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p-REGULARITY THEORY. TANGENT CONE DESCRIPTION
IN SINGULAR CASE

ТЕОРIЯ p-РЕГУЛЯРНОСТI. ОПИС ДОТИЧНОГО КОНУСА
В СИНГУЛЯРНОМУ ВИПАДКУ

We present the new proof of the theorem which is one of the main results of the p-regularity theory. This gives a detailed
description of the structure of the zero set of an singular nonlinear mapping. We say that F : X → Y is singular at some
point x0, where X and Y are Banach spaces if ImF ′(x0) 6= Y. Otherwise, the mapping F is said to be regular.

Наведено нове доведення теореми, що є одним з основних результатiв теорiї p-регулярностi. Дано детальний опис
структури множини нулiв сингулярного лiнiйного вiдображення. Кажуть, що F : X → Y є сингулярним у точцi
x0, де X та Y — банаховi простори, якщо ImF ′(x0) 6= Y. В протилежному випадку вiдображення F називається
регулярним.

A description of the solution set in regular case of the equation

F (x) = 0, (1)

where X, Y are Banach spaces, we may obtain by means of the Lyusternik theorem, which says that
the tangent cone of the solution set is equal to the kernel of the first derivative of F evaluated at
some point x0 ∈ X.

In this paper we consider the case when the regularity condition does not hold, i. e., ImF ′(x0) 6=
6= Y, but the mapping F is p-regular. Let us remind the definition of p-regularity and construction of
p-factor operator [1, 2].

For F : X → Y, p-times Fréchet differentiable mapping, we construct the p-factor operator under
the assumption that Y is decomposed into a direct sum

Y = Y1 ⊕ . . .⊕ Yp, (2)

where Y1 = ImF ′(x0) (the closure of the image of the first derivative of F evaluated at x0), and the
remaining spaces are defined as follows. Let Z1 = Y, Z2 be closed complementary subspace to Y1
(we assume that such closed complement exists), and let PZ2 : Y → Z2 be the projection operator
onto Z2 along Y1. Let Y2 be the closed linear span of the image of the quadratic map PZ2F

(2)(x0)[·]2.
More generally, define inductively,

Yi = span ImPZiF
(i)(x0)[·]i ⊆ Zi, i = 2, . . . , p− 1,

where Zi is a choice of closed complementary subspace for (Y1 ⊕ . . . ⊕ Yi−1) with respect to Y,

i = 2, . . . , p and PZi : Y → Zi is the projection operator onto Zi along (Y1⊕ . . .⊕Yi−1) with respect
to Y, i = 2, . . . , p. Finally, Yp = Zp. The order p is chosen as the minimum number for which (2)
holds. Now, define the following mappings (see [3, 7]):

fi : U → Yi, fi(x) = PYiF (x), i = 1, . . . , p,
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where U is a neighborhood of x0, PYi : Y → Yi is the projection operator onto Yi along (Y1 ⊕ . . .
. . .⊕ Yi−1 ⊕ Yi+1 ⊕ . . .⊕ Yp) with respect to Y, i = 1, . . . , p.

If F (i)(x0) = 0, where i = 1, . . . , p− 1, then we say that F is completely degenerate at x0 ∈ X
up to the order p.

Note that

f
(i)
k (x0) = 0, i = 1, . . . , k − 1, k = 1, . . . , p. (3)

Definition 1. The linear operator Λh ∈ L(X,Y1 ⊕ . . .⊕ Yp) is defined for some h ∈ X by

Λh(x) = f ′1(x0)[x] + f ′′2 (x0)[h, x] + . . .+
1

(p− 1)!
f (p)p (x0)[h, . . . , h, x], x ∈ X,

and is called the p-factor operator.

We will also use more exact notation Λh = (Λh,1 + Λh,2 + . . .+ Λh,p) , where

Λh,k =
1

(k − 1)!
f
(k)
k (x0)[h]k−1, k = 1, . . . , p.

It is also convenient to use the following equivalent definition of p-factor operator Λ̃h∈L(X,Y1×. . .
. . .× Yp) for some fixed h ∈ X,

Λ̃h(x) =

(
f ′1(x0)[x], f ′′2 (x0)[h, x], . . . ,

1

(p− 1)!
f (p)p (x0)[h, . . . , h, x]

)
, x ∈ X.

Note that in completely degenerate case the p-factor operator has the form F (p)(x0)[h]p−1.

In other words, we construct a decomposition of „non regular part” of the mapping F on partial
mappings fi in such a way that all of those mappings are completely degenerate up to the order i−1,

where i = 2, . . . , p.

For our further considerations we need the following generalization of the notion of regular
mapping.

Definition 2. We say that the mapping F is p-regular at x0 along h if

Im Λh = Y.

Let us introduce a corresponding nonlinear operator

Ψ[x]p = f ′1(x0)[x] + f ′′2 (x0)[x]2 + . . .+ f (p)p (x0)[x]p

and k-kernel, k = 1, . . . , p of F (k)(x0),

KerkF (k)(x0) =
{
h ∈ X : F (k)(x0)[h]k = 0

}
.

It is easy to see that Ψ[h]p = Λh(h).

Definition 3. We say that the mapping F is p-regular at x0 if it is p-regular along any h from
the set

Hp(x0)
df
=

{
p⋂
i=1

Kerif (i)i (x0)

}
\ {0}.
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Let us consider two examples of p-regular mappings.
Example 1. Let us consider the equation (1) with

F (x) =

 x21 − x22 + x23 + x32

x21 − x22 + x23 + x2x3 + x33

, x ∈ R3,

F : R3 → R2, x0 = (0, 0)T . It is easy to verify F ′(x0) = (0, 0)T and it is obvious that F ′(x0) is not
surjective. However, the mapping F is 2-regular at x0. Indeed,

F ′′(0) =




2 0 0

0 −2 0

0 0 2




2 0 0

0 −2 1

0 1 2




and

Ker2F ′′(0) = span


1

1

0

,
 1

−1

0

, h̄ =

1

1

0

, ¯̄h =

 1

−1

0

,
where F ′′(0)h̄ =

(
2 −2 0

2 −2 1

)
, F ′′(0)¯̄h =

(
2 2 0

2 2 −2

)
are not degenerate, which means that

the condition of 2-regularity of F at x0 is valid.
Example 2. Consider the type of (1) equation

∆u− (ε− 10)g(u) = 0

on Ω = [0, π]× [0, π] in R2 with u = 0 on ∂Ω. If we denote F (u, ε) = ∆u− (ε− 10)g(u), then the
mapping F (u, ε) is 2-regular at the point (u0, ε0) = (0, 0) (see [7, p. 403], Example 1).

For a linear surjective operator Λ : X 7→ Y between Banach spaces we denote by Λ−1 its right
inverse. Therefore Λ−1 : Y 7→ 2X and we have

Λ−1(y) = {x ∈ X : Λx = y}.

We define the norm of Λ−1 via the formula

‖Λ−1‖ = sup
‖y‖=1

inf
{
‖x‖ : x ∈ Λ−1(y)

}
.

We say that Λ−1 is bounded if ‖Λ−1‖ <∞.
Lemma 1 [4]. Let X and Y be Banach spaces, and let Λ ∈ L(X,Y ). We set

C(Λ) = sup
y∈Y

(
‖y‖−1 inf{‖x‖ : x ∈ X, Λx = y}

)
.

If Im Λ = Y, then C(Λ) <∞.
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We shall give a „multivalued” generalization of the contraction mapping principle that is of
independent interest. Let distH(A1, A2) be the Hausdorff distance between sets A1 and A2.

Lemma 2 (contraction multimapping principle) [4]. Let Z be a complete metric space with dis-
tance ρ. Assume that a multimapping

Φ : B(z0, ε) 7→ 2Z ,

on a ball B(z0, ε) = {z : ρ(z, z0) < ε} (ε > 0) where the sets Φ(z) are non-empty and closed for
any z ∈ B(z0, ε). Further, assume that there exists a number θ, 0 < θ < 1, such that

1) distH
(
Φ(z1),Φ(z2)

)
≤ θρ(z1, z2) for any z1, z2 ∈ B(z0, ε),

2) ρ
(
z0,Φ(z0)

)
< (1− θ)ε.

Then, there exists an element z ∈ B(z0, ε) such that

z ∈ Φ(z). (4)

Moreover, among the points z satisfying (4) there exists a point such that

‖z − z0‖ ≤
2

1− θ
ρ
(
z0,Φ(z0)

)
. (5)

Now we introduce an inverse multivalued operator for Λh as follows:

Λ−1h (y) =

{
ξ ∈ X :

(
f ′1(x0)[ξ], f

′′
2 (x0)[h, ξ], . . . ,

1

(p− 1)!
f (p)p (x0)[h, . . . , h, ξ]

)
= (y1, . . . , yp)

}
,

where y = (y1, . . . , yp) and yi ∈ Yi, i = 1, . . . , p.

Definition 4. The mapping F is called strongly p-regular at the point x0 if there exist γ > 0

such that

sup
h∈Hγ

‖Λ−1h ‖ <∞,

where

Hγ
df
=

{
h ∈ X :

∥∥∥f (k)k (x0)[h]k
∥∥∥
Yk
≤ γ, k = 1, . . . , p, ‖h‖ = 1

}
.

The following theorem is a generalization of the Banach open mapping theorem.

Theorem 1. If ‖Λ−1h ‖ <∞, then there exists C(h) ≥ 0 such that

‖Λ−1h y‖ ≤ C(h)

(
‖y1‖+

‖y2‖
‖h‖

+ . . .+ (p− 1)!
‖yp‖
‖h‖p−1

)
,

where h 6= 0, y = (y1, . . . , yp) and yi ∈ Yi, i = 1, . . . , p.

The proof was given in [6].

The next theorem was first given and proved in [3, p. 158]. We give new improved proof of this
theorem.
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Theorem 2. Let X and Y be Banach spaces, U a neighborhood of x0 ∈ X and let F : U → Y

be a (p + 1)-times continuously Fréchet differentiable mapping in U. Assume that F is strongly
p-regular at x0. Then there exists a neighborhood U ′ ⊆ U of the point x0, a mapping η → x(η) :
U ′ → X and constants β1 > 0 and β2 > 0, such that for η ∈ U ′ :

F (η + x(η)) = F (x0), (6)

‖x(η)‖X ≤ β1
p∑
i=1

‖fi(η)− fi(x0)‖Yi
‖η − x0‖i−1

(7)

and

‖x(η)‖X ≤ β2
p∑
i=1

‖fi(η)− fi(x0)‖1/iYi
. (8)

Before stating the proof of the theorem, we prove the following lemma.

Lemma 3. Let all the assumptions of Theorem 2 hold. Then for any ε > 0 there exist constants
δ > 0 and R > 0 such that for any h ∈ X, ‖h‖ ≤ δ and for any x1, x2 ∈ X, ‖xi‖ ≤ ‖h‖/R,
i = 1, 2, the following estimation is satisfied:

‖F (x0 + h+ x1)− F (x0 + h+ x2)− Λh(x1 − x2)‖Y =

=
∥∥f1(x0 + h+ x1)− f1(x0 + h+ x2)− f ′1(x0)[h](x1 − x2)

∥∥
Y1

+ . . .

. . .+

∥∥∥∥fp(x0 + h+ x1)− fp(x0 + h+ x2)−
1

(p− 1)!
f (p)p (x0)[h]p−1(x1 − x2)

∥∥∥∥
Yp

≤

≤ ε
p∑
i=1

‖h‖i−1‖x1 − x2‖.

Proof. First we prove that for any k = 1, . . . , p inequality∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥
Yk

≤

≤ sup
θ∈[0,1]

∥∥∥∥fk(x0 + h+ x1 + x2 + θ(x1 − x2))−
1

(k − 1)!
f
(k)
k (x0)[h]k−1

∥∥∥∥
Yk

‖x1 − x2‖X (9)

is satisfied.

By Taylor’s expansion,

fk
(
x0 + h+ x1 + x2 + θ(x1 − x2)

)
=

= f ′k(x0) + . . .+
1

(k − 1)!
f
(k)
k (x0)

[
h+ x2 + θ(x1 − x2)

]k−1
+ ωk(x0, h, x1, x2, θ),

where
∥∥ωk(x0, h, x1, x2, θ)∥∥ = o

(
‖x0 + h+ x1 + x2 + θ‖

)
.
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Let ε > 0 be sufficiently small number. Define

R = max

{
1,

2

ε

∥∥f ′1(x0)∥∥, . . . , 2

ε

4p−1

(p− 1)!

∥∥f (p)1 (x0)
∥∥}.

By an assumption, xi ≤
‖h‖
R
, i = 1, 2, so

‖x0 + h+ x1 + x2 + θ‖ ≤ 4‖h‖.

The last inequality yields ∥∥ωk(x0, h, x1, x2, θ)∥∥ = o
(
‖h‖k−1

)
.

Then there exists δ > 0 such that for ‖h‖ ≤ δ and xi ≤
‖h‖
R
, i = 1, 2, the inequality (9) holds and

∥∥ωk(x0, h, x1, x2, θ)∥∥ ≤ 2

ε
‖h‖k−1.

By (3), (9) and the last estimation we obtain∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤ sup

θ∈[0,1]

∥∥∥∥ 1

(k − 1)!
f
(k)
k (x0)[h+ x2θ(x1 − x2)]k−1 −

1

(k − 1)!
f
(k)
k (x0)[h]k−1

∥∥∥∥ ‖x1 − x2‖+
+

2

ε
‖h‖k−1‖x1 − x2‖. (10)

Let us observe that for any k = 1, . . . , p− 1,

f
(k)
k (x0)

[
h+ x2 + θ(x1 − x2)

]k−1
=

k−1∑
i=0

Cik−1f
(k)
k (x0)[h]k−1−i

[
x2 + θ(x1 − x2)

]i
=

= f
(k)
k (x0)[h]k−1 +

k−1∑
i=1

Cik−1f
(k)
k (x0)[h]k−1−i

[
x2 + θ(x1 − x2)

]i
.

We may estimate the second term in the last equation. Since∥∥x2 + θ(x1 − x2)
∥∥ ≤ 3‖h‖

R
,

then ∥∥∥∥∥
k−1∑
i=1

Cik−1f
(k)
k (x0)[h]k−1−i[x2 + θ(x1 − x2)]i

∥∥∥∥∥ ≤
≤
∥∥∥f (k)k (x0)

∥∥∥ k−1∑
i=1

Cik−1‖h‖k−1−i
3i‖h‖i

Ri
≤
∥∥∥f (k)k (x0)

∥∥∥ ‖h‖k−1 4k−1

R
.
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Thus by definition of R,∥∥∥∥∥
k−1∑
i=1

Cik−1f
(k)
k (x0)[h]k−1−i

[
x2 + θ(x1 − x2)

]i∥∥∥∥∥ ≤ (k − 1)!
ε

2
‖h‖k−1.

The last inequalities and (10) yield for k = 1, . . . , p∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤

(
ε

2
‖h‖k−1 +

ε

2
‖h‖k−1

)
‖x1 − x2‖ = ε‖h‖k−1‖x1 − x2‖.

Hence for k = 1, . . . , p∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤ ε‖h‖k−1‖x1 − x2‖. (11)

Adding up the inequalities in (11) for k = 1, . . . , p finishes proof of the lemma.

Proof of Theorem 2. Let us consider U as a sufficiently small neighborhood of x0 and divide
our consideration into 2 cases.

Case 1. We consider η ∈ U such that hη =
η − x0
‖η − x0‖

6∈ Hγ , that is there exists k ≤ p such that

∥∥∥f (k)k (x0)[hη]
k
∥∥∥ > γ

or ∥∥∥f (k)k (x0)[η − x0]k
∥∥∥ > γ‖η − x0‖k.

Taking x(η) = η − x0 we get

‖fk(η)− fk(x0)‖ =

∥∥∥∥ 1

k!
f
(k)
k (x0)[η − x0]k + ωk(η)

∥∥∥∥ ≥ γ

2k!
‖η − x0‖k,

where ‖ωk(η)‖ = o
(
‖η − x0‖k

)
. Hence,

‖x(η)‖ = ‖η − x0‖ ≤
2k!

γ

‖fk(η)− fk(x0)‖
‖η − x0‖k−1

≤ 2k!

γ

p∑
i=1

‖fi(η)− fi(x0)‖
‖η − x0‖i−1

,

which finishes the proof of the first case.

Case 2. We consider all η ∈ U such that hη =
η − x0
‖η − x0‖

∈ Hγ , and hence for i = 1, . . . , p

∥∥∥f (i)i (x0)[η − x0]k
∥∥∥ ≤ γ‖η − x0‖i,

where γ is a sufficiently small number that does not depend on η. We also use notation h = η − x0.
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Let suph∈Hγ ‖Λ
−1
h ‖ = C < ∞. Note that hη = η − x0 and hη =

h

‖h‖
∈ Hγ , the statement of

Theorem 1 holds with C(h) = C for all h = η − x0.
Let ε > 0 be a sufficiently small number such that p!Cε < 1. Then Lemma 3 and inequalities (11)

imply that there exist numbers δ andR, such thatB2δ(0) ⊂ (U−x0), 0 < δ ≤ r, and for k = 1, . . . , p,

and h ∈ Bδ(0) x1, x2 ∈ B‖h/R‖(0),

C(k − 1)!

‖h‖k−1

∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤ C(k − 1)!ε‖x1 − x2‖. (12)

Adding up the inequalities in (12) for k = 1, . . . , p we obtain

p∑
k=1

C(k − 1)!

‖h‖k−1

∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤ α‖x1 − x2‖ (13)

with α = p!Cε. Note that 0 < α < 1.

Let us define r(h) = ‖h‖/R and a neighborhood V ⊂ Bδ(0) such that

p∑
k=1

C(k − 1)!

‖h‖k−1
‖fk(x0 + h)− fk(x0)‖ < (1− α)r(h) (14)

for all h ∈ V. Such a neighborhood exists by the definition of the set Hγ and property (3).
Now let us fix an element h ∈ V and consider multivalued mapping

Φh : Br(h)(0)→ 2X , Φh(x) = x− Λ−1h
(
F (x0 + h+ x)− F (x0)

)
.

Because of the choice of the number r(h) and the neighborhood V for all x ∈ Br(h)(0) and h ∈ V
we have x0 + h+ x ∈ U.

For any y ∈ Y the set Λ−1h y is a linear manifold parallel to KerΛh. Thus the set Φh(x) is closed
for any x ∈ Br(h)(0).

Next we verify that all assumptions of Lemma 2 are satisfied for Φh(x) with Br(h)(0) and ω0 = 0.

First, it will be shown that assumption 1 of the mentioned lemma holds for all x1, x2 ∈ Br(h)(0).

We have

distH(Φh(x1),Φh(x2)) = inf
{
‖z1 − z2‖ : zi ∈ Φh(xi), i = 1, 2

}
=

= inf
{
‖z1 − z2‖ : Λhzi = Λhxi − F (x0 + h+ xi) + F (x0), i = 1, 2

}
=

= inf

{
‖z‖ : f ′1(x0)z = f ′1(x0)(x1 − x2)− f1(x0 + h+ x1) + f1(x0 + h+ x2), . . .

. . . ,
1

(p− 1)!
f (p)p (x0)[h]p−1z =
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=
1

(p− 1)!
f (p)p (x0)[h]p−1(x1 − x2)− fp(x0 + h+ h1) + fp(x0 + h+ x1)

}
. (15)

By Theorem 1 and (13) we get

distH(Φh(x1),Φh(x2)) =

=

∥∥∥∥∥∥∥∥∥∥
Λ−1h


f ′1(x0)(x1 − x2)− f1(x0 + h+ x1) + f1(x0 + h+ x2)

...

1

(p− 1)!
f
(p)
p (x0)[h]p−1(x1 − x2)− fp(x0 + h+ h1) + fp(x0 + h+ x1)


∥∥∥∥∥∥∥∥∥∥
≤

≤
p∑

k=1

C(k − 1)!

‖h‖k−1

∥∥∥∥fk(x0 + h+ x1)− fk(x0 + h+ x2)−
1

(k − 1)!
f
(k)
k (x0)[h]k−1(x1 − x2)

∥∥∥∥ ≤
≤ α‖x1 − x2‖

for all x1, x2 ∈ Br(h)(0).

Hence the assumption 1 of the lemma holds.
Next we verify that assumption 2 is also satisfied. Using the approach similar to above we get

by (3), (14), and (15),

distH(0,Φh(0)) = inf

{
‖z‖ : f ′1(x0)z = f1(x0 + h)− f1(x0), . . .

. . . ,
1

(p− 1)!
f (p)p (x0)[h]k−1[h]p−1z = fp(x0 + h)− fp(x0)

}
≤

≤
p∑

k=1

C(k − 1)!

‖h‖k−1
‖fk(x0 + h)− fk(x0)‖ < (1− α)r(h).

Then for any h ∈ V the mapping Φh(x) satisfies assumptions of the Lemma 2. Hence there exists
x(h) ∈ Φh(x(h)) which means that

0 ∈ Λ−1h
(
F (x0 + h+ x(h))− F (x0)

)
.

Thus F (x0 + h+ x(h)) = F (x0) for all h ∈ V.
In addition, by (5),

‖x(h)‖ ≤ 2

1− α
distH(0,Φh(0)) ≤ 2

1− α

p∑
k=1

C(k − 1)!

‖h‖k−1
‖fk(x0 + h)− fk(x0)‖ ≤

≤ β1
p∑

k=1

‖fk(x0 + h)− fk(x0)‖
‖h‖k−1

,

for all h ∈ V, and β1 =
Cp!

1− α
.
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Taking x(η) = x(h) and U ′ = x0 + V we obtain that (6) and (7) hold for all η ∈ U ′.
Note that

fk(x0 + h)− fk(x0)
‖h‖k−1

≤ C1‖fk(x0 + h)− fk(x0)‖1/k

for all k = 1, . . . , p and h ∈ V, with some C1 ≥ 0. Then inequality (7) implies (8) with β2 = C1pβ1
which ends the proof of the theorem.
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