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E. V. GLINYANAYA

KRYLOV-VERETENNIKOV REPRESENTATION FOR THE m-POINT
MOTION OF A DISCRETE-TIME FLOW

We consider a discrete-time stochastic flow which can be regarded as an approxima-
tion to a flow of Brownian particles with interaction. For the m-point motion of such
discrete-time flow we present a discrete analogue of Krylov-Veretennikov expansion.

1. INTRODUCTION

We are interested in Harris stochastic flows of Brownian particles on the line [1]. Let T’
be a continuous real positive definite function on R such that I'(0) = 1 and I is Lipschitz
outside any neighborhood of zero.

Definition 1.1. The Harris flow {x(u,-),u € R} with I" being its local characteristic is
a family of Brownian martingales with respect to a joint filtration such that
(i) for every u; < wug and t > 0

z(u1,t) < x(ue,t)
(ii) the joint characteristics are
d < z(uy,-),z(ug, ) > (t) = T'(z(us, t) — x(ue, t))dt.

One of the ways to study functionals of stochastic flows is to analyse its It6—Wiener
expansion. In the case when I' is smooth enough, the Harris flow can be obtained as a
flow of solutions to the following SDE [2]:

dx(u,t) = Z ak(x(u, t))dwg(t),
k=1

x(u,0) = u,

(1.1)

where {wy, }x>1 is a sequence of standard Wiener processes and a = (ax)x>1 is a Lipschitz
mapping from R to l5 such that

o0

> -1

k=1

and
Z ap(w)ag(v) =T(u —v).
k=1

The [t6-Wiener expansion of the function from value of a solution to SDE was obtained
by Krylov and Veretennikov in [8]. The Harris flow could be coalescent [1] and, in this
case, there is no stochastic differential equation that generate the flow. One of the ways
to study such flow is to construct its approximation using flows with discrete time. Such
approach was used in [2]. A flow with discrete time can be defined as a family of random
walks with interaction on a line, which is driven by a sequence of independent stationary
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Gaussian processes {&,(u), v € R},>1. The random walks are defined via the following
recurrence equation:

Tpt1(u) = 2p(w) + Enpr (20 (u)),

(12) zo(u) =u, u € R.

We assume that the Gaussian processes {{,,n > 1} have zero mean and the same con-
tinuous covariance function I',T'(0) = 1.

The aim of our paper is to give a construction and an explicit form of the [t6—Wiener
expansion for the following random variables

O(xn(ur), ... xn(Um)),

where ¢ is some function R™ — R and {z,(u),u € R} is a discrete-time flow (1.2).
Such expansion can be regarded as a discrete-time analogue of the Krylov—Veretennikov
expansion. Note that for 1-point motion it was obtained in [3]. The article is organized as
follows. In the next section we give some known facts related to the It6—Wiener expansion
of Gaussian functionals and the Krylov—Veretennikov representation of a solution to
SDE. Also we describe a white noise related to the discrete-time stochastic flow (1.2)
and present an It6—Wiener expansion for ¢(x,(u1),...,Tn(ty)) in terms of multilinear
forms from this white noise. In the third section we rewrite the obtained expansion in
terms of Gaussian processes {&,, }»>1, which produce the discrete-time flow. An example
of a stochastic flow of solutions to SDE and its discrete-time approximation will be given
in the last section.

2. AN ABSTRACT FORM OF A DISCRETE ANALOGUE OF THE KRYLOV—VERETENNIKOV
REPRESENTATION

Let us introduce some basic definitions and notations related to the It6—Wiener ex-
pansion of Gaussian functionals [5, 6].

Let (2, F,P) be a probability space and H be a separable Hilbert space with its inner
product denoted as (-, -) and its norm denoted as || - ||. Let ¢, be a generalized Gaussian
random element in H which has zero mean and identity correlation operator, i.e. ( is a
linear map from H to the set of Gaussian random variables such that

VeoeH E(¢) =0, ECe)? =]l

We also call ¢ a white noise in H.
Let Hy, k > 1 be a space of k-linear symmetric Hilbert—Schmidt forms on H and define
an inner product in Hy by the rule

V Ag,Bx € He (Ar,Bp)= Y Aglei,... €i)Bilei, .. i),

i1,eyin=1

where {e;}52, is an orthonormal basis in H. For any Ay, € Hj we define the value of the
form Aj at a generalized random element ¢ as follows:

Ae(Cn )= > Arleis e )(Cen) wx (G,

i1, in=1

where * denotes the Wick product [6]. Suppose that 7 € Ly(€2, F,P) and 7 is measurable
with respect to o(¢) = o{(h,{),h € H}. Then there exists a unique sequence of forms
Ay € Hy, ([5]) such that

(21) n:ZAk(Cavc)a
k=0
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where the series converges in square mean. The representation (2.1) is called the Tto—
Wiener expansion.

We give an example of a Hilbert space, of a white noise on it and of a form of the
It6—Wiener expansion for some random variable. Let {wy, t € [0, 1]} be a one-dimensional
Wiener process, which is defined on a complete probability space (Q, F,P). Using this
Wiener process we can deﬁne a White noise w on Ls([0,1]) as follows: for f € Ly([0,1])
we put ( fo . For any Hilbert—Schmidt form Aj; on L2([0,1]) there
exists a unlque functlon ak G Lg([(), 1]%) that is invariant under any permutation of the
arguments such that for any x1, ...,z € L2([0, 1])

1 1
Ak(xl,...,xk):/ / ak(th...7tk)$1(t1)...1‘k(tk)dt1...dtk
0 0

and the value of the form A, at w has the form

Ak(’lj}7...,’li}):/0 /0 ak(th...,tk)dw(tl)...dw(tk).

The It6-Wiener expansion for a random variable f(z(t)), where {z(t),t € [0,1]} is a
solution to the following SDE

(2.2) {dx(t) = o(w(t)dw(t) + bla(t))dt,
x(0) = xo

was obtained by Krylov and Veretennikov in [8]. Suppose that o(-),b(:) are Lipschitz
functions and

Jpu>0VaxeR: |o(x)]>p.

It is known that under such conditions there exists a unique strong solution to the SDE
(2.2) and for any bounded Borel measurable function f the random variable f(xz(t)) is
o(w)-measurable. The Krylov—Veretennikov representation can be written in terms of
the fundamental solution to a parabolic partial differential equation associated with the
SDE (2.2). Denote a(z) = 102(z) and for fixed ¢ > 0 consider

(2.3) {i( 2) + a(z) Zzu(s, ) + b(x) Zu(s,z) =0, 0 < s <t

(t,z) = p(z), p € C°(R),t €R.
Let {Ti—s,s < t} be a set of operators that define a solution to (2.3). It is known that

Tio(xg) = Ep(x(t)), where x(¢) is a solution to (2.2). Denote Ryp(x) = a(a:)%Tttp(x).
Then the It6-Wiener expansion has the form:

(24) (p( ( )) Tt(p JZO + Z / . / TtiRti—I,ti cen Rt_tlgp(lio)dwti cen dwtl.

0<t1< <tl<t

Recall that our main object is a discrete-time flow {z,(u), v € R}, >1, which is defined
via the following recurrence equation

Tpp1(u) = 2p(u) + &g (Tn(u)),

zo(u) = u,

where {{,(u),u € R}, >1 is a sequence of independent stationary Gaussian processes
with zero mean and a continuous covariance function I',T'(0) = 1. Let us describe a
Hilbert space and a white noise w on it, such that for any Borel measurable bounded
function ¢ : R™ — R and for every n > 1 a random variable ¢(z,(u1),..., 2, (um)) is
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measurable with respect to o(1). Consider a Hilbert space H' with reproducing kernel
{T(u—v),u,v € R}, [9] ie.

—{chl‘ U — - ck,ukER ’n>1}HH,

where the closure is taken Wlth respect to a norm, which can be introduced as follows:

Ck uk - CkC] U — Uj).
|| L(ur —)|* = )

k,j=1
Then a white noise w; on HF can be defined by the rule: for f € HT of the form
f =21 el (ur — ) we set

wu Z Ckgz Uk

One can see that this correspondence produces a white noise on H'. Further we consider
a Hilbert space

L(H") ={F = (fi,-.., fur-. ), fr € H'D | fill® < 400}

k=1

and define a white noise on lo(H') :

i=1
In these terms, any element ¢ from the sequence {,(u), v € R},>1 can be obtained by
the action of the white noise w on the function F' = (0,...,0,I'(u —-),0,...,0) :
——
k—1
(w, F) = &k (u).
Consider

BR™;R) = {f : R™ — R|f is Borel measurable, sup |f(@)| < +oo}
deRm

with topology induced by the norm ||f||g = supgerm |f(¥)|. For @ € R™ we write

§(1) = (§(ur), -, €(um)).

For any ¢ € B(R™;R) we have p(z,(@)) € L2(Q2, F,P) and ¢(z, (%)) is measurable
with respect to the white noise w in lo(HT).

We can construct an It6-Wiener expansion for ¢(z, (%)) in terms of operators Q,
which are defined via the It6-Wiener expansion for ¢(x (%)) :

(2.5) plur + & (ur), .- um + & (um)) Z Qrp(UW; i, . .., 1n).

Note that in this case the random variable @(xl(u)) is measurable with respect to
o(&1(ur), ..., &1(um)) so Qe has the form:

m

Qup(@iin, . yin) = Y @iy, (@D (i) %o & (uy)

i1penin=1
Lemma 2.1. (i) For any @ € R™, the mapping
(2.6) B(R™;R) > ¢+ Qro(d;-,..., ) € Hy,

is linear and continuous from B(R™;R) to the space of k-linear Hilbert-Schmidt forms
on HT.
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(ii) For any ¢ € B(R™;R), the mapping
(2.7) R™ > @+ Qup(d;-,...,-) € Hy
18 Borel measurable and bounded.

Proof. (i) The linearity of the mapping (2.6) is obvious. To prove its continuity we note
that

(28) < Bl +61(un)s- -t + 61(0m)* < sup (@)
ueR™

(ii) First of all, note that the mapping
Ly(Q,0(0),P)>5n— Qk(-, ..., ) € Hy

which puts any square integrable measurable with respect to the white noise { ran-
dom variable in correspondence with a Hilbert—Schmidt form of its It6-Wiener expan-
sion, is continuous and thus is Borel measurable. The continuity of the covariance
function I' implies the existence of a measurable modification of the random process
{p(ur + & (u1)y ..oy um + &1 (um)), & € R™}. For any » € La(Q,0(&1), P), the function
{Ep(ur + & (u1), .-y um + &1 (um))se, @ € R™} is Borel measurable, since the function
under mathematical expectation is measurable as a function from (u,w), and its mathe-
matical expectation is finite for all u. In other words, for any linear continuous functional
lon Ly (Q,0(&1), P) the mapping

R™ 2@ — I(f(ur 4+ & (ur), .y tm + & (um))) €R

is Borel measurable. Since the Borel o—algebra of Hilbert space Lo(Q2,0(&1), P) is
induced by all linear continuous functionals, the mapping R > @ — f(d + &(4d)) €
Ly(Q,0(&1), P) is Borel measurable. Finally, the mapping (2.7) is Borel measurable as a
composition of two measurable mappings. The boundedness follows from the inequality
(2.8). The lemma is proved. O

To get the It6-Wiener expansion for ¢(z,()) it is necessary to define such expansion
for multilinear form Qrp(@ + &1 (@);-,...,-). In view of this we extend the domain of
operators Qi to a set of functions with values in some Hilbert space.

Let H be a separable Hilbert space with an orthonormal basis {e;}32,. Denote by

B(R™; H) = {F : R™ — H|F is Borel measurable, sup || F(4)| < 4oo}.
wER™

Then F(@) =372, fj(@)ej, where f; € B(R™;R). We define an action of the operators
Q@ on function F' € B(R™; H) by the rule:

QrF (5., ) = Qufi(il- ..., )e;,
j=1

where Qi f; are defined in (2.5). QrF(4;-,...,-) is an H-valued Hilbert-Schmidt form
on H' and, for any z; € HT,

oo o
> Qufi(iwy, . wk) < Pkl Y NQk S ()l <

j=1 j=1

[ee]
1 . . 1
< sl el ynaff(u +&1(i)) < const -
k! !

(oo}
]Efo(ﬁ—!—gl(ﬁ)) < const sup ||F(@)||* < +oo.
ZeR

m

j=1
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Therefore the action of the map Q on the set B(R™; H) is well defined. Denote by
(HY, H) the Hilbert space of a symmetric k-linear H-valued Hilbert-Schmidt forms on
HT'. From the last estimations Q : B(R™, H) — B(R™, (H},, H)). In terms of these op-
erators the It6-Wiener expansion of the value of a Hilbert-valued function F' € B(R™; H)
at the point @ + &(@) has the form:

oo o0

P(i+&(@) =Y Y Qufi(iistin, ... tin)ej =

k=0 j=1

= QrF(if;ain, . .. ,1in),

k=0
where

C?]CF’(L_L'7 lbl, e 711:)1) = ZQka(ﬁ, li/l, .. .,u')l)ej.

j=1

by definition.
Lemma 2.2. (i) For any @ € R™ the mapping
BR™; H) > ¢ = Qup(i;-,..., ) € BR™, (Hy,H))

is linear and continuous as a mapping from B(R™;R) to the space of k-linear Hilbert—
Schmidt forms on HY with values in Hilbert space H.
(ii) For any ¢ € B(R™; H) the mapping

R™ 3 @ — Qup(d;-, ..., ") € BR™, (HL,H))
1s Borel measurable and bounded.

Proof. The proof is similar to the proof of the Lemma 2.1 and omitted. O

As example, we consider a Hilbert space of the k-linear Hilbert—Schmidt forms on H'
with an orthonormal basis {E¢(-,...,-)}¢2;. Then for A4, € B(R™; Ly(R¥))

Ap(dt-,...,") = qu-(a)E,i(., )

and
A+ & (i) y) = > QiAk(il 1y, .. i),
where
Qj Ak by, .ty ) = Y Qqi(il by, .. ) ER (-, ).
1=1

by definition.

Note that Q;Ak(@,-,...,-,...,) is a j+k—linear Hilbert-Schmidt form which is sym-

S—— —
j k
metric with respect to the first j variables and the last k variables separately. Proceeding
recurrently, Qp, ... QAo (U, ooy ooy, o) is a ko 4+ k1 + ... + kj—linear
S—— N——
ko k1 k;

Hilbert—Schmidt form which is symmetric with respect to the sets of variables of sizes
ki, (I1=0,...,7) separately.
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Theorem 2.1. Let {z,(u),u € R},>1 be a discrete-time flow defined by (1.2). Then for
any ¢ € B(R™;R) the Ito—Wiener expansion of o(x,(i)) has the folllowing form:

(29)  p(aa(@) =) Q1 Qi Quup(Ts i, .y, 2, ..., ).
0

In 5t

Proof. Let us verify that the iterated action of the operators Qy in (2.9) is well defined.
From the definition of @ we have:

P(an () = @(xn-1(1) + En(2n-1(0))) =

= Z Qkﬂp(xnfl(ﬁ);u.}n, ey wn)

k'l:O
The action of the operators @y on the function {Qx, o(T;-,...,-), 4 € R™} with values
in a Hilbert space is well-defined in the case when [|Qg, ¢(@;-,...,-)||}, is a measurable

and bounded function in @ € R™. The measurability follows from the statement (ii) of
the Lemma 2.1 and the boundedness follows from the inequality:

— 1 — — 1 —
1Quy (5 )IE, < TEQ* (@ + &1(T)) < = sup ¢*(a).
kl. kl. ZER™
Therefore, Qk, Qk, ¢ is well defined and

Qry (20 —2(0) + &1 (Tn—2(@)); 5, ) =

= Z QkQijSO(xan(ﬁ)? Ty ey ,U:)’nflv .. 7u.)n71)'
k2=0 k1 ko
Further, the Hilbert space H = l2(L2(R)) can be conceived of as a direct sum of subspaces
Lr={FeH:F=(0,...,0,f0,...),f € La(R)}.
1
In these terms, the Hilbert—Schmidt form Qg (zn—1(@) +&n(2n-1(@));-, ..., ) is defined

on the subset £7*! and is measurable with respect to the white noise in bDi_; £*. so we
get

le(,L?(.’L‘n,l(’L_l:) + fn(xnfl(ﬁ))a wn+17 sy wnJrl) =
[ee]
= Z Qk)ngn(p(xn—2(ﬁ); wn+17 cee awn+17wn7 e 7wn)
k2=0 k1 k2
Proceeding recurrently we prove the theorem. (I

3. AN EXPLICIT FORM OF THE DISCRETE KRYLOV-VERETENNIKOV EXPANSION

Note that for any ¢ € B(R™;R) the random variable p(zy,(u1),...,Zn(tm)) is mea-
surable with respect to o{{1,...,&:.} = 0{&1(u),&(u), ..., & (u),u € R}. So it is natu-
ral to present the It6-Wiener expansion of this random variable in terms of processes
{&:}r>1. As it was mentioned in the previous section, an action of the operators @y can
be expressed in terms of Wick product:

m
Quep(tistin, ... 1) = iy, (1) & (ug,) * o oox & ().
i1y =1
To obtain the representation for the constants a;, . ;, we consider the case, when the
covariance function I' of processes {&;(u),u € R} is such that for any u; < ug < ... < up,
the random vector {&;(u1), . .., & (un)} has the density of its distribution. This condition
is satisfied, for example, when I' has the following form: T'(-) = [ ¢(u — )¢ (u)du, ¥ €
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Ly (R), or the spectral measure of ' has a density with respect to the Lebesgue measure.
Indeed, the covariation matrix of the vector {&;(u1),...,&;(u,)} in the first case is
m

(F(’LLZ — uj))i,j=1 = ((w( - UZ),QZJ( - uj))L2(R))z] 1

and in the second case it is

(O =)y = ([ mpan)”

1,j=1

where p is a spectral density of I'. In the first case Gram determinant is greater then
zero if and only if the system of functions {¥(- —u1), ¥ (- —u2),...,¥(- — Uy, )} is linearly
independent in Lo(R). It is known that for nonzero function f € Lo(R) and for all
distinct uq,...,u; € R the system {f(- — u1),..., f(- — ug)} is linearly independent in
L5(R) [10]. The second case is similar to the first one.

Denote the Fourier transform for ¢ € Ly (R™) by

1 L
N - o (&)
4d) = o | e@eaz,

Lemma 3.1. Let pr(-,@) be the density of distribution of the random wvector (u; +
&(ur), .y tum + & (um)). Then for any ¢ € B(R™;R)(Li(R™) and such that ¢ €
Ly (R™)
Quetitin. ... =5 30 (1 [ L)
Wy, . .., W) = — — ;
kP \U; Wy, s W1 L ‘ ‘ o ao{il aaikpl_‘
D1y nyik

o(@)da &1 (uiy) * & (uiy) * - oo % §1(wiy,).

Proof. We obtain the proposition of the lemma using well-known expansion for the sto-
chastic exponent [9]: for & € C™

(3.1)

£(8,6 (3 _exp{zazgl () = 3 > ase T — )} =

3,j=1

m

szl Z coy, E(ugy) * ook E(ug,),

k=0 0] yeeyip=1

where the series converges in the square mean.
Using inverse Fourier transform, we have:

Pl +&(i) = —— / ¢~i(EH(0).8) o ) At

(2m)

- / BN =L Wy 000y T ) £ (i, (1)) () d =
2

T / (&)E(—id, &1 (@))da.

For any & € R™ £(—id 51( 7)) € La(Q2,0(¢),P) and

(=i & @lls = exp(s 3 arasTu— )}

l,m=1

Since ¢ € L1(R™), we get:

/ 1€ (=idi, & ()] e 2 S crea = “J)Iw(&)ld&:/ |p(@)|da < +o0,



KRYLOV-VERETENNIKOV REPRESENTATION FOR THE m-POINT MOTION ... 71

so, the Bochner integral [, exp{—i(@,&)—3 Zf?j:l ayo T (u—uj) Yo (—id, & (@) p(a@)da
is well-defined [11]. Denote by Pj an operator which for any n € La(2,0(§),P) assigns k-
th term of It6-Wiener expansion of 7. Since Bochner integral commutes with continuous
linear operators [11],

k=0
=Y [ @ D@ r (e(-ia.6(@))da
k=0
Finally, we have:
(i + &1(1) = k' /m Z - 0, pr(@, D) P(@)da & (ui,) ... x &1 (uy,) =

01,00t =1

[ee] 1 m . ak L . .
= kz_ok!/mi ik:1(_1) mpp(a;u)ga(a)da E1 gy ) * E1(uiy) * . oo* & (ug,).

.....

The lemma is proved. O

Note, that in the case when T'(-) = [ ¥( (u)du for some 9 € Ly(R), ¢(u) =
P(—u), ||1/1|| = 1, then for any Z > 1 there ex1sts a Wiener process w; on an extended
probability space such that & (u fR v)dw;(v) and {w};>1 are independent. In

this case the Wick product can be rewmtten in terms of multiple Tto integrals [9]:

fl(uil) *fl(ub) * ... *fl(uik) = /]Rk d)(uil 71}1)*...*¢(u1‘k 71)]6) d@l(vl) ...d’@l(vk),

where

k
(ugy, —v1) * .. xp(ug, —vg) = % Z Hw(ui]. — Uo(5))

oceSE j=1
and Sy is the symmetric group of all permutations of {1,...,k}. So we can rewrite (3.1)
in the following way:
~ oF
Qrp(; W ,W1) = /n Z mPF(OG w)p(d)da-

11,0 =1

Lo PY(uyy —v1) * .ok P(ug, — ) dwg(vr) ... dwy(vg) =

J R X oF T,
T 4 Z (=1) /Rk . mpr(a;U)w(a)da P(uiy —v1) *...x
11,..47’Lk=1
*w(uzk — ’Uk) d’lzl (Ul) . d’[bl (Uk).
To write the Itd—Wiener expansion for ¢(z, (%)) we give some notations. For k > 0 and
m > 1 we denote by

J(k,m) = {7“ = (i1,...,ik),ij S {1,,m}}
a set of multi-indexes. For a vector @ € R™ and some index r € J(k;m) we write

—

iy = (uiy, .. uiy, ) € R
and
ak

D@ = 50—,

f(@).
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Also we denote £®%(i,.) = &(u;,) * ... x £(u;, ). Denote by S(R™) the Schwartz space,
Le. SR™) = {f € C*[R") : bupueRn @D f(@)] < +oo, @ = (on,...,00),8 =
(617”'75”)’ aivﬂi €N07i:17'

Theorem 3.1. Suppose that the covariance function T' has the following form T'(-) =

J ¥(u—)Y(u)du, where i) € S(R) and pr(-, @) is the density of distribution of the vector
{ur + & (u1)y ooy tm + &1 (um)}, ur <...<tm. Then for any ¢ € S(R™)

. - 1
Aan@ = D g
k1,....kn=0 " rn€d(kn,m)  r1€J(k1,m)

(—1)frtthn / . [ Drrpp(@™, @) prerpp(@n T, @)
m ]an
D"pp(@W, @)p(a@™)ePkn (@) e @Dy L R (i, )da™ L da®,

where the series converges in the square mean.

Proof. The proposition of the theorem is obtained by the iteration of the expansion
formula (3.1) for ¢(x1(%)). Denote by

L1 , "
L@@ = g5 [ ol g )

where @ € R™ such that u; # u;, j # ¢. Using inverse Fourier transform, we get another
representation for I;, . ; (¢)(@) :

1

Ly () (@) = @2m)%

ko i ) 1 «
/ (=) @y, - vi, exp{i(i, 7) "3, Z (w — uj)yiy; }dy.

From this formula, the function I;, _;, ()(-) is well defined for all @ € R™. We verify
that for ¢ € S(R™) the function L1 _____ i (@)(-) € S(R™). For any multi-index a =
(o1, Q)

ole

/ &(9)yi, wa exp{i(d, y) — Z [(u — uj)yry; ydy =
m 1

l,j=1

— / &)y, ...yikei(ﬁ’ﬂ)_f > F(uz—uj)yzyjp(@ @)djj,

l\.')\»—l

where P is a polynomial from the variables {yi,...,ym,I'(uv; — u;),..., red (u; —
uj),4,7 =1,2,...,m}. Since ¢ € S(R™), the function ¢ also belongs to S(R™), and the
last integral locally in @ uniformly converges and so I;, . ;, (¢)() is differentiable. Each
term of the polynomial P has the form Cy” Hk 2 T(wg, — u]k) . HkK:‘”l' D (uy, —uj,),
where 7 is some multi-index. Since ¢ € S(R™) {¢(¥)y", ¥ € R™} € S(R™), so it is
sufficient to prove that for any g € S(R™)

Kia|
sup |i@? H T(wiy, — ujp)--- H e (u;, — Ujy )
ueR™ k1
o et - S s — ;) i
]R'm,
lj=1
is finite.

Since for every k € Ng, I'®) is bounded, we can estimate the last expression by

C sup | / o(@pr(§, @)dj| = sup |@PEg(@+ & (@)|.

TER™ GeRm
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Since g € S(R™), supgepm |@°g(@)| < +00 we obtain that I, ;, (¢)(-) € S(R™).
By (3.1)

oz, (d)) = Lp(.’l?n71<’lj) + & ((@n—1( ) Z Qe P(Tr—1(W); Wy« -+ W) =

n—O
Z Z Ill ..... Tk, Sﬁ (xnfl(ﬁ))'gn(vl)*gn(v2)*~'~*€n(vkn))|vj=$n71(ui‘)~
0 i1 3J
Under assumption I'(- fR (u)du, the Wick product has the form:

§i(wiy) x & (uiy) * ..o x &G(ug,) = /Rki/)(uil — 1) K. oxp(ug, — vg)dwg(ve) - .. dwg(vg),

where {w,},;>1 are independent Brownian motions on R.
Denote K, . 4, (@, V) = ¥(ui; —v1) *...*(u;, — k), and in this terms the previous
expansion has the form

oo  \kn m
ean@ = G0 Y [ b @ @)

Ky iy, (2n1 (4), 0)dwn (01) - ... dwn (vr)

Since ¢ € S(R), for fixed ¥ € R™ the function K;, . ; (-, 7) € C*°(R™) is bounded.
Also I, i (¢) € S®R™), so L, i (@) () Ki;..in (-, T) € S(R™) and we can apply the

formula (3.1):
_' o0 m (o) (_1)]{57,,_1
el = 30 30 [ 3 G

kn=0 eyt ken—1=0

S T, G DDOKi i, (7)) (o 2()

J1iyedky, =1

'Kjl,-u,jkn,l(xn—2(u) )dwn 1( )dw ( )
Denote by

S o1) & ks (—l)k”*l m
A, (W,T  Wyq,y . W) = ——— Z

Lo B Ui DDOKs i T @,

We verify that

/k Z Akn 1 an 2( ) (1)a7.zn—17~-~aw~n—1)d@n(ﬁ(l)):
Rkn

= > / Ap, (@n—o(@), TV, W1, ..., Wn1)dw, (TV).

kn—1=0

Note that Ay, (4 g, -) is ky—1—linear Hilbert—Schmidt form. For fixed N

N

/k Z Ap (@n—a(@), TV, Wn1, ... Wny)dw, (7)) =
Rkn

n 1=0
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N
= > Ap,(@n—2(@), TV, @1, ..., Wy )d, (TV).
k=0 RE"
The series Y . _o Ay, _, (zn—2(1),7, Wy—1,...,Wy_1) converges in square mean to
Liy .., (0)(@n—1(@)) K, ... iy, (n—1(@), V). Since the Wiener processes Wp—1 and W, are
independent, the random values {ka (4, 7® wn 1, ﬁn_l)dzﬂn(ﬁ(l))}jzo are or-
thogonal in La(2).

The series 0" o [ren Ak (@n—2(@), 70 W1, ..., Wp_1)dw, (7)) converges in
the square mean since

Z]E(/ A (2o (i), 17<1>,an_1,...,fan_l)dan(w)f < Ep(an(@))? < +o00.

72>0 R¥n

Therefore we have
o0

/ > Ap @ TN W, W) di (5) =
R

k
" kp_1=0

k=07 RE®
Finally,
. oo oo m m (_1)’6" (_1)]@7171
plon@) =3 > > X T
k=0 k1 =0 i1,eersiteg =1 f1 oo, 4 =1 kit knal Jren JrEee
(3.2)

Ijl ----- Jkp_1 (Iil,-u,ikn (SO)(.)Kily-wvikn ('7 17(1))) (xn—Q(ﬁ»
Ky, (o (i0), T di, 1 (5P))da, (5V).

By Fubini’s theorem for stochastic integrals ([12], Theorem IV.65) we can change the
order of integration in the expression

, . A Loy
/ / Lis i, (D)) Ko, (5, 0Y) 5o pr (3, W) djd () =
Rkn m ayjl e ayjk

n—1

Phn-1
= (—1)F o (Lir,i DK, (i, 7))
e B e T NG LU 0)
pr(7, 1), ()

since W‘Tll ----- Tk, (SO) (g)Ku ----- Tk (?jv ) € S(Rk") and

<

akn 1 . oL .
/Rk / ay By By e (DK, (77 (1))) pr(, @)dgdv") < +oo.
n m Ji Tk,

So we can rewrite (3.2) terms of the Wick product:

0 (=1 (=1)Fns

kn=07r,€J(kn,m) kn_1=0r,_1€J(kn—1,m)

/ Drepp(@™; @) ek (=) Do pr (@D, 2, () da ™)
& (@) p(a™)da™.
T=xpn—2(Ur, )

Proceeding recurrently we prove the theorem. (|
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4. EXAMPLE

In this section, we consider an example of a stochastic flow of solutions to SDE and a
discrete-time flow which approximates it. For such flows we compare the first terms of
their Krylov—Veretennikov representations.

Let us consider the following SDE with the space-time white noise W [7]:

(4.1) z(u,t) = u+ / / P(z(u, s) —v)W(dv,ds),

where ¢ € S(R), [ ¥*(u)du =1, ¥ (u) = ¢(—u) and W is a Wiener sheet on R x [0, +00).
We build an approxmlatlon in the form of a discrete-time flow using the following
sequence of series of stationary Gaussian processes:

k+1

{& (u) :/R/ﬁ ! Y(u—v)W(dv,ds),u e R,k =1,...,n},>1

via the recurrence equation:

w1 (u) = o (u) + §p (2 (),

x5 (u) = u.

We define a sequence of processes {z,(u,t),u € R,t € [0,1]},>1 as a sequence of polyg-
onal lines on time interval [0, 1] with edges at the points (2 (u), %) According to the

Theorem 4 in [2] there is an estimation on the rate of convergence of the approximation
scheme (4.2):

(4.2)

(4.3) E sup |z (u) —z(u,1)| <
u€[0,1]

Sl

So, for any continuous bounded function ¢ : R™ — R
~ L L,
o (wn(@1)) 53 ola(@,1).

Therefore, the expansion terms of ¢(a (%)) converge.

We give an informal calculation of the explicit form of the first term of the It6—Wiener
expansion for ¢ (z(i, t)) and derive a representation for ¢(z;,,(@)). Consider the following
Cauchy problem:

) Ll = 0? , .
—U(s, %) + = Z D(u; —uj)=——=—U(s, @) =0,s < t,d € R™,

( i)
Os 2 = Ou;0u;
Ul(t,u) = f(ﬁ)7
where T'(-) = [ ¥( (u)du.

Denote by {Tt}tZO the set of operators that define a solution to this boundary value
problem, i.e. Ty_,f(@) = U(s, @) and define R} __ f(@,v) = (u; — v)%Tt_sf(ﬁ). By Ito
formula applied to the function {U(t, @),t >, 4 € R} we have:

m t
(4.4) Fa(@ ) =Tuf @)+ / / Ri_f(a(@, ), 0)W (dv, ds).

i=1 /R0
Note, that from this expression it is follows that T;f(@) = Ef(xz(d,t)). Applying 1t6

formula to the function R:__f(z(i,t),v) and using (4.4) we get the first term of Krylov—
Veretennikov expansion:

(4.5) Aif *Z// Totp(u Tt sf(@)W (dv, ds).
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We can use the results of the previous section to write the first term of expansion for
f(xfzt] (@)). Suppose that f € S(R™). Let us denote by {K% }7_, the semigroup of
operators which are defined by the rule:

Ko J () = Bf () = | f@)pa(F D),

where p,,(+, @) is the density of distribution of the random vector (u; + &£} (u1), ..., uUm +
&M (um)). Then

Ky o= Kb () = Ef (e} (@)).
Denote by S}, (@) = [am f( ) e _p, (Z,7)dZ. The first term of the It6~Wiener expansion

of p(z} (%)) in termb of operators {Qk}r>0, which were defined in Section 2, has the
form:

k—1
k—j—1 o .
> QHQ1Q0 T (i i),
7=0
where
kt1

{wi(v) = / / " (o — )W (dy, ds),v € R}

is a Wiener process.
Since Qkf = K f and from the Lemma 3.1 for f € S(R™):

Q1 f(u Z/ / — )W (dv, ds),

by the Theorem 3.1 the first term of It6-Wiener expansion of f(«} (%)) has the form:

k-1 n

Apnf = ZZ// K5 ((u; —0)S, Ky (@)W (dv, ds).

7j=0i=1

Note that the operator K ; can be exchanged with the integral with respect to Brow-
nian sheet if ([12], Theorem IV.65)

//m V)8 K smgm f(7 )> P (¢, @)dydv < +oo,

where p/ )( i) is the density of distribution of the random vector z7 (). By Fubini’s

theorem the last integral is equal to

[ [ o= o (siki o s@) o) @ drdudy =
m JR

= [ (SiR e 1) oG

As is was proved in the previous section, for f € S(R™) Ki—j—1 f € S(R™), and so
SEKk—j1 f € S(R™), therefore the last integral is finite. Integrating by parts we obtain
for every j =0,...,k—1:

, 0
SiKea fO) = = [ @) Ko f(@)d7 =
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Therefore, the first term has the form:

m k—1 Jtl 8
46)  Aunf ::ZZ// K3 (9~ 0)K s o Kaesos f(0) W (do, ds).
i=1 j—0 'RV % i "

As one can see, this formula is similar to the first term of Krylov—Veretennikov repre-
sentation for f(x(u,t)) (4.5).
From the estimation (4.3) we get the rate of convergence for the first term of expansion:

Proposition. Let ¢ € Lip(R™), then
E[A1p(10) — A1,np(t)| < %
Proof. The proposition follows from the estimations:
E(A19(@) — A1np(@))” < E(p((i, 1)) — p(ay (@))* <
< LPEl|a(a@,1) — ap(@)|* <

L2
<mL*E sup |z(u,1) — 2™ (u)]* < LA

u€[0,1] n
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