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G. V. RIABOV

A REPRESENTATION FOR THE KANTOROVICH-RUBINSTEIN
DISTANCE DEFINED BY THE CAMERON-MARTIN NORM OF A
GAUSSIAN MEASURE ON A BANACH SPACE

A representation for the Kantorovich—-Rubinstein distance between probability mea-
sures on a separable Banach space X in the case when this distance is defined by the
Cameron—Martin norm of a centered Gaussian measure p on X is obtained in terms
of the extended stochastic integral (or divergence) operator.

1. INTRODUCTION

Consider a separable Banach space (X, || -||) equipped with a centered Gaussian mea-
sure p on the Borel o—field of X. We will assume that supp p = X. Let (H, |- |g) be the
Cameron—Martin space of u, i.e. the separable Hilbert space densely and continuously
embedded in X and such that

/X exp(il(z))pu(dz) = exp ( - ;|l|§{>, le X*.

Because of continuous embedding of H into X, a functional [ € X* can be considered as
a continuous linear functional on H. In the latter expression ||z denotes the norm of [
as an element of H*.

The space M(X) of Borel probability measures on X is endowed with the Kantorovich-
Rubinstein distance [1, §1.2]

Wl(VO,l/l) = ﬂegai m)/X/X \xl — a’,‘o‘Hﬂ'(dwo,dxﬁ,

where C(vg, v1) is the set of all Borel probability measures on X x X with marginals vg
and v;.
The aim of the present paper is to establish the following representation for 7.

Theorem 1.1. Consider probability measures vo,v; € M(X) with vy — vy < p and

d(v1—v
% € L*(X,p). Then

1) Win = ot [ @t}

_d(v1—vg)
Tu= Em

Here I denotes the extended stochastic integral (or the divergence operator, see the
next section for precise definitions). We consider the action of I on square integrable
H —valued vector fields v : X — H only. Accordingly, the infimum is taken over all
u € L*(X, u; H) that solve the equation

d(l/]_ — l/o) .

(2) Tu i
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This work was partially motivated by results of [2] where several integral representa-
tions for square integrable functions on (X, u) were derived. Namely, for every function
a € L?(X, u) the equation

(3) a:/adu—i—lu
b

has infinitely many solutions u € L?(X, u; H). In the case of the classical Wiener space

one particular solution is distinguished. Namely, if X = Cy([0, 1]) is the space of conti-

nuous functions f : [0,1] — R, f(0) = 0 and p is the Wiener measure, then there is a

unique solution uy of (3) which is adapted to the natural filtration on Cy([0,1]) [3, Ch.

V, §3]. When « is the probability density, i.e. & > 0 and | y adp = 1, the representation
a=1+ Tug

is connected to the measure transportation via the Girsanov theorem [3, Ch. VIII, §1].
The mapping T : Cy([0, 1]) — Co([0,1]) defined by
uo(s,x)

10 =20~ [ et

sends the measure « - y into the Wiener measure p :

ds

(a-p)oT™' = p.

Moreover, the mapping T is in a sense optimal [4, 5]. For every mapping S : X — X
such that S(z) —x € H and (a - ) o S~! = 11 one has

/ IT(2) — a2 u(der) < / 1S(z) — al2(da).
X X

In the general situation there is still a connection between the transportation of measure
and the equation (3). An estimate on the Kantorovich-Rubinstein distance in terms of
solutions of (3) was obtained in [6]. It was proved that for a sufficiently smooth density
« one has

(1) Wia o) < [ 10+1)7 Dalndn

where D denotes the stochastic derivative and (—L) is the generator of the Ornstein-
Uhlenbeck semigroup. Our result (1) generalizes this inequality. Indeed, the identity [7,
Prop. 1.3.1, 1.4.3]

DI=1+1L

implies that (1 + L)™' Da is a solution to (3). The existence of a solution to the Monge
problem associated with W; was proved in [8] under assumptions vy, v1 < u, Wi(vp, 1) <
oo. Namely, it was proved that a mapping T : X — X such that

Voo T-L = 1y, Wl(z/o,ul):/ o — T(2)| avo(dz)
X

exists. For several other estimates of the quantity Wi (v, 1) as well as for the extensive
treatment of the optimal transport theory we refer to [9].

Another motivation for the undertaken research is the study of geodesics on the space
(M(X),Wy) [11, Ch. 7]. In the case p > 1 the differential structure of the space
(M(X),W,) is studied rather detaily [12, 13, 14, 15]. The assumption p > 1 allows to
apply powerful technique from convex analysis. In the limit p — 14 certain results about
geodesics in (M(X), W7) can be obtained [14]. However, the distance W7 is not strictly
convex. This results in existence of multiple geodesics between different measures while
the described approximating approach gives results only for particular W; —geodesics. In
general, the behaviour of geodesics in the space (M(X), W7) remains unstudied. Proved
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identity (1) gives an intrinsic description of the W;—distance between measures. In our
further work it will be applied to the study of W;—geodesics.

2. NOTATIONS AND PRELIMINARY RESULTS

For a detailed exposition of the theory of Gaussian measures on Banach spaces we
refer to [10].

A function f: X — R will be called a smooth cylindrical function, if it has a repre-
sentation

flz) =i (x),...,lq(z)), z e X,

where I1,...,l;g € X* and ¢ € C®(R?) is bounded together with all derivatives. The
family of all smooth cylindrical functions will be denoted by FC°.

Stochastic derivative D is naturally defined for a fuction f € FC® with a representa-

tion f(z) = p(li(x),...,la(x)) :

d
Df(z) = Zam(zl(x), L lg(x)l; € H.

Then D is extended to a closed (unbounded) operator
D LA(X, p) = L*(X, p; H).

Functions in the domain of D are called stochastically differentiable. Denote by I the
adjoint operator to D,

I1=D".
According to such definition we consider the action of I on elements v € L?(X, u; H)
exceptionally.

Following [16] we will call I the extended stochastic integral. In terms of the integra-
tion by parts formula one has the characterization (see [10, §5.8] for equivalent definitions
of the operator I):

for every stochastically differentiable f € L?(X, u)

/X(Uva)HdHZ/XIU'fd,u.

Remark 2.1. In [10, 7] the operator (—I) is denoted by § and is called a divergence
operator. The term “extended stochastic integral” is kept for a specific situation when
H is an L%-space. Our terminology is chosen to underline the connection between the
operator I and integral representations of random variables (3).

The Ornstein-Uhlenbeck semigroup is denoted by (T3):>0 :

Tth(x):/Xh(e_tx"_ 1 —e~2y)u(dy).

For each p > 1 (T})>0 is a strongly continuous semigroup of contractions in LP (X, y1)
[10]. We will also consider the action of T; on measures. Given a signed measure v on
X define

Tiv(A) :/ Tila(x)v(dz) =/ / La(e 'w + V1 — e 2ty)u(dy)v(dz).
X x Jx
Duality considerations imply that T} is still a contraction:
1Tl < [ llo,

where || - ||, denotes the total variation norm.

Among integral representations (3) of a random variable « there is a unique represen-
tation with a minimal L?(X, y; H) norm [2]. In the next lemma all the needed properties
of this representation are gathered.
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Lemma 2.1. [2, L. 6,7]. Define the mapping
v(a) = D/ Tiadt, o € L*(X,p).
0

Then

o v: L%(X,u) = L*(X,u; H) is a bounded linear operator of the norm 1;
o for every a € L*(X, u) v(a) is a solution to (3):

! z/ adp + Tv(a);
b's

(3) one has
[ e < [ fuldn
X X

3. PROOF OF THE THEOREM 1.1

e for any solution u to

In this section the proof of the equality (1) is presented.

Proof. For convenience we divide the proof into three steps.
Step 1. The inequality < .
The well-known Kantorovich-Rubinstein theorem [1, Th. 1.14] states that

(5) Wi(vo,v1) = sup{/x fd(v — Vo)}7

where the supremum is taken over all bounded measurable functions f : X — R that
satisfy the condition

\f(x+h) = fx)| <|hlg, ve X,he H

(we will call such functions 1—Lipschitzian along H [10, §4.5]).
Hence, to prove < in the representation (1) it is enough to check the inequality

(6) /X Fdvr — /X Fdvo| < /X lul s,

where f : X — R is a bounded measurable 1—Lipschitzian function along H and u €
L?(X, pu; H) satisfies (2):

d(l/1 — I/o) '

dp
According to [10, Th. 5.11.2, Cor. 5.4.7] the function f is stochastically differentiable
with |Df|g < 1. This implies the following chain of inequalities.

’/deul—/xfduo —‘/Xd(l’ld’uyo).fd# —‘/Xfu'fdu‘—

[t iudu] < [ 1Dflululd < [ Julud
b X b
The relation (6) together with the inequality < in (1) are proved.

The relation (5) implies that the distance Wi (vg,v1) depends only on the density
p= d("ldi;”o) € L*(X, u). Thus we will denote the quantity Wi (g, v1) by Wi(p) as well
and will consider it as a function on the set L§(X,u) = {p € L*(X,pu) : [y pdu = 0}.
Accordingly, let us denote the right-hand side of (1) by N (p), i.e.

N(p) = inf / |u| rdps.
p's

Tu=p

ITu =

Our strategy of proving equality in (1) is to check continuity of Wy and A on L3(X, 1)
and to prove the equality for a dense set of functions p € LE(X, u).
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Step 2. Continuity of functionals Wi and N.

The supremum in (5) can be reduced to the set of all bounded measurable 1-Lipschitzian
functions along H with zero integral
/ fdp=0.
X

Then the concentration inequality [10, Th. 4.5.7]

2

p(fl>r) <2 7, r>0

/ frdp <4
X
Hence for arbitrary p1, p2 € LZ(X, 1) one has

‘/Xfmdu—/xfpzdu’ <2 /X(m—pz)Qdu-

From the representation (5) one has the estimate

implies the bound

Wi(o1) — Wi(p)] < 2 /X (o1 — p2)d.

For the functional A/ similar estimate follows from the existence of the minimal norm
representation operator v (see lemma 2.1). Indeed, consider p1, pa € L3(X, u). For each
solution u of Tu = p; one has

I(u+v(pa — p1)) = pa.
By the properties of v,

N(p2) < / o+ v(pa2 — p1) |y < / |u|Hdu+¢ / [v(p2 — 1)
X X X

S/ lulmdp + /(pzfm)Qdu-
X X

Taking infimum in » and repeating the argument we get the inequality

N (p1) — N (p2)] < /X (o1 — p2)2dp.

It remains to prove the inequality > in (1) for a dense family of functions p € L&(X, u).

Step 8. The inequality > .

Let {e,} be the orthonormal basis in H and {é,} be the corresponding measurable
linear functionals on X. Denote by ~,, the standard Gaussian measure on R"™. Functions
of the form

(7) p(x) = 2(é1(x), ..., én(x)), 5 € LR, 7y,)
form a dense set in L3(X, ). We will finish the proof by establishing the inequality > in
(1) for a function p of the form (7).

In [17, Proof of Prop. 4.1] the following consequence of the Riesz—Markov—Kakutani

representation theorem is derived: there exists an R™—valued Borel measure m on R"
such that

(1) for all f € FC* one has

[ (or.am = [ gy
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(2) Wi(p) coincides with the total variation of the measure 7 :

Wip) = el = (g mn%f

Symmetry of the Ornstein-Uhlenbeck semigroup implies following relations.

[ 1T, = [ @y, = [ (DT

T;
ze_t/ (Tth,dT(')Z/ (Df,e_tcii’;ﬂ-)d'yn.

In other words, the function

_tz(dTﬂv () alo) )

dyn

is a solution to the equation
Tu = Tip.

In particular,
th’/T

N(Tip §/u dp:e*t/
Tir) X||H e | dYn

Taking the limit ¢ — 04 we obtain the inequality > in (1). The theorem is proved. O

dyn = e~ Temllo < |Imllo = Wi(p).
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