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COULOMB DYNAMICS NEAR EQUILIBRIUM OF TWO EQUAL NEGATIVE
CHARGES IN THE FIELD OF FIXED TWO EQUAL POSITIVE CHARGES

KYJIOHIBCBKA TUHAMIKA BLJIsA PIBHOBAI'M IBOX PIBHUX HEI'ATUBHUX
3APAAIB Y ITOJII PIKCOBAHUX /IBOX PIBHUX ITO3UTUBHUX 3APsAIIB

Periodic and quasiperiodic solutions of the Coulomb equation of motion of two equal negative charges in the field of two
fixed and equal positive charges are found with the help of the Lyapunov center theorem.

3HaiiieHo MepioAnYHI Ta KBa3ilmepioawdHi po3B’s3KH piBHAHD pyXy KymoHa nBOX piBHHX HETaTHBHUX 3apsiiiB y TOJi
(hikcoBaHMX BOX PIBHMX IO3UTHBHMX 3apsliB i3 JONOMOTOIO LIEHTpaIbHOI Teopemu JIsmyHoBa.

1. Introduction. The Coulomb systems of two and three negative equal charges eg in the field of fixed
two equal positive charges €’ have equilibrium configurations [1]. This fundamental fact allowed us
to construct periodic and bounded solutions close to the equilibria of the Coulomb equation of motion
for two negative charges restricted to such a line that the positive charges are located symmetrically
at a perpendicular to this line [1]. We applied the Siegel [2], Weinstein [3, 4], Moser [5] and center
Lyapunov [2, 5-9] theorems which demand a knowledge of the spectra of the matrix U° of second
derivatives of the potential energy at the equilibrium (for equal masses). The last two theorems,
guaranteeing the existence of the periodic solutions in terms of convergent series, restrict the values
of ? through a nonresonance condition. The Weinstein theorem establishes also the existence of

the periodic solutions but can be applied only for mechanical systems with a stable equilibrium (U°
is positive definite and the equilibrium is a minimum of the potential energy). Periodic solutions are
also found in planar Coulomb systems of n — 1, n > 2 equal negative charges and one and three
positive charges [10, 11].

In this paper we find periodic and quasiperiodic solutions of the Coulomb equation of motion for
planar and space systems of two equal negative charges in the field of two fixed positive charges.
This result is a consequence of an explicit calculation of the eigenvalues of UY which in its turn
follows from the representation of U as a direct sum of two and three two-dimensional matrices in
the planar and space dynamics, respectively.

There are two different cases of the planar dynamics determined by the fact whether the positive
charges are outside of the plane with the negative charges or not. This difference is explained by
different characters of spectra of U° and their canonical matrices, i.e., the matrices which determine
linear parts of Hamiltonian vector fields at equilibria (see Appendix). For the external positive
charges there is the zero eigenvalue for all values of eg, ¢’ and for some of these values the other
eigenvalues are positive. For the internal positive charges there is no such zero eigenvalue and not all
the eigenvalues are nonnegative. Besides in the first case the spectrum contains the eigenvalues of the
line dynamics. The spectrurg of U of the space dynamics contains eigenvalues of both cases which
are proportional to v’ = %, where 2a is the equilibrium distance between two negative charges
expressed through the distar?ce between two positive charges 2b. Such the spectrum is an obstruction
for the applications of the Lyapunov and Moser theorems.
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We circumvent the obstruction of the zero eigenvalue with the help of the Jacobi procedure
of an elimination of node from the Celestial Mechanics (Section 18 in [2]). It is known that the
zero eigenvalue of a canonical matrix is generated by integrals of motion [2]. The main idea of
the procedure of an elimination of node is to produce a canonical transformation which turns the
integrals of motions into cyclic variables (a Hamiltonian does not depend on them). Then the linear
part of the equation of motion for them will be zero and the linear part of the equation of motion for
remaining variables will not contain the zero eigenvalue. The procedure of elimination of node can
be formulated in the following theorem (the proof of its first two statements are given in [2]).

Theorem 1.1. Let H(x,p) be a 2n-dimensional Hamiltonian, Q) be its time independent integral
and w(u,p) be a generating function of a canonical transformation such that

_ v Ow

Vi —

= — k=1,... 1.1
aukv Tk apk:’ ) y 1, ( )

ow 0w
= Q(l"vp), Wk,j = m,

Det W #£ 0. (1.2)
(1) Then the transformed Hamiltonian H'(u,v) does not depend on w,,. Let also the canonical matrix
of H have doubly degenerate zero eigenvalue, the (Q-canonical transformation and the Hamiltonian
be holomorphic at the neighborhood of the equilibrium. Then (2) the canonical matrix of the
2(n — 1)-dimensional Hamiltonian equation

_ OH' ) OH'

8’(7]" /U] 8u]7 J ) y ) ( )

Uj

does not have the zero eigenvalue for the equilibrium value Qo of QQ and (3) eigenvalues of the
canonical matrices of H and H' are identical.

A separation of cyclic variables, generated by integrals of motion, in a Hamiltonian equation is
also described in [12].

For the planar dynamics with external positive charges and space dynamics the one-dimensional
angular momentum () is an integral of motion. We find w as

n
w = ng(uh cee 7un)pk7
j=1

where n = 4 and n = 6 correspond to the plane and space dynamics, respectively, introducing
special numerations of charges coordinates and momenta (z;;p;) = (37?‘, p§), i =1,2, a <3, for
these two cases. The solution of the equation for g; derived from (1.1), (1.2), which guarantees all
the conditions for the ()-canonical transformation, is taken by us from [2]. As a result a solutions of
the Coulomb equation for these two systems are given by

n—1
2 = Y (D) ko + Voo €05(Un (1)) + VLo sin(un ()], (1.4)
k=1
where v, v/, 7" are constants and wug(t), k¥ = 1,...,n, are solutions of the equation with the

Hamiltonian H’ .
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Let w(,—1), v(n—1) be a periodic solution of (1.3) with a period 7. Then

(55 ) w00 Q0) = H a0

is also a periodic function such that

t+1
heal) = HO,(6) + €, / i (s)ds =0,
where £ is a constant. This implies that
t
—/H;L ds—/ (s)ds + &t = up(t) + &t,
0

where wug is periodic with the period 7. The last equality and (1.4) determine quasiperiodic (doubly
periodic) functions %(t) if 4/ # 0 or " # 0. We will show that their Euclidean norms are periodic
functions.

Our paper is organized as follows. In the second, third and fourth sections we formulate theorems
concerning existence of periodic and quasiperiodic solutions of the Coulomb equations of motion
for planar with external positive charges, for planar with internal positive charges and the space
dynamics, respectively. In Appendix we prove the second and third statements of Theorem 1.1.

2. Two external fixed charges. Let z; = (l‘Jl xs ) € R2, j = 1,2, be coordinates of two equal
point negative charges ey and |xlj2 = (z})? + (a: )2. Let also two fixed positive charges ¢’ have the

J
coordinates (0,0, +b) € R3. Then the potential Coulomb energy of the negative charges is given by

-1 ~1
Uz)) = ed|xy —xo| 7t —2e0€’ [<\/|x1|2 + b2> + <\/|1:2|2 + b2> ], T(9) = (v1,72). (2.1)

The equation of motion is represented by

dej oU (513(2)) )
= — =1,2. 2.2
m dt? ox; J ’ 22)

The first partial derivatives of U look like

o «

T U(2(z) = —ef o —2s + 2eqe - :
Dz |21 — 22 ( 212 + b2)
P B _ .8 8
—U(3() = 25‘7275'73 + 2ep¢! Ty .
Oxly Olz1 — o < [z2]2 + b2>
The equalities 21 = a, #3 = —a, 22 = 0, 3 = 0 determine the equilibrium for which these first
derivatives are zeroes if
e % (eo>§, 1 1
(20 (VaZ +02)3 ¢) 20 VR + 2
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That is

a=(—i) b= iin, = (D) <4 =

6/

4

€2 2epe seg\3  €? ¢\ e?
U(2%,) = U(a,0; —a,0) = 0 — (—) =0 (14 (8) )= D3y,
(55(2)) (a,0;—a,0) % a of % e 2@( n )

The second partial derivatives of the potential energy are given by

W) _U(w) _ 5| dap _ ,laf —a§)(@) —
Ox‘faxg 0x§8m‘f‘ |21 — @[3 |71 — @2[°

win

3
777, < 37

(2.3)

)]7 a?/BZ]"Q’

and

PU(xp)  edap 2ep€'da, 5 Gege'z§ ) o (2§ — 2$)(a] — b))

= -
B a _ 3 3 _ 5
8xj 8xj |1 — 22 ( /|xj|2 +b2) ( /|x’j2 +b2> |21 — 22|

Let U be the (4 x 4)-matrix of the second partial derivatives at the equilibrium and

, el , 3u’ 3u' reo\ 3 ,
V=g 5 w=7(g) =un

then its matrix elements look like

2 /.2 2 /
e 6ege'a e U
U]- O‘:LB U2 ay27ﬁ 5 7/8 . - 550‘71 + 3 2@0 35a 1 = 50‘75 < - 50‘:1”;)’

(20)° (m) (20)° 2

u
Ul ai2,p = Uza,p = 5 0a,5(1 = 30a1).
In order to determine the spectrum of U° we put
(1,1) =1, (2,1) =2, (1,2) =3, (2,2) =4.

As a result

~
~
~

-

o

I

O

2]
| S|
| S|

—u — —

2

The characteristic polynomial of U looks like

p(\) = Det(~U° 4+ \I) = ((g —ul — /\>2 — u’2> <<Z;, — )\)2 — “f)

The roots (; of this polynomial are given by

/
3
Clz—%—u*:u'—u*, Cg—%—u*—Su—u*, (=1 >0, =0
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or

Cl :U/(l—ﬂ)a CQ :Ul(3—77)7 C3 :ul7 C4 =0.

The two first eigenvalues are negative or positive if 3u’ < u., ' > u., respectively, or n > 3,
n < 1, respectively. The first case is excluded due to (2.3). If 3u’ > wu., v’ < u,, then the second
and third roots are positive and the first root is negative. In these cases one can apply the Lyapunov
after the elimination of a node.

Now let’s describe the (-canonical transformation announced in Theorem 1.1. Let
=z, 2 = xo, T3 = x3, T3 = 2y,

1 2 1 2 (24)

p1 = D1, p1 = P2, P2 = p3, P2 = P4.

Then the angular moment (the integral of motion corresponding to rotation) is given (x,p are the
same as &, n in Section 18 of [2])

2 2
Q=- Z(JJ}P? - ﬂfgp}) = Z(x2jp2j—1 — T2j-1P2;)-
J=1 j=1

Further the upper index will show a power. (1.2) gives

4 2
Ogr
20, r = > (92jp2j-1 — g2j-1P2;)
£~ Duy :
]:1 j:l
or a 8
92k—1 92k
= 9ok, = —G2k—1, (2.5)
aU4 6u4

where k = 1,2. The simplest solution is given by
g1 = uic, g2 = —u1s, gs = U9C + Uu3Ss, g4 = —U28 + use, C = COS U4, s = sin U4g.

This solution is generated by the nonsingular canonical transformation in the neighborhood of point
up = —ug = a, uz = ug = 0, v; = 0, which determines the new equilibrium, since

8 .
Det W = Det G = —uj,  Gjp= 2.

To prove this we decompose the determinant of G in the elements of the first row

c 0 0 —Uu1S
—s 0 0 —uic
G — )
0 c s —u2S+ usc
0 —5 ¢ —u9Cc—uss
0 0 —uic —s 0 0

Det G =cDet | ¢ s —uss+wugc| +uis| O c s| =

—s € —usC—u3s 0 -5 c

ISSN 1027-3190.  Ykp. mam. scyph., 2016, m. 68, Ne 9



1278 W. I. SKRYPNIK

= —U162(62 + 52) — u152(c2 + 52) = —uyj.
As a result
r1 = uqc, To = —upS, T3 = UC + u3s, T4 = —u9s + usc, (2.6)
V1 = cp1 — Spa, Vg = Cp3 — Sp4, v3 = Sp3 + Cpa. (2.7)
Let
Vo = sp1 + cp2,
then
p1 = cv1 + Svg, P2 = cvg — Sv1, p3 = cvg + Sv3, P4 = CU3 — SVU2
and
Q) = v4 = U3V — U2V3 — ULV, vy = ul_l(u;gvg — UgV3 — Vy).

These equalities allow one to derive the invertible matrix which determines the linear part of the (-
canonical transformation in the neighborhood of the equilibrium and calculate the new Hamiltonian.
They imply

2 2 _ .2 2 2 2 _ .2 2
vy +v3 = p3 + Pg, vy +v1 = p1 + D,
2 2 2 2 2 2 2
LU1+1'2:’U,1, CE3+.’E4:U2+U3,

(1 — 23)% + (22 — 24)% = ((ug — w1)e + uzs)? + ((uz — u1)s — uzc)? = (ug — u1)? + us.

The new Hamiltonian in the new variables is given by (w does not depend on %)

3
H' =(@2m)™! Z 0]2- + (2mu?) " (ugvy — ugvz — v4)? + U'(us)), (2.8)
j=1

U () = eB(uz — ur)? +u) ™2 — 2e0¢’ | (uf + %) 73 + (uf + uf + %) 73 .

It is known that the eigenvalues of the canonical matrix of H coincide with ++/m~'¢; [1]. That is its
zero eigenvalue is doubly degenerate and we can apply Theorem 1.1. To apply the center Lyapunov

theorem for (1.3) one has to exclude resonances for U, i.e., the equalities = k2, k€ Z*, and
S
make the translation u; — uq — a, us — us + a.

Let ¢; > 0. The equalities gj £ k2 k€ ZT, imply
1

3 /e0\3 ,kK*—3 K*—1
n=7 (7) For o

4 \e k=1 k
Since (1 < (3 < (2 the equalities g =k2, k€ ZT, s#1, are not true. If (o > (3, i.e, 2—n >0,

S
then the resonance for s = 2 is not true and the resonance for s = 3 coincides with

2 _j2 3 og=?
G

and is not true also. The condition (3 > (3, i.e., 2 —n < 0, contradicts (; > 0.
The following conclusion is true:
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I If n <1 and

k -3 k2-1

775& 77) k€Z+7

then the resonance in (; is absent;

I. If n < 1, then the resonances in (3, (3 are absent.

Let (1 <0, i.e., 7 > 1. Once again there are no resonances in (a2, (3 if (2 > (3. If (3 > (o, then
the nonresonance condition in (s is given by

€]
G

If this condition is not true, then there is no resonance only in (3. The condition (2 < 0 is excluded
since 1 < 3.
Hence we proved the following theorem.

3 2
Theorem 2.1. Let 0 < n = 1 (e—?> ° < 3. Then the equation (1.3) for n = 4, vy = 0 and H'
e

given by (2.8), which corresponds to the Coulomb equation (2.2) with x; € R? and potential energy
(2.1), possesses one, two and three periodic solutions related to the following three cases:

1 n>2,

3k2 -1
2 0<n<2,n>2,n# )
k -3 k?-— 1

) n<l,n # LTI
These solutions and thelr periods Tj(cj) are holomorphic functions at the origin in the parameters
cj, j = 1,2,3. The first, second and third cases are characterized by T\, 11, T2 and 11, T2, T3,
respectively, where

3k —1

S kezt.

£k, n#

1 0) = 2m) " "Wm 75 1 (0) = 2m) "t/ m=L(3 — )’

73 1(0) = (2m) " '/m~ (1 — )

The associated quasiperiodic solutions of (2.2) are given by (1.4) with n = 4, where ~, v/, ~"
correspond to (2.4) and (2.6), and are such that \;Uj\2, 7 = 1,2, are periodic functions.

3. Two internal fixed charges. In this section we consider the planar system of two identical
charges in the field of two positive fixed charges located at the points b1, by with the potential energy

U(z) = 6(2)|x1 — 2|7 — e Z |z; — b7, 3.1
Jk=1,2
where
2> = (2})* + (23)%,  x; = (2},27) € R?,
ol g2 2 1_ 32
bj = (bj,b5) € R, bj =0, b2 = —bs =b.

The partial derivatives of this potential energy are found from

0 5 ¢ — 2§ lefbo‘
|

— U RN SR
(91"11 (1’(2)) eo| xr1 — 2‘3 xl—bk\?’
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0 22— 2P I S
— Ulx —e222 "L 4 oene! 2 Tk
5700 =~ e L
The equilibrium is determined by 29! = a, 23! = —a, 292 = 0, 29?2 = 0 equating to zero the

right-hand sides of these equalities. This gives the equilibrium relation between eq, €', a, b the same
as in the previous section.
The second derivatives of the potential energy (3.1) are given by

aU(:U(g)) B 8U(g;(2)) _ 62[ 0,8 B 3(95% - x%)(mf - wg)] a,B=1,2

019025 Oxbdad |71 — @23 |21 — @[5 ’
and
PUre) _ etas
0z} 9% |21 — z2]?
B B
+ ege Z by — ) +363(-’E?—$3)(w?—$§)
\% - bkls |j — bi|® |1 — o
Let u, u’, u, v, be the same as in the previous section,
6 p2 6 / 53 _
u:: eoe - 6065 (67(/)>3 na2:u/(3—77)
(Vazgm)  Cer el
and
2 (@ =) (] = b))
- Z _ bk‘5

k=1

Let Tjo(oz, B) be the equilibrium value of T]Q(a, 3). Then (\x? —b|? = a® +b?)

T9(a, B) = 2(a® + b?) 260, 5(a%60,1 + b20a2).

Indeed, let

then
T7(1,2) = —((a = b})b} + (a — by)b3) = —(ab — ab) =0,
T9(1,2) = —((—a — b})b? + (—a — b3)b3) = ab — ab =0,
TP(1,1) = (a = b1)(a = b1) + (a — by)(a — by) = 2a°,
T3(1,1) = (—a = by)(—a — b)) + (—a — by)(—a — by) = 2d?,
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TP(2,2) = T9(2,2) = (b7)* + (b3)* = 2v°.

As a result
2 / 2
0 _ 770 _ €0 Gege 2 2 €o _
Ula,8 = Uz a8 = 0a,s <(2a)3 A (@%0a,1 + 070a,2) + 3(2a)35""1> =

!/

u
—= 50&,[‘3 (2 - 60[71”; - (5a72u:),

!/

u
U?,a;?,ﬁ = Ug,oz;l,ﬁ = 55%,8(1 - 3501,1)'

Let us re-numerate indexes as in the previous section. Then

The characteristic polynomial of U looks like

p(\) = Det(—U° 4+ \I) = ((1;/ —l, — )\>2 - u’2> <<1;/ —u — /\>2 - “f)

The roots (; of this polynomial are given by

or

G =u —u,=4(1-n), G =3u —u, =4 (3—n),
(3 =1/(n—2), G=-uv(B-mn)<0.

At the interval n € (1,2) only one eigenvalue (2 is positive. At the interval (0,1) {2 > (1 >0
5 5
and (3 < 0. At the interval <2, 2) (2 > (3 > 0 but at the interval (2, 3> 0 < (2 < (3.
Hence the following theorem follows from the center Lyapunov theorem.

5 5
Theorem 3.1. Let n # 1,2 belong to (0,3)\[2,3} or (2,3 . Then the planar Coulomb

equation (2.2) with the potential energy 3 (3.1) possesses a periodic solution which depends on a

real parameter c. This solution and its period T(c) are real analytical functions at the origin in this
m

parameter and T(0) = 2, /? or 7(0) =27 %
2
4. Space dynamics. For two identical negative charges in R? in the field of two positive fixed
charges located at the points by, by the Coulomb potential energy is given by

U(x() = eplar — ma| ™ —eoe’ D Jay — by (4.1)
k=12
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where
2? = (@})* + @)* + @)%, @ = (a},a}.a]) € R,

bj = (bj,b3,b3) €R®,  b; =0} =0, b} =—b3=0.

The partial derivatives of the potential energy can be taken from the previous section with the extended
condition «, 5 = 1,2, 3. The equilibrium is determined by

P =a, 3 = —a, 29 =0, 29 =0, a=23,

and the equilibrium relation has to be taken from the previous section. It is not difficult to check that
the matrix U of the second partial derivatives of the potential energy (4.1) at the equilibrium looks
like

!/

u
U?,a;l,ﬁ = Ug,a;zb’ = 0a,p <2 — Oat, — 504,2“;,)7 a,f=1,2,3,

/
u
Utaz,s = Usairp = 5 0a,5(1 = 30a,1).

Let’s re-numerate the indexes in the following way:
(1,1) =1, (2,1) =2, (3,1) = 3, (1,2) =4, (2,2) =5, (2,3) = 6.

This implies that

~
~
~
~
~

u ’ ’ u " u u

9 T T PR 2 2

vl =| 2 , |2, ) ol 2
’ u / u u " u u

—u ——u - ——u - =

2 * 2 2 * 2 2

The characteristic polynomial of UY is given by

p(\) = Det(—=U° + A1) =

Its roots look like

Clzul_u*, C2:3u,_u*7 C3:UI—’U,Z, C4:—’U,*, C5Zu7 Cﬁzoa

that is
G =u'(1—-mn), G =u'(3—n), Gz =u'(n—2),
C1=—u'(3-n), G=u, ¢ = 0.

Now let’s describe the ()-canonical transformation. For that purpose it is more convenient to use the
following numeration of variables:
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2 2 1 1
€Ty = T1, Ty = T2, T = I3, "E§ = T4, Ty = Ts, IZ?% = Tg, (42)
and the same for momenta. Then the angular moment (the integral of motion corresponding to
rotation in the (1.3)-plane) is given by
2

3
Q=- Z(ffjl'p? —z0p;) = 2(3323']92]'71 — T9j-1D2j)-
=1 =2

The generating function w(u ), p(s)) is given by

6
w= ng(u?,, -+ Ug)Pk + u1P1 + UP2.
§=3
(1.2) gives
6 3
90, = (92jP2j-1 — 92j-1D2)
~ auﬁ k =~ 2jP25—1 2j—1P2j

which results in (2.5) with £ = 2, 3.
Repeating arguments from the second section we derive the expressions for gi, =g, pr, Uk, Vg,
k > 2, translating lower indexes of the variables by 2. In particular

2., .2 2 2, .2 2, .2
$3+$4:U3, $5+$6:U4+U5,
(4.3)

Ty =u1, T2 =uz, T3=U3C, T4= —U3S, T5=ULC+ U5S, T = —UsS+ U5C,
where ¢ = cosug, s = sin ug.

The new equilibrium is determined by the equalities u3 = —ugy = a, u; =0, j # 3,4, v; =0. It
is not difficult to check that the (6 x 6)-matrix W is the direct sum of the unit (2 x 2)-matrix and the
(4 x 4)-matrix W from the second section. This shows that Det W = —u3. The new Hamiltonian i
given by

5
H = (2m)~! ZUJQ + (2mu3) T (usvy — ugvs — v6)? + U'lugy), v =Q,
j=1
(4.4)

U'(ugs)) = (w2 —11)* + (s — us)? +ud) ™3 — eoe'[(uf + (ur — B)?) "3+
+(ud + (ur +5)2) 72 + (u +ud + (u — 1)) 72 + [(Ui +u? + (ug + b)2)_%} .

Now let us find periodic solutions of the equation of motion (1.3) and the associated solutions of
(2.2) taking into account that the zero eigenvalue of the canonical matrix of H is doubly degenerate.
For that we have to exclude resonances between the eigenvalues (; of U®.

. . . 5
At the intervals n € (0,2), n € (2,3), (2 > (5, (5 > (2, respectively. At the interval (2, 2>

5
(5 > (2 > (3 > 0 and at the interval 2 3] 0 < (2 < (3 < (5. That is there are no resonances in

(2,5 (see Section 2) and (5 at n € (0,2) and n € (2, 3), respectively, since (3, (4 are negative at
n € (0,2). This condition also shows that at the interval n € (0,1) the nonresonance condition may
be taken from the Theorem 2.1. Now we can prove the following theorem which follows from the
Lyapunov center theorem for (1.3).
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3 2
Theorem 4.1. Let 0 < n = 1 (6—?)3 < 3. Then the Coulomb equation of motion (1.3) for
e

n =6, vg =0 and H' given by (4.4), which corresponds to (2.2) with x; € R3 and potential energy
(4.1), possesses one, two and three periodic solutions related to the following three cases:
(1 n>2,
2 0<n<2,
k -3 k-1
(3) n<1, 77# ST

These solutions and thelr periods Tj(cj) are holomorphic functions at the origin in the parameters
cj, 3 = 1,2,3. The first, second and third cases are characterized by T, 71, T and 11, T2,

73, respectively, where 7, 1(0) = (2r)""Wm—/, 7, 1(0) = 2n)7'/m~1(3 — )/, 751(0) =
= (27)~'/m~L(1 — n)u'. The associated quasiperiodic solutions of (2.2) are given by (1.4) with
n = 6, where v, v, v correspond to (4.2), (4.3), and are such that |x;|*, j = 1,2, are periodic
functions.

5. Appendix. Here we prove the third and second statements of Theorem 1.1. We deal with the
Hamiltonian H in R?" which is a holomorphic function at its equilibrium ¢°

1
H(Q)Z§(h°(q—q°),(q—q0))+---7 qg=(v;p), r€R", peR”

where (.,.) is the Euclidean scalar product in R??, h? is a symmetric matrix and the three dots imply
higher power terms in g; in the Taylor expansion. The canonical matrix Jh° is found from the linear
part of the equation of motion ¢ = JOH, where

J:C ‘OI).

I is the unit (n x n)-matrix and O is the vector of first partial derivatives. The direct and inverse
canonical transformations of ¢(,) = (2, p)(,) into qzn) = (2/,p')(n) are given by

/_q] Z +7 _QJ ZM]k _qk) )

where Mj ;. is an invertible matrix of the linear symplectic transformation in R?” and ¢"° is the new
equilibrium. If M, = Mj, ;, then (see Sections 2 and 15 in [2])

H'(¢) = %(h’o(c/ 4,4 —d") +...,
where
h' = M.hOM, M,JM=J, J=-J!
and J determines the symplectic structure in R?". This yields
—Det(M — Jh?) = Det(\J + k%) = (Det M)~2 Det(\J + h'0).

That is the characteristic polynomial of the transformed Hamiltonian has the same roots as the initial
Hamiltonian.

Statement 2 follows from v, = 0, the fact that the characteristic polynomial of a canonical
matrix is an even function in the spectral parameter A (see Section 15 in [2]) and the fact that the
characteristic polynomial of Jh is proportional to A\%.
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