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Introduction. The aim of the work was to build a 

mathematical model of the process of suspension filtering 
on the filter with self-purifier filter element that is 
designed as a cylindrical compression spring. 

Materials and methods. Research of the filtering 
process was performed on the filter with self-purifier filter 
element. As a studied suspension the milk whey was used, 
obtained in the production of cottage cheese. The 
concentration of the dispersed phase in the milk whey was 
defined by centrifugation of samples followed by further 
drying sludge in a drying oven. 

Results and discussion. The gained mathematical 
model is based on the model of the filtering process with 
clogging each pore with the individual particle. 

The model takes into account that not all of the 
dispersed phase particles that are larger than the width of 
the filter holes, will clog them, but only their particle that 
is directly proportional to the ratio of living area to the 
total area of the filter surface. 

The mathematical model allows to determine the 
length of the filtering process based on the volume of 
suspension, and to set the rational period between 
regenerations of self-purifier filter element. 

Comparing the parameters obtained by mathematical 
modelling with the real process of filtering milk whey 
indicates that the mathematical model adequately reflects 
the separation process of suspension on the filter with 
self-purifier filter element with the volume of filtrate from 
0 to 5 m3 per 1 m2 filter surface – the average relative 
deviation of the results obtained with the help of the 
mathematical model of the experiment is 11%. 

Conclusions. The mathematical model can be applied 
in calculating parameters of the process of suspension 
filtering on the filter with self-purifier filter element.  
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Introduction 
 
Regimes of suspensions filtering process are due to the following main factors: 

properties of the suspension, properties of the filtration surface and the design properties of 
the filter. Regarding filtration properties of the sludge, the impact of both properties of 
dispersed environment [1-4] and dispersion [5, 6] should be noted. 

Filtering through a layer of sludge is described by Darcy [7]: 
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(1) 

where W – speed of filtering, m/sec; 
     r0 – filtering resistivity, m-2; 
     μ – dynamic viscosity of suspension, Pa·sec; 
     Р – pressure, Pa; 
     h – height of sludge layer, m. 
In the mathematical description of the filtering process the compressibility of the 

sludge and continuity equation of the solid and liquid phase are also taken into account [8]: 
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(2) 

where ε – porosity of the sludge layer; 
    τ – duration of filtering, sec. 
For consideration of sludge's compressibility the law of compression can be used under 

which the infinitely small change in sludge's porosity is directly proportional to the 
infinitely small change of pressure: 
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where G – compressibility module of sludge, Pa; 

     е – coefficient of porosity. 
Solving this equation considering filtration and compression properties of sludge is 

given in the work [8]  
Also [8] the work highlights the need for representation filtering equation as follows: 
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(4) 

 
where σ – speed of the solid phase movement, m/sec. 
  
In the work [1] it is proposed to consider the dependence of the resistivity to filtering of 

the pressure filtering.  
In the work [9] non-Newton properties of the dispersion phase, considering Rut's 

equation are proposed: 
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where q – specific volume of the filtrate obtained of the area unit of filter surface, 

m3/m2; 
ΔR – hydraulic resistance to the layer of sludge and filter surface, m-1; 
k – consistency index; 
n – stream index of filtrate; 
х – ratio of volumes of the obtained sludge and filtrate; 
V – volume of filtrate, m3; 
Ve – equivalent volume of filtrate, during the passage of which a sludge layer 
with resistance to filtering that equals resistance to filter surface may be formed, 
m3. 

 
Secure features of the filtering process are considered in the monograph [1], in 

particular filtration at a constant speed, constant pressure of the process, etc. 
Common to all these works is filtration with a sludge formation on the filter surface 

and change of the layer of sludge's height. However, structures of filtering machines the 
height of the sludge layer of which is minimal and unchanged throughout the whole process 
are known. This includes filtering centrifuges with continuous diversion of sludge and 
filters with self-purifier filter elements [7]. In this case, resistance to filtering, which creates 
a layer of sludge, can be considered as resistance of the filter surface, and filtration process 
as such that proceeds with clogging pores.  

Filtering theory [7] in this case considers the following cases: filtering with clogging 
every pore with a separate solid particle (complete clogging of pores) filtering with a 
gradual clogging of every pore with many solid particles. 

Mathematical model of filtering every pore process with a separate solid particle is 
presented in the publication [7]. The author proposes to consider that on the filtration 
surface with area of 1 m2 is N identical cylindrical capillaries of radius r and height, 
corresponding to the height of the sludge's layer. The initial speed of filtration is proposed 
to be determined of the expression: 

 
W0 = АN,                                                      (6) 

 
where W0 – initial speed of filtering, m/sec; 
 N – number of capillaries; 
 А – volume of filtrate that passes through the capillaries per second, m3/sec, is 

found of Hagen–Poiseuille equation: 
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(7) 

 
      After passing the filtrate in the amount V the number of the clogged capillaries is the 
following: 
 

Nc = nV,                                                       (8) 
 

where  Nc – number of the clogged capillaries; 
            n – amount of the particles of a dispersed phase in one m3 of suspension that clog 
capillaries, 1/m3. 
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 In these conditions, the dependence of filtering speed of the volume of filtrate will be 

described by the equation: 
 

W=А(N – nV)                                                   (9) 
 

However, the formulation of the problem in this form does not allow taking into 
account design features of filter and suspension.  

The aim of the work was to build a mathematical model of the process of suspension 
filtering with every pore clogging of the self-purifier filter element with one solid particle 
in the absence of the sludge layer. 

 
 
Materials and methods 
 
The object of the research was the process of suspension filtering and theoretical 

description of this process. Theoretical analysis was performed for the installation with self-
purifier filter element. 

This refers to the self-purifier filter element that is designed as a cylindrical spring of 
compression, the size of the gap between the turns of which corresponds to the size of the 
smallest particle of the dispersed phase that should be impeded [10]. 

Experimental instalment with a cylindrical filter element consisted of a cylindrical 
body 1 (Fig. 1), nozzles 2 and 3, supply and removal of whey respectively, guide glass 4 
with a screw 5, tube to remove sludge 6, filter element 7, ring 8, electromagnet 9, shaft 10, 
sludge tank 11 and measuring tank 12. Material of the filter element is stainless steel; the 
gap between the turns of the filter element – 0.9 mm, the proportion of living cut – 38%. 

As the pilot suspension the milk whey was used, obtained in the production of cottage 
cheese in a periodic way (fat content in the finished product – 9%) using cheese-producing 
baths of brand VS-5000. 

Firstly a concentration of dispersed particles of protein in whey was defined. For this 
case sampling of whey with volume of 500 ml was made every 3 minutes during the whole 
time of pouring the whey out of the cheese-producing bath. Then all samples were poured 
into one container, mixed and 12 portions of 5 ml each were selected of the total volume of 
whey. Then four portions of whey were poured into four tubes, closed with rubber stoppers 
and placed into a centrifuge of mark OPN-12 with plugs to center. The whey was 
centrifuged for 5 min at speed of 6000 rev/min (centrifugation duration was measured from 
the moment of gaining rotational speed – 6000 rev/min). After centrifugation the tubes 
were removed from the centrifuge, opened and the liquid phase was poured so that only the 
sludge remained in the tube. The obtained sludge was dried in the oven for 60 minutes at 
the temperature of 105 °C. The dried sludge was weighed. The concentration of dispersed 
particles of protein in the whey was defined as the ratio of dry sludge to the volume of 
whey of which it was obtained (2∙10-5 m3). The experiment was repeated three times. The 
concentration of dispersed particles of protein in the whey was 3.0 kg/m2. 

 



─── Processes and equipment of food productions─── 

───Ukrainian Food Journal.   2016.  Volume 5. Issue 1 ── 139 

 
 

Figure 1. Experimental installation with self-purifier filter element 
1-body; 2-3, respectively tubes of supply and removal of whey; 4-guide glass;  

5-screw; 6-nozzle to remove sludge; 7 self-purifier filter element; 8-ring; 4; 
9- electromagnet; 10-shaft; 11-sludge tank; 12-measuring filtrate tank. 

 
Further purification of the whey was performed. Milk whey was given to the 

experimental installation directly of cheese-producing bath (without pump) under the 
pressure of 3.0 kPa. The whey through the pipe 2 was tangentially given to the glass 4. 
From the glass it passed through the filter element 7. The ring 8 with periodic switch of 
electromagnet 9 was moved down along the axis of the shaft 10 and thus compressed 
filter element 7 that ensured its regeneration. The duration of the regeneration was 1 sec. 
The sludge that remained on the filter element was transported with screw 5 into the 
bottom of the body 1, where it was removed periodically through the pipe 6 into the tank 
11. The filtrate was removed of the filter through the pipe 3 into the measuring tank 12. 

Screw rotation rate was 9 rev/min. During the experiment every 10 sec the amount of 
the sludge was fixed. 

After filtering whey samples were collected out of the measuring tank 12, 5 ml each, 
and according to the methodology described above, the concentration of the dispersed 
phase in the filtrate was defined. It was 1.6 kg/m3. 

 
 
Results and discussion 
 

        In the mathematical model developing the following assumptions were made: during 
the accumulation of sludge in the gaps between the turns of the spring the capillaries were 
formed, diameter of which is equal to the distance between the coils of the spring; the 
height of the capillary is equal to the wall thickness of the filter element (diameter of the 
coil spring); dispersed phase particles are uniformly distributed over the entire area of the 
filter surface.  
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        It was believed that the number of capillaries N is proportional to the living cut area of 
filter surface: 
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where  Sl – living cut area of filter surface, m2; 
             rc – capillary radius, m. 

Then we assume that not all of the dispersed phase particles that are larger than the 
diameter of capillaries will clog them, but only their particle that is directly proportional to 
the ratio of living cut area to the total area of the filter surface. The remaining particles will 
be laid on coils of the spring and will be transported by screw. Then n will be: 
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where n –number of the dispersed phase particles in 1 m3 of suspension that are larger than 
pore diameter, 1/m3; 
           S – filtering surface area, m2. 

We change in equation (9) W to dV/dτ: 
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 We divide variables: 
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AN = W0,  mark A·n = m. 
After integration of equation (13) from 0 to V and from 0 to τ, with boundary 

conditions V = 0 and τ = τ0, we obtain an equation for the duration of filtering: 
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where τ0 – duration of the filtering with a clean filter surface (none of capillaries is 
clogged), sec.  
        Verification of the mathematical model for adequacy was performed on the example 
of the process of milk whey filtering. Sequence of checking was as follows: experimental 
study of the milk whey filtering process in production conditions was made; mathematical 
modelling of the milk whey filtering process was performed; data obtained in the 
experimental way with the appropriate calculations were compared; relative deviation of 
the mathematical model from the real process of filtering was defined according to the 
formula: 
 



─── Processes and equipment of food productions─── 

───Ukrainian Food Journal.   2016.  Volume 5. Issue 1 ── 141 

1

1

( - )
100%,

j

³ i
i

j

i
i

X Y

X





  



                                          (15)

 where Ω – relative deviation, %; 
 Xi. – experimental value of filtering duration to filtrate volume Vi, sec; 
 Yi – calculated value of filtering duration (according to the formula (14)) for the 

filtrate volume Vi, sec; 
 j – number of measurements, j = 10. 

 
Mathematical modelling was carried out in the following sequence.  
1. Number of capillaries was defined according to the formula (10);  
2. Average radius of particles larger than the diameter of the pores of the expression 

was defined: 
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where ri – average radius of i-fraction of protein particles larger than the width of the 

filter surface gap; 
gі – share of i-fraction protein particles, %.

 3. average weight of one protein particle was found: 
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where mp.av. – average weight of protein particles larger than the diameter of the pore, kg; 
 rс.av. – average radius of capillaries, m; 
 ρp – density protein, kg/m3. 

4. Number of particles in 1 m3 of suspension larger than the size of the pore was 
defined with the help of the formula: 
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where m∑ – total mass of particles larger than the diameter of the pore, kg. 
 5. Number of the dispersed phase particles in 1 m3 of suspension that clog the pores 
according to the formula was defined (11);  

6. Volume of the filtrate that passes through the capillary in one second according to 
the equation was found (7);  

7.  Length of the filter with a clean filtration surface was defined: 
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where F – area of filter surface, m2. 
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8. Calculation of the duration of the filtering process at V = 0, 1, 2, 3 ... 10 m3 
according to the formula (14) was performed. 
 

Comparison of the data obtained by mathematical modelling with the real filtering 
process of milk whey (figure 2) shows that the mathematical model adequately reflects the 
process of suspension separation on the filter with self-purifier filter element with the 
specific volume of filtrate up to 5 m3/m2 – the average relative deviation of the results 
obtained with the help of the mathematical model of the experiment is 11%. With further 
increase of the specific volume of the filtrate the relative deviation of the mathematical 
model increases.  

As the concentration of dispersed particles in suspension remains stable and the 
number of unclogged filter openings is inversely proportional to the volume of filtrate, at a 
constant speed of filtering the process of clogging is eventually accelerated. So, the lines 
showing the filter length dependence on the volume of filtrate are of non-linear character 
(figure 2). 
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Figure 2. Dependence of filtering milk whey duration filtrate on the volume of 

filtrate for 1 m2 of filter surface: 
1 – experimental data; 2 – calculation according to the formula (14). 

 
 

Conclusions 
 
The proposed mathematical model of suspension filtering process with every pore 

clogging of self-purifier filter element with a separate particle at absence of sludge layer 
allows to predict the duration of filtering depending on the volume of the obtained filtrate 
and to set a rational value of regeneration period of the filter element. 

The mathematical model adequately reflects the separation process of suspension on 
the filter with self-purifier filter element with at the volume of filtrate from 0 to 5 m3 per 1 
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m2 of filter surface – average relative deviation of results obtained with the help of the 
mathematical model of the experiment is 11%. 

It can be used in calculation of the regeneration process of self-purifier filter element 
and when designing new filter installations. 
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