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ONE TYPE OF SINGULAR PERTURBATIONS OF
A MULTIDIMENSIONAL STABLE PROCESS

A semigroup of linear operators on the space of all continuous bounded functions
given on a d-dimensional Euclidean space R is constructed such that its generator
can be written in the following form
A +q(z)ds(z)By,

where A is the generator of a symmetric stable process in R% (that is, a pseudo-
differential operator whose symbol is given by (—c[£|*)¢cpa, parameters ¢ > 0 and
a € (1,2] are fixed); B, is the operator with the symbol (2ic|¢|*~2 (€, V))eerd (i =
V=1 and v € R? is a fixed unit vector); S is a hyperplane in R? that is orthogonal
to v; (05(%)),era is a generalized function whose action on a test function consists
in integrating the latter one over S (with respect to Lebesgue measure on S); and
(¢(z))zes is a given bounded continuous function with real values. This semigroup
is generated by some kernel that can be given by an explicit formula. However, there
is no Markov process in R corresponding to this semigroup because it does not
preserve the property of a function to take on only non-negative values.

1. INTRODUCTION

Denote by §(t,z,y), t > 0, € R?, and y € R?, transition probability density of a
Wiener process in R%:

g(t,z,y) = (271'75)‘”1/2 exp {—\y — x|2/2t} .

Let S be a hyperplane in R? that is orthogonal to a fixed unit vector v € R%: S = {x €
R?: (x,v) = 0} and let a continuous bounded function (¢(x)).es be given. We define a

function G of the arguments ¢ > 0, x € R?, and y € R? by the formula

¢ .
. ) . 0g(r, z,
W Gy =g+ [ ar [ gu-ra 200G o,
0 S aVZ
where W is the derivative of ¢ (as a function of the argument z) in the direction v:

8.@(7—5273‘/) _ (y_Z)V)A
aVZ - T g(TaZ7y)
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and the inner integral on the right hand side of (1) is a surface integral over S. It is
well-known that the function G satisfies the Kolmogorov-Chapman equation

(2) Gls+t,x,y) = G(s,z,2)G(t, z,y) dz

R4
for all s >0, ¢t >0, z € R% and y € R%; and the following condition

G’(t,x,y) dy =1
Rd
holds true for all ¢ > 0, x € R? (see, for example, [13]). If additionally the function q is
such that |¢(z)| < 1 for all z € S, then the function G takes on only non-negative values.
In this case there exists a continuous Markov process in R? with the function G being
its transition probability density and this process can be characterized as a solution to
the following stochastic differential equation (see [13])

di(t) = va((t))ds(@(D)dt + dw(t),

where (w(t)):>0 is a d-dimensional Wiener process and the generalized function (d5(2)),cra
is determined by the relation

(65, 0) = /S o(z) do

valid for any continuous compactly supported function ¢ on R?.

If d = 1 (in this case S = {0} and ¢(0) is a constant ¢ from the segment [—1, 1]), then

G is transition probability density of the so-called skew Brownian motion
Gt x,y) = 2nt) "2 [exp {~(y —2)*/2t} + qsigny exp {—(y| + [«[)*/2t}],
t>0,z€R, and y € R (see [6], [13]).

Formula (1) gives thus some transformation of a d-dimensional Wiener process. The
aim of this article is to transform likewise a d-dimensional symmetric stable process, that
is a Markov process in R? with its transition probability density given by

1
g(t7xay):7d/ exp{z(y—m7§)—ct\§|a} d§7 t>07 .’IJERd, Z/ERd
(271') Rd
(parameters ¢ > 0 and o € (1,2) will be fixed throughout this article).

If we put into formula (1) the function g instead of §, we arrive at the situation when
the integrals on the right hand side of (1) do not exist. This suggests an idea to change
at the same time the operator % in (1) by a weaker one in some sense. It is not difficult
to comprehend that the operator B, with its symbol given by (2ic|¢|*2(¢, V))eerd 18
suitable.

So, we arrive at the formula

3) Gt 2,y) = glt, 2, 9) + /0 dr /S ot — 7,2, 2)gu(r, 2, 9)a(2) do,

where t > 0, z € R, y € R, g,(7,2,9) = Bug(7,-,y)(2).
We will show that the function G is well-defined and the family of operators (7}):>0
defined for any bounded continuous function ¢ on R? by the equality

() To(w) = [ Glt.ay)oly)dy, >0,z R
Rd
indeed constitutes a semigroup generated (in some sense) by the operator
A +q(z)os(z)B,,

where A is the generator of a symmetric stable process in R?, that is, a pseudo-differential
operator with its symbol given by (—c[{|*)¢cra. The case of d = 1 was considered in
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[10]. The generalization of that result on a multidimensional situation is not trivial for
the simple reason that a multidimensional stable process, unlike a Wiener one, is not a
set of independent one-dimensional processes.

Symmetric stable processes (and some more general ones) were perturbed by terms
of the type (a(z), V) with a more or less singular function (a(z)),cge in various papers
that can be considered as close to this article (see, for example, [3, 5, 8, 9, 11, 12, 14]).

The article is organized as follows. In Section 2 we formulate some assertions about
multidimensional symmetric stable distributions, in Section 3 the operator B is intro-
duced, Section 4 is devoted to describing the properties of the function G, in Section 5 the
corresponding semigroup of operators is described, and finally, in Section 6 the pseudo-
differential equation for the semigroup is found.

2. MULTIDIMENSIONAL STABLE DISTRIBUTIONS

Denote by (hg(x))gere for an integer d the function given by

ha(e) = (2m)¢ [ exp {=ife.€) - cl€]") de

R
The function g defined above can be written in the form

g(ta z, y) = tid/ahd((y - 1,)1571/04)

for all t > 0, z € R?, and y € R%.
The following representation of hg is well-known (see, for example, [1]):

(5) ha(x) = (2m) 42|z /2 / e p2 g1 (plal) dp, x€R?,
0

where J, is the Bessel function of order u:

(z/2)* /1 2\u—1/2
Ju(2) = —=————= 1 — u?)*= Y2 cos(zu) du
for Rep > —1/2 and J_q/(z) = y/ 2 cos z.

The formula (5) implies the following statement characterizing the behavior of hg(x)
for large = (see [1]):

(6) Jm 2|4 hy(z) = ca2®~Lr=9/2" 1 gin ?F (d J; 0‘) r (%)
It follows from the relation (6) that there exists a constant N > 0 such that
o) <N s
for all 2 € R?. This inequality implies the following one
t
07+ Jo =y

(7) g(t,r,y) < N

valid for all ¢t > 0, z € R%, and y € R

The inequality (7) as well as similar ones for (fractional) derivatives of g can be found
in [4]. We will have below the opportunities to use them.

The next assertion seems to be almost evident from the probabilistic point of view,
nevertheless, it will be provided by an analytical proof.

Proposition 2.1. Let d > 2, v be a fized unit vector in R* and & be an arbitrary vector
in R orthogonal to v. Then for any &€ € R the following formula

d—1

(8) / M ha(w +F)dA = (2m) 7 |77 T / e ) T (pl)) dp
1 0
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holds true.
Proof. The integral on the left hand side of (8)(denote it by I) can be written as follows

[ L/we—cp“ 42 g /OOJd 2 ( \//\2+62) (\/A2+b2)7%c<>8(k€)dA

where b = |Z|. The inner integral here can be calculated (see [2, Ch. III, §16]). Namely

/OOO J% (p\/)\2 + b2) (\/)\2 + b2)7(12;2 cos(AE) d\ =

0if |¢] >

d—3

VI T T (bR - &) (W) "l < p.

Hence,
d—1 d—3 o0 %
I=0m) T [ et (W =) (VP —€) T dp.
€]
Integrating here by the substitution p’ = \/p? — £2, we arrive at formula (8) O

Corollary 2.1. Let L be a subspace of R?, dimL =k, 1 < k < d. For any € € . and
Z € L+ the formula

/ei(m,g)hd(x+5j)dx:(gﬂ)*%ﬁrd";‘g/ e*C(|5|2+P2)a/2pd;2k(]d_,;_2(p|§;‘|)dp
L 0

1$ valid.
In particular, if v € R? is a fixed unit vector and S = {:c €ERY: (z,v) = O}, then for
£ € S and A € R! the following relation
. 1 o0 o4
(9) / @O hg(x 4+ \v) de = 7/ eelle e cos(pA) dp
s 0

™

is held.

3. THE OPERATOR B

Denote by B the operator whose symbol is a vector-valued function given by 2ic|¢|*~2¢
for ¢ € R%. This means that the result of its action on a function (p(z)),cpae given by
the Fourier transform

o) = [ de9ag)de aert

is a vector-valued function expressed by the integral

Bo(w) = 2ic [ | Ol 2ea() de

under the assumption that this integral is well-defined. This operator will play the

role analogous to that of the gradient in classical theories. Notice, by the way, that

A = 1div B, and the operator A can be thought of as an analogy to Laplacian.

-2
27r%l"(2—a)F (eFL) cos Z2 .
s . Then the action of the operators A and
afa— 1) (H2)

2
B on a function (¢(z)),cra can be given by the following integrals

We put » = —

Aple) = £ [ fola 1) = ¢(o) = (Tela).)] ol dy,

Bo(w) = == [ lela+1) = ey~ "y dy

ax
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under the assumption, of course, that the function ¢ is sufficiently smooth and bounded.
Denote by B, the operator whose symbol is (2ic|¢|*2(&,v))¢egra for a given unit
vector v € R?. This operator is an analogy to differentiating in the direction .
We introduce the following notation g, (7, z,y) = B,g(7, -, y)(z) for all 7 > 0, z € R4,
and y € R%. Then
2ic

ri29) = s [ exp iz = 9.6) = erlel"H el € de
and integrating by parts, we get the formula

2 (y—zv)
o T

(10) gV(Tﬂz7y) = g<7—727y)

valid for 7 > 0, z € R?, and y € R%. This formula is quite analogous to that for W
(see above).

4. PROPERTIES OF THE FUNCTION GG

We first verify that the function G is defined correctly by formula (3). In order to do
this, we have to show that the integrals on the right hand side of (3) do exist.

Notice that g, (t,z,y) =0 if z € S and y € S, and the integral on the right hand side
of (3) vanishes. So, we have to consider the case of (y,v) # 0.

For a vector € R?, denote by Z its orthogonal projection on S: # = x — v(z,v).
Formula (9) implies the relation

. 1 .,z .
[ att=ra 29 do. = -0 [ exp{=iplav) et = )6 +1E7) } dp
s 27 Rl

valid for z € R%, ¢ € R%, and 0 < 7 < t. As a consequence of this and formula (10), we
get

(11) / ot = 7,2, 2)g (7, 2,y) do, =

= 2 [ et o) i) irta) -

—caz t(p,r,m)} dpdrdn,

where ary(p,r,m) = 7(r2 + [12)% + (£ = 7)(p2 + [n]?)? for all r € R, p € RY, y € RA-1,
and 0 < 7 <.

For fixed 7 > 0 and ¢ > 7, the function a, of the arguments (p,,7) € R! x R x R4~1
is a homogeneous one of the degree . Its minimal value on the sphere

{(p,rm) = p* 402 + nf” = 13
is easily seen be equal to 7 A (t — 7). Assuming 7 € (0,¢/2) and making use of the
substitution n = 77%¢, p = 7790, and r = 77/*\, we can rewrite the right hand
side of (11) as follows

+1+o¢

Attt [ ] et ) + 00 + (- 5,69 -
—clr (0,7, €)} d d)dE,

where G, (0, X, &) = (0% + |£[*)*/2 - =T 4+ (A2 + [¢]?)°/2. Since =7 > 1 for 7 € (0,/2),
we have inf a, (0, A, §) = 1, where infimum is taken over the sphere mentioned above.
Therefore, we can apply Lemma 4.1 from [4] to the last integral to obtain the estimate

Ny, v)|
t— v\ly~ d z S ~ =
/sg( T,%,2)|g, (7, 2,y)| do [T/ + ((w,v)% + (y,v)? + | — &[2)1/2]dett
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valid for 7 € (0,/2), z € R%, and y € R?, where N is a positive constant depending only
on ¢ and «. Similar reasons for the case of 7 € (t/2,t) lead us to the inequality

N )|
ottt = 0l < e s Gy

held true for 7 € (t/2,t), z € R%, and y € R%. We have thus arrived at the estimation

(12) dT —1,2,2)9, (7, 2,9)q(z) do.| <

/2
<2Nallw)] | [Tl/u((x,u)u( V) 1 — 372 dr,

where ||¢|| = sup,cg [¢(2)|. If (y,v) # 0, then the last integral is finite, and the function
G is indeed defined correctly.

Since / g (t,z,y)dy =0, t >0, z € R% we have
Rd

/G(w,y)dyEl, t>0, z€R%
Rd

The fact that the function G satisfies the Kolmogorov-Chapman equation (see (2)) can
be established in the same way as it is done in one-dimensional case (see [10]).

Remark 4.1. Considering the integral

t
I(t,y)=/ dT/gu(ﬂz,y)doz, t>0,y¢5,

one can observe that (see formula (

I(ty / dr / 77" cos(ply, 1)) dp.

Integrating now by parts, we get for t >0,y ¢ S

/ b [ perer o)

p
i 2 / . 5pasm<p<y, 2 gy 2 [ e Slole)
0 P T Jo P

§—0+ T
Hence, the following formula

2 o0 o .
I(t,y) = sign(y,v) — ;/ et Sm(p(py’y)) dp
0

holds true for ¢ > 0 and (y,v) # 0.
As a consequence of this we have the following analogy to the classical theorem (see,
for example, [13, Ch. III}).

t
lim dT/ v(t —7,2)9,(T, 2,y) do, = to(t, x),
y—axt 0 S

where t > 0, z € S, and (v(7, 2))r>0,2e5 is a continuous bounded function; the symbol
y — x+ means that y = x + év for x € S and § — 0+. In particular,

t
tim [ ar [ gt 7.0,20,(7. 2. 0)a() do. = £aw)g(t..0)
¥—=yE Jo s
for t >0, z € R%, and y € S. This implies the formula
G(t,z,yt) = (1 £ q(y))g(t,2,y)
valid for all t > 0, z € R%, and y € S.
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5. THE SEMIGROUP OF OPERATORS (7})¢>0

Denote by Cp(R?) the set of all real-valued continuous bounded functions on R? with
the norm [|gf| = sup,ega [ (2)]-

Proposition 5.1. For any t > 0, the operator T; defined by formula (4) is a linear
bounded operator on Cy(RY) and the family of them (T})i>o forms a semigroup.

Proof. The assertion can be deduced from the inequality (12), but we propose another
way. Put

u(t, z, ) = /Rd 9(t, =, y)e(y) dy
and
wit.o) = [ aultop)et)dy
for t >0, z € R%, and ¢ € Cy(R?). Since g is a transition probability density, we have

|u(t, z, ©)| < [l¢l|

for all t > 0, x € R%. The function u,(r,z,p) for 7 > 0, z € S, and ¢ € Cy(R?) can be
estimated as follows (we use the formula (10))

2 2
iy (7, 2, 0)] < gl / () lg(r, 2, y) dy = —2l_ / (9. ) haly) dy.
QAT Rd R4

arl-1/«a

It is well-known that the first absolute moment of the distribution h, is finite. So, there
exists a constant K > 0 such that

(13) Jun (7, 2,9)| < Ko7~ 14

forallT > 0,z € S, and ¢ € Cy(R?). In order to estimate the integral / g(t—7,x,2)do,
s
0<7<t xcRe we use formula (9)

1 o o
/ gt —7,2,2)do, = =(t — )"/ / e cos(p(z,v)(t — 7)) dp.
s ™ 0
This implies the existence of a constant (we again denote it by K) such that
(14) /g(t—T,sc,z)doz < K(t—7)" Y,
s

As a consequence of (13) and (14), we have the following inequality (¢t > 0, x € R
¢ € Cy(RY))

t
/ dr [3 ot — 7,7, 2y (1, 2, @)a(2) dos| < K glllal
0

where K is a constant (we can choose it the same as in (13) and (14)). Since

t
Tyo(@) = ult,z, ) + / dr / gt — 7,2, 2)u(, 2, 9)a(2) do,
0 S

we have thus proved boundedness of the operator T; for fixed t > 0. The rest of properties
of T; claimed in Proposition 5.1 are obvious. (I
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6. THE EQUATION FOR THE FUNCTION (T30(%))4>0 zera
It is well-known that the function u(t, x, ¢) (see Proposition 5.1) satisfies the equation

ou(t,z, p)

5 = Au(t,-,o)(z), t>0, z€R?

(15)
and the initial condition

lim wu(t,z, ) = p(z), =€R™

t—0+

We now put for ¢ > 0, x € R%, and ¢ € Cy(R?)

t
Vit,a,p) = / dr / ot — 7,2, 2)un(, 2, P)al2) do.
0 S

Proposition 6.1. The function V satisfies the equation (15) fort >0 and x ¢ S.

Proof. We first estimate the function Ag(t,-,y)(z). Represent it as follows

C ; (e
Ag(t.- - i(@—y.8) | g|xe—ctlEl™ ge —
ot 9)(w) =~z [ e g
c dto . —1/a a
- = PUCETRIL g|leclEl” ge.
" L ¢
Lemma 4.2 from [4] mentioned above allows us to obtain the estimation

N
(7 +Ja =yl

|Ag(t7 7y)<.’17)‘ <

where t > 0, z € R%, y € R?, and N is a positive constant. Using this inequality we can
write down the following chain of estimations (¢t > 0, z ¢ S).

/0 dT/SAg(t—7',~,z)(a:)uy(7',z,<p)q(z)daz <

<eonst lollal [ 27 [ & <
= Ly T e T =)V (P 4 ()R

ti/e dz
< const ||<PHHQ||W /]Rdi1 [P+ 1@z =

tl/(x
= const lelllall = yarr

Therefore, for © ¢ S and ¢ > 0 the integral
t
ag(t —
/ dT/ wuu (7—7 2, (p)q(Z) daz
0 g ot

exists as well. The proposition will be proved if we show that the relation

(16) €£%1+ g g(e,z, z)u, (t, z,9)q(z)do, =0

holds true for fixed ¢t > 0 and x ¢ S. We can estimate the integral in (16) in the following
way

const
[ stz 2tz o < 25l [ tevn,z) do. =
S S

o, 1 ® e plx,v)
= const ||q||t'/® lm/ e~ cos i/a dp
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(we have just used formula (9)). According to (6), we have asymptotical relation
1 o o« plz,v)

S —cp L Sat I ~ - -
—i/a /0 e cos T/a dp ~ const ()t
as € — 0+, and (16) has been established. O

Remark 6.1. One can easily see that for any compactly supported function (¢(x)),cpe
the following relation

lim P(x) dm[sg(s,x7z)u,,(t,z7<p)q(z) do, :/Sw(z)ul,(t,z,ap)q(z) do,

e—0+ Rd
holds.

This means that

W =AV(t, -, ) () + q(x)ds(x)u, (t,z, ¢).

Proposition 6.2. Fort >0 and x € S, the following equalities
Vo(t ok, @) = Fq(z)u (t, 2, ¢)
hold true, where V,,(t,x+, p) = lime_oy V. (t,x v, o) and V,(t, z,) = B,V (t,-, ¢)(2).

Proof. This assertion can be proved in a way quite similar to the calculations in Re-
mark 4.1. (]

Now, it is a simple observation that the function dg is a symmetrical one in the

following sense
5S($)Vu(t7xa SD) = 07 T e Rd'
It means that the function
U(t,a,¢) = ult,z,0) + V(t,z,0), t>0, z€R%,
satisfies the equation
oU(t,z,¢)
ot

and the initial condition

= AU(t,-, ¢)(z) + q(2)s(x)B, U, -, ¢)(x), t>0, xcR?

. _ d
tg%l-f U(t,l‘, QO) - (P(.T), T € R .
In other words, the operator A + ¢(x)dsB, generates the semigroup (73);>0-
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