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Abstract 

We have found analytical expressions for the envelopes of maxima and minima 
of interference reflection and transmission spectra for both transparent and 
absorbing two- and three-layer structures under the conditions of arbitrary light 
incidence and polarization state. General regularities for the shape of those 
spectral envelopes are established, depending on the optical thicknesses of 
constituent layers. 
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1. Introduction 

General relations determining envelopes of Fabri-Perot interference spectra for arbitrary 
experimental geometries and light polarizations have been derived only recently for the 

simplest case of single-layer structures [1].  For the structures involving larger quantities 
of layers, it has been suggested [2] that analytical relations for those spectral envelopes 
can be hardly obtained even for the case of two optically transparent films, despite the 

Fabri-Perot interference has been extensively studied for a long time∗. In order to solve 
the corresponding problems and determine optical constants and thickness of a film under 
study, a method of additional spectral modulation has been proposed. It can be 
implemented by means of light interference in an intermediate layer, which is chosen to 
be thicker than the film under test [2]. Reasoning from obvious practical importance of 
two- and three-layer structures for constructing devices of optical signal processing [5,6], 
in this work we reveal for the first time general analytical expressions for the envelopes 

                                                           
∗ The relevant works are reviewed, for example, in [3, 4]. 
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of Fabri-Perot interference spectra characteristic of two- and three-layer structures, 
together with general features of the shape of those envelopes. 

2. Basic relations and the main conclusions 

Let a plane wave of 1d  or p − polarization propagates through a uniform semi-infinite 

medium with the refractive index 0n  and then falls upon a surface of k isotropic layers at 

an arbitrary incidence angle α . Each of the layers is characterized with complex 

refractive index j j jn n iχ= −�  and a thickness jd , where 1,2,...j k=  and 2k =  or 3 . 

Under the conditions of oblique light incidence upon the structure surface, each layer has 

the phase thickness 
4

cosj
j j j

d
n

π
δ β

λ
=� �� , where jβ  is the refraction angle for the 

interface of film under the number j . The layered system is fixed at a uniform semi-

infinite substrate characterized by a complex refractive index 1kn +� . 

 The complex amplitude reflectances ( ,
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l m l mt e ϕτ −=� ) for single surfaces or the structures formed by layers with the numbers 

l, l+1, …, m–1, m (with 0,1,...,l k= , 1, 2,..., 1m l l k= + + +  and the layers l and m 

representing semi-infinite media) can be found according to the known Fresnel formulae 
[7] for the both light polarizations, if only 1m l= + . If 1m l> + , those coefficients could 
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where ( )exp Imj jδΩ = �  and Rej jδ δ= � .  

It is worth noticing that a number of misprints are available in the Russian 
translation of monograph by Azzam and Bashara [8]. So, the amplitude transmittance 

coefficient 
21

1
t

S
=�  for the plane-parallel structure entering formulae (4.170) and (4.173) 
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(see [8]) should be defined as 
11

1
t

S
=� , where the quantities 11,21S  are given respectively 

by formulae (4.184a) and (4.184b) from [8]. Besides, formula (4.186) of [8] is also in 
error. Using the notation adopted in the monograph mentioned above, we have in fact 
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. Note that the latter relation agrees with 

Eq. (3). Finally, quite analogous correction should be made for the single-film 

transmittance coefficient, i.e. 
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Let us consider, for instance, a single film formed by the surfaces 01  and 12 . The 

essence of the envelope technique consists in representing the energy reflectance ( R ) and 
transmittance (T ) coefficients for that film in the following form: 

2 2 2 2

2 2 2 2

cos sin
2 2

1 cos 1 sin
2 2

m M

F F
R b R a

R
F F

b a

+ +

− −

+ −
= =

+ −
,  

2 2 2 21 sin 1 cos
2 2

m MT T
T

F F
a b− −

= =
− +

,  (4) 

where 
( )

2 01 12 1
2

01 12 1

4

1
a

σ σ
σ σ

Ω=
+ Ω

 , 
( )

2 01 12 1
2

01 12 1

4

1
b

σ σ
σ σ

Ω=
− Ω

 and 1 01 12

2
F

δ φ φ
±

± −= . The functions 

2

01 12 1
,

01 12 11M mR
σ σ

σ σ
 ± Ω=  ± Ω 

,   
( )

2 2
01 12 12 2

, 2
0 01 12 1

cos

cos 1
M m

n
T

n

τ τβ
α σ σ

Ω=
Ω∓

   (5) 

are analytical expressions of the spectral envelopes. In frame of our approach, the 
adherent points of the reflectivity maxima envelopes are determined by the conditions 

2 2sin 0
2

F
a ± = , while the same points for the minima are given by 2 2cos 0

2

F
b ± = . They 

do not always coincide with the peak extrema. The differences M mR R−  and M mT T−  

determine the ranges of the energy coefficients that correspond to changes in geometrical 
layer thickness, under condition of invariable optical parameters of the media. This is 
why the maxima and minima envelopes are kept parallel and retain their slopes for the 
case of transparent single-layer structure in any dispersion-free spectral region. 

3. Two-layer structures  

Using standard computer modelling techniques, we have revealed that the envelopes of 
the multiple interference spectra for the case of two films acquire the following form: 

2
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if only 1d < 2d , and 
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in the contrary case ( 1d > 2d  – see Fig. 1).  

  

Fig. 1. ( )R λ  spectra and their envelopes , ( )m MR λ  for the case of two-layer 

structure.  

 
Eqs. (6) and (7) have a general character and remain valid for optically transparent 

and absorbing structures, for normal and oblique incidence, as well as for both the −s  

and p − polarizations. Their analysis draws a conclusion that it is the light interference in 

the thinnest film that plays a key role in shaping the envelope contours of Fabri-Perot 
spectra typical for the two-film structures.  

Furthermore, the analytical relations given by Eqs. (6) and (7) allow formulating a 
general antireflecting condition for the optical system consisting of two films: 

02 23 1 2σ σ= Ω Ω  ( 1d  < 2d  ) or 01 13 1σ σ= Ω  ( 1d  > 2d  ).  (8) 

The condition analogous to Eqs. (8) for the case of single-layer system has been 
motivated as a manifestation of pseudo-Brewster character of the light reflection at 

double plane-parallel interface, provided that the incidence angle is equal to psα  (see 
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Fig. 2), which represents an analogue of ordinary Brewster angle [9]. Let us stress that the 
general antireflecting condition is not forbidden for either normal or oblique light 
incidence and for the both s −  and p − polarizations. 

 

Fig. 2. Illustration of ' antireflecting' angle psα  and the Brewster angle 01Bα . 

 
Let us consider single interfaces appearing between the medium deposited above the 

structure and the upper film (the corresponding interface index 01), between the two films 
(the index 12) and between the lower film and the substrate (the index 23). It is known 

[10] that the Brewster angles 1
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+
, 1 2

12 2 2
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1
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n n

n n n
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+
 and 

2 3
23 2 2

0 2 3

1
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n n
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+
 exist for those single interfaces in case of the oblique 

incidence and the p − polarization. In what the interference properties of this two-layer 

system are concerned, it becomes similar to its single-layer analogue whenever the 
incident light falls at those Brewster angles.  

As seen from Table 1, the envelope contours of the maxima and minima coincide 
with each other and oscillate synchronously with the reflectance contour at the incident 

angles 01Bα  (for the case of 1d > 2d ) and 23Bα  ( 1d < 2d ), though the oscillations are absent 

for the case of any other parameters of the media under test. As a consequence, the 

oscillation period for the reflectance contour measured at the angles 01Bα  and 23Bα  would 

be determined solely by the thickness of one of the layers. This fact seems to be an 
important supplement to the well-known approach used for finding film parameters with 
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the interference technique. When the incident angle equals to 12Bα , the envelopes also do 

not oscillate, however the oscillation period for the reflectance contour is determined by 
the total phase thickness of the both films.  

On the other hand, the envelopes coincide at the corresponding Brewster angles for 
the single interfaces, i.e. 

 M mR R= .     (9)  

If we have had experimental contours of the dependences of energy reflection 
coefficient on the incidence angle, the fact summarized by Eq. (9) enables us to find the 

values of the angles 01Bα  ( 1d > 2d ) or 23Bα  ( 1d < 2d ) as a corresponding intercept.  

 

Table 1. Envelope functions ,m MR  for the incident angles 01Bα , 12Bα  and 23Bα  and 

different relationships between the layer thicknesses 1d  and 2d . 
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Another important conclusion may be inferred from Eq. (9). Namely, the single- and 
two-layer structures manifest quite different phenomena of multiple-beam interference at 
the Brewster angles. So, the multiple-beam interference in the two-layer system remains 
actual under the condition specified by Eq. (9). On the contrary, the main features of light 
reflection and transmission in the single-layer system under the above condition prove to 
be the same as those peculiar for a single interface. If we deal with absorbing media, the 
physical meaning of our conclusions does not change. Then the Brewster angle becomes 

a so-called 'pseudo-angle' and is determined from the solution of equations Re 0pr =  or 

0pdR

dα
=  for the single interface [11]. 
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4. Three-layer structures  

Using the computer analysis of three-layer systems, we have ascertained that the 
analytical expressions for the envelope spectra of multi-beam interference may be 
generalized to the following form: 

2
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, 
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,   (10) 

if the geometric thicknesses of the layers obey the inequality 1d < 3d , while for the 

case of 1d > 3d  we have 
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Eqs. (10) and (11) have a general character, too. As follows from Fig. 3, the 
conclusion concerning the interference in the thinner film as a major factor of shaping the 
corresponding spectral envelope, which has been drawn earlier, remains also valid for the 
three-layer system.  

 

Fig. 3. Illustration of modulation of the envelope with the light interference in 
layered system. The oscillation period of the envelope contour ,m MR  is the 

same as that for the contour 03σ  (a), 14σ  (b), 02σ  or 24σ  (c). 

 
The antireflecting condition for the three-layer system appears to be analogous to 

Eq. (8): 

03 34 1 2 3σ σ= Ω Ω Ω ( 1d  < 3d  )  or 01 14 1σ σ= Ω ( 1d  > 3d  ).   (12) 
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It expresses pseudo-Brewster 'optical blooming' occurred at the psα  angle. 

Depending upon the relations among the refractive indices,  in case of four interfaces we 
have the following allowed Brewster angles for the −p polarization:  

1
01 2 2

0 1

arcsinB

n

n n
α =

+
, 1 2

12 2 2
0 1 2

1
arcsinB

n n

n n n
α =

+
, 2 3
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0 2 3

1
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n n
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α =

+
 and 

3 4
34 2 2

0 3 4

1
arcsinB

n n

n n n
α =

+
. As for the multi-beam interference, the three-layer system at 

these angles behaves like the two-layer one.  

5. Conclusions 

1. We have derived general analytical expressions for the envelope Fabri-Perot 
interferograms for the duplex and triplex thin-film structures. 

2. Interference of light in the thinnest layer has been shown to be deciding while 
shaping their envelope contours. 

3. Basing on the analytical expressions for the envelopes, we have generalized 
antireflecting optical conditions and manifestation of the Brewster angles in the Fabri-
Perot spectra. 

Besides, we should emphasize the following point. Unfortunately, the algorithm for 
searching for explicit mathematical expressions that define the envelopes for the two- and 
three-layer structures still remains unclear. Nonetheless, we have proved that the 
conclusion [2] on principled impossibility to find these expressions, even for the simplest 
case of two-film system, should be incorrect. This is another important result of our work. 
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