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V. A. KUZNETSOV

ON THE LARGE-DEVIATION PRINCIPLE FOR THE WINDING
ANGLE OF A BROWNIAN TRAJECTORY AROUND THE ORIGIN

In this article we analyse the possibility of obtaining the large-deviation principle for
the winding angle of a Brownian motion trajectory around the origin. We prove the
weak large-deviation principle and show that the full large-deviation principle cannot
hold with any rate function.

1. INTRODUCTION

The study of the winding angle of a planar Brownian motion has a long history.

F. Spitzer in 1958 proved [1] that Qi(f) % ¢. Here ®(t) is the angle that the 2-
— o0

dimensional Brownian motion started from non-zero point wound around the origin up
to time ¢, ¢ is a random variable with the standard Cauchy distribution, that is, a
random variable with the distribution density p(x) = m More subtle asymptotics
describing the behaviour of the winding angle were obtained in works of Zhan Shi [2],

J. Bertoin and W. Werner [3]. For example, one of the results of [2] is that

Inlnlnt 0
lim ———— sup |P(u)| = — as.
t— o0 nt  og<u<t 4
The asymptotical behaviour of mutual winding angles of several two-dimensional
Brownian motions is studied in [4] in connection with the behaviour of solar flames. This
problem was solved in the article [5]. In this article the following result was obtained.

Theorem 1.1 ( [5]). Let wy,....w, be independent two-dimentional standard Brownian
motions starting from pairwise distinct points of a plane. Then for the winding angles
®;;i(t) of the Brownian motion w; around the Brownian motion w; the following asymp-
totical relaton holds:
2 . d .
iy < < 1< <n).
<lntq>”(t)’1 <i<j< n) m (Cij,1<i<j<n)

Here Cy5,1 <4 < j < n, are independent random variables with the standard Cauchy
distribution.

All the cited results deal with the asymptotics of winding angles as t — oo. In this
article we study the asymptotical distribution of the winding angle process as t — 0. We
consider the possibility of obtaining the large-deviation principle for the winding angle
of the Brownian motion. Let us remind the formulation of the large-deviation principle
(LDP).

Definition 1.1. Let X be a metric space, (& )->0 be a family of random elements in X,
I: X — [0, 00] be some lower semicontinuous function. For any subset A C X we denote
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I(A) = ig(fq[(x). We say that the large-deviation principle (LDP) with rate function I
holds for the family (£.)e>o if for any Borel set A C X the following inequalities hold:

—I(A°) <limelnP(¢ € A) < hTr[l)glnP(&a € A) < —I(A).
e—

e—0

Here we denote by A° the interior of a set A and by A the closure of A.

Definition 1.2. Let X, ({.)e>0, I be as in Definition 1.1. We say that the weak large-
deviation principle (weak LDP) with rate function I holds for the family (&.).s¢ if for
any open set G C X and compact set K C X the following inequalities hold:

—I(G) < limeln P(& € G),

e—0

I <_
limeln P € K) < —I(K).

In the article we consider the asymptotics of the same expressions in the following
situation. Let X = C([0,1]) with the uniform norm. Let us now define random elements

®,. with values in X.
1 0

To any continuous function f: [0,1] — R2,0 < ¢t < 1 with f(0) = (O> , ft) # <0
for all t € [0,1], we can put in correspondence a function ®(f) € C([0,1]), that is a
continuous version of the winding angle of f around zero. So, we introduced a mapping

o {recon) |10 = (g) webaso#(g)} - co.

é) . Denote by w,

the process of the form w,(t) = w(et), t € [0,1] for € > 0. Now we can consider the family
of the random elements ®. = ®(w,) with values in C([0,1]). Note that these random
elements are defined with probability 1, as for any € the probability that w. hits the
origin is 0.

In this article we consider the following question: can we find such a function J that
for the family of random elements (®.) the weak LDP or LDP with rate function J holds?
In Section 2 we show that the weak LDP holds for (®.). In Section 3 we show that the
estimates of the LDP hold for the class of cylinder sets in C([0,1]). However, the full
LDP for (®.) does not hold, as we show in Section 4. In Section 5 we apply the method
used in the proof of mixed LDP [6] to obtaining the lower estimate on lim 1ln P(®. € G)

e—0
and upper estimate on lirr%)sln P(®. € F) for open sets G and closed sets F'. The use
e—

Let w be a two-dimensional Wiener process starting from the point (

of this method is possible due to the representation of the two-dimensional Brownian

moton in a skew-product form [7]. That is, a two-dimensional Brownian motion w(t) can

be represented in the form w(t) = R(t)e™® | where R(t) = ||w(t)|| is a Bessel process,
t

6(t) is a Brownian motion with changed argument: 6(¢) = 3(U;), where Uy = [ %, B is
0 s

a one-dimensional Brownian motion. Here the processes R; and 3; are independent.
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2. WEAK LDP FOR THE WINDING ANGLLE

Denote by I(x) the rate function for two-dimensional Brownian motion starting from

the point (é), that is,
2 1
2 f ||£L' | dS .’L'(O) 0 9

I(z) =
0o, (0) # (é) .

We adopt the agreement that f |lz’'(s)||?ds = oo, if 2 is not absolutely continuous. In
this section we prove the followmg theorem.

Theorem 2.1. For the random elements ®. € C([0,1]), the weak LDP with the rate
function J(p) = I(P~1(¢)) holds.

Remark 2.1. Here and in what follows, we denote by ®~1(A) the closure in C([0, 1], R?)
of the set ®~1(A) = {x € C([0,1],R?) : (0) = (é) LVt € 10,1] |lz(t)] > 0,®(x) € A}
We write ®71(¢) for @~ 1({¢}).

Note that while investigating the question of whether the LDP is valid for the fam-
ily (®.), it would be natural to try to show that the LDP does hold with the help of
contraction principle [8]. Indeed, the random elements ®. are obtained from the ran-
dom elements w. with the help of the mapping ®. But this mapping is not continuous
on C([0,1],R?). Nevertheless, for some non-continuous mappings the LDP can be ob-
tained [8], [9]. For example, in the article [10] the LDP for the stopped Wiener process
was proved. More precisely, the random elements w(et A 7) are considered. Here w is
a d-dimensional Wiener process, 7 = inf{t : w(t) € B} A1, B C R? is some closed set.
These random elements are obtained from the random elements w. with the help of the
mapping ¥, where for f € C([0,1],R9)

7(f) = if{t: f(t) € B} AL W(f)(t) = f(EAT(S))t€[0,1].
The proof of the upper estimate in [10] is based on the relation
I(U™H(F)) = I(¥-1(F))

for closed sets F. But in our case the analogous equality I(®—1(F)) = J(F) is valid
not for all closed sets F'. However, it holds for compact sets F' C C(]0, 1]), and this fact
allows to obtain a weak LDP for ( )

First we show that the function J is lower semicontinuous. We need the following
lemma.

Lemma 2.1. For any compact set K C C([0,1]) we have
O-I(K) = {r(t)e”M,0<t<1|¢ € K,$(0) =0,r € C([0,1]),7(0) = 1}.

That is, the closure of ®~'(K) contains only functions of the form r(t)e’®®) with some
¢ e K.

Remark 2.2. This property does not hold for non-compact sets. For example, if

A={pecC([0,1)): ¢(0) = 0, ¢(1) > 1},
then it can be easily seen that the closure of ®~!(A) contains the function z(t) = 1 —t,
0 < t < 1, which does not have the form r(t)e?*®) for any ¢ € A.
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Proof. Let x € ® 1(K). Then there exists a sequence z,, — zg,7, € ® }(K). Let
on = ®(x,). For any n, ¢, € K. As K is compact, there exists a convergent subsequence
{&n,, } with ¢, — ¢ for some ¢g € K. Let r,(t) = ||z, (t)], ro(t) = ||xo(t)]|. We have
T — 7o in C([0,1]). Thus, @, (t) = r,, (t)e?m:® == ro(t)e'®0® for any t € [0,1]. As
—00
the limit is unique, we get
Vit e [0,1]z(t) = ro(t)ee®.

This proves the inclusion

O-I(K) C {r()e’D,0 <t < 1| ¢ € K,$(0) = 0,r € C([0,1]),7(0) = 1}.
The inclusion

{r(t)e®® 0<t<1|¢ e K,4(0)=0,r € C([0,1]),7(0) =1} C d~1(K)
is obvious. g

Lemma 2.2. The function J(¢) = I(P~1(¢)) is lower semicontinuous on C([0,1]).

Proof. We show that for any C the set {¢ € C([0,1]): J(¢) < C} is closed.

Let ¢, € C([0,1]) be such that ¢, — ¢, and J(¢,,) < C for all n > 1. We prove that
J(¢o) < C as well. Choose x,, € ®~1(¢p,) with I(zy,) < J(¢y) + +. As I(z,) < C+1
for every n and the level sets of I are compact, we obtain that all z,, belong to the
same compact K = {z: I(z) < C + 1}. Thus, there exists a subsequence {z,,} with

Zn, — x9 € K. We have I(zg) < lim I(z,, ) < C.

k—o0

For each n > 1 we have x,, € ®~1(¢,,). Thus, by Lemma 2.1 applied to compact sets
{¢n} we obtain x,(t) = ||z, (t)]|e!*"® for all n. As x,, — xo and ¢, — do, we get

2, ()l = Jlaro (£) € (k — o).
On the other hand,
2 ()]0 ®) = 2, (8) = 0 () (k = 00).

As the limit is unique, we get zo(t) = ||zo(t)||e*?*® for any ¢ € [0, 1]. Thus, 2o € ®=1(¢y),
and J(¢o) < I(xg) < C. O

Now we prove the upper estimate in the weak LDP for ®..
Proposition 2.1. For any compact set K C C([0,1]) the following holds:
m eln P(®. € K) < —J(K).
e—0

Proof. We have from the LDP for Brownian motion:

limeln P(®. € K) = limeln P(w. € &~ H(K)) < —I(®-1(K)).
e—=0 e—0

By Lemma 2.1, we have

1K) = | 379
PpeK

Thus, I(®~1(K)) = (;gf(l(q)_l(@) = (;g{ J(¢) = J(K). So, we get

@)HHP(@E eK)<-I(d71(K)) = -J(K).
e—

O
We proceed to the proof of the lower estimate in LDP. We need the following lemma.

Lemma 2.3. For any open set G C C([0, 1]) we have
J(G) =1(®71(Q)).
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Proof. Tt is clear that J(G) = ;relfal(Q—l(qb)) < inf I(®71(¢)) = I(®71(G)). Let us
prove the opposite inequality, that is,
re-e) < e =1 | #76)
el

Take any g € ®~1(¢g) for some ¢y € G. We need to prove that I(®~1(G)) < I(xo).
First, consider the case when xy does not pass through the origin:

vt € [0, 1] [lzo (@) # 0.

We show that in this case 2o € ®71(G), and so the desired inequality holds. Indeed, by
Lemma 2.1 applied to the compact set {¢g}, 2o has the form zq(t) = ||zo(t)||e’?*®). As
xo does not pass through the origin, we get ®(zo) = ¢o. Thus, zg € ®71(¢) C d~H(G).

Now, consider the case zo(tg) = for some ty € [0, 1]. Denote

0
0

7 =inf{t € [0,1]: ||zo(t)|| = 0}, 75 = inf{t € [0,1]: ||zo(t)|]| = 0},d € (0,1).
Fix ¢ > 0 with B.(¢9) € G. Choose any function ¢ € B, /5(¢o) with the property

Y/ (s)%ds < +oo.

O\H

Define for all § > 0 functions x5 € C([0, 1], R?) in such a way:

x0(t),0 <t < 74,
25(t) = { wolrs) s <t <7,
SetWO=v(M)+d0(76)) ¢ > 7,

It is easily seen that z5 € ®~1(G) for all § small enough, and

Ts 1
1 / 2 62 / 2
0= [ lape)lds + 5 [ w'(sy2as
0 T

1 1
Thus, as [ ¢/(s)%ds < +oo, we get ;in% 62 ['(s)?ds = 0. We also have
0 - T

75
1
> 5 [ i) Pds
0

for all § > 0. Therefore, I(®~1(G)) < ﬁ)](l‘g) < I(x). O
—

Now we are ready to prove the lower estimate.

Proposition 2.2. For any open set G C C([0,1]) the following holds:
limeln P(®. € G) > —J(G).

e—0

Proof. Denote for any a € R% x € C([0, 1], R?)
(T,x)(t) = z(t) + a,t € [0,1].
Then T,z € C([0,1],R?). Set for A C C([0,1],R?)
T.(A) = {Tazx |z € A}, T(A) = | Ta(A).

a€R?
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For any open G C C([0,1]) the set T(®~(Q)) is open in C([0, 1], R?), and
1(274(G)) = [(T(27H(Q))).

(Note that ®~1(G) is not open in C([0,1],R?), as x(0) = (é) for any z € ®71(Q)).

Thus, we have by the LDP for Wiener process and Lemma 2.3:
limeln P(®. € G) = limeln P(w. € @~ 1(Q)) =
e—0

e—0

= limeln P(w. € T(®71(G))) = ~I(T(271(G))) = ~1(27(G)) = —J(G).

e—0

From Propositions 2.1 and 2.2 we obtain Theorem 2.1.

3. LDP FOR CYLINDER SETS

In this section we prove the upper estimate of the LDP for cylinder sets in C([0, 1]).
As we will see in Section 4, the full LDP does not hold for (®.).

Theorem 3.1. Let B CR™ be a closed set, 0 <t; < ... <ty <1,
A={¢eC([0,1]): (¢(t1),.. ., d(tm)) € B}.
Then the following estimation holds:
lim < - .
ili%elnP(@E e A) < —-J(A)
Remark 3.1. The lower estimate of the LDP for all open sets G C C([0, 1]) was obtained
in Section 2.

For the proof we need several lemmas.

Lemma 3.1. Let A C C([0,1]) be closed, zog € D=1(A). If ||zo(t)]] > 0 for any t € [0, 1]
(that is, if xo does not pass through the origin), then xo € ®~1(A).

Proof. Choose ,, € ®~1(A) with z,, — z¢. As ® is continuous at z, we have
D(x,) = P(x0).
As A is closed, we get ®(zg) € A, and thus zo € d71(A). O

Lemma 3.2. Let A C C([0,1]), zp € ®~1(A). Let 7 = inf{t € [0,1]: ||zo(®)| = 0} A 1,
yo(t) = zo(t AT). Then yo € P~1(A).

Proof. 1t is sufficient to consider only the case when zy passes through the origin. Choose
xn € ®71(A) with z,, — mo. Set 75 = inf{t : ||xo(¢)|| = §} for 0 < § < 1. Let

v (t) = {TZ,E?ZQ)tF ”
Wxn(t),t > 75.
Then ®(yy) = D(z,) € A, 4, = yo (n = 00) in C([0,1],R?). Thus, yo € ¢~1(4). O
Lemma 3.3. Let t; < to be real numbers, ¢: [t1,t2] — R be a continuous function
with T¢'(s)2ds < 400, h: [t1,t2] = R be a positive continuous function, {a,}52, and
{Bn}%:l be two sequences of real numbers with c,, — 0, 8, — 0. Then there exists a

to
sequence of functions v, € C([t1,t2]) with [ (s)*ds < +oc that satisfies the following
ty

conditions:
o Y, (t1) = ¢(t1) + oy, for every n;
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. wn(tg) ¢(t2) + Bn for every n;
. fh 5)2%ds — fh '(s)?ds.

Proof. Set 1, (t) = 4+ E2=9n(t — 1), b, (t) = ¢(t) + I (t). We have

to—t1

/h V2ds — /h )V2ds = /h 2ds+2]2h(s)¢’(s)z;(s)ds =

_ <€Z = Z")Q]zh(s)ds 42 @; - ‘;‘1") 7h(5)¢'(5)d5 —0(n — o).

t1 t1

O

Lemma 3.4. Let B CR™ be a closed set, 0 <t; <...<t, <1,
A={peC([0,1)): 6(0) = 0, (¢(t1), - - -, o(tm)) € B}
Then
I(@71(A)) = 1(2=1(4)) = J(A).
Proof. As I(®-1(A)) < J(A) < I(®71(A)), we need to prove only
1(@71(4)) < I(@~1(A4)).

Take any zo9 € ®~1(A). We will show that I(®~1(A)) < I(xo).

Without loss of generality, we consider t,,, = 1 everywhere in the proof. First consider
the case when g does not pass through the origin. By Lemma 3.1, we get zo € ®~1(A),
and thus I(®~1(A)) < I(xo).

Now, we assume that xg passes through the origin. Denote

7 =inf{t € [0,1] : ||=(¢)]| = 0}.

By Lemma 3.2, we may consider xo(t) = <8) for t > 7. Set tg = 0. Let k,1 <k <m be
such that 7 € (tx_1,tx]. We have then

zo(to) = (é) + (8) Jzo(th) # (8) ez (t) # (8) zo(ty) = (8)

Choose a sequence xz,, — zg with x,, € ®71(A) for each n. Denote ¢, = ®(z,). Let
¢(t) be a winding angle of xo(t) defined on [0, 7). We have ¢, (t;) — ¢(t;), n — oo for
i=1,... k1.

Fix any a > 1. Choose functions ¢y, ;: [t;—1,t;] — R for i = 1,...,k — 1 with the
properties

® Yni(ti-1) = Onltiz1);
° Q/Jn 7,( 7,) (bn(tz)v
t;
tf lzo(s)I?47, +(s)%ds %tf lzo(s)[[2¢' (s)?ds (n — o0).
i—1 i—1
Such functions exist by Lemma 3.3.
We put
Yni(t),tion <t <t,i=1,....k—1,
n(t) = On(te—1),te—1 <t <tp_1+ ¢a
T Y bnth), i =k k4 1,...,m,
linear on each closed interval [t;_1 + %, te], [tk thst]s - - o [Eme1, tm]-
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As 1, is piecewise linear on [tr—1 + %, 1], we can choose §,, > 0 with

1

52 Ui (sVds < o
e
and
T = inf{t: |xo(®)|| = On} > te—1-
Let

lzo(t)],0 <t < tgu,
pu(t) = lwo(th—1 + a(t — t—1))|],0 < <ty + 2=,
6n7t Z tkfl + %

Set Y, () = pn(t)e¥® ¢ €[0,1]. We get

k=1 [ U 2 ty
21 =3 [ (Gl ds+ [ laaCo)?e o7as | +
=1\, 7
Tn d 9 1
+a? / (dsxo(s)|) ds + 02 / W (s)%ds <
o O
k—1 ti d 2 t
<[ (Gtmoo) as+ [ oo o7as | +
=1\, e
h 1
a2 [ aplPds+ 5 —
th—1
k—1 t d 2 t; 1
o | [ (o) ast [ laalrseras | va? [ gt <
i=1 i o WL

1
< a? / 2 (s) % ds = 221 ().
0

We obtain therefore
lim I(yn) < a®I(zo).

n—oo

As ®(y,) € A for each n, we get I(®~1(A)) < lim I(y,), and thus

n— oo
I(®71(A)) < o®I(x0).
As a > 1 is arbitrary, we get
I(®7(A)) < I(zo).

Now we prove Theorem 3.1.

Proof. From the LDP for Brownian motion we have

Tim = In P(®. € A) < ~1(D-T(4)).
E—r
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By Lemma 3.4 we have J(A) = I(®~1(A)). Thus,
lim < - .
gli%eln P(®. € A) < —-J(4)

4. THE ABSCENCE OF THE LARGE-DEVIATION PRINCIPLE FOR THE FAMILY ((I)E)

Let us show that the LDP for the family (®.).~¢ cannot hold. First we prove that

the LDP with the rate function J(¢) = inf I(z), where
z€P~1 (o)

: / 2 — 1
%ng(sHId&:MO)<O>,

I(z) =
50, 2(0) # (;) ,

Proposition 4.1. There exists such a closed set A C C([0,1]) that the following condi-
tions hold:

o @)alnP(Q)E €A)> -1
e—
e for some C > 1: I(®71(A)) > C, and for any ¢ € A
1(271(¢)) = C.

is not satisfied.

The proof of this propositon is based on the following lemma.

jus

5, with probability 1 the following relation holds:

Lemma 4.1. For any o >

1
limeln P(®.(1) > a) = —3

e—0
Proof. We fix some o > 7. We have to prove the following:
1 — 1
—— <limelnP(P.(1) > a) <limeln P(P.(1) > a) < ——.
e—0 e—=0 2
First we make the estimate from above. We have

{o= (L) ecto.2) 20 = (§) 2l 2 o} <

c {x L B(2)(1) > g} C{z:2M(1) <0}
So,
— 1
: i (1) - =
C}li%elnP(q)E(l) >a) < ili%elnP(we (1)<0) = 5

(1) 1
Here w = (5(2)) is a two-dimensional Wiener process starting from the point (0>,

wgl)(t) = w(et),t € [0,1]. Now we make the lower estimate. For any § € (0,1) we

denote 85 = 27“ and consider the trajectory (Zjé((g > € C([0,1],R?), defined by relations
5

1-t0<t<1-04;
fetbs(t=(1-0)) 1 _§ < ¢ < 1.

x5 (t) + 1ys (t) = Z(;(t)7 Zg(t) = {
It can be easily seen that

1 1 1
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Let G = {x € C([0,1],R?): z(0) = ((1)) VYt € [0,t] [|z(t)]] > 0, P(x)(1) > a} . We have
then z5 € G, and
limeln P(P.(1) > o) > limeln P(w € G) > —I(G) > —1(zs).

e—0 e—0

Using I(z5) — £(0 — 0), we get lim eln P(®.(1) > o) > —

e—0

. O

N[

Now we prove the Proposition 4.1.

Proof. We divide our proof into 3 parts. In the first part we construct the set A. In the
second part we prove that the set A is closed. In the third part we find such C > % that
the second condition of the proposition is satisfied.

(1) Let a € (0,%) be some positive number such that 322 > 3 for 0 < z < a. We
fix an increasing sequence o — oo (K — o0), such that ay > 7 for any &, and
a decreasing sequence g, — 0(k — o00). We also need a decreasing sequence
ty — 0(k — o00) with 0 < ¢ < % for each k, which will be built later. Set

A= |J A, where Ay are defined as
k=1

Ay = {¢ € C([0,1]): ¢(0) = 0,¢(1) > ak’te[il,ltpk,l] ?}% > 1} :

Now we specify the sequence t;. We choose t; inductively in the following way.

Set tg = “4—2. Having constructed t;_q for some k > 1, choose n = n(k) > k such
that
In P(®., (1) > )>—}—i
enIn P(®,, Z O 5 ok
This choice is possible due to Lemma 4.1. Now find ¢5,0 < t; < tx_1, in such a

way that
1
P(®,, € A;) > 5P(<I>8n(1) > ay).
This can be done, as
P, (t
lim P sup 40 >1| =1,
u—0 t€ uytn_1] V2t

which follows easily from the law of the iterated logarithm.
So, we provided an algorithm to construct sets Ax. Now we have

En(k) IHP((I)EH(M €A > En(k) In P ((I)€n(k) € Ak) >
1 1 1
ZEn(k) hl <2P((I)5n(k)(1) Z Oék)) > _En(k) ln2 — § — 27]6

€ 4)>—3.

(2) We show that the set A is closed. Let the sequence {¢,}>2; be such that for
any n: ¢, € A, and ¢, — ¢(n — o0). Let us show that ¢ € A as well. As

From here we get klingo En(ky In P(Pe,

A= J Ag, then for any n there exists a number k(n) such that ¢,, € Ay(,). As
k=1
dn(1) = ¢(1)(n — 00), then the sequence {¢,(1)} is bounded, and so the set

{k(n)} is bounded. Therefore, there exists ko such that ¢, € A, for infinitely
many indices n. It can be easily seen that all sets Ay are closed, and thus
xS Ako C A.
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(3) Now we check the second condition of the proposition. Let us estimate I(®~1(¢))

for any ¢ € A. Choose any z € ®~1(¢). Since  sup 21 > 1 for some k, there
tE [ty tr—1] Ve

exists h € [tg,tx—1] such that ¢(h) > v2h. Thus, the trajectory z has to cross
the line [ defined by the equation y = x tan v/2h before the moment h, and the
same property obviously holds for any z € ®~1(¢). As the distance from the

point z(0) = <é) to the line [ is equal to sin v/2h, and h < %2, then

r sin 2 sin ? 2
0

Thus, for any ¢ € A I(®~1(¢)) > . The same considerations show that
I(®1(A)) > -%. So, the second condition of the proposition is satisfied with

9 16 °

[N

O

Now we show that the family of random elements (®.) can not satisfy LDP with any
rate function I. For this we need several lemmas. We denote

1) = 5 [ I/ w) P,
0

Lemma 4.2. For any ¢ € C([0,1]) the following equality holds:

() @' (Bs()) = &'(9).

6>0
Proof. If x € ®=(Bs(¢)) for all § > 0, then ®(x) € Bs(¢) for any § > 0. This means
that ®(z) = ¢. O
Lemma 4.3. For any ¢ € C([0,1]) such that ¢(0) = 0 the following holds:

() &71(B:(9) = 21(9).

6>0

Proof. Let 29 € () ® 1(Bs(¢)). Then for any § > 0 there exists x5 € ®~(Bs(¢)) such
5>0
that ||zs — xo|| < 6. Therefore, 5 —2 To-
N

Now we choose y; in such a way that ys € ®~1(¢) and ys — 20 (§ — 0).
Let x5(t) = rs(t)e’®s ™. Set ys(t) = rs(t)e’®®. We show that ||ys — 5] — 0(6 — 0).
For any ¢ € [0,1]:
lys () — @5 (t)]| = rs(t)]e'?® — e O < rs(1)|(t) — d5(t)]-
Thus, |lys — zs|| < |rs| - |6 — &s]| = 0(6 — 0). Now we have z5 — xo, ||ys — z5|| — 0.
Therefore, ys — x9(6 — 0). As ®(ys) = ¢, then ys € 71(¢). So, zg € P~1(¢). a

Lemma 4.4. If I(®~1(¢)) < 400, then I(®~1(Bs(¢))) = I(®—1(9)).
—

Proof. We show that for any sequence §,, — 0, d,, > 0 the following holds:
1@ (85, (9) —— 1(@1(9).

As I(®~Y(Bs, (¢)) < I(®1(¢)), then all we need to show is that for any ¢ > 0 the
inequality

I(®~1(Bs,(9)) < I(2(9)) — 2¢
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can not hold for all n.
Suppose the opposite, that for some € > 0 we have for all n:

1(®~1(Bs, () < I(®71(9)) — 2.

Then for any n we can find z,, € ®~1(Bs, (¢)) such that I(z,) < I(P71(4)) —e.

But I(®-1(¢)) < +oo by the condition of lemma. Thus, I(x,) < I(®71(¢))—e < +o0
for all n.

The set K = {x : I(x) < I(®71(¢)) — €} is compact. Therefore, all x,, are in one
compact K. Thus, there exists a convergent subsequence {z,, }?> , of the sequence {z,, }.
Let z,,, — xo(k — 00). As zg is in the same compact K, then I(zg) < I(®P~1(¢)) — e.
On the other hand, zy € QCI)_l(B(;nk (9)) = 2 1(¢).

So, xg € D71(¢) and I(xg) < I(P~1(¢)) — e. We got a contradiction. O

Lemma 4.5. If I(®=1(¢)) = 400, then I(®=1(Bs(¢))) Y +o0.

Proof. Tt is clear that I(®—1(Bs(¢))) does not decrease as 6 — 0. Therefore, there exists
a finite or infinite limit ;in(l) I(®~1(Bs(¢))). Suppose that this limit is finite:
—

lim 1(3-1(B5(9)) = A < +oc.

Then for any sufficiently small 6 > 0 there exists x5 € ®~1(B;(¢)) with I(zs) < A+1.
As the level sets of I are compact, we get, as in proof of Lemma 4.4, that x5, — x¢ for
some sequence {0, }22 1, §, — 0(n — oo). Therefore, we have

o [(xg) <A+1;
o 7 €(1271(Bs,(¢)) = 21(9).

Thus, I(®~1(¢)) < I(xp) < A+ 1 < +oo. This is a contradiction. O

Lemma 4.6. For any ¢ € C([0,1]) the following convergence holds:
1(@71(B5(9))) ——» 1(271(9))-
—0
This lemma is a consequence of Lemmas 4.4 and 4.5.

Lemma 4.7. If for the random elements (®.) the large-deviation principle with a rate
function I holds, then for any ¢ € C(]0,1]), #(0) =0, the following inequality holds:

1
I0)= 107@) = it 5 [ |a'(w)lPdu
0

ze®~1(¢)
Proof. With the help of the supposed LDP for (®.) and LDP for (w.) we have:
—I(B5(¢)) < lim e In P(®. € Bs(¢)) = lim eIn P(P(w.) € B5(9)) =
= limeln P(w. € @ (Bs(¢))) < —I(2~(Bs(9))).

e—0

From here we get I(®—1(Bs(¢))) < I(Bs(¢)). But I(Bs(¢)) < I(¢). So, we get

1(271(B;(9))) < 1(9)- N
Tending § — 0 and using Lemma 4.6, we get [(®~1(¢)) < I(¢). O

Theorem 4.1. The large-deviation principle with any rate function I cannot hold for
the family ().



LDP FOR THE WINDING ANGLE 75
(oo}
Proof. We consider the set A = |J Ay from Proposition 4.1. By Lemma 4.7, we get
k=1
Vo e A 1(¢) > I1(2-1(9)).
On the other hand, by Proposition 4.1, for any ¢ € A
1@ () > C.

Thus, I(A) > C > % But this contradicts the inequality

1
. >_1
il_r)r&&lnP(@e c€A)> 5

5. EXPONENTIAL ESTIMATES ON WINDING ANGLES

Despite of the abscence of the LDP for the family of random elements (®.), the
exponential estimates on the behaviour of the probabilities P(®. € A), while ¢ — 0,
still can be found. One of the methods to obtain such estimates is to apply the LDP
for the Wiener process to probabilities P(w. € ®~1(A)). Here we use another approach
based on the representation of the winding angle of the Wiener process w in the form

¢
8 < f ”“)?5”2) . This approach is analogous to the mixed large-deviation principle
0

from [6]. But in our case the estimates obtained in such a way coincide with the estimates
obtained with the help of the first approach.
In this section we use the following notation:

e w is a two-dimensional Wiener process, w(0) = <é),

o w(t) = w(et),t € [0, 1];
e (3 is an idependent from w one-dimensional Wiener process, 3(0) = 0;

o B.(t) = B(et),t € [0700);
« B {x € C((0,1],R2): 2(0) = (é) Ve [0,1] ()] > o};
« D= {reC(0,1]): r(0) = 1,vt € [0,1]r(t) > 0.

From the relation &, i

(f T (S |2) it follows that the study of the asympotical
behaviour of the distributions of the random elements ®. is equivalent to the study of
random elements 3. ( Ik W

We will need several technical lemmas.
Lemma 5.1. Let A C C([0,T]) be a measurable set, xo € C([0,T],R?) be some function
satisfying the conditions x¢(0) = (é) s Nlzo(®)]] > 0 for all t € [0,1]. Then the following

estimation takes place:

J— T du<limslnP / cAl| <
5 oen o/” ()¢ (w)*du < lim 5| | Tno :

T
<limelnP | B / s €Al <—5 mf /on MN2¢ (u
e—0 on )l 2 peA0(0)=0.)
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Proof. Let h(t f g L0, T B={¢poh™" | ¢ € A}.

Then we have
r 56 / H H2 €Al = P(ﬂs(h()) € A) = P(ﬁs|[o7h(T)] € B).

By the LDP for Wiener process, we get

R(T)
T2 weBc}Iilbf(O o O/ V() du < limy eln P(Bel iy € B) <
h(T)
< EliE)sln P(Belpnry € B) < —% ¢e§i,ﬁf0):o / W (u)?du.
Now the use of the change of variables formula gives the needed estimation. O

Lemma 5.2. Let 79 € C([0,Tp], R?) be a function such that

20) = (g) ¥t € 0.3 hao(0)] > 0,

Then for any L > 0, p > 0 there exists a neighborhood U, (zo), n = n(L) > 0, such that

E}slnP Jz € Uy (xo) 3t € [0, To]:

t t
ds ds
O/ FGE) / oGl || 74 <7

Proof. We choose h in such a way that % > L. Find a neighbourhood U, (z¢) such that
the following condition holds:

t t
ds ds
ve € Uy(zo) vt € [0, o) / EOIE ‘/ Tm@E| <™
0 0

Let T = sup f Hac(s Ta(sz- Then
zeUy(x0) 0

ds
P 3$€U($0)3t€ OT() /HZE ”2 _Bg /W > u <
0

< P(Elsl,SQ € [0,T]: |s1 — s2| < h,|Be(s1) — Be(s2)| > 1)
Put
F={¢peC(0,Tp)) | $(0) =0,3s,t € [0,T]: 0 <t —s<h,|p(t) — ¢(s)| > pu}.

It can be easily seen that the set F' is closed. But for any function ¢ € F' the following

holds:
To

t—s
0
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Therefore, I(F) > % Thus,

limeln P | 3z € U,(x0) 3t € [0, Tp)]:

e—0
t t
/ ds y / ds Sl <
 Te@IE )~ TGP -

<lmelnP(B. € F)<—— < —L.
e—0

w
oh
0

Let us now obtain the lower estimate on the probabilities for the random elements ®.
to lie in an open set G.

Theorem 5.1. Let G C C0,1] be an open set. Then

1

. 1

el P@. €G3 it () + o) )
0

Proof. We will use the relation that follows from the mentioned in the end of Section 1
representation of the two-dimensional Brownian motion in a skew-product form:

0. (] o)

Consider any function xzy € B. Choose any ¢y € G and any open ball Us(¢g) C G
Fix L > 0. Choose a neighbourhood U, (z¢) in such a way that

— ds 4]
(1)  limelnP sup / -5 /7 > - | <—L.
=0 ()] “\J Nzl 2

t€[0,1]
z€U, (x0)

This can be done by Lemma 5.2. We have

@ e (o ([ o) <€)=

- ds
> P B 0/”330(5)”2 GU%(‘ZSO)»

t
ds )
sup / — Be /7 < —,we € Up(x0) | >
it G | TG ) | < 2= € Tl

x€Uy,(x0)

ds
>P ﬁa 0/”330(5)”2 %((;50) We € Un(xo) —

t t
ds ds é
- P sup |B / -8 /7 > =
teo] | [z(s)I]? : [zo(s)1? 2

z€Uy, (o) 0 0

As B. and w, are independent, we get
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e—0

d
(3) 117m51nP 55 /m %(Qbo) We € Un(xO) Z
0

. ds .
>limelnP | B /m EU%(%) + lim eIn P (w. € Uy(xo)).
0

e—0 e—0

By Lemma 5.1, we get

(4)
/ d 1
s

limeln P —_— > —— f

= O/m0(5)||2 Ugloo) | = 2 6eUs (o ).6(0)= O/H w(Ie'(u

By the LDP for Brownian motion, we have

1
(5) lim eln P (we € Uy(xo)) > —1(Uy(x0)) > —I(x0) §/|\x0 )| du.
e—=0

Define the function aj, by

—00, s < —L.

s, 8§ > —L;
ar(s) = {

From (1), (2), (3), (4) and (5) we get

(3
ili’%“np( (/ e ||2>€G)

1
> Y L 2
= 2¢€U§ ¢>o $(0)= O/H zo(u)[*¢ (u /H o(w)|*du

As xg € B and ¢y € G are arbitrary, then

limslnP(BE (/ d82> EG) >
e—0 o llwe(s)
a5, it /H IR0 d+/|| )
« — in r\u U T U
=L 216‘3 ,PEG, (0

As L is arbitrary, then, taking the limit as L — oo, we get the needed estimate. (Il

Remark 5.1. In fact,

%we%,asé%f,as(o):o/(”x/(u)nz +lz(w)[*¢' (u)?*)du = 1(27H(G)).
0

Indeed, denote r(t) = ||z(t)||. It is easily seen that

S @I + o) o @2 = [ (02 + 7% ()
0 0

Therefore,

1

2 27 2
d =
@I + (@) ()
0
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re®,peG,¢(0)=0

1
= inf (' (u)? + r(u)?¢' (u)?)du.
/
For z(t) = r(t)e™*®,r(0) = 1, ¢(0) = 0 we have

1
5 [0/ @P 4 P ) = 102).
0

Thus,

1
5 z€B,0€G,$(0)=0

inf /(IIJS’(u)II2 + |z (u)[*¢' (u)*)du = 1(27(G)).
0

Now we obtain the upper estimate on the probabilities for the random elements ®. to
lie in a closed set F' C C([0,1]). We will use the following notation:

o 75(x) = inf{t: x(t) € Bs(0)} for x € C([0, 1], R?);
o 35 = {(x,qb): z € O([0,1],R?),z(0) = (é) .0 € C([0,75(2)]), (0) =0,

¢ € Flo oo |
where by Flj .,y we mean the closure in C([0,7s(x)]) of

Flio sy = {0 €C(0,75(2)]) | W €F: = ¢
o §5 = {(z,0): z € C([0,1],R?), z(0) = ((1)) ,
6 € CODD.00) = 0.6 € (Fly )}

(0.7 ()]}

where
n
(Flomey) = {¢ € 0@ 136 € Flogyy: _swp 16(5) = 0(6)] < u} ;
s€|0,75(x
I
® Subay = (F [OaTs(wo)]> :

Theorem 5.2. Let F C C([0,1]) be a closed set. Then for any 6 > 0:

— . ds
(6) limelnP | B /7 ceF| <
= ) Tw-GITe

75 ()
1
< —— inf D2+ |2(w) 126 (0)2)du.
= 2 (e.p)Eds 0/(ll (W|* + [[z(w)[¢" (w)%)

Proof. Fix some constant numbers L, u,x,d > 0. Choose h > 0 such that % > L.
Consider the compact

1
K=< z€C([0,1],R?): 2(0) = (é) , %/Hx'(u)HQdu <L
0

Let us build a covering of the set K by open sets. Take any point x¢g € K. Let
75(xg) = inf{t : xo(t) € Bs(0)}. We cover z( by a neighbourhood

Up(zo) = {x € C(]0,1],R?): Vt € [0, 75(w0)] [|l2(t) — zo(t)]| < 77} .
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Here 17 > 0 is chosen in such a way that the following conditions hold:

@ va € Uy (e € 0ol at) # ()

(8) Var € Uy (o) Vit € [0, 75 (o)) / Ixz:ﬂl? 7/ on‘f‘zw <h;
0 0

(9) I(Uy (o)) = 1(2ol(g 7s(20)) — X-

Choosing for any xo € Ky, the neighbourhood U, (z¢) that covers zy, we get an open
covering of the compact K. Now choose its finite subcovering.
For any neighbourhood U, (o) from our finite covering we estimate the probability

P (wE € Uy, (x0), Be (fo T H"‘) € F| 0,7 20)]) . We have

i ds
P (ws € Uy(wo), Be (/0 ||we(s)||2) € F|[0ms(zo)]> <
’ ds "
<P we € UTI(IO)vﬂa m © (F|[Oa7'5(1'0)]) +

ds
+ P | 3z € Uy(xo) 3t € [0, 75(w0)]: /||a: IE P /xo(S)I2 o
0

We estimate the first summand in our sum. We have

L : ds s
meln P (w. Bl | T ) € F =
et (- € o). ) ) € (o))

— " ds 1
< i%flnP(wE € U (.I'())) +g%€lnP (/85 (/0 on(s)|2) (S (F|[0,T,;(a:0)]> )

By the LDP for Brownian motion, with the help of (9) we get:
i < In Pl € Uy(z0) < ~1(05@0)) < (2l 1y egy) + X

By Lemma 5.1, we have

m
hm elnP (65 </ T2o(s ||2> € <F|[O,Ta(3?0)]) ) <
75(x0)

L /Hmwwwwmu
0

—5 GETF ,5,20,9(0)=0

Now estimate the second summand. By Lemma 5.2, we have

@)slnP Jx € Uy (xo) 3t € [0, 75(z0)]
e—

t ¢
ds ds
— | -5 /7 >u| < —L.
/ [[z(s)]1? : [lzo(s)]I?
0 0
We finally get

hrnslnP(wgeU xo), (/ 2)EF)
=0 [[we(s)]]
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Ts(xo)
1
< | —=I(U,(zp)) — = inf / zo(W)||?¢ (w)?du | V (=L) <
o R N TR MR
1 7s(x0) 1 75 (x0)
<|-= zh (w)||?du — = inf / zo(w)||?¢ (w)?du + V (=L).
<|-3 / b5 s oy | TP P x | v -

Putting together such estimates for all neighbourhoods from our finite covering, we obtain

men (5. ([ i) <F) <

75 ()
.
<| -5t [ @I+ )P (w)P)du+ x| v (L)
(ﬂad})e%’p,ﬁ 3

We sequentially take the limits as L — oo, x — 0 and get

_ ' ds
limelnP | 8 /7 el | <
= W VA e

75(x)
1
< —= inf / 2 (u 2+$U2/u2du
<5 el ] (@I + o)l (w))
0
7s(x)

Taking the limit as 4 — 0, due to the function j(¢) = [ ||z (u)||*¢’(u)?du being lower
0

semicontinuous and its level sets being compact, we get

— . ds
li In P —_— F| <
S / e ) <1 ) 2

75(x)
<—f inf o' (W)||? + ||z (u)]|?¢ (u)?)du
<5 / (1) + () 6 )?)

It remains to take the limit in (6) as § — 0. This is what we do now.

Lemma 5.3. Let ' C C([0,1]) be a closed set. If0 <ty <ty <1,¢ € F|g,,, then
Plio,e) € Flioea)-

Proof. As ¢ € F|[0 ta]’ then there exists a sequence ¢,, = ¢, ¢, € F|[0 ta] - It is clear that
the restriction to [0,¢1] conserves this convergence:

¢n|[07t1] - ¢|[0,t1]'
But ¢nlg4,) € Flio,,)> and thus ¢, € Flg ;) O
Lemma 5.4. Under the conditions of Theorem 5.2, there exists the limit

T5(x)

lim inf /(Hx’(U)||2+||$(U)H2¢/(U)2)du

6—0 (z,$)€Ts
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Proof. We say that the pair (z, ¢), where z € C([0,1],R?), ¢ € C([0,75(z)]), is suitable
for ¢ if

€ Flio,rs(a)

By Lemma 5.3, we obtain that if a pair (z, ¢) is suitable for ¢, then for d; > §; the pair
(z, ¢|[0,752(z)]) is also suitable. So,

75 ()

inf /(II@“(U)II2+IIw(U)II2¢’(U)2)du
0

(z,9)€Ts
dOeS not increase on (5 O

Theorem 5.3. Under the conditions of Theorem 5.2, the following relation holds:

75(x)
lim inf / (' @2 + lo(@)?¢ @?)du= inf / Iy (w)d
0—0 (z,9)EFs J yED—L(F)

To prove this theorem we will need the following lemma.

Lemma 5.5. If y(t) = r(t)e®®), y € ®-1(F), then for 75 = inf{t : |r(t)| < 6} the
following inclusion holds: ¢| [0,7] 6 F‘[o,n; for any 6 > 0.

Proof. If y € ®~1(F), then there exists a sequence {y,} € ®~(F) such that y, — .
But as y, — y, then yn|[0’ré] — y|[0ﬂ] as well. As y|[0,76] does not pass through zero,
then the mapping ® is continuous at y\[oﬂ]. Therefore, we obtain that

q)(yn|[0,75]) - (I)(y|[0,‘rrs])'

But (ynl ,,) € Flio,,) for any n. On the other hand, ®(yly ;) = 8l -, - So, we get
Plio,rs) € Flior- U

Now we return to the proof of Theorem 5.3. With the help of Lemma 5.5 we get:

75 ()

o) im0+ el 07 du < / Iy (]
0

6—0 (z,¢)€Ts -1(F)

Let us show that the opposite inequality also holds, that is,

T&(w) 1
A lm if / (' @2 + lo(@)]?¢ @?)du> nf / Iy (w)|
—0 (x,0)€Ts J y€<1>*1(F)0

If

75(x)

lim inf /(le’(U)II2+HSE(U)II%’(U)Q)du:O@
0

00 (z,0)€F5

then we have nothing to prove. So, we suppose that

75(x)

fim inf o' (w)|? + ||z (u)||?¢’ (u)?)du = 2a < oo.
i int [ (@I o))
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In this case there exists a subsequence (xy, d,, @) such that §, — 0, ¢, € F|[0,m (@)’
¢n(0) =0, and

Ton (wn)
T [l )P + e (016 (0))du = 20
0

We consider y,, defined in the following way:

(t) _ Hxn(t)”eid)n(t)) t <75, (‘rn)7
Il = §aeion(on@n) | s (2,) <t < 1.

It is clear that lim I(y,) < . Therefore, we can select a subsequence from {y,,} that
n—oo

belongs to the compact {y € C([0,1],R?): I(y) < a + 1}. So, we can select even a
convergent subsequence. Let us consider {y,} to be convergent itself.

Put y = lim y,. We will show that y € ®~1(F). To do this, we build a sequence
n—oo
from ®~1(F) that converges to y. As ¢, € F|[07T§ (x> then for any p > 0 there exists
1, € F such that p <¢n, d}nl[o’m (rn)]) < p. Let us choose these 1, in such a way that

sup ‘Hﬂ?n(f)Hew"m — [lzn ()]l | = 0 (n — o0).
te[0,75,, (xn)]

Define z, in the following way:

(t) = [z ()] O, t <75, (20);
" Speitn®) 75, (1n) <t < 1.

It is clear that z, — y(n — oco). But it is also clear that 2z, € ®~(F) for any n.

Therefore, y € ®~1(F). Further, y,, — y, and so I(y) < lim I(y,) < c. This finishes the
proof of the inequality (11). Theorem 5.3 is also proved.
So, from Theorems 5.2 and 5.3 we obtain for closed sets F C C([0, 1]):

1
limelnP(®. € F) < 1 inf /||y’(u)||2du = I(®~1(F)).
e—0 2

0

yeP 1 (F)
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