =
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C,x > z,. Take a function ¥ € C3(R) such that J(x) = 0,z < 0,9(x) = C,x > 1, and
put
Y(z) =P(x) — Iz —t), zeRt>m,.
Then every 1, satisfies the additional assumption [, [¢;]'(x)dz = 0, and thus hy, be-
longs to Dom/(€) and satisfies (8). It can be verified easily that hy, — hy,t — 00 in Lo
sense. In addition,
E(hupys g, ) = (hiyyyrs hop,) = (hiyys hy) < 400, T — +00

(here, we have used (8) with u = hy,). This means that the family {hy,} is bounded in
Hg, and hence is weakly compact in Hg. Therefore, hy, — hy,t — oo weakly in Hg.
Since hpy,;r — hyr,t — 00 in Ly sense, (8) for 1) follows from (8) for ;. O

Proof of the Theorem 2.1. Now, we are ready to complete the proof of the theorem. Let
us fix a < %K), and construct the family of the functions g;,¢ > 1 that approximate
the function g : x +— e®® — 1 appropriately. First, we take function x € C3(R) such that
x>0, <0,x(z) =1,2 <0, and x(z) =0,z > 1. We put

pr(x) = / aex(y—t)dy, =>0,t>1.
0

By the construction, the derivatives of the functions p;,¢ > 1 have the following proper-
ties:
a) [pi) >0 and [p;])'(x) = 0,2 >t +1;
b) [ps)" < [pi)', s <.
Since p;(0) = 0,t > 1, the latter property yields that ps < p;, s < t. In addition,
()" () = ae®x'(x) + a?e*x(z) < e x(x) = alp)'(x),

since x’ < 0. This and relation [p;]'(0) = a(p:(0) + 1) provide
©) [o] < alpe +1).

At last, we take function § € C3(R) such that 8/ > 0,0(z) = 0,z < 0, and §(x) =

1,z > 1. We put
0 (zt) pe(z), >0
o) {o, z<0 7

We have ¢; 1 0,t T 0o. In addition, by (9),
(10)
[od] (z) = 0" (tz) pe (x) + O(tz)[pe]' (z) < tsgp 0 (y)pe(t™) + alpi(x) +1) < agi(z) + C

with an appropriate constant C (recall that tp,(t~1) = ta(e™  —1) — a2t — oo).
Every g, satisfies conditions of Corollary 2.1, and hence

2
/ h?)t dm — (/ th dﬁ) < Cg(h9t7hgt) (h[Qf] h@t) < ac(hgwhgt + C/ h@t drm.
X X

Here, we have used subsequently property (2), equality (9) with u = h,,, and (10).
We have h,, = 0 on K because g;(0) = 0. Then, by the Cauchy inequality,

[ e ([t = [ 1200 (/X\wa

> (1 7(X\ K)) / B2, dr = 7(K) (ho, b )-

Therefore,

(th ’ h@t) S (th ’ h@t + C/ th dﬂ—

)
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which implies that

Cr(K) _
(11) (h9t7h9t) S 7T(K) —aCAhgtd

(recall that o < %K)) One can verify easily that (11) yields that the Lo-norms of the

functions h,, are uniformly bounded. Since o; T g, this implies that the function

hg(m)iExeaT -1, zeX

belongs to Lo, and hy, — hy,t — 00 in Lo. Similarly to the proof of Corollary 2.1, one
can verify that {h,,} is a bounded subset in Hg, and hence h,, — h,,t — 0o weakly in
Hg. This proves statement a) of the theorem. In order to prove statement b), we apply
(8) to ¥ = ¢, and pass to the limit as t — +00. The theorem is proved. |

3. POINCARE INEQUALITY FOR SYMMETRIC DIFFUSIONS: CRITERION IN THE TERMS
OF HITTING TIMES

Let X be a connected locally compact Riemannian manifold of dimension d, and X
be a diffusion process on X. Let m € P(X) be an invariant measure for the process X
(we assume invariant measure to exist). We assume that X is symmetric w.r.t. 7; that
is, Ty =Ty, t € RT.

On a given local chart of the manifold X, the generator of the process X has the form

d d
1
A= E aij +§ E bjka?k,
j=1

Jk=1

where a = {a;}9_, and b = {bjk}?’ w—1 are the drift and diffusion coefficients of the process
X on this chart, respectively. We assume the coefficients a, b to be Holder continuous on
every local chart, and the drift b coefficient to satisfy ellipticity condition

d d
Z bjkvjvr > ﬁva
jok=1 j=1

uniformly on every compact. Under these conditions, the transition function of the
process X has a positive density w.r.t. Riemannian volume, and this density is a contin-
uous function on (0,400) x X x X. One can easily deduce this from the same statement
for diffusions in R? (e.g. [6]) and strong Markov property of X. This implies that X
satisfies the extended Doeblin condition (see Section 2.1 in [8]) on every compact subset
of X.

Theorem 3.1. The following statements are equivalent:

1) the Poincaré inequality (2) holds true with some constant c;

2) the process X admits an exponential ¢-coupling for some function ¢, see Definition
2.2 in [8);

3) for every closed subset K C X with w(K) > 0, there exists a > 0 such that

E %K < +00.

In addition, 1) — 8) hold true assuming that
3') there exists a compact subset K C X and o > 0 such that

E.e*™® < 400 for m-almost all = € X.

Remark 3.1. Note that the property 2) both provides the uniqueness of the invariant
measure and makes it possible to give explicit bounds for the convergence rate of the
transition probabilities of the process X to the invariant distribution, see [8]. Hence
for symmetric diffusions the above theorem, together with the criterion for the Poincaré
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inequality in the terms of hitting times, gives a sufficient condition for an (exponential)
ergodicity.

Proof. Implication 2) = 1) follows immediately from Theorem 3.4 in [8]. Implication 1)
= 3) is provided by Theorem 2.1. Implication 3) = 3) is trivial. To prove implication
3’) = 2), we will use Proposition 2.4 in [8]. Recall that we have already seen that X
satisfies the extended Doeblin condition on K. Hence, in order to apply Proposition 2.4
in [8], it is sufficient to verify for a given & € (0, @) the following conditions:

(a) Eye®% < 400,z € X;

(b) there exists S > 0 such that

sup  Epetk < o0, Tt =inf{s >0: X, € K}.
z€K,t€0,5]
In order to simplify the exposition, we consider the case X = R?, only. One can easily
extend the proof to the general case by a standard localization procedure.
We put ¢(z) = E,e“™% )(z) = E,e*™ z € X. Let us show that ¢ is locally bounded;
this would imply the condition (a) above.
Let 79 € R? and 0 < 79 < 71 be such that K C {x : ||z — a0|| < 70}. Denote

D={z:|z—zo] <ri}\ K, 0=inf{t: X; € 0D}, and um(dy)d:me(Xg € dy),z € D.
Consider auxiliary function

h(z) = E e®™ py(dy) € [0,00], x € D.
aD

This function can be represented as a monotonous point-wise limit of the functions

v (2) =/8D9N<y>ux<dy>, N1

with bounded and measurable functions gy. Every function is A-harmonic in D, this
can be proved in a standard way using the strong Markov property of X, e.g. Chapter
I §5, [3]. Hence every hy satisfies the Harnack inequality (see [7]). Namely, there exists
C € R* independent of N such that

hN(l'1) § ChN(l'Q)

for every y € D, and 21,22 € {z : ||z — y| < 3dist(y,0D)}. Then the same relation
holds true with h instead of hy. On the other hand, by the strong Markov property of
X, we have

E,e®™ = F,(e*(Xp)) > Fx¢0(Xp) = h(x), =€ D.
Hence, under condition 3'), h(z) < +oo for m-a.a. € D. In addition, suppm = X; one
can easily verify this fact using positivity of the transition probability density. Therefore,

the function h is bounded on every compact S C D.
The function h can be written in the form

h(z) = Exe(”ff, 719( =inf{s >0: X,49 € K}.

For x € D, we have 7 = 0 + 7% P,-a.s., and therefore

a—&

E,ef™ < [By(en5%)] %57 [h(x)] 5.

Using the Kac formula one can show that, for every a > 0, the function = — E,e® is
bounded on D (this fact is quite standard and hence we do not go into details here).
Therefore, the function ¢ is bounded on every compact S C D.

Next, consider the closed ball E = {z : ||z — z¢|]| < ro}; note that its boundary
S = {x : |Jlx — x| = 7o} is a compact subset of D and therefore the function ¢ is
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bounded on S. We put o = inf{t : X; € S}, then by the strong Markov property of X
we have for x € £

P(z) < Ep(e* (X)) < (Ere®) sup o(y).

The function z — FE,e* is bounded on E (again, we do not give a detailed discussion
here). Hence ¢ is bounded on E. Since ry and r; can be taken arbitrarily large, this
means that ¢ is locally bounded.

Now, let us verify the condition (b) above. We keep the notation E = {z : ||z — xo|| <
70}, S = OF, and put ¢° = 0,

ol =inf{t>c*"?: X, €8}, oM =inf{t>c"': X, €K}, n>1

For any a > 0, one has

d _ _
q:f max {sup E,e™ S < 1,sup Fpe 9% < 1] <1
TEK €S

because dist (K,.5) > 0 and X is a Feller process with continuous trajectories. Therefore,

(12) B[t

fgk] <gq as., k>0.
We have

(o)
~t ~ -t
FE,e%x = E E, ek Io.kgt<0.k+1, e K.
k=0

d .
For k even, X; € E a.s. on the set C’k7t:f{ak <t < o**1}. In addition, Cy; € F;. Hence

-t -t
E, e x ng§t<0k+1 =F, <Ia.k§t<o.k+1E [e‘”K

ft} ) = ExLorcycorrn @(Xy)

< sup d(y) Po(o® <t <o), k=2n.
yeE

For k odd, 7 = o**? —t < "1 — oF as. on the set Cy . Hence

<t o k1 _k
ExeaTK Io.k<t<0.k+1 < EIIUk>t€a(J o) =

= B Lo ¢(Xpn) < sup ¢(y) Pu(o® < t).
N yeE

E, (nggtE [ea‘(”Hl_”k)

7

Therefore,

E,e®™k < sup oY) ZPI(U’c <t), zeK.
yel k=0
It follows from (12) that E,e=" < ¢* z € K. Then
P.(o" <t) = Py(—0" > —t) <e¢", k>0,z€K,

and consequently

sup Btk < e5(1—q) " sup ¢(y) < +oo.
z€K,t€[0,5] yekE

We have verified conditions (a) and (b). Hence the required statement follows from
Proposition 2.4 in [8]. O
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