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Abstract

In the present work we describe a high-accuracy torsion method for measuring
piezooptic coefficients 74 and 7,5 in trigonal crystals. Spatial distributions of the
optical indicatrix orientation and the optical birefringence induced by torsion
stresses are quantitatively evaluated and analysed. It is shown that a crystal
subjected to torsion stresses works as an optical lens, with the characteristics
operated by a torque moment.
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1. Introduction

It is known that experimental determination of piezooptic coefficients yields high enough
errors (~30%) caused by non-uniform stresses appearing in crystalline samples under
their uniaxial loading [1]. This problem becomes more important in case if one measures
the coefficients associated with shear stresses. Then each of the piezooptic coefficients
under interest is coupled with the other coefficients by very complicated relationships [2].
For example, the stress-induced optical retardation measured with interferometric tech-
niques along a principal axis Y in crystals belonging to the point symmetry 3 is deter-
mined as

1
oA, :—Z”?dz(”nJF”ls t755)05, (1)

where o5 is the uniaxial stress component along the bisector between X and Z axes, n
the refractive index of a stress-free sample, and d, the sample thickness along the direc-

tion of light propagation. It is evident that determination of the coefficient 7,5 based on
Eq. (1) is possible only when the coefficients 7;; and z;; are known in advance, i.e. de-
termined in the other independent experiments.

In our recent papers [3—5] we have shown that the piezooptic coefficients mentioned
can be determined with high enough accuracy, when applying torsion stresses to a sam-
ple. As an example, we have also measured the piezooptic coefficient 74 for the lithium
niobate crystals with the error not exceeding ~ 3%. In our work [5] we have developed
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the method for measuring different piezooptic coefficients under torsion stresses, which is
valid for the crystals of all point groups of symmetry. However, in some cases this me-
thod assumes very complicated experimental geometries, e.g. those involving incident
light beams propagating oblique to sample surfaces. Besides, it follows from the work [5]
that the particular 714 and w5 coefficients should be determined in the geometry where the
light propagates along the optic axis (i.e., the crystallographic axis c) and the torsion mo-
ment is applied around the same axis, whereas the orientation of a and b axes should be
known in advance. In the present work we describe a simpler method for determination of
the piezooptic coefficients 714 and 7,5 in trigonal crystals belonging to the point symmetry

groups 3 or 3.

2. Results and discussion

Let us consider a matrix of piezooptic tensor for the symmetry groups 3 and 3 :

011 Oz 033 O3 O3 021
AByy | my  mpy M3z Mg 7os 27g)
ABy | m Tl M3 T4 Ts 27e)
ABy; | myy w3y m3 0 0 0 : ()
ABy, | myy —7gy O Tas  Tiys 275y
AByy | —7msy sy 0 —mys 7y 27y
AByy | —7sy  Tgp 0 a5 T4 Tee = 711 — 12

When a torsion deformation around Z axis is applied to a cylindrical sample, the
stress tensor components are defined as [6]

2M
Gﬂ:;rR“ (X54ﬂ—Y55u), 3)
where M, = I(r X P) ds, 64 s 05 u are the Kronecker deltas, R the cylinder radius, S the

S
square of the cylinder basis, and P the mechanical loading. Then we deal with the two
shear components of the stress tensor, o3, and o3;:

2M,
04 = 4)
! aR*
and
2M
Os5 = 4Z Y’ (5)
TR

which depend linearly on the coordinates. The latter dependences enable one to determine
unambiguously a spatial distribution of the shear stress components inside a sample under
study. Moreover, application of torsion moments can provide pure tangential displace-
ments (or shear stress components) alone, which otherwise (i.e., under other geometries
of sample loading) are usually accompanied by normal displacements, thus leading to
appearance of complementary compression and/or extension stress components.
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The equation of optical indicatrix perturbed by the two shear stresses reads as

2 2 2
(B + 1404 + 73505) X +(By| — 1404 — 7p505)Y " + B33 Z ©6)

+2(7 4404 + 74505)YZ + 2(7 4405 — 450 4) XZ + 2(71405 — TH504) XY =1

The refractive indices in the cross section XY of optical indicatrix may be written as
3

n 2 2 2
n = n, —70(”2505 + \/”1404 + (7504 + 71405) )
@)
3 3 M, \/ 2 42 X 72
=1, =Ny —r | TosY +\ T X7 + (o5 X + 714Y)" |,
TR
3
n 2 2 2
ny, =n, —70(”2555 —\/”1404 + (7504 + 71405) )
(3
_ 3 M, Y—\/ 2 42 X 72
B T X" + (o5 X + m4Y)” .

Then the distribution of the birefringence in the XY plane is given by

M
6(An), = ”3\/”1240'5 + ()50 + m405)° = 2m) 724\/”124)(2 + (s X + 1Y), (9)
T

while the angle of optical indicatrix rotation around the Z axis may be represented as

TrsO 4 + 140 Trs X + 1Y
tan2¢, = 2504 1495 _ 725 147

(10)

71404 maX

Taking definitions X = pcos¢g, Y = psing into account, we rewrite Egs. (9) and (10) as

M
5(An)12 = 2}’13 724\/7[124)(2 + 77.'%5)(2 + 71'124Y2 + 27[147T25XY
T

Y 1n
=2n —24,0\/7[124 + 7135 COS> @+ TTp57r4 SIN 200
R
and
tanzgzz7z25X+7r14Y=n25cosgo+7r14singo‘ (12)

X TT14 COS @

It is evident that the birefringence would have a conical spatial distribution under the
condition of ;5= 0 and so would be dependent only on the distance from the centre of XY
cross section. In other words, the birefringence induced by the torsion moment M, be-
comes

M 2 o2 3 M
S(An), =2n> = NX? +Y? =20 2 74p, (13)
12 o gt 4 o gt 4
while the optical indicatrix rotation angle is determined only by the angle ¢, being twice

as less:
Y
tan24, =}=tan(o. (14)

In fact, here we deal with the case of LiNbO; crystals (the symmetry group 3m) for
which 7,5 =0 [7]. Therefore spatial distributions of the birefringence and optical indica-
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trix rotation for those crystals are determined by Egs. (13) and (14).
Let us analyse Eq. (10) for the optical indicatrix rotation in crystals belonging to the

symmetry groups 3 and 3 . As follows from Eq. (10), one has

tan 2§, =too, §, =+45° (15)
at X=0and
tan24, =75 o tan2{, =K (16)
T4

at Y=0. Here K is a parameter determined by the ratio of the piezooptic coefficients
(mys = Kmy4 ). Thus, the angle of optical indicatrix rotation under the condition Y= 0 is
determined by the ratio of piezooptic coefficients (arctan z,s/m4). A similar conclusion
has earlier been drawn [8] when analysing a torsion method for orientation of crystals
belonging to the middle-symmetry systems. A zero optical indicatrix rotation is reached
under the condition m,5cos@+ m4sing =0, i.e. at the angle ¢ = arctan(—K). Depend-
ences of the optical indicatrix rotation on the angle of clockwise rotation calculated for
different ratios K = m,5/m, are shown in Fig. 1. It is seen from Fig. 1 that a gradual
change in the K parameter leads to changes from a linear dependence peculiar for the case
of K = 0 to a step-like behaviour observed at K =100 (i.e., w14 = 0).

2501 ¢, deg
i b 4N
200+ AT b
YaN QQ
2
AAQ
150 2@
serrttntERe.
e
100+ A QQQ o K=10
A%QQ A K=3
i AN o K=0.2
50 &y * K=0
AQQ r K=1
0' Q ¢ K=o
45 0 45 90 135 180 225 270 315 360 405

¢, deg

Fig. 1. Dependences of optical indicatrix rotation angle for the crystals of
point symmetry groups 3 and 3 on the angle of clockwise rotation calcu-
lated for different ratios K = 7,5/ 4.

Spatial distributions of the optical indicatrix rotation in the XY plane calculated for

the crystals belonging to the symmetry groups 3 and 3 are presented in Fig. 2.
As seen from Fig. 2, the optical indicatrix rotation at K = 0 starts from zero and in-
creases linearly up to 180° with increasing angle ¢ . However, the starting value of the

optical indicatrix rotation at K =1 is equal t022.5° and £, reaches the value 200.5° at
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@ =360°. In this case the dependence of {, on ¢ is periodic. An interesting situation

happens in the case of K = 100. In fact, a sample is divided into two parts, with the orien-
tations of optical indicatrix given by the angles 45° and 135°.
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Now let us analyse a particular case of spatial distribution of the birefringence in-
duced in the XY plane by the torsion moment M, = 0.049 N m, while the rest of the pa-
rameters are taken to be n,=2.0, R=2mm, and 74 =107"?m?/N. As follows from
Eq. (11), this distribution is presented by an elliptical cone rotated in the XY plane. The
angle S of rotation of the cone is given by the relation

1 1 1
ﬂz—arctanmz—arctan—. a7

2 Tys 2 K
In particular, we have the angle f=22.5° at K=1 (see Fig. 3b) and =0 at
4 =0 (see Fig. 3c). In general, the angle f§ decreases with increasing K, as predicted by

Eq. (17). The ellipticity of the cross section of the elliptical cone is determined by the ra-
tio of its semi-axes a and b:

2 2 [ 4 2 2
ﬁ: 271'14 + 7'[25 + 71'25 +47T147T25 (18)
b 2 2 [ 4 2 27

2714 + o5 — N a5 + 4Ty 705

or
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a _ 24 K>+ K*VK? +4
b 24 k?-K*NK?+4

It is seen from the above formulae that the ellipticity is equal to unity if 7,5 =0,

(19)

which corresponds to a circular cross section of the cone (see Fig. 3a), and it tends to in-
finity if 7,4 =0 (see Fig. 3c). This ellipticity is equal to (3++/5)/(3—+/5) at K=1. As
seen from Fig. 4, the birefringence distribution along the X axis is linear in the case of
K =100, though the birefringence does not change its sign at X =0, being equal to zero

instead. In fact, the conical surface of the birefringence distribution in this case degener-
ates into two planes defined by the relation

M M
S(An)yy = 213 —Z 7155 X = 4200 —Z- prrss coOs Q. (20)
TR TR

4 4

On either side of the line X =0, the optical indicatrix is rotated by the same angle
45° in the opposite directions (see Fig. 2¢). Notice that the induced birefringence in the
case of K=100 can reach very high values (~ 3x10~ — see Fig. 3¢ and Fig. 4), while in the
other cases depicted in Fig. 3a and Fig. 3¢ we have the birefringences as small as 10~ in
the order of magnitude.
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Hence, one can easily determine the coefficients 7, and 7,5 with high enough ac-

curacy, using experimental mapping of spatial distributions of the birefringence and the
optical indicatrix orientation and solving the system of Eqs. (11) and (12). One can esti-
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mate the errors for the both coefficients as being close to that declared in the study [4]
(i.e., ~3%).

Fig. 4. Distribution of birefringence in the
XY plane for the case of K =100 (a) and
dependence of birefringence on the X co-
ordinate (b) along the yellow line at Y = 0.

Let us finally emphasise that, due to a radial distribution of the refractive indices (see
Fig. 3a), a sample subjected to torsion stresses will act on a bundle of light beams as a flat
lens. Depending on azimuths of linear polarisation of the incident light and the sign of
mechanical torque, this lens can work as either convex or concave one (see Egs. (7) and
(8) under the condition 7,; =0). Reversal of the torque moment will transform a concave
lens into convex one, and vice versa, whereas changing module of the torque moment
will enable controlling the focal length. The birefringence distributions shown in Fig. 3¢
and Fig. 4 correspond to a cylindrical lens with flat faces. This lens will reveal all the
properties mentioned above, i.e. its characteristics can be controlled by the torsion
stresses.

3. Conclusion

In the present work we have described the high-accuracy method based on torsion loading
of crystal samples and aimed at measuring the piezooptic coefficients r,, and 7, in the

crystals that belong to the point symmetry groups 3 and 3. The spatial distributions of
the birefringence and the angle of optical indicatrix rotation have been calculated theo-
retically and analysed. We have demonstrated that the spatial distribution of the birefrin-
gence in the sample subjected to torsion around the Z axis represents in general an ellipti-
cal cone, with a zero birefringence value in the centre of its cross section by the XY plane.
The parameters of the cone have been evaluated. We have demonstrated that the elliptical

cone is transformed into a circular one if 7,; =0, or degenerates into two planes if
7, =0. We have also shown that a crystal sample subjected to torsion stresses could

work as a flat lens, of which parameters can be controlled by changing the torque mo-
ment.
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Anomayia. B oawniti pobomi onucaHo 6UCOKOMOYHUU MOPCIUHULL MemoO BUMIDIOBAHHS
1 €300NMUYHUX KOeIiYieHmi8 Ty, i o5 8 MPUCOHANbHUX Kpucmanax. Ompumano i npoananizo8ano
npoCmMoposuli po3nooin opicHmayii ONMUYHUX IHOUKampuc ma 0803A0MIeHHs, IHOYKO8AHI Mop-
citinumu Hanpysceuuamu. Ilokasano, wo kpucmanu nio 0i€0 MopCiliHux HanPY*HCeHb NOBOOAMbCA,
AK ONIMUYHI JITH3U, KePOBAHI MOPCIUHUM MOMEHMOM.
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