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Abstract. Analytical relations for the strain tensor components caused by acoustic
waves with arbitrary wave vector directions in crystals are derived. Our approach
involves standard rotation matrices and cross sections of the indicative surfaces of
Christoffel tensor, which are made by the planes perpendicular to the wave vectors.
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1. Introduction

One of the major problems of acousto-optic (AO) materials science is searching for the crystals
with high enough values of acousto-optic figure of merit (AOFM). This parameter plays a role of a
coupling coefficient between the efficiency of AO interactions and the acoustic wave (AW) power.
If the AOFM is high, the operating power can be reduced, thus implying decreased energy

consumption, which is always important. The AOFM is defined as M, = n° pff / pv*, where n is

the refractive index, p the material density, v the AW velocity, and p,, the effective elastooptic
coefficient (EEC) [1]. Most of these constitutive coefficients are associated with tensor quantities
and so depend on the geometry of AO interactions. Hence, one can, in principle, find an optimal
phase-matched vector diagram, for which a maximal AOFM is reached, when choosing properly
the geometry of AO diffraction.

The above problem is not as easy as it might have seemed at a first glance. In general, the
AW velocities can be obtained following from the Christoffel tensor after finding its eigenvalues,
which can be done either numerically or analytically. However, the EEC is determined by
cumbersome relations that depend upon the directions of propagation and polarization of the
interacting optical waves and the AW. Here the polarization and propagation directions of the AW
determine nonzero strain tensor components, which affect optical impermeability tensor through
elasto-optic effect, and specify the set of elasto-optic tensor components involved into the EEC.
The strain tensor components are given by derivatives of the components of displacement vector
with respect to the coordinates [2]. Notice that the displacement vectors for each of the three
acoustic eigenwaves (one quasi-longitudinal and two quasi-transverse ones) coincide with the
eigenvectors of the Christoffel tensor. However, accounting for the effect of non-orthogonality of
the AWs leads to appearance of more than one off-diagonal components in the Christoffel tensor,
thus making it impossible to solve the appropriate equation analytically. Nonetheless, it is
necessary to obtain the analytical relations for the EEC if one has to grasp the reasons for certain
diffraction efficiency.
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As a consequence, for solving this problem one is usually forced to use the numerical
approach [3, 4] which is not as informative as the analytical one. The other alternative approaches
are based on further approximations. For example, the AOFM anisotropy in lithium niobate has
been calculated in Ref. [5] via the analysis of only anisotropic AO interactions with the
longitudinal AWs. Only a collinear type of AO interactions has been analyzed for the LiNbO;
crystals in the work [6]. In our recent works [7-9] we have neglected completely the non-
orthogonality of AWs. As a matter of fact, such an approach can be justified only when the angle
of non-orthogonality is small enough. The other possibilities appear if one restricts oneself to the
AO interactions in the principal crystallographic planes only. Then one can indeed derive the
analytical relations for the EEC with accounting for the polarization non-orthogonality for the
AWs [10]. On the other hand, this simplified approach can be applied to the crystals of at least
orthorhombic symmetry, because the general problem of analytical solutions reappears again for
the crystalline materials of lower symmetries.

In the present work we develop a general approach in order to obtain analytical relations for
the strain tensor components, which are caused by the AWs that propagate along arbitrary
directions, with taking the non-orthogonality (quasi-longitudinality or quasi-transversality) effect
into account.

2. Derivation of analytical relations

To describe all the possible directions of AW propagation, we start with the initial
crystallophysical coordinate system XYZ. This is a Cartesian system where all the constitutive
tensors are represented. To pass to arbitrary directions in crystals, we need to rotate the system
mentioned above around two non-collinear axes. To be specific, one can first rotate the coordinate
system XYZ around the Z axis by the angle +¢ (counter-clockwise), which gives the system X'Y'Z’
with Z'= Z (see Fig. 1). The second rotation is performed around the Y’ axis by the angle +6. In
this manner we obtain the coordinate system X"'Y"'Z", with Y"=7Y".
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? Fig. 1. Transformations XYZ-X'Y'Z'->X"Y"Z" of
0 Cartesian coordinate system made using successive
X o rotations by angle ¢ around Z axis and by angle 6

around Y’ axis.
Transformations of the coordinate system under rotations around the principal axes X, Y and
Z are described by so-called transformation matrices T,(x), T,(6 ) and T.(¢):

1 0 0 cosf 0 —siné cosp sing 0
T.(x)=|0 cosy siny|, T,@)=| 0 1 0 |, T(p)=|-sing cosp 0]. (1
0 —sin y cosy sinf 0 cos® 0 0 1

In our case we deal with sequential rotations around the Z axis by the angle +¢ and around
the Y’ axis by the angle +6. Then the resulting transformation matrix T2(¢p, ) is obtained by
multiplying the elementary matrices T,(6 ) and T.(¢p):
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cos@cosp cosfsing —sinf
T2(p,0) =T, (0)xT,(p)=| -sing cos @ 0 | )

sinfcose sinfOsing cosd
Let us assume that the AW propagates along the Z” axis. This means that the AW vector
(AWYV) K and the unit vector of wavefront normal (VWN) & = K/|K| (|| = 1) are parallel to the Z"
axis: K || Z"and & || Z". 1t is seen from Fig. 1 that the angles ¢ and 6 are respectively azimuthal
angle and polar (or zenith, or inclination) angle of the VWN & in the spherical coordinate system.
The components of the VWN & written in the XYZ system are nothing but directional cosines a, f

and y of the AWV K:

a=§ =¢ =sinfcosp, B=¢E =& =sinbsing,

3
y =& =& =cos0, & =[sin@ cos p; sinGsin p; cos 6 | ®)

It is known that searching for plane-wave solutions of the three-dimensional equation of
motion leads to the Christoffel equation which represents a basic equation of AW propagation
theory. This equation is as follows:

Axu =V, 4)
where A denotes a so-called reduced Christoffel tensor (RCT), u the displacement vector, and v
the phase AW velocity. The RCT A is related to the conventional Christoffel tensor I as
A=lr. )
0

The symmetric second-rank Christoffel tensor I' is expressed through the four-rank elastic-

stiffness tensor C and the VWN &:

r=8C¢ or Iy=Cuii (6)
Then the components 4; of the RCT A can be written as
1 3 3
Ay =_chz'jkl§j§k : (7
P j=1 k=1
The last relationship can be represented in expanded form as
£ [ G G Css 2Cs 2G;s 26 | & |
Ay Co Cn Cy 2Cy, 2Cy6 2Cy &
Ay |_1 Cs Cu Gy 2G, 2G;s 2Cs o &2 )
s | pl Ge G Cis (Cus+Cas) (Gt Cs6) (Cia +C) E& '
A3 Gs Ciu G (C45 + Cso) (C13 + Css) (Cm + Cse) E&,
LAz | | G Gy Gy (Caa+C3) (Co+Cis ) (Cus + C46)_ 6% |

Since the RCT A is a symmetric second-rank tensor, its indicative surface is in general an
ellipsoid. It represents a surface of AW slowness s (s=v"). This can be described using an
optical-indicatrix type equation, provided that the components B;; of the dielectric impermeability
tensor are replaced by the components 4; of the RCT: B;; — 4;. Accordingly, the principal
refractive indices ny, n, and n; correspond to the principal slownesses s, s, and s3: n; — sy,
n, — s, and n3; — s3. Similar to the optical indicatrix, the central cross section of the indicative
surface of the RCT by the plane perpendicular to the AW propagation direction (i.e., to the VWN,
& || Z") is an ellipse. The principal axes of this ellipse give directions of the two axes of coordinate
‘eigensystem’ of the RCT A, which is inherent to a given AW propagation direction & || Z".
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In order to find the orientation of the principal axes of the ellipse, one has to transform the
RCT A from the XYZ system into the X"'Y"Z" system, using the following rule:

A" =T2(p,0)x AxT2 " (9,0). ©)

The ellipse searched for lies in the plane X"'Y" and, in general, its principal axes form some
angle y with the X" and Y"" axes, which is given by

tan 2y = % ) (10)
Aoy =M
From Eq. (9) we obtain
" =1, cos? @+A,,sin’ @+, sin2¢)cos® O+ A,,sin> 0—( 4, cosp+A,,sing)sin 26,
1 1 2 2 3 3 3
23y = 2 SIN* @+, €OS* 9=y 510 200, .
A =B(122 —X,)sin2¢+2;, cos2go}cost9+(ﬂ1 18in@—4,;cos@)sinf.
Substituting Egs. (11) into Eq. (10), we find the angle y:

[(Z5o—,)sin20+22,, 0529 |cosO+2(4;;sing—1,, cosp)sind
ylzéarctan [ﬂ1l(sin2go—cos2t9cos2 ¢)+ZQ2 (cos2go—coszt9sin2 go)+ . (12)

+(Ag3— Ay, sin 2§D)Sin2 0—(A;cosp+A,;sing)sin20

After rotating the coordinate system X"Y"Z" around the Z" axis by the angle y, we obtain a

new system X""'Y"""Z"", of which X"" and Y""" axes are directed along the principal axes of the ellipse,
while the axis Z"'=Z" is parallel to the VWN ¢&. The matrix of transformation XYZ— X"'Y"'Z""
looks like

T3(9.0.y)=T.(v)xT2(9.0)=T. (v )T, (O)xT. (¢) =
(cos@cospcosy —singsiny)  (cosOsingcosy +cosgsiny ) —sindcosy
=| (—cosOcosgsiny —sinpcosy ) (—cosOsingsiny +cospcosy) sinfsiny |.  (13)
sinfcos@ sin@sing cosf

The coordinate system X""'Y"""Z"" is a ‘reference’ system for representation of the strain tensor
components, which are induced by each of the three acoustic modes propagating along the VWN
€. One of the versors of the coordinate system is given by the VWN &, which is written in the
initial system (see Eq. (3)). The two other versors t1 and t2 are obtained by inversely transforming

X"Y"Z""— XYZ according to the formula
[ cos @ cosp cosy —singsiny
t1=T3"(¢,0,y)x| 0 |=| cos@sinpcosy +cospsiny |, (14)

—sin @ cosy

—cos @ cos@siny —sin @ cosy

2=T3"(¢,0,y)x

1

0
_0_ L
0

1 |=| —cosfsin@siny +cos@cosy | . (15)
0

sin @siny

Comparing Egs. (3) with Egs. (13)—(15), one can see that the transformation matrices
T3(¢.,0,) and T3 (¢,0,y) are defined by the components of &, t1 and t2 versors:

1, tl, t, 12, &
T3(p,0,w) =12, 2, 12, |, T3 ' (0,0,w)=|11, 12, &, |. (16)
él 52 53 t13 t33 53
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As seen from the Christoffel equation, the eigenvalues of the RCT A are squared velocities of
the acoustic eigenwaves (4., = V2l =07 and A = v32), whereas their displacement vectors ul,
u2 and u3 are eigenvectors of the RCT A. Moreover, the length of the latter vectors is unit:
|ul| = |u2| = [u3| = 1. Since the RCT A is written in the initial XYZ system, its eigenvectors ul, u2
and u3 are also expressed in this system. To rewrite them in the ‘reference’ coordinate system
X"Y"Z'", the following relations can be used:

uli’=ul-tl, uly=ul-t2, uly=ul-§;
u2i=u2-tl, u2)=u2-t2, u2y=u2-&;;. (17)
u3=u3-tl, u3)=u3-t2, u3i=u3-;

It is known from Ref. [2] that the strain tensor components e; are expressed in terms of
coordinate derivatives of the displacement vectors:

1 du, duj
=+ 18
% Z(dxj dxl} (18)

Since the plane AW propagates in the direction & || Z'", the displacement of particles in a
crystal depends only on the coordinate Z'" (see Fig. 2). Then the derivatives of the displacement
vectors concerned with X" and Y are equal to zero. As a result, we obtain the following
normalized components of the strain tensor for the three acoustic eigenwaves:

z z 5
Té Uz=usz
/u "'j"'l Uy=U
2412 i !
1 S
} €33=Us g g
e13=uU
NI DAY B )
o) SEEIEEL ;
A2 .
-U/ -UZI O fLTX
a) b) ©)

Fig. 2. Deformations of elementary crystal volume appearing when the AW with the VWN §||Z and the
displacement vector u propagates in crystal, and appearance of normal (es;) and shear (e13) components of the
strain tensor. The both vectors § and u lie in XZ plane.
ell|=0; el}, =0; el},=ul}; ell,=0; elfj=ull’ ely,=ul),
€2, =0; 27, =0; e2%;=u2y; e2(,=0; e2{,=u2} €25, =u2’, (19)
e3(,=0; €37,=0; e3%,=u3y; €3(,=0; e3,=u3]} 37, =u3’.
For each of the eigenwaves, there are three nonzero components of the strain tensor in the
‘reference’ coordinate system X"'Y""'Z"".
e =u,-tl, €5 =u,-t2, ¢’ =u,-& (20)
Taking Egs. (17) and Egs. (2) into account, one can write out the strain tensors E! (i =1,2,3)
for the three acoustic eigenmodes that propagate along the VWN &:
0 0 €, 0 0 (ui-tl)
E'=| 0 0 ¢’5|=| O 0 (ui-tZ) . (21)
e ey el | | (u;t1)(u;-€2) (u;-8)
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This tensor can be transformed to the initial coordinate system as follows:
E, =T3" (0,0,y )xE'xT3(0,0,y) . (22)
Substituting Egs. (13) and (21) into Eq. (22), we obtain all the components of the strain

tensors induced by the three acoustic eigenwaves propagating along the VWN & = {sinfcosg;
sinfsing; cosf}. In the initial coordinate system they are given by the relations

" "o : 2
e =(el.]3cosy/—ei23 51m,1/)sm249cos ®
mo . " . . w2 2 .
—(emsmy/+el.23cosw)smt?sngo+e,.33 sin” fcos” ¢;

e =%(el.";3 cosy — ¢y siny )sin 20sin 2¢

1

. . 1 . .
(ef1ssiny +¢3; cosy)sinO cos 2¢+Ee,.";3 sin’ @sin2¢;
"

+
&13=(€f}; cosy — €y siny ) cos 20cosp

—(e";siny +e",, cosy cos@singo+lef” sin26 cos g; (23)
713 i23 2 i33

" m o . . .2
& =(¢13c08y —¢y;siny )sin 20sin” ¢
P " . . w22
+(¢l; siny +¢y; cosy )sin@sin 2+ ¢y, sin” Osin” g
1

o .o .
€5 =(¢/}3cosy —ey; siny )cos20sing

. 1 . .
+(eflssiny +¢s cosy/)cosecosgo+5qf"33 sin20sin g,

_m 2 " "o .
€33 =€3,€08” 0 —(¢f}; cosy —efy, siny )sin 20.

Finally, multiplying these tensors by the tensor of strain-optical coefficients peculiar for a
crystal under study, one can derive the induced increments of all the components of the dielectric
impermeability tensor. Then, the AO-induced increments of the refractive indices can be obtained.
In this manner, the EEC for a given AO interaction geometry can be calculated.

3. Conclusion

In the present work we have derived analytical relations for the strain tensor components, which
are caused by AWs with arbitrary wave vector directions in crystals. The first technique used for
obtaining these relations is the standard rotation-matrix approach. The second technique is
constructing cross sections of the indicative surfaces that describe the Christoffel tensor. These
cross sections are made by the planes perpendicular to the wave vectors. The relations obtained by
us can be used for the consistent analysis of AOFM anisotropy.
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Anomauin. Olepoicano ananimuymi CniesiOHOWEHHS O/l KOMNOHEHm meH30pa Oepopmayill,
CHPUYUHEHUX AKYCMUYHUMU XGUIAMU 3 OOBLIGHUMU HANPAMKAMU X6UIb0BO2O GEKMOpPA 6
kpucmanax. Ilioxio 6azyemvcs Ha CMAHOAPMHUX NOBOPOMHUX MAMPUYSIX [ NONEPEUHUX nepepisax
[HOUKamMueHUx nogepxoHs mernzopa Kpicmoggens, 3pobaenux niowuHamu, nepneHouKyIsipHUMU
00 XBUNLOBO2O BEKMOPA.
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