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AN IMPROVED JACKSON INEQUALITY
FOR BEST TRIGONOMETRIC APPROXIMATION *

MOKPAIIIEHA OIIHKA JUKEKCOHA
NJISI HAUKPAIIIOT'O TPUTOHOMETPUYHOI'O HABJIMKEHHS
The paper presents an improved Jackson inequality and a corresponding inverse one for best trigonometric approximation

in terms of moduli of smoothness that are equivalent to zero on the trigonometric polynomials up to a certain degree. The
inequalities are analogous to ML.F. Timan’s. Relations between the moduli of different orders are also considered.

OTpuMaHO TOKpaIleHy OIiHKY JKeKCOHA Ta BiAIOBiIHY OOEpHEHY OILIHKY JJIS HAWKpAmoro TPUTOHOMETPHYHOTO HAOJH-
JKEHHS B TEPMiHAaX MOJYJIIB [MIQJIKOCTi, €KBIBAJICHTHUX HYJIIO HAa TPUTOHOMETPHYHHUX MOJTIHOMAX CTEIEeHi, 1[0 He MePEeBUIIyE
neBHOro uucia. OTpIMaHO HEPIiBHOCTI, aHANOT1uHI HepiBHOCTSM TiMaHa. PO3IISHYTO TakoXK CIIBBiZHOLICHHS MiXK MOJY-
JIIMHU PI3HUX TOPSIKIB.

1. Introduction. Let L,(T), 1 < p < oo, denote the space of the functions with finite L,-norm on
the circle T. We can consider C(T) — the space of the continuous functions on T, in the place of
L (T). Best trigonometric approximation of a function f € L,(T) is given by

T _ _
EL (P = inf 1 =7l

n

where T}, denotes the set of the trigonometric polynomials of degree at most n and || o ||, denotes the
usual L,-norm on T.

The error EL(f), is estimated by the so-called classical moduli of smoothness. To recall, the
modulus of smoothness of order € N of f € L,(T) is defined by

wr(f,t)p = S 1AL fllps

where the centred finite difference of order » € N of f is given by

T

(@) = 0 () o /2= )

k=0

The following relation between EL(f), and w,(f,t), is a classical result in approximation theory
(see, for example, [4] (Ch. 7) or [15] (5.1.32, 6.1.1))

EF(f)p < cwr(fin™ 1)y, (1.1)

welfit)p <ct” Y (k+ 1) EL(f)p

0<k<1/t
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Above and in what follows we denote by ¢ positive constants, which do not depend on the functions
in the relations, noronn € N or 0 < ¢t < tg5. For 1 < p < oo these estimates were improved by
Timan [16, 17] (or see [4] (Ch. 7) and [15] (6.1.5)) in the stronger forms

n 1/s
n‘T{Z(kH)”‘IEZ(f);} <cw(f,n )y, (1.2)
k=0
and
1/o
we(fithp <ct’ S D (k+D)TTENHT (1.3)
0<k<1/t

where s = max{p, 2} and 0 = min{p, 2}. The improved Jackson estimate (1.2) is also called a sharp
Jackson inequality (see [3]).

Our main goal is to establish analogues of Timan’s inequalities with moduli of smoothness,
which are equivalent to zero if the function f is a trigonometric polynomial of a certain degree,
that is, moduli which are invariant on such trigonometric polynomials. We call them trigonometric
moduli. Such estimates look natural especially with regard to the Jackson-type inequalities (1.1) and
(1.2) and the invariance of best trigonometric approximation. The method we shall use reduces the
new inequalities to the classical. On the one hand, this gives a simpler proof of the Jackson inequality
given in [9] (Theorem 1.1), but on the other hand, we believe, this approach can lead to estimates of
best approximation by other systems as well as of the rate of approximation of linear processes by
moduli possessing a corresponding natural invariance.

A sharp Jackson inequality in a very general setting for multivariate functions was established
by Dai, Ditzian and Tikhonov [3] in terms of K -functionals. Many concrete sharp Jackson estimates
are derived, among which about the univariate best algebraic approximation by the Ditzian—Totik
modulus, about the multivariate best trigonometric approximation by the classical modulus, and about
best approximation by spherical harmonic polynomials by the Ditzian modulus on the sphere [6].

The following two inequalities between the classical moduli of different order are closely related
to (1.2) and (1.3):

to 1/s
r wT+1(f7 u)s
t
and
to 1/o
wr(f’t)p <ct' /w du ) (1.5)

t

where 0 < t < tp. The former was established in [3] (1.6); the latter is due to Timan [16] (see
also Zygmund [18]) and is referred to as an improved or sharp Marchaud inequality (see [4, p. 49]
and the references cited below). These inequalities were extended to quite general function spaces in
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[5, 7, 8]. Also, Dai, Ditzian and Tikhonov [3] (Theorems 5.3 and 5.5) (see also [2]) established more
general forms in terms of K -functionals. There the multivariate form of (1.4) was proved [3] (2.17).
In the present note we verify the analogues of (1.4) and (1.5) for the trigonometric moduli. Let us
mention that their basic properties were established in [9—11] — they are just similar to those of the
classical moduli.

The contents of the paper are organised as follows. In Section 2 we define the above-mentioned
trigonometric moduli. Then in Sections 3 and 4 we establish the analogues of (1.2), (1.3) and (1.4),
(1.5), respectively, in their terms.

2. Trigonometric moduli of smoothness. We shall consider two different types of moduli that
are identically zero on the trigonometric polynomials up to a certain degree. The first one is based
on a modification of the finite differences, whereas the second on a modification of the approximated
function.

It was Babenko, Chernykh and Shevaldin [1] who first defined a modulus, which is zero on the
trigonometric polynomials of degree r — 1. It is given by

of (fit)p = sup [ Apnfllp,
0<h<t
as the modified finite differences ﬁnh were introduced by Shevaldin [13] (see also [12]) and are
defined by
Arpf(@) = Dpoip- - Auplnf (@), 2.1)

where
Ajnf(x) = f(x+h)—2cosjh. f(x)+ flx—h), j=12,....

We have @I'(f,t), =0iff f € T,_1.
To define the other modulus, let the 27-periodic function a be given on [—m, 7| by

1
a(z) = 5 |z|(2m — |2]) (2.2)
and let for j € Ny the bounded linear operator ;: L,(T) — L,(T), 1 < p < oo, be defined by
Wi f = f+5%axf.
Above, * denotes the convolution on L (T)

fro@) = oo [ £ = vt d.
T

Further, for » € Ny we set
Sr =2 ... Ap.
Now, we define the trigonometric modulus of smoothness
wr (F;t)p = sup [|AF T Fro1 fllp-
0<h<t
It has the property that w! (f,t), = 0 iff f € T,_; as it was established in [9, 11].
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In [9-11] it was shown that the moduli w! (f,t), and & (f,t), characterize the rate of best
trigonometric approximation just similarly as the classical modulus in any homogeneous Banach
space of periodic functions and, in particular, in L,. Babenko, Chernykh and Shevaldin [1] proved
the Jackson estimate (1.1) in the case p = 2 for the modulus & (f,)2. Shevaldin [14] verified it for
p=o00 and r = 2.

Let us explicitly point out that except for the case » = 1 when both ﬁnh f and Air_l&n_l f
coincide with the symmetric finite difference of first order, there does not exist a simple algebraic
connection between them. For » > 2 the finite difference Er,h f is a linear combination of the values
of the function f at the nodes x+ (r—k—1/2)h, k = 0,...,2r — 1, whose coefficients depend on h.
Basic properties of these coefficients including their explicit form are given e.g. in [10] (Section 2)
(see also [13]). On the other hand, the finite difference A}Qf*l&n,l f is the classical symmetric finite
difference on the same nodes but of the function §,_1 f.

We can draw another line of comparison between the two finite differences. The relation (2.1)
implies by induction the following representation:

r—1
A 2r—1 2(r—k)—1
B = A7+ 3 Al A3,
k=1
where Ay (h) are even trigonometric polynomials. Whereas in the other case, since A, and the
convolution commute, we have

AT f = AT ek (AT

with an appropriate even 2w-periodic continuous function ¢ (see [11], (1.10)).
However, the moduli @ (f,t), and w!(f,t), are equivalent in the sense that there exists a
positive constant ¢, whose value is independent of f and ¢ < ¢g, such that

b (f,t)p <@L (f. 1)y < cw) (f,t)p,

as it follows from results in [9—11] (see the end of the proof of Theorem 3.1 below).

3. An improved Jackson inequality. We shall establish the analogues of (1.2) and (1.3) for the
trigonometric moduli w! (f,t), and &I (f,t),.

Theorem 3.1. Let f € L,(T), 1 < p < 00, s = max{p, 2}, 0 = min{p, 2} and r € N. Then

n 1/s
n1—2r{ Z (k‘—l— 1)8(2r_1)_1Eg(f)Z} < CW?(ﬁ n—l)p (3.1)
k=r—1
and
1/o
wl (f )y < ct? ! > (k+1)7UEL ()T . 0<t<1/r (3.2)
r—1<k<1/t

The inequalities remain valid with &Y (f,t), in the place of wl (f,t)p.
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Proof. The moduli w{ (f,t), and @I (f,t), coincide with w; (f,t),. So it remains to prove the
theorem for r > 2.
Let b;, j € Np, be 27m-periodic and defined on [—, ] by

bj(z) = j(Jz| — m)sin|jz|
and let
%jF =F + bj * F.

In [11] (Proposition 2.4) we showed that for the bounded operator &, =B, ...Bg: L,(T) — L,(T)
we have

ergrf = f - STf> f € LP(T)a

where S, f is the rth partial sum of the Fourier series of f. Also, as it follows directly from their
definition, both operators §, and &, map the set of trigonometric polynomials 7}, into itself for any
k. Consequently, we get for £ > r — 1 and 73 the trigonometric polynomial of degree k of best
L,-approximation of §,_1 f the relation

El?(f)p = Eg(ér—lgr—lf)p < H@r—lgr—lf - Qr—lTk”p <

<c ||Sr—1f - Tka = CE,Z;(ST—lf)p'
Now, (1.2) with §,_1 f in the place of f and 2r — 1 in the place of r directly implies (3.1).
Similarly, (1.3) and the estimate E} (§,—1f)p < ¢ EF (f)p, k € No, imply
1/o0

Wl (ft)p <t 10 Y (k417D EL(f)7
0<k<1/t

Next, we split the sum on the right-hand side into two parts for 0 < k <r—2andr—1 <k < 1/t.
We estimate above the summands of the first sum using that k& < r — 1 and E¥ (f), < |||, to get

1/o
wr (f)p < et 1 e Y (ke 1)TETEL(f)g 4 7 7
r—1<k<1/t

Now, we replace above f with f — 7,._1, where 7,_1 is the trigonometric polynomial of best L,-
approximation of f of degree r — 1, and use the invariance of w! (f,t), and E} (f),, k > r — 1,
under addition of trigonometric polynomials of that degree to arrive at (3.2).

The inequalities for &(f,t), are derived immediately from those for w!(f,t), because both
moduli are equivalent to the same K -functional, namely,

K[ (ft)y= inf  {If =gl + " Drgllp),
gewy" H(T)

P

where li is the differential operator whose kernel is 7,1 (see [10] (Theorem 4.2) and [11] (Theo-
rem 2.1)).
Theorem 3.1 is proved.
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4. Improved relations between trigonometric moduli of different order. As we mentioned in
the Introduction, the trigonometric moduli possess properties just similar to those of the classical one.
In addition, they satisfy the following sharpened forms of the inequality w’ (i) < cwl'(f,t)p
and of the Marchaud inequality.

Theorem 4.1. Let f € L,(T), 1 < p < 0o, s = max{p, 2}, 0 = min{p,2} and r € N. Then
for 0 < t < tg there hold

1/s

to T s
2r—1 wr 1 (5 u)p T
t
and
to . 1/o
r— Wy l(fvu)g
wf (F,t)p < et /Mdu + £l - (42)

t
The inequalities remain valid with &Y (f,t), in the place of Wl (f,t)p.
Proof. lterating [3] (1.6) (or see (1.4)), we get the inequality
Pamnrrwy |
_ wor+1(J, U
t2r 1 /us<2r—1>+1p du < CWQT_l(f, t)p. (43)
t

Set FF = §,_1f. Then §,.f = F +r?ax F. In [11] (3.2) it was proved that (a * g)" = g + const for
any g € L,(T). Then, using basic properties of the classical modulus, we get

w1 (fyw) = worp1 (Frfrw)y < ¢ [wara (F )y + u?wor 1 (F,u)j] (4.4)
For the first term on the right above we get by (4.3) with f replaced by F’

to 1/s

r— w2r+1(F7 u)s
o /Wdu < e (f. 1), (4.5)

t

To estimate the second term on the right of (4.4), we proceed as follows. Let F; € W[?T_I(T) be
such that

||F — Fth S CWQrfl(F,t)p (46)
and

2 EPV ], < w1 (Lt (4.7)

For F; one can take the Steklov mean of F' (see, e.g., [4, p. 177]). Then we have by basic properties
of the classical modulus
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u2sw27n_1(F7 u)]s? <c ”F _ Ft”; + u8(2r+1)HFt(2T_1)H;)7

where 0 < u < tg, and, consequently,
to 1/s

uwor 1 (F,u)} 2r—1
2! / o du S cllF = Elp et ETTV |, < cwf (£, @48)

t

as at the last step we have applied (4.6), (4.7) and w? (f,t), = war—1(F, t),.
Now, (4.4), (4.5) and (4.8) imply (4.1).
We proceed to the proof of (4.2). Iterating the sharp Marchaud inequality (1.5), we arrive at

to 1/o

2r—1 w27’+1(f7 U)g
W2r—1(fat)p§CtT /ua(Qr—l)-i-ldu

t
With §, f in the place of f it yields

to 1/c

T o
r— Wy 1(f7 u)
w2r—1($7"f7 t)P < ct? ! /M du

t

Thus it remains to show that

WrT(f, t)p = w2r71(§r71fa t)p S & (w2r71(grfa t)p + tQT_IHpr) . (49)

To verify the latter, we take into account that §,f = 2A.F with ' = §,_1f; hence B, 5, f =
=B, F = F+n,xF with n,(x) = —1—2cosrx as was established in [11] ((2.9)). SetG = F.,.f
and let Gy € W2 1(T) satisfy (4.6), (4.7) for G in the place of F. Then

w2r71(F7 t)p < w2r71(%rG —B,Gy, t)p + WQT‘fl(Gta t)p"’
Fwar—1(br % Gy, ) + wor—1(ny * Ft)p <
< ¢|B,G — B, Gyl + 2GRV + 2 o, x GV 4+ 2 @Y xR, <

r— 27’71 r— r—
< (|G = Gillp + GV + 2 F ) < e (war—1(Gyt)y + 2V £]l) -

Thus (4.9) is proved.

Theorem 4.1 is proved.

Remark 4.1. The inequalities (4.1) and (4.2) can be verified by means of (3.1) and (3.2) (see the
proof of [3], Theorem 5.3) and vice versa (the proof of [4], Theorem 3.4, Ch. 7). Moreover, such a
proof maybe considered even simpler and shorter than the one we used here. However, we preferred
to use an approach which is based on the properties of the classical moduli and is independent of
the relation of the new moduli to an approximation process. It demonstrates the advantages of the
connection between w? (f, t)p and the classical moduli in transferring properties between them and
can be applied to define moduli appropriate for other approximation operators and establish their
properties.
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Remark 4.2. Replacing in (4.2) f with f — 7,._1, where 7,._; is the trigonometric polynomial of
best Lj-approximation of f of degree » — 1, we immediately arrive at its slightly stronger form

to 1/c

T o
r— Wy l(f’ ’LL)
wl (f,t) < ct? ! / i FEL(Dy

t
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