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Introduction. The objective of this work is mathematical 
modeling of non-uniform fluidization in an auto-oscillating 
hydrodynamic mode, which will improve the efficiency of 
heat and mass transfer along processes of dehydration and 
granulation by creating an intensive directed mixing of 
granular material. 

Materials and methods. The granular material contained 
in the granulator chamber, equipped with a special gas 
distributing device in the lower part and a guiding insert in 
the upper. Determinations of porosity and pressure drop in a 
fluidized bed with video recording of the process were 
carried out using specialized equipment. 

Results and discussion. Is implemented the non-uniform 
fluidization in an auto-oscillating mode with the application 
of an original gas distributing device with a coefficient of a 
cross-section coefficient φ=4.9%, and an improved 
granulator chamber. Is provided an intensive macro mixing 
of granular material with an equivalent diameter of  
De =3.97 mm and a density ρs=1450 kg/m3 with relation of 
the nominal pressure drop to height of a fluidized bed 
ΔPbed/H0≥8500 Pa/m with a pulsating frequency f=1.67 Hz. 
Non-uniform fluidization in an auto-oscillating mode 
provides a granulation coefficient ψ≥90%, and the average 
specific load of the bed surface of granular material by 
moisture af=0.8–0.9 kgmoist./(m2·h). Mathematical model was 
chosen and on the basis of experimental researches was 
modified. The developed mathematical model with taking 
into account heterogeneity made possible to determine the 
conditions of realization a process in which up to 25% of the 
mass of a fluidized bed is in the active phase outside the bed 
with a frequency f=1.67 Hz. The mathematical model with 
an accuracy of 94.1% confirms the results of experimental 
study. 

Conclusions. The hydrodynamics in granulator chamber 
without formation of stagnant zones was realized. The 
modified mathematical model made possible to determine 
the intensity of an active pulsating and a volume circulating 
mixing, that will significantly increase the stability of 
kinetics of granule formation in dehydration of composite 
liquid systems. 
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Introduction 
 
By previous studies [1-6] vas found that stability of a difficult dehidratation and 

granulation process in a fluidized bed with in the presence of phase transitions is 
determined by the method of interaction of the coolant (gas fluidizing agent) with solid 
particles [5, 7]. This is especially true for obtaining granular organic-mineral fertilizers with 
given properties [1-6]. 

The purpose of the article is modeling of an auto-oscillating mode of fluidization in 
chamber of a fluidized-bed apparatus. 

 
 
Analysis of a literature 
 
In order to intensify the transfer processes in apparatuses with a fluidized bed in works 

[8-11] proposed applying the pulsating feed of coolant during working with heat-resistant 
materials. In particular, [8] the pulsating mode of coolant feeding to a fluidized bed is 
performed by using a mechanical pulsator. Realization of this method depends on reliability 
of mechanical pulsator in medium of high-temperature coolant, and this system does not 
work in auto-oscillating mode. 

The method of creating non-uniform fluidization is proposed by authors [6, 7] by 
applying of an original gas distributing device (GDD) [2]. Such construction of GDP with 
the constructive changes of chamber of an apparatus [2] provides realization of a jet-
pulsating non-uniform mode of fluidization, which under certain conditions transfers into 
auto-oscillatory mode. 

Experimentally [6-7] found that non-uniform auto-oscillating mode of fluidization 
when obtaining humic-mineral fertilizers allows increasing in 1.63 times values of the 
average specific load of the bed surface of granular material by moisture (аf) in comparison 
with the traditional bubbling mode of fluidization. 

The total surface of granular material determines the minimum height of fixed bed Н0 
in apparatus in carrying out processes of dehydration and granulation of liquid 
heterogeneous systems in fluidized bed. The ratio of gas torch height yf to Н0 – yf/Н0<0.5 
causes an implementation of the usual bubble mode of fluidization [12]. 

Small gas bubbles chaotically pass through a fluidized bed of granular material, 
bypassing the stagnant zones formed on working surfaces of the gas distributing device 
(GDD). This leads to melting of material when using a high-temperature coolant. At that, in 
the heat-mass transfer is involved  not the whole surface of granular material particles and 
therefore this leads to appearing of areas with an over moistened material. 

To eliminate these phenomenons and to increase the efficiency of heat and mass 
transfer processes an intensive local injection of fluidizing agent into a bed of granular 
material is proposed. 
 

 
Materials and methods 
 
Experimental installation 
 
Investigation of the hydrodynamic mode of fluidization were carried out using the 

experimental installation of granulator with the chamber sizes А×В×Н = 0.3×0.11×0.8 m 
[13]. To create a jet-pulsing fluidization in an auto-oscillating mode, the chamber of 
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granulator in a bottom part is equipped with the gas distribution device (GDD) of a slit-type 
[2] 8 (Figure 1) and with the guiding insert at the top [2] 9 (Figure 1). The cross-section 
coefficient of GDD – φ=4.9%, distance (step) between slits – t=0.114 m. 

For video and photo analysis, the front wall of the chamber is transparent. 
 
Materials 
 
Granular polydisperse product obtained by dehydration of composite liquid systems 

that contain ammonium sulfate, sunflower ash and humic components was used as a 
granular material in the apparatus with a fluidized bed [2]. Equivalent diameter of particles 
was De=3.97 mm, density – ρs=1450 kg/m3. Mass of loaded in the apparatus granular 
material was Mb=7.8 kg, that determined the height of bed with porosity ε0=0.4 –  
H0=0.32 m and the nominal hydrostatic pressure ΔРnom.=2780 Pa, Injection height of a 
primary jet – ∆=40 mm. 

 
Measuring complex 
 
Pressure drop in a fluidized bed was continuously measured by the computerized 

system with applying of MPXV7007DP – low pressure sensors with an accuracy of ±0.1 Pa 
with frequency of 63 measurements per second (63 Hz) using computer and the Arduino 
Pro Mini controller. Scheme of devices and sensors placement is shown on Figure1. 

Changes of a fluidized bed porosity in time was determined with the use of photo 
analysis with the step Δτ = 0.04 s. 

 

 
 

Figure 1. Scheme of computerized system for measuring the pressure drop in  
the experimental installation 

1 – fluidized bed granulator; 2 – gas blower; 3, 4 – low pressure sensors; 
5 – controller; 6 – computer; 7 – video camera. 
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Results and discussion 
 
Physical modeling of the non-uniform jet-pulsating fluidization in an auto-

oscillating mode 
 
Essence of the method is that the granulator chamber with a given height bed H0 is 

divided into three equal parts (Figure 2 а). At the conditional limit of the II and III zones, at 
an altitude Δ relative to the horizontal axis х in vertical direction through the slit of GDD is 
injected a gas carrier – m1. This leads to the formation of a vertical flat torch with a  
height yf. 

A secondary gas jet is injected through the GDD slit in a horizontal direction at a 
distance t from the first slit, that is equal to length of horizontal jet breakthrough  
(Figure 2 b). At that, mass flow from the second jet m2>m1, (Figure 2 b). 

As a result of combining of two gas mass flows from two jets, a gas bubble with 
cylindrical (barrel-similar) form with a horizontal axis of symmetry parallel to axis z begins 
to form on the top of primary vertical torch from the first jet yf. Thus, as the inject velocity 
of a fluidizing agent to this zone significantly exceeds the gas filtration velocity in a 
fluidized bed of granular material, then size of the gas cylinder (bubble) begin to increase in 
diameter, and it's width is limited by width of the apparatus chamber – В (Figure 2). 

The formed gas cylinder (bubble) tightly adjoins to the vertical walls along axis z and 
has a minimal clearance with the right vertical wall of the apparatus, (Figure 2 c). 

That is, an elastic gas cavity forms in ІІ and ІІІ zones and it begin to move the granular 
material in the frontal part of the gas bubble. 

When the gas bubble reaches a critical size it begin to move with acceleration to the 
surface of the fluidized bed (Figure 2 d), and after exit causes the inertial ejection of the 
granular material into the over-bed space. The granular material that is ejected from the 
fluidized bed moves to zone I at the expense of contact with the special guiding device in 
the the apparatus. In this way the height of a fluidized bed increases (Figure 2). The 
movement of material from zones II and III occurs until the instant height of granular 
material in zone III will not be equal to Нresidual=yf+∆. 

Then the whole inertially ejected material from a fluidized bed moves to the left part of 
the apparatus with width АІ=А/3 and causes the achievement of the maximum value of ΔhI 
(Figure 2 e). After this begins an intensive sliding down of material from the point j into 
zones ІІ and ІІІ (Figure 2 e) until achievement of the initial equilibrium state (Figure 2 f). 
At the moment of an intensive movement of granular material the energy of gas jet is 
spending on slowing the velocity of particles movement that significantly intensifies the 
processes of mass transfer. Returning of granular material to the state of equilibrium (initial 
state) completes a cycle that is subsequently repeated and leads to the auto-oscillating mode 
of fluidization. 

So, unlike the uniform fluidization, the energy supplied with a fluidizing agent is spent 
on the local injection of energy with the gas phase into a given zone of a fluidized bed, 
which leads to increasing of the potential energy of bed in 1.5–2 times, and dispersed 
system is deduced from the state of equilibrium. 

Thus, applying of the jet-pulsating mode of fluidization allows to intensify renewing of 
the surface of phases contact and to increase coefficients of mass transfer between phases. 
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a – fixed bed: 
εg=ε0=0.4 

b – τ = 0; equilibrium 
state: εg=ε0'=0.45 

c – τi ϵ [τs1; τs1+ τs2]; 
bubble formation 

d – τi ϵ [τs1; τs1+ τs2]; 
bubble formation 

e – τi ϵ [τs1+ τs2; τc];  
particles sliding down: 

εg=εg(max) 

f – τi = τc;  
equilibrium state:  

εg= ε0'=0.45 
 

Figure 2. A gas and solid phases interaction model  
in a granulator chamber with a local injection of a fluidizing agent 

 
 
According to the given physical model, one cycle consists of such stages: 

1. Formation of a gas bubble with the partial expansion of bed in zones II and  
III – τs1; 

2. Moving of granular material from zones II and III up to the over-bed space (inertial 
ejection) and then – into zone I with the subsequent increase of the fluidized bed height 
in this zone – τs2; 

3. Moving of the granular material in the opposite direction (sliding down) from zone І to 
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zones II and III, returning the fluidized bed to the initial state (equilibrium state) – τs3. 
Then the total cycle time is: 
 

1 2 3c s s s       (1) 
 
Justification of the mathematical model 
 
It is quite obvious that the dependence of a fluidized bed height on porosity has a 

nonlinear character. 
To describe this process is advisable to use the approach proposed in work [8]. 
 

   
      

2

2 g
1

i i

i т i iaverage

d H P
d H

 
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
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
 (2) 

 
where ∆Р(τi) – current value of hydraulic resistance of granular material present in volume 
of initial bed (p. j) with height Н0+∆Н0; 

∆Н0 – increase in height of a fluidized bed due to formation of gas torch  
(Figure 2 b). 

Calculation of the total hydraulic resistance in fluidized bed was made out according to 
the equation with structure proposed by the author [14]:  

 

total momentum friction hydrostatic

dP dP dP dP
dy dy dy dy

       
         

       
 (3) 

or in an integral form: 
 

       total i momentum i friction i hydrostatic iP P P P           (4) 
 
To solve this equation it is necessary to determine experimentally the dynamics of 

change of a fluidized bed porosity values (average and in local zones). 
According to the physical model porosity in zone I is constant and accepted as ε0=0.4. 
Moving of granular material comes from zones II and III and is associated with 

formation of gas bubble. Therefore, the equation for determining loss of pressure on 
displacement of mass from zones II and III is expressed by the values of porosity in these 
zones – ε(II;III): 

 

             2 2
; ;

1
2momentum i s i s i g i g is II III g II IIIP w w                  (5) 

 
where ɛs(II;III), ɛg(II;III) – porosity of solid and gas phases in II and III zones of the granulator 
chamber; ws, wg – instantaneous values of particle and gas velocities, m/s. 

The instantaneous value of the relate gas velocity was determined from a known 
dependence [15] taking into account the porosity of a fluidized bed in zone III (ascending) 
of granulator chamber: 
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An average instantaneous velocity of solid particles in first two stages of the  
cycle, m/s: 
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Сalculation of the hydraulic resistance in a fluidized bed caused by overcoming the 
friction forces between solid particles and the friction due to motion of gas was carried out 
according to the proposed author [14, 16-22] by the expression: 

 
       friction i gas friction i solid friction iP P P        (9) 
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Hydraulic resistance of a fluidized bed was determined by the expression proposed by 

authors [14, 16–22]: 
 

          
0

τ g τ τ
iH

hydrostatic i s gs average g averageP dz         (13) 

 
where Ні – value of a fluidized bed height at a certain time τі, m. 

Unlike to [14, 16-22], hydrostatic pressure is determined by taking into account the 
physical model: 

 

    0 0 01 ' gmax nom bubble s bubble maxP P P H H d              (14) 
 

where ε0ʹ – porosity of a fluidized bed, taking into account formed and permanently 
existing gas torches; dbubble(max) – the maximum possible size of gas bubble at moment of 
breaking a bound from the gas torches. 

In addition, the growth velocity of gas bubble is also determined taking into account 
the change in the porosity of a fluidized bed in II and III zones of the granulator chamber: 
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Taking into account the model of displacement of mass of material from fixed volume 

of a fluidized bed (A×B×H), the amount of mass of granular material ejected beyond the 
boundary bed (with the starting height H0+ΔH0) is determined as: 

 

 
 

ag
max nom a

max

P P F
M K

  
    (16) 

where Ka – coefficient that take into account the narrowing of the granulator chamber in 
zone of the fractional pressure (for the design of GDD Ka=0,85); 

∆Рnom – nominal value of the pressure difference of stationary bed, Pa: 
 0 01 gnom sP H        (17) 

 
Fa – the cross-sectional area of the granulator chamber, with sizes A×B×H0, m2: 
 

aF A B   (18) 
 
Then residual mass of a fluidized bed in apparatus is, kg: 

 
   0residual min ejected maxM M M   (19) 

or 
          0 0 1residual i i sbed g averageM M M V            (20) 

 
Therefore, the current value of residual hydrostatic pressure is determined as, Pa: 
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Experimentally found that height of injection the vertical gas jet Δ in relation to the 
horizontal axis x is ∆=0.5yf. 

To solve the equation (4) it was necessary to determine experimentally the dynamics of 
change in the average porosity of a fluidized bed εg(average)=f(τ) and in zones of the 
granulator chamber – εІІ=f(τ), εІІІ=f(τ). 

According to the physical model, in the first stage, when bubble is forming, the height 
of a fluidized bed is: 

 

1 0 2
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We accept that in zone I (the downstream) porosity of a fluidized bed is εІ=const and 
εІ= ε0. 

Maximum values of porosity in zone ІІ – εІІ=1,5ε0 and in zone ІІІ – εІІІ=2ε0 and are 
calculated from the minimum residual height Нresidual. 

Residual height of a fluidized bed in zone III after reaching the maximum value of 
porosity of a bed in III zone is defined as, m: 

 

  
 

0

 
0
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1
g III max

residual III

H
H


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 



 (25) 

 
If the minimum permissible residual height of a fluidized bed in zone III is  

Нresidual (ІІІ)=∆+yf, then: 
 

 
   0

0

1
1 f

g III max

y
H




   
   (26) 

For the case when Н0=0.32 m and ∆+yf=0.12 m: εg(ІІІ) max=0.76. 
Assuming that the chamber of an apparatus is in form of parallelepiped, then the 

increase in height of a fluidized bed over the zone I can be written as follows: 
 

∆hI =∆hII +∆hIII (27) 
 
That is, ∆hI is defined as the sum of decreases in the fluidized bed heights in zones ІІ – 

∆hIІ and ІІІ – ∆hIІІ. 
Values of these parameters are calculated by expressions: 
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Then, substituting (32) and (33) into equation (31), the increase in height in zone I 

acquires the following form, m: 
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Proposed to determine the sliding down velocity of a material using the Bernoulli law, 

m/s: 
 

. .2 gsl slw H    (31) 
 

where Hsl.= ∆hI(max) – the maximum excess of height (sliding down) of a fluidized bed 
increase over zone І, m. 

Empirically determined that time of sliding down of a granular material τsl. is 1/4 from 
the total cycle time τc and is defined as, s: 
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 
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Experimental verification of  simulating the non-uniform jet-pulsating fluidization 

in an auto-oscillating mode 
 
For the steady hydrodynamic auto-oscillating mode of fluidization at the optimum 

value of the fluidization number – Kw = 1.43 the dynamics of change in porosity of a 
fluidized bed in zones by method of video fixation is determined. For this mode gas 
velocity in slits of GDD (wslits=27.33 m/s) significantly exceeds the velocity of blowing out 
the particles with an equivalent diameter De=3.97 mm, wslits=3.5·wblow out, and the energy 
injected by gas coolant, W: 

 
  2

1 2
. 21.1

2
slits

kin

m m w
E

 
   

 
here m1; m2 – mass flow of gas coolant in slits of GDD (m1=0.04 kg/s; m2=0.017 kg/s). 

As a result of an experimental study, the height of the gas torch is yf =0.08 m and was 
obtained an experimental dependence for determination dynamics of change in porosity of 
a fluidized bed in a fixed volume of the apparatus chamber: 

 

      2sin 1g i i c shiftg min A A n K
T


    
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 
 (33) 

 
where εg(min) – minimum value of a fluidized bed porosity (at τ=0), obtained experimentally 
(εg(average)(min)=0.45); 

А=( εg(max) – εg(min))/2 – amplitude of oscillations; 
εg(max) – maximum value of a fluidized bed porosity (at τ=0.75·τc), obtained 

experimentally (εg(average)(max)=0.63); 
Т – period of oscillations, s: Т=1.5∙τc – for the first two stages of the cycle  

(τі =0 – 0.75∙τc); Т=0.5∙τc – for the third stage of the cycle (τі =0.75∙τc – τc); 
n – ordinal of an oscillation, unit; 
Кshift=5∙π/10 – magnitude of the phase shift of an oscillation. 
Frequency of pulsations: f=1/τc =1/0.6=1.67 Hz. 
The obtained dependence with correlation coefficient σ=0.989 describes the 

experimental data. 
Values of function εg(avarage)=f(τ) can be determined by the equation: 
 

             
average

i I II i IIIg I g II g III
ig

I II III

V V V

V V V

    
 

    


 
 (34) 

 
where εg(I), εg(II) and εg(III) – values of porosity of a fluidized bed respectively to a current 
zone of granulator chamber (I, ІІ and ІІІ), determined by experimental way;  

VI, VII, VIII – volumes of zones respectively to a current zone (I, ІІ and ІІІ) in a fixed 
volume of the apparatus. 
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Dynamics of change in porosity of a fluidized bed in a fixed volume of the apparatus 
chamber (average and in current zone (I, II and III) of chamber) obtained as a result of 
experimental study is shown on Figure 3. 
 

 
  

Figure 3. Dynamics of change in porosity of a fluidized bed obtained as a result  
of experimental study – εg=f(τ) 

 
 
As follows, velocity of change in porosity of a fluidized bed in a fixed volume of the 

bed is dε/dτ=0.4 for time 0≤τі≤0.45 s and dε/dτ=0.9 for time 0.45≤τі≤0.6 s, that is more than 
2 times higher. 

A similar character of change is for the dynamics of change in porosity of a fluidized 
bed in zone II and III, which differ from the average only by values of an extreme points. 
Accordingly, the minimum and maximum values of porosity in zone ІІ – εg(II)(min)=0.46 and 
εg(II)(max)=0.7; in zone ІІІ – εg(III)(min)=0.49 and εg(III)(max)=0.78. 

An average porosity of a fluidized bed in zone II and III: 
 

           g
;

i II i IIIg II III
ig II III

II III

V V

V V

   
 

  



 (35) 

  
Dynamics of change in porosity of a fluidized bed (average and in zones II, III) 

obtained as a result of calculations, is shown on Figure 4. 
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Figure 4. Dynamics of change in porosity of a fluidized bed obtained as a result  
of calculations – εg=f(τ) 

 
 

Based on the obtained values of the average porosity of a fluidized bed by the equation 
(20), the dynamics of mass change of the granular material bed in a fixed volume of the 
granulator chamber is determined as the ratio of mass of transferred material to initial – 
ΔМі/М0 (Figure 5). 

 
 

 
Figure 5. Dynamics of the change in mass of a bed in  the over-bed space relative to the  

initial mass of bed – ΔM/M0=f(τ) 
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Consequently, an application of the non-uniform jet-pulsating fluidization in an auto-
oscillating mode with a frequency of 1.67 Hz allows ejecting into an outer-bed space up to 
37% of the initial mass of bed, which in counteraction to a gas phase flow returns to the 
working volume of the granulator chamber. The estimated time of complete exchange of 
the surface in a fluidized bed is 3τc=3·0.6=1.8 s, which is a very important factor in the 
intensive processes of dehydration and granulation. 

Verification of the mathematical model was made in form of the dynamics of change in 
the hydraulic resistance of a fluidized bed (Figure 6), and shows that calculated dependence 
ΔР=f(τ) by using the developed mathematical model with σ=0.905 describes the 
experimental data. 

 

 
 

Figure 6. Dynamics of change in the hydraulic resistance of a fluidized bed – ∆Р=f(τ): σ=0.912 
 
 
The injection of kinetic energy with the gas phase Ekin=21.1 W leads to an increase in 

the total hydraulic pressure of a fluidized bed by 18.5%. Taking into account the 
organization of motion of granular material in granulator chamber, this leads to an 
impulsive increase in the height of a fluidized bed (Figure 7) that is in accordance with 
increase of the potential energy of a fluidized bed and causes returning of the system into 
an equilibrium state. Estimated dependence Нbed=f(τ) by using the developed mathematical 
model with σ=0.941 describes the experimental data. 
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Figure 7. Dynamics of change in the height of a fluidized bed relative to the  
initial – Δh/Н0 =f(τ): σ=0.941 

 
 
Conclusions 
 
The developed mathematical model of non-uniform jet-pulsating fluidization in an 

auto-oscillatory mode adequately describes a new way of interaction of gas and solid 
phases. All statements of the physical model of the process, in which the non-uniform 
disperse system turns into the auto-oscillatory mode, are experimentally tested and 
confirmed. 
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