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SPECIAL WARPED-LIKE PRODUCT MANIFOLDS
WITH (WEAK) G, HOLONOMY

CNELIAJTbHUI CIOTBOPEHUI JOBYTOK MHOTOBH/IIB
31 (CJIABKOIO) G, TOJIOHOMICIO

By using fiber-base decomposition of the manifolds, the definition of warped-like product is considered as a generalization
of multiply-warped product manifolds, by allowing the fiber metric to be not block diagonal. We consider (3 + 3 + 1)
decomposition of 7-dimensional warped-like product manifolds, which is called a special warped-like product of the form
M = F x B, where the base B is a one-dimensional Riemannian manifold and the fibre F' is of the form F' = F} x I5
where F;, i = 1,2, are Riemannian 3-manifolds. If all fibers are complete, connected, and simply connected, then the
fibers are isometric to S* with constant curvature k > 0 in the class of special warped-like product metrics admitting the
(weak) G2 holonomy determined by the fundamental 3-form.

3 BUKOPHCTAHHSM BOJOKOHHHMX PO3KJIAJ[iB MHOTOBH/IB PO3IISIHYTO BH3HAYEHHS CIIOTBOPEHOTO HOOYTKY SIK y3arajJbHEHHS
0araropa3oBO CIOTBOPEHHX AOOYTKiB MHOTOBHIIB, P IIbOMY BOJIOKOHHA METPHKA MOXKE HE OyTH OJIOYHO-IiarOHATBHOI0.
BuBueHo (3 4+ 3 4 1) poskiazu 7-BUMIpHUX CIIOTBOPEHHX JOOYTKIiB MHOTOBH/IIB, 10 HA3HBAKOTHCS CICIiAIbBHUMH CIIOTBO-
pernmu Buny M = F' X B, ne 6a3a B — omHOBUMIpHHI piMaHiB MHOTOBHJI, a BOJIOKHO I’ Mae homy F' = Fy X Fy, ne F;,
i=1,2, — piMmaHOBi 3-MHOTOBHIH. SIKIIO BCi BOJOKHA € MOBHHMH i OJHO3B’A3HHMH, TO BOHH € i30MeTpHYHHME 10 S° 3i
CTaJIOK KPUBHHOKO k > (0 y KJaci criemiajJbHuX CIIOTBOPEHUX METPHK HOOYTKY, IO JOMYCKalTh (c1adKy) G2 TOIOHOMILO,
BH3HA4YCHY (yHIAMEHTAIBHOIO 3-(OpMOIO.

1. Introduction. The notion of holonomy group was introduced by Elie Cartan in 1923 [3, 4] and
proved to be an efficient tool for the classification of Riemannian manifolds. The list of possible
restricted holonomy groups of irreducible, simply-connected nonsymmetric spaces was given by
M. Berger in 1955 [5]. Berger’s list (refined later by the work of [6, 7]) includes the groups SO(n),
U(n), SU(n), Sp(n), Sp(n)Sp(1) that could occur in dimensions n, 2n and 4n respectively and
two special cases, (G2 holonomy in 7 dimensions and Spin (7) holonomy in 8 dimensions. Manifolds
with holonomy SO(n) constitute the generic case, all others are denoted as manifolds with “special
holonomy”and the last two cases are described as manifolds with “exceptional holonomy”.

The existence of manifolds with exceptional holonomy was first demonstrated by R. Bryant [9],
then complete examples were given by R. Bryant and S. Salamon [10] and the first compact examples
were found by D. Joyce in 1996 [11]. The study of manifolds with exceptional holonomy and the
construction of explicit examples is still an active research area both for mathematics and physics
[12-20] (see also references of papers). The concept of weak holonomy was introduced by A. Gray in
1971 as an extension of holonomy [21]. Manifolds with weak holonomy groups are also investigated
as given in [22, 23].

The motivation for our work was firstly the explicit Spin(7) metric on S® x S x R? given
by Yasui and Ootsuka [24] and secondly the explicit G2 metric on SU(2) x SU(2) x R given by
Konishi and Naka [2]. We investigated whether one could obtain other solutions by relaxing some of
their assumptions, in particular without requiring the three dimensional submanifolds to be S°. We
noticed that their metric ansatzs were a generalization of warped products and we called “warped-
like product”as a general framework for multiply warped product manifolds. In this paper we study
special warped-like product manifolds with (weak) G2 holonomy.
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The outline of paper is given as follows: we set up the basic definitions of our study in Section 2.
We defined “warped-like product metrics”as a general framework for our metrical ansatz and for a
special case we present (3 + 3 + 1) warped-like product manifolds in Section 3. As studied Spin (7)
case in [17, 18], we show that the requirement that the fundamental 3-form ¢ and the Hodge dual
of ¢ be closed forms, determines the connection and with suitable global assumptions, hence the
three manifolds (fibers) we started with are three spheres and we recover the Konishi and Naka
solution after gauge transformations in Section 4. In Section 5 weak holonomy in 7-dimensional case
is investigated for the special warped-like product metrics. Using the fundamental 3-form ¢ and its
relation with weak holonomy, we prove also that the fibers are isometric to S with constant curvature
k > 0 as obtained in Section 4. Conclusions of the study with further remarks are summarized in
Section 6.

2. Technical preliminaries. 2.1. Go manifolds and the fundamental 3-form. As G- is a
subgroup of SO(7), a manifold M with G2 holonomy is a real orientable 7-dimensional manifold,
called a Go manifold which is classified by the existence of a certain 3-form ¢ which is called
fundamental form, denoted by ¢ [9].

2.1.1. Ga-structure. A 7-dimensional manifold M admits a Go-structure if the structure group
of the frame bundle reduces to the exceptional Lie group Go C SO(7) C GL(7) [27]. The existence
of a Ga-structure on M is equivalent to the existence of a positive nondegenerate 3-form ¢ defined
on the whole manifold and using this 3-form it is possible to define a Riemannian metric g, on M [8]

1
9o (X, Y )vol = gixgo Niyp A p. 2.1

If ¢ is parallel with respect to the Levi—Civita connection, i.e., V¢ = 0, then the holonomy group
is contained in G3, the Ga-structure is called parallel and the corresponding manifolds are called
G2-manifolds [27]. In this case the induced metric g, is Ricci-flat [25].

2.1.2. Manifolds with G2 holonomy. The definition of (G2 manifold by using holonomy is
presented in the following definition.

Definition 2.1. Let (M, g) be a Riemannian manifold. If the holonomy group of g is contained
in Go, then M is called a G2 manifold.

In the present paper we are interested in 7-dimensional real oriented manifolds whose holonomy
group is a subgroup of GG3. These manifolds are characterized by the existence of a closed, and Go
invariant 3-form called the “fundamental 3-form ¢ [9]. Conversely, if the fundamental form and its
Hodge dual are closed, then the manifold has G2 holonomy, as given by the following theorem of
Fernandez and Gray.

Proposition 2.1 [27]. The holonomy group of a Riemannian metric (as given in (2.1)) defined
by the fundamental 3-form @ is contained in Gy if and only if dp =d* ¢ = 0.

The proposition above implies that, assuming the existence of a globally defined fundamental 3-
form (i.e., existence of a positive nondegenerate 3-form), the problem of proving M has G2 holonomy
is reduced to the local problem of checking that ¢ and * are closed forms. We shall do this under a
simplifying assumption, that we call “warped-like product”metric ansatz. As a special case in seven
dimensions, we shall consider product manifolds M = F} x Fy x B, where F and F5 are 3-manifolds
and B is diffeomorphic to R. Since all 3-manifolds are paralellizable, the first assumption ensures

ISSN 1027-3190. Yxp. mam. xcypnu., 2013, m. 65, Ne 8



1128 S. UGUZ

the existence of independent sections of the fiber in the product decomposition M = F' x B and the
second assumption is made for convenience.

2.2. Weak holonomy group G5. The concept of weak holonomy group was introduced by Alfred
Gray in [7]. Much of the early work of Gray was concerned with the study of Riemannian manifolds
with special holonomy groups. We present Alfred Gray’s definition of the weak holonomy group of a
seven dimensional Riemannian manifold. Gray shows the following important result about the weak
holonomy group Gs.

Theorem 2.1 [7]. Let (M,g) be a 7-dimensional Riemannian manifold with weak holonomy
group Go. Then M is an Einstein manifold.

It is well known that a manifold with holonomy G is Ricci-flat [25]. Thus, it follows from this
result that the weak holonomy G is indeed a more general notion.
Then the manifold with weak G2 holonomy can be obtained by the following definition.

Definition 2.2 [21]. A Ga-structure @ is said to be weak holonomy Gs if dp = X\ x ¢ with
constant .

From the definition above, it is clear that d « ¢ = 0 and thus this may indeed be considered as
a generalization of the holonomy equations dyp = 0, d * ¢ = 0. Our notation is given as follows: e;
and €', i = 1,...,n, denote respectively local orthonormal frames for the tangent and the cotangent
bundles. This gives rise to local bases for k-forms denoted by

e =e Ned, ek = et Nl A eF, e —etned NP ne L 2.2)

In the following we shall omit the wedge symbol in exterior products. The explicit expression of the
fundamental 3-form ¢ is chosen as [2]

@ = e123 _ 6156 + 6246 _ 6345 + 6147 + 6367 + 6257. (23)

And the Hodge dual of the fundamental 3-form is written as follows:

xp = 4567 _ 2347 | (1357 _ (1267 | (2356 | (1245 | 1346 2.4)
3. Warped-like product manifolds. Let (F, gr), (B, ¢p) be Riemannian manifolds and f > 0
be smooth function on B. A warped product manifold is a product manifold M = F' x B equipped
with the metric
Let (F,gr), (B, gp) be Riemannian manifolds and f > 0 be smooth function on B. A warped
product manifold is a product manifold M = F' x B equipped with the metric

g=msgp + (f om)’nigr,

where 71 : F' X B — F'and 7y : F' X B — B are the natural projections [30]. A generalization of
the notion of warped product metrics is the “multiply-warped products defined as follows [31]. Let
(Fi,gi), 1 = 1,2,...,k, and (B, gp) be Riemannian manifolds and f; > 0 be smooth functions on
B. A multiply-warped product manifold is the product manifold Fy x Fy x ... X F}, X B, equipped
with the metric

k
9="pgs+ Y _(fioms)*m g,
=1
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where 7p : F1 X Fy X ... X Fj, x B— Band 7; : F1 X Fy X ... X F), x B — F; are the natural
projections on B and F; respectively. In this scheme, the metric is block diagonal, with the metrics
of the F;’s are multiplied by a conformal factor depending on the coordinates of the base. We further
generalize this concept by allowing nondiagonal blocks in the fiber space [32].

Remark 3.1. We can define a metric on M by choosing linearly independent local sections of
the cotangent bundle 7* M and declaring these to be orthonormal.

By using fiber-base decomposition, we see that warped-like product is considered as a generaliza-
tion of multiply-warped product manifolds, by allowing the fiber metric to be non block diagonal [32].

Definition 3.1 [32]. Let M be the topologically product manifold M = F} X F5 X ... X Fj, X B,
where dim F, = n,, a = 1,....k, dim B = n. Assume that these manifolds are equipped with
Riemannian metrics gg, and gp respectively. Let U, C Iy, and V C B be coordinate neighborhoods
on F, and B respectively, and let Uy x Uy X ... x Uy, x V. Denote the local sections of the cotangent
bundle of each F, respectively by {0.}"<,, the local coordinates of each F, by {y.}I¢,, and the
local coordinates on B by x', x2, ..., x™. If the metric on M is defined by the following orthonormal

frame:
np

k

P bi_pnJ - —

el = E E Aty i=1,..,n4, a=1, .k,
b=1

J=1
n
ep = E ap; dr’, i=1,...,n,
Jj=1

where
bi bi 1 2 ‘ 12
Agy = Agg(z™, 2%, ™), ap; = apg;(z, 2%, ..., z"),
then (M, e') is called as a “warped-like product "manifold.

3.1. 7-Dimensional special warped-like product manifolds. For a special case, we will define
7-dimensional special warped-like product manifolds in the following section.

Definition 3.2. Let M = F} x Fy, x B be an T-dimensional topologically product manifold
where Fy, Fy are 3-manifolds and B is a one dimensional manifold, each equipped with Riemannian
metrics. Let 0%, 0" be orthonormal sections of the cotangent bundles of F\ and F respectively and x
be local coordinate on B. If the metric on M is defined by the following orthonormal frame:

el = A(z)0 + B(x)@g, et = xfl(af:)ﬁZ + B(:U)@g, e’ =a(z)dz, i=1,2,3, 3.1
then we call (M, e) i =1,2,...,7, a "special warped-like product”on T-dimensional manifold.

3.2. Fundamental 3-form and 7-dimensional special warped-like product structure. When re-
labeling the indices 1 = 4, 2 = 5 and 3 = 6, we get the following forms which are more suitable for
our purposes:

o = (Ml 422 4 B3)eT 4 el28 o128 128 (123 (3.2)
1212 | (1813 4 02828 4 (128 D23 (123 128y.7 (3.3)

*90:
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1130 S. UGUZ

When we introduce the exterior forms (3, p and v

ﬁ _ 611 + 622 + 633, 123 123 123 123 123 123 6123 _ 6123 (34)

we can write ¢ and *¢ as
7 7 1o
@ = pe’ + u, xp=ve — B
Proposition 3.1. Let F' be a 6-dimensional Riemannian manifold of the form F = Fy; x Fy
and F;, i = 1,2, be 3-manifolds. Let 6*,0", i = 1,2,3, be orthonormal sections of the cotangent
bundles of Fy and F, respectively. Let (M = F x R, €') be a T-dimensional special warped-like

product manifold given in Definition 3.2. Then the fundamental form and its Hodge dual are written

as
0 = fwe + ¢fm1 + qb;mg + ¢ n1 + Py na,

1 - - . .
*p = *§f2w2 + (o7 + ¢ + ¢y i + By 72) €,
where

w =l + 022 + 933’ oF = 9123 o7 = 0123’

(3.5)
¢; — 9123 4 123 | (123 by = 9123 | 9123 4 9123
and f, m;, n;, m;, n;, 1 =1,2, are given
f=AB—BA, my=[A%—-3AA%, my=[AB?-2BAB - AB?,
(3.6)
ni = [B* —3BB?|, ny=[A’B—24AB — BA?,
my = [A® — 3A%A], 1y =[AB? - 2ABB — AB?,
3.7)

iy = [B® —3B?B], #y =[A2B—24ABA — A?B.
Proof. When we substitute the special warped-like product structure, we get i and v as
p o= [A3 —3AA%0'2 + [AB? — 2BAB — AB?(0"3 + 012 4 ¢123) 4
LB 3BBY0 4 (A28 24AB - BAY)(6' 1+ 6% 4 01%)
v = [A® - 342419' + [AB? - 2ABB — B*A](0'® + 6'% 1 61%) 4+

+[B3 — 3B2B)0'2 + [A2B — 2ABA — A2B)(0'% + 6123 4 9123).

We introduce new variables to simplify the notation qﬁli, 1=1,2, as
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¢ii- — 0123’ ¢§- — 0123 + 9123 + 9123,
¢1— — 9123’ ¢2— — 0123 4 9123 4 9123‘
Then we can write
_ ot + - —
= ¢7Tmi+ ¢3ma+ ¢ ny+ ¢y na,
_ ot + = —= — =
V—¢1ml+ ¢2m2+¢1n1+¢2n27

where the coefficient functions m; and n;, ¢ = 1, 2, are given by the equations (3.6). Hence we write
the fundamental 3-form ¢ and its dual form *p on M as follows:

¢ = fwe” + ¢ my + g3 ma + ¢ Ny + ¢y na,

1 5 _ o — -
*p = _§f2w2 + (M + ¢3ma + dy i + Py z) €.

Proposition 3.1 is proved.

3.3. Fibre-base decomposition of T-dimensional special warped-like product manifolds. We
consider the decomposition of the manifold M as “base”and “fiber”, then we decompose the exterior
algebra as

M) = @ AP,
a+k=p

where ¢ = 1,...,6 and £ = 1. Under the exterior derivative these summands are mapped as
d:  AOR(M) — AlFLR) g plak+]),
We can refine this decomposition by splitting the components for each fiber as

AM)= P AP,

a+b+k=p

where a and b range from 1 to 3 and k£ = 1 as before. The effect of the exterior derivative is given
by

d: A(a,b,k) (M) SN A(a+1,b,k) & A(a,b—l—l,k) ® A(a,b,k-&-l).

By using the structure of 7-dimensional special warped-like product manifolds, we investigate
G2 and the weak G2 holonomy metrics on these type of manifolds and prove a main theorem related
to the special warped-like product manifolds with these G5 structures in the following sections.

4. Special warped-like product manifolds with G2 holonomy. In this section we consider the
case where the seven dimensional manifold has a (3 + 3 4+ 1) decomposition, i.e., the base is one
dimensional and the fiber is a product of 3-manifolds. As all 3-manifolds are paralellizable [33] we
work with global sections of the cotangent bundles of the fibers and for simplicity we assume that
the base is R. Here we will prove that under suitable global assumptions the fibers are isometric to
3-spheres S° with constant curvature k > 0.
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1132 S. UGUZ

Theorem 4.1. Let M be diffeomorphic to F' X B, where the base B is a one dimensional
Riemannian manifold diffeomorphic to R, the fibre F' is a 6-manifold of the form F' = Fy X Fs, and
F;, i = 1,2, are complete, connected and simply connected 3-manifolds. Let the metric on M be a
special warped-like product with the following orthonormal frame:

¢l = A(z)0' + B(z)0',  i=1,2,3,

¢ = Ax)0' + B(z)0',  i=1,2,3,

Let o be the fundamental 3-form on M given by
p = fwe +¢fmi +dyma+ dyny+ dyna
and its dual
*p = —%f2w2 + (¢1+m1 + ¢;ﬁl2 + ¢ Ny + qﬁz_ﬁg) e’
If dp = dx o =0, then Fy and F» are isometric to S® with constant curvature k > 0.

Before proving the above theorem, we present two propositions which give the closeness prop-
erties of ¢ and * respectively. The crucial step in the proof of this theorem is to find projections of
the 4-form d into subspaces of A*(M) determined by the special warped-like product structure.

Proposition 4.1. Let (M,¢') be a 7-dimensional special warped-like product manifold as in
Theorem 4.1. If dp = 0, then the following two conditions must be satisfied.

fdwe7 = qﬁfdml + qb;dmg + ¢ dny + ¢4 dna, 4.1)

deg ma + doy na = 0, (4.2)
where f,w, qbfc, m;, g, © = 1,2, are given in equations (3.5), (3.6).

Proof. We substitute ¢’ and ¢l given by the equations (3.1) into the expressions of 3, p and v
given in equations (3.4), we obtain

o= [fwe7] + [(bfﬂh + ¢;m2 + o+ ¢2_n2] )

as in Proposition 3.1. The terms in the brackets belong to subspaces A%!, and A3 respectively. Note
that dfe” = de” = 0 since the base of the multi-warped product is one dimensional. Similarly, as
each F; is three dimensional, their volume forms are closed, i.e.,

dof = d¢; = 0.
Then dy = 0 reduces to
dp = [fdwe” — ¢ dm1 — 3 dmo — ¢7 dny — ¢ dno] +
+ [dp3ms + doy ns) 4.3)
where the terms in the brackets belong respectively to A%!(A) and A*C(M).

Proposition 4.1 is proved.
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Proposition 4.2. Let (M, ¢') be a T-dimensional special warped-like product manifold as in
Theorem 4.1. If d x ¢ = 0, then the following two conditions must be satisfied:

wdw = 0, (4.4)

fdfw? = (do3mis + dgy1i2) €, (4.5)

where f,w, qﬁii,rﬁi,ﬁi, i = 1,2, are given in equations (3.5), (3.6).

Proof. We can write
1 ~ - . — ~
*p = [_2f2w2} + [¢ M+ ofma + drm + gy mia] €

as in Proposition 3.1. The terms in the brackets belong to subspaces A*? and A%! respectively. By
using the previous proposition arguments, d * ¢ = 0 reduces to

dx o = [~ fPwdw] + [~ fdfw? + (do3mia + doyrin) €7]

where the terms in the brackets belong respectively to A%0(M) and A (M).

Proposition 4.2 is proved.

Here we prove that the equation (4.1) given in Proposition 4.1 fixes the exterior derivatives of
the #%’s and #*’s completely for the manifold M in Theorem 4.1.

Proposition 4.3. Let (M, ¢') be a T-dimensional special warped-like product manifold as in
Theorem 4.1. If

fdwe” — ¢ dmy — ¢ dmag — ¢ dny — by dng = 0,
then

dot = 1,62, do? = —\0'3, do® = \0'2,
) § ) y A y (4.6)
dot = 0%, do? = —X,0'3, do® = 2012,

where \;, v = 1,2, are arbitrary nonzero constants.
Proof. Let us write the exterior derivative m;, n;, ¢ = 1, 2, are of the following form:
dmy = u167, dmo = uze7,
dni = vle7, dng = ’U2€7,
where w1, us, v1, v are functions on B. Then we can factorize € in the condition and obtain

[fdw] — [¢7u1] — [d3ua] — [¢7v1] — [¢5v2] = 0. 4.7

In (4.7) the terms in the brackets belong to subspaces AZLO) g A(12,0) A(3,0,0) A(1,2,0) A(0:3.0) pq
A2L0) yespectively. This implies that u; = v; = 0, that is,

dm1 == dn1 =0.
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1134 S. UGUZ

Thus we obtain
fdw = ¢ us + ¢5 va.
If we write explicitly w, gbgr and ¢, , then
fd(@li + 022 4 933) _ (9123 + 0123 ¢ eiés)uz + (9123 4+ 0123 | 9123)1)2'
When we rearrange the equality,
(fdO" — v26%3)01 — (fdO' + ug6?3)0" +
F(FdO? + v20™3)02 — (£d62 — uz013)02+

F(fdB® — v20M2)0% — (£d63 + u2012)63 = 0,

we obtain
o' = 22923, 0% = 2913, d0® = 2912, (4.8)
f f f
ol = 1247 0% = 2413, ded = _"2pi2 (4.9)
/ / f

23

. . v
If we take the exterior derivative of df! = 720 , we get

V2 ) p23 , V2 502,3 V2,953
d()@ + —=do“6° — —=6“dh° = 0.
f f f
Using the equations (4.8), it is seen that d <1}2) = 0, in similar way d <uf2> = 0, that is, %2, %
are constants. This proves the Proposition 4.3 if the nonzero constants are chosen as A; and As.

We complete the proof of Theorem 4.1 by using the following result.

Theorem 4.2 [34]. Any two connected, simply connected complete Riemannian manifolds of
constant curvature k are isometric to each other.

Proof of Theorem 4.1. One can see that the equations (4.6) describes the Lie algebra su(2), it
follows that if the fibers are connected and simply connected, then they are diffeomorphic to S® [36,
p. 127] (Section 3.65). Usinthhe equations (4.6), it is seen that the sectional curvatures of F; and F5

by
are positive, i.e., K(F;) = ZZ > (. Then by the Theorem 4.2, it follows that F and F5 are isometric

to S3 with constant curvature k > 0.

Theorem 4.1 is proved.

Remark 4.1. For the existence of the solution, we have to find A, B, fl, B and a(z) such that
the equations in Propositions 4.1, 4.2 are satisfied. From the exterior derivatives of the basis 1-forms
6% and 6, it is seen that the equation (4.4) of Proposition 4.2 holds identically. The other equations
are to be solved, but instead of this computation, we will use Konishi—Naka solution in the following
section.
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4.1. Konishi— Naka solution. The aim of this section is to prove that Konishi—Naka met-
ric ansatz is unique in the class of special warped-like product metrics admitting the GG structure
determined by the fundamental 3-form given in the equation (2.3).

Now we recall that the Konishi—Naka solution [24] on

M=SU(2)xSU((2) xR
is given by the following (global) orthonormal frame:

el = A(z)#', i=1,2,3,

(;:g<¢_¢>’ i—1.92.3 (4.10)

where the local sections of the cotangent bundle of each SU(2) respectively by 67, 6" and the
functions A(x), A satisfy the differential equations

dA

A dA A?
=— —=1-—. 4.11
de 247 dzx 4A2 “.10)
Thus the metric is
g=A(x)?

3
1=

2
WV+&@%§2V—3@>4@#. (4.12)

1 =1

We can take ¢’ = dx, as in [2]. We will show that we can also set B = 0 in the equation
(3.1) by a frame transformation and obtain exactly the Konishi — Naka metrical ansatz. An orthogonal
transformation of the cotangent frame {¢?, e} is given by

& = Pl +Qidl, i=1,2,3,
& =Pl +Qiel, i=1,2,3,
where P, @, P, Q satisfy
PPt +QQt=1, PP'+QQ'=0, PP'+QQ"'=1I
The new basis elements é°, & can be written now as
& — A0+ BO, & — A0 + B, (4.13)
where

A=AP+ AQ, B=BP+BQ,
(4.14)
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We will now show that we can set B = 0 by an orthogonal transformation. Note that if B is
nonzero, but Bis zero, then, B=0 gives BP = 0, and since B is a scalar, the matrix P is identically
zero. From (4.13) it follows that () is a unitary hence nonsingular matrix and Q is identically zero.
Finally the last equation in (4.14) implies that P is also a unitary matrix. But since in (4.14), the
quantities A, B, A, A are scalars, it follows that the orthogonal matrices P and Q are proportional
to identity. It follows that the transformation interchanges the roles of the subspaces.

Assuming now that both B and B are nonzero, the eque}tion B=BP+BQ=0 implies that

. . . . . B o L
the matrix P is proportional to the matrix @, i.e., P = —EQ. Substituting this in A, we see that

. . AB
Al = A—- 5 Q@ hence Q = Qo(z,y)I, that is, @ is the proportional to identity. Then from the

first equation in (4.13), we can determine (g and obtain P and @ as

Q=+—2 1 P-

—1, F—F—I
1/32_1_32 1/32_1_32

. B - N A .
As P = EQ and substituting in A we see that () is also proportional to identity and determine P

~

and @) as

. B . B
Q=¢—> ] and P=e—"

VB2 + B2 VB2+ B2

where €2 = 1. The transformation matrix

P Q\ 1 F+BI +BI
P Q) /pripz\ eBI €BI
is clearly orthogonal and the coefficients of the new frame are

A-5-1 _  B-o

VB2 + B2

= AB+ AB

A=e"—=—", B=e/B2+B2
V B? + B?
If we choose the (global) orthonormal frame as in the equation (4.10), then we can see that

A=A(z), B=0,

A:-%&W B=A@),
a=a(x)=1,

where A(z), A(x) satisfy the condition given in (4.11). By a straight forward computation using the
equations (4.11), it can be seen that the conditions given in Propositions 4.1, 4.2 are satisfied, hence
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we obtain a direct proof that the solution given in [2] is a G5 metric. Thus we have the following
corollary which implies that the Konishi —Naka solution is unique up to gauge transformations.

Corollary 4.1. Let M be a special warped-like product manifold. Consider the Gy holonomy
structure determined by the fundamental 3-form given in the equations (2.3) on M. Then there
exists a unique metric in the class of special warped-like product metrics admitting this special G
structure and the metric is obtained as given in the equations (4.12) up to gauge transformation.

Let us consider the extension of the holonomy concept in 7-dimensional manifolds, that is, if we
replace the condition from G5 holonomy to weak G2 holonomy on M, then we obtain that the fibers
are the same (S®) for this special warped-like product as in Section 4.

5. Special warped-like product manifolds with weak G2 holonomy. We now consider the
weak holonomy G5 for (34+3+1) decomposition. It is proved that under the same global assumptions
in Section 4, the fibers are also isometric to S°.

Theorem 5.1. Let (M, e') be T-dimensional special warped-like product manifold as in Theo-
rem 4.1. If dp = X\ @ with X # 0, then Iy and F» are also isometric to S® with constant curvature
k> 0.

Let us find the projections of the 4-form dy into subspaces of A*(A/) under the warped-like
product structure.

Proposition 5.1. Let (M, ¢') be a T-dimensional special warped-like product manifold as in
Theorem 4.1. If dp = X\ x @ with X\ # 0, then the following two conditions must be satisfied:

2 2
fdwe” =" (¢ dmi + ¢ dng) = N (¢ i + ¢; ) €7, (5.1)
=1 i=1
dpgma + doy ng = —%)\ AP, (5.2)

where f,w, qﬁfc, m;, g, © = 1,2, are given in equations (3.5), (3.6).
Proof. As similarly obtained before, the exterior derivative of ¢ can be written

dgp = [fdu)67 — ¢1+dm1 — ;de — Qb;d’l’ll — Qb;an] =+
+ [dqﬁ;mg + d¢2_n2] ,

where the terms in the brackets belong respectively to A3!(M) and A*C(M). Also
1 - - . .
o= | =5 %] + (@ + afina+ o7 + 677) 7]

has the terms in the brackets belong respectively to A*?(M) and A>'(M) . If we impose the
conditions, this gives us the two equations of Proposition 5.1.

In the following, it is proved that the equation (5.1) given in Proposition 5.1 fixes the exterior
derivatives of the #°’s and §”’s completely for the manifold M in Theorem 5.1.

Proposition 5.2. Let (M,¢') be a T-dimensional special warped-like product manifold as in
Theorem 4.1. If
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2 2
fdwe” =" (¢Fdm; + o7 dns) = N (¢Fm + ¢ i) €
1=1

i=1
then
dot = X073, do? = -0, do3 = \0'2,
Aot = 0023, d62 = — 20013, d03 = M\012,
where A1 and )2 are arbitrary nonzero constants.

Proof. Consider the exterior derivative m;, n;, ¢ = 1,2, as
dmy = u167, dmsy = U2€7,
dn, = 1)167, dng = 1)267,
where w1, us, v1, v are functions on B. Then we can factorize e’ in the condition and obtain
[fdw] = [¢F (ur + Aia)] = [ (ua + Ning)] —
— [¢7 (v1 + A1)| = [#5 (v2 + Aiag)] = 0. (5.3)

In (5.3) the terms in the brackets belong to subspaces A(21:0) g A(1:2.0) A (3.0.0) A(1,2,0) A(0:3.0) apq
A2L0) respectively. This implies that

up + Amy =v1 + Ang = 0.
Thus we obtain
fdw = ¢ (ug + Mg) + ¢y (vg + Aitg).
If we write explicitly w, qbg and ¢, , then
FAO™ + 67 + 6%3) = (0% + 0123 + 0123 (uy + Nirg)+
(01 + 0123 1 012 vy + Aitg).
When we rearrange the equality,

(£d6' — (vg + Miig)023) 01 — ( £ + (ug + Amg)eif‘*) oL+
+ (£dO2 + (va + Xing)0'3) 62 — (fdeﬁ — (us + Am2)913) 02+

+ (£d6° — (vg + Xi2)0'2) 6% — ( Fd6® + (ug + Aﬁw)eﬁ) 603 =0,
we obtain
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dot = 2N s g V2t Ay s U2 AT iy (5.4)
f f f
ol = _wgif%, 462 — M91‘7 463 — _wgﬁ' (5.5)
f f f
If we take the exterior derivative of df' = <v2—|})\n2) 623, we get
d <212 +)\ﬁ2) 023 <U2 —l—)\’flg) 16203 _ <112 +)\fl2) 0240% — 0.
f f f
. . L vg + Ang .. Uy + Ao
Using the equation (5.4), it is seen that d f = 0, in similar way d f =0,

that i, Vo + )\n27 Ug + Ao
/ f

proves the Proposition 5.2.

are constants. If the nonzero constants are chosen as A;, i = 1,2, this

Proof of Theorem 5.1. 1t can be proved in similar way in the proof of Theorem 4.1.
Finally we obtain the following main result for the 7-dimensional special warped-like product
manifolds with (weak) G5 holonomy.

Theorem 5.2. Let M be diffeomorphic to F' x B, where the base B is a one dimensional
Riemannian manifold diffeomorphic to R, the fibre F' is a 6-manifold of the form F' = Fy x Fs, and
F;, i = 1,2, are complete, connected and simply connected 3-manifolds. Let the metric on M be a
special warped-like product metric (3.1). If M is the manifold with the Gy holonomy or with the
weak Go holonomy determined by the fundamental 3-form (3.2), then the fibers F; s are isometric to
S3 with constant curvature k > 0. Also there exists a unique metric in the class of special warped-like
product metrics admitting the Gy holonomy, and the metric is written as given (4.12) up to gauge
transformation.

6. Conclusions. In this paper we define warped-like product metrics as a generalization of mul-
tiply warped products and study special type of these metrics for G5 cases. Different types of fibers-
base decompositions will be investigated in the next studies. We believe that our approach of the
warped-like product metrics will be an important notion for the manifolds with special holonomies.
Some other interesting results and further connections for the other holonomies wait to be explored.
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