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Abstracts. We have studied the behaviour of topological defects (TDs) of optical
indicatrix orientation under the conditions when the electrooptic Pockels and Kerr
nonlinearities coexist in cubic crystals and the axes of both conically shaped electric
field and light beam are parallel to the crystallographic direction [111]. We have
found that the electric voltage leads to a birth of three pairs of TDs. They are
characterized by half-integer magnitudes of their strength and the opposite signs of
that strength within the pairs. The above pairs of TDs annihilate with decreasing
voltage. We have also shown that the total charge of relevant optical vortices is not
conserved under topological reactions.
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1. Introduction

Topological defects (TDs) of optical indicatrix orientation produce polarization singularities in an
optical beam propagating through anisotropic inhomogeneous media and result in appearance of
optical vortices (see, e.g., Ref. [1]). As an example, TDs associated with the director and produced
technologically in liquid crystals are successfully used for generating optical vortices [2]. Such
devices are commonly called as g-plates [3]. They can be applied in a number of novel branches of
optical signal processing, e.g. in optical cryptography, information processing, quantum
teleportation, etc. [4-8]. Though the TDs in liquid crystals are quite easily created, the materials
mentioned above are often temperature unstable and the range of their applications is somewhat
restricted due to their excessive pliability to external fields.

Recently we have shown [9-14] that the TDs of optical indicatrix orientation can also be
induced by spatially inhomogeneous external fields applied to single crystals. For instance, TDs
with the strengths +)2 or —% can be induced under crystal bending or torsion, respectively via a
piezooptic effect [9—11]. The defects with the strength —' are produced via an electrooptic Pockels
effect whenever a conically distributed electric field is applied [12, 13]. Similarly, the TDs
with the strength equal to +1 appear as a result of a quadratic electrooptic (Kerr) effect
under a conically shaped electric field [14]. Creation of the TDs with different strengths via
the Pockels and Kerr effects has stipulated the analysis of behaviours of those defects
in an ‘intermediate’ regime occurring under conditions when both of the effects coexist [15].
In particular, we have found [15] that the change, from —2 to +1, in the strength of the central
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TD cannot be observed under increasing electric field. Instead, we have revealed a ‘crossover’
regime in the process of creation of the TDs. It is an intermediate mode appearing between
the conditions under which one of the competing electrooptic nonlinearities, Pockels or Kerr
ones, prevail. The crossover arises when the electric voltage increases such that the Kerr
effect manifests itself in a notable manner. Instead of the TD with the unit strength, which
would have produced a doubly charged OV, four different TDs then appear, with their
strengths equal to +%. Further increase in the electric field shifts the additional lateral TDs towards
the central one [15]. Besides, the study [15] has specified the point symmetry groups for which
both the Pockels and Kerr effects coexist as the groups 43m,23, 6m2, 6, 4,3m, 32, and 3.

In spite of some progress reached in the work [15] and concerned with studying
electrooptically induced TDs in solid-state crystals, only the TDs appearing in the crystals
of the point group 6m2 have been analyzed there. This has been done thanks to a
relative simplicity of theoretical relations that describe the field-induced phase difference
and optical indicatrix orientation for this symmetry group. The other groups do not reveal
such encouraging circumstances. For the case of cubic symmetry groups (43m and 23), of
which electrooptic tensors include the smallest number of independent components, it has
been concluded [15] that, at least under a conical field with the cone axis parallel to the
principal crystallographic axes, the crossover regime cannot appear because the Pockels
effect produces no TD of optical indicatrix orientation in the centre of the beam cross-section.
The appearance of TDs with the strength 1 due to the Kerr effect in the cubic crystals has not
been also analyzed in Ref. [15]. Here we are to notice that there exists an additional possibility
for creating the TDs in the cubic crystals: they can be produced in the centre of the beam cross-
section when the conical field is applied along the direction [111]. This interaction geometry
can lead to the crossover regime because electrooptically induced birefringence should not appear
when the electric field is applied along the three-fold axes and the light propagates along the
same directions. The aim of the present work is to analyze in detail this particular experimental
geometry.

2. Methods of analysis
For simulating a so-called ‘effective’ angle ¢ of optical indicatrix orientation and an ‘effective’

phase difference Al for each elementary ray belonging to a wide Gaussian beam, one can use a

well-known Jones matrix approach, by dividing a sample by, e.g., Sy.x= 100 homogeneous layers
perpendicular to the crystallographic axis [111]. In its turn, each of the layers is divided by & x/
homogeneous elementary cells in the X 'Y' plane. Here Y' and X' axes are parallel to the
crystallographic directions [110] and [112], respectively.

The detailed description of application of the Jones matrices for simulation of the optical
indicatrix orientation and the phase difference in crystals under conical electric field has been
presented in Refs. [12—15]. In particular, in the recent work [15] phenomenological relations for
the birefringence and the optical indicatrix orientation induced by a conically shaped electric field
inside the homogeneous layers have been derived for all of the aforementioned symmetry groups.
When the conical field axis is aligned with the [111] axis and the light beam propagates along the
same direction, the birefringence and the optical indicatrix orientation for the crystals belonging to

the point group 43m read respectively as
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electrooptic components. Namely, R';, and r'j, are respectively the Kerr and Pockels tensor

components rewritten in the coordinate system X 'Y'Z', of which Z' axis is parallel to [111] and

Y' and X' to [110] and [112], respectively. A standard matrix notation is used for the tensor
components, ie. the Kerr coefficients are represented as R;, =Ry,  for
jerA=1..6kl<>pn=123 and Ry, =2Ryy for jj <> A=1..6;kl <> u=4,5,6. Similarly,
the Pockels coefficients are written as ry; = r; .

In the spherical coordinate system defined by X = psin®cos¢, Y = psin®sing and
Z =pcos®, we obtain E| :U‘can@cos<p/d(l+tan2 ®), E, = U‘[an®sin(p/d(l+tan2 ®) and

E;=U/d(l +tan? ®), where U denotes the eclectric voltage applied, d the thickness of
crystalline plate, and E, =U/d . It is evident that the £, and E, components are equal to zero if
® =0 (the case of a homogeneous field, with field lines parallel to the Z axis). These components
increase with increasing ® and decreasing d (see Fig. 1).

Under the same conditions as above, the corresponding relations for the crystals belonging to
the point group 23 become as follows:
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3‘”\
EN Fig. 1. Schematic representation of a crystalline plate

k with circularly shaped electrodes e; and e, and a
conical spatial distribution of electric field produced by
these electrodes.

When a sample with a TD of optical indicatrix orientation is placed in between crossed

circular polarizers, one can observe a doughnut-mode intensity distribution peculiar to the optical
vortices. Namely, the amplitude £°(X,Y) of the outgoing light wave is described by
of

AT 1 AT i iine [ 1
gout (X, Y) — 50 cos 2k1 |:+ :| + 150 SinTkleizZp(ﬂizZCn |: :| , (5)
+i +1

where Al“zfl‘ denotes the phase difference, / =12 p the topological charge of the optical vortex, p

the strength of the TD, &, the angle of optical indicatrix orientation at ¢ =0, and & the

amplitude of the incident light wave (see, e.g., Ref. [16]). The second term in the r. h. s. of Eq. (1)
describes a helical mode (the charge of the optical vortex being equal to 1 at p==%1/2 or 2 at

p =1=1), while the first term describes the incident wave with no dislocation of its wave front.

This term vanishes at A’ Z’; =7.

3. Results and discussion
When performing our simulations, we use the following parameters of the crystal belonging to the
symmetry group 43m: d=5mm, n=17, rY = 2x107 2 m/Vv R =1.75x10"8m?/v?,

R, =0.583x1078m?/V?, R\, =0.167x10"8m?/V?, and R'ss =1.167x10¥m?/V?. The
diameter of the incident beam is taken to be equal to p =5 mm.

Let us analyze the behaviour of TDs in the crystal belonging to the point group 43m , which
is observed with increasing electric voltage. When the voltage is equal to 1 kV, only one TD of
optical indicatrix orientation (referred to as TDy) appears in the beam centre (see Fig. 2a). The
strength of this TD is equal to —%. The induced effective phase difference is equal to zero in the
centre of the beam cross-section (see Fig.2 b), so that we have a singly charged optical vortex OV,
(see Fig. 2¢). This optical vortex is almost canonical, since the dependence of the effective angle
of optical indicatrix rotation on the tracing angle is close to linear (see Fig. 3).

The dependences of the coordinates of these two defects on the electric voltage are displayed
in Fig. 5a. It is seen from Fig. Sa that, under the voltage 32.67 kV, those defects were born with
the strengths +% (TD;) and — (TD*,). They drift apart with increasing voltage: TD; moves
towards the centre of the beam cross-section, while TD*; moves out of the beam aperture. To be
more specific, TD*, leaves the visible beam cross-section at 40 kV.

The rest of the solutions for the coordinates of TD,, TD*,, TD; and TD*; can be obtained
only numerically. The behaviours of these defects with increasing field are similar to those of TD,
and TD*, (see Fig. 5b and Fig. 5¢). As the voltage increases up to 80 kV, TD;, TD, and TDj; are
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Fig. 2. Simulated spatial distributions for optical indicatrix rotation angle (a, d, g, j, m), phase difference
(b, e, h, k, n) and light intensity behind the circular analyzer (c, f, i, I, 0). The crystal belongs to the point group
43m , and the axes of the conical external field and the light beam are both parallel to [111]. The electric

voltages are equal to 1 (a—c), 15 (d—f), 32.67 (g—i), 35 (j-I), and 80 kV (m—o).

located so close to TD,, that they cannot be resolved visually (see Fig. 2m). Nonetheless, the spatial
distribution of the phase difference and the light intensity (see Fig. 2n, o) manifest peculiar
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triangular shapes. This means that the lateral defects approach the centre of the beam cross-section
though they cannot reach it in the presence of the Pockels effect. Only when the Pockels
coefficients tend to zero, it becomes possible to observe annihilation of one of the lateral defects
with the central one and summing of the strength of the two other lateral defects, leading to a
defect with the strength equal to +1. The topological reaction describing this process may be
obtained using a conservation law for the strengths of TDs, which represent quantum entities:
P, TP1D, TP1D, TP1D, =1/2+1/2+1/2-1/2=1.
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[ 2 0]
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30+ 60| o
0 od

T

0 60 1&0 1 éO 24'10 360 3é0
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Fig. 3. Dependence of optical indicatrix rotation angle on the tracing angle at U=35kV: a — at the radius
p = 0.5mm around the central and lateral TDs; b — at the radius p = 4.5mm around the central TD.

When the voltage increases up to 15 kV, the dependence of the effective angle of optical
indicatrix rotation on the tracing angle becomes nonlinear (see Fig. 3). Despite this fact, a single
TD of optical indicatrix orientation (TD,) with the strength equal to —' is still observed in the
beam centre (see Fig. 2d). This TD is surrounded by three maximums of the effective phase
difference (see Fig.2e), i.e. a singly charged optical vortex appears with inhomogeneous
(triangular) spatial distribution of intensity of the ring of a doughnut mode (see Fig. 2f). At the
voltage 32.67 kV, additional lateral TDs appear, which form a triangle (see Fig. 2g). When the
voltage increases above 32.67 kV, six additional TDs of optical indicatrix orientation are observed
(TD,, TD*,, TD,, TD*,, TD; and TD*; — see Fig. 2j, m and Fig. 4). The strengths of these defects
in the corresponding pairs are equal to +% and —. The effective phase difference is equal to zero
in the places where they are located (see Fig. 2k). The coordinates of these TDs can be obtained by
solving the system of equations which follows from Eq. (2):

{(El +E))(RisE3 — 1)) + Rg E1E; = 0
(Ey = E))(2Ry +(R{y = R (Ey + Ey) =2R{4E3) =0

One of the solutions is trivial: the system of Eqgs. (6) is satisfied whenever X, =Y, =0.

(6)

Obviously, these coordinates refer to the central defect TD,. The other two analytical solutions are
1
Xl,l* = Yl,l* N Xl,l* :m(R'66 UZi’\/R%é U222 —32}’"11 d(l"'ll de —R'14 UZZ) . (7)
1
When the voltage decreases, the process of interaction among the defects becomes reversible.
Annihilation of TD; with TD*,, TD, with TD*, and TD; with TD*; can be observed when the
voltage decreases down to 32.67 kV. Obviously, since the strength of defects is conserved (e.g.,

for TD; and TD*), we have pq, + pyp. =1/2-1/2=0. The defect TD, can disappear only if the

conical electric field is switched off.
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Fig. 4. Scheme of TDs of optical indicatrix orientation appearing in the crystal belonging to the point symmetry
group 43m under application of conical electric field with the cone axis parallel to [111].
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Fig. 5. Dependences of TDs coordinates on electric voltage for the crystals of symmetry group 43m: (a) TD4
and TD*4, (b) TD,and TD*,, (c) TDzand TD*;.
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For a hollow light beam with the radius of central dark spot greater than the radius at which
TD,, TD, and TD; are located, one will deal with a doubly charged optical vortex, since the
effective angle of optical indicatrix rotation changes its value by 360 deg whenever the tracing
angle changes by the same value. When the beam radius gets smaller than the radius at which TD,,
TD, and TD; are located, the singly charged optical vortex will be embedded in the beam centre,
since the effective angle of optical indicatrix rotation at this radius changes by 180 deg whenever
the tracing angle changes by 360 deg. Notice that the total optical field of the outgoing beam
contains seven singly charged optical vortices, the central one (OV) and six lateral ones (OVy,
OV*,, OV,, OV*,, OV; and OV*;). Then one will deal with the crossover regime for the
generation of optical vortices (see Ref. [15]): no optical vortex with a fractional charge will appear
in this case.
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Fig. 6. Dependences of TDs coordinates on electric voltage for the crystals of symmetry group 23: (a) TDs and
TD*, (b) TD,and TD*,, (c) TDzand TD*s.
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Now let us proceed to the crystals belonging to the point symmetry group 23. In our
simulations we use the following optical parameters that characterize such a crystal: n=1.7,

7, =10""m/V, R, =1.925x10"*m*/V*, R', =0.875x10"*m*/V*, R', =0.021x10"*m*/V?*,
R's=-0.079x10""m*/V*, R', =-0.029x10""m’/V*, and R', =1.05x10"m*/V’>. The
system of equations that defines the positions of the TDs becomes as follows:

{(E1 +Ep)(2r) + Ri(Ey — £2)) + 2E3(R{s By — R[4 E) — 2R Ey Ey = 0

’ ’ ' ' ' ’ . (8)
(Ey — Ep)(2R7 + (R — Rip)(Ey + Ep)) + 2E5(Rj4 By + RisEy )+ 2R{gE B, =0

This system can be solved only numerically. As a result, we have obtained seven solutions,
one of them being trivial (Xp= 0 and Y= 0). The dependences of the coordinates for the other six
defects on the electric voltage are presented in Fig.6. From Fig. 6 and Fig. 7 one can see that the
behaviours of TDs in the crystals of the group 23 are similar to those observed earlier for the group
43m.

Finally let us analyze the problem of sign of the charge of optical vortices produced by the
TDs. When the vortices are generated with the aid of TDs of optical indicatrix orientation (as is the
case with the g-plates), this sign is governed by the sign of spin angular momentum of the incident

( l,au.
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Fig. 7. Simulated spatial distributions for optical indicatrix rotation angle (a, d, g), phase difference (b, e, h) and
light intensity behind the circular analyzer (c, f, i). The crystal belongs to the point group 23, and the axes of the
conical external field and the light beam are both parallel to [111]. The electric voltages are equal to 1 (a—c), 25
(d—f), and 80 kV (g—i).
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circularly polarized wave (see Ref. [16] and Eq. (5)). Namely, the sign of orbital angular
momentum of the emergent vortex beam is the same as the sign of spin angular momentum of the
incident wave. Here we are to notice that the sign of the vortex charge is not defined by the sign of
the TD of optical indicatrix orientation. Thus, if a pair of TDs (e.g., TD; and TD*) is born, with
the opposite signs of defect strengths characteristic for the individual defects within that pair, the
relevant optical vortices would have the same sign, which is determined by the sign of the spin
angular momentum of the incident light. Then the charge of the vortices is not conserved under
topological reactions.

4. Conclusions

We have analyzed the behaviours of the TDs of optical indicatrix orientation under the conditions
when the electrooptical Pockels and Kerr nonlinearities coexist in the crystals of cubic system, the
conically shaped electric field is applied along the direction [111] in the crystal, and the light beam
propagates in this direction. We have found that, under the aforementioned conditions, the

behaviours of TDs in the crystals belonging to the point symmetry groups 43m and 23 turn out to

be more complicated than that occurring in the hexagonal crystals of the symmetry group 62m .

In particular, only four TDs are induced in the hexagonal crystals, whereas for the crystals of
cubic system their quantity increases up to seven. Increase in the voltage gives birth to three pairs
of TDs, conventionally referred to as TD, and TD*,, TD, and TD*,, TD; and TD*;. These defects
are characterized by half-integer values of their strengths and the opposite signs of strength within
the pairs. With further increase in the voltage, the TDs drift apart. For example, the defect TD;
moves towards the centre of the beam cross-section, while TD*; moves out of the beam aperture.
We have also revealed that this process is reversible, i.e. the pairs of defects annihilate when the
voltage decreases enough. The strength of the central TD does not change its value from —% to 1
until the Pockels effect vanishes. Hence, the three TDs that move towards the central one never
reach it with increasing voltage but only approach the central defect closely enough.

It has been found that the optical vortices produced by the TDs of optical indicatrix
orientation are singly charged. The sign of their topological charge is defined by the sign of the
spin angular momentum of the incident circular polarized wave rather than the sign of the strength
of the corresponding TD of optical indicatrix orientation. This fact implies that the total charge of
the optical vortices is not conserved under the topological reactions.
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Anomayia. Y pobomi 0ocniodxceno nosedinky mononoziunux Odegexmie (T]]) opienmayii
ONMUYHOT IHOUKAMPUCU 3a YMOBU CHIBICHYBAHHA NOKENbCIBCHKOI I KepPIBCbKOL eeKmpoOnmuyHuxX
HeniniliHoCcmell Y KpUcmanax KyOiuHOI CUHZOHIi, NPUKIAOAHHA KOHIYHO20 eNleKMpU4Ho20 NoJs i
NOWIUPEHHA NYUKa NpomeHie y30068dc Hanpavky [111]. Buseneno, wo smina nanpyau npugooumso
00 Hapoocennss mpbox nap T/, aki xapaxmepusylomvCsa HANIGYINUM SHAUEHHAM CUNU [ MalOMb
NPOMUNEdHCHI 3HAKU yiei cunu 6 medcax napu. 3a ymoeu smenuwienus nanpyeu yi napu T/
anicimoiomo. Ilokazano, wo mononociuHuul 3aps0 ONMUYHUX 6UXOPIE Ni0 4ac MONONOSIYHUX
peaxyi He 36epieacmucsi.
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