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A GENERALIZATION OF SEMIPERFECT MODULES
Y3ATAJIBHEHHSA HAITIIBAOCKOHAJIUX MOAYJIIB

A module M is called radical semiperfect, if % has a projective cover whenever Rad(M) C N C M. We study various

properties of these modules. It is proved that every left R-module is radical semiperfect if and only if R is left perfect.
Moreover, radical lifting modules are defined as a generalization of lifting modules.

. M .
Monymns M Ha3WBA€THCS PAIUKaJIbHAM HAIiBIOCKOHAIHM, SKIIO — Ma€ MPOEKTHBHE MOKPUTTS, AK Tineku Rad(M) C
bl N 9 =

C N C M. [ocmmkeHO pi3HI BIACTHBOCTI IIMX MOXYNiB. JlOBEICHO, IO KOXEH JBHH R-MOIYNb € paauKaibHO
HAaIiBAOCKOHAJIMM TOJI 1 TUIBKH TOXI, Koiu R € JiBUM IockoHauM. Kpim Toro, paaukanbHi migHiMar049i MOAY/Il BU3HAYEHO,
SIK y3araJbHeHHS ITiJJHIMAIOUYMX MOIYJIIB.

1. Introduction. Throughout this paper, all rings are associative with identity element and all
modules are unital left R-modules. Let M be a left module over such a ring R. The notation
(N C M) N C M means that N is a (proper) submodule of M. A submodule N C M is said to
be small in M, denoted as N <« M, if M # N + L for every proper submodule L of M. If every
proper submodule N of M is small, then M is called hollow. A finitely generated hollow module is
local.

For modules M and P, let f: P — M be an epimorphism. f is called cover if ker(f) is small
in P. A projective module P together with a cover f: P — M is called a projective cover of M.
By [1], rings whose (finitely generated) modules have a projective cover is (semi) perfect.

In [6], Kasch and Mares transferred the notions of (semi)perfect rings to modules. Let M be
an R-module. M is called semiperfect if every factor module of M has a projective cover. They
gave a characterization of semiperfect modules via supplemented modules. A module M is called
supplemented if every submodule N of M has a supplement, that is a submodule K minimal with
respect to M = N + K. A submodule K C M is supplement of NV in M if and only if M = N+ K
and NN K <« K. If M is a semiperfect module, then it is supplemented. Also, the converse of this
fact is true in case the module is projective.

Zo6schinger completely determined in [14] (Lemma 2.1) the structure of a module M with small
radical over local Dedekind domains. Here the radical Rad(M/) of a module M is the intersection
of all maximal submodules of the module M, or equivalently the sum of all small submodules of
M. Then, he considered the modules whose radical have a supplement. He called these modules
as a radical supplemented module. Upon this Biiyiikagik and Tiirkmen call a module M strongly
radical suplemented (or briefly a srs-module) if every submodule containing radical has a supplement
in M [2].

As motivated by the above definitions, it is natural to introduce radical semiperfect modules. We
say that a module M is radical semiperfect if, whenever Rad(M) C N C M, % has a projective
covetr.

In this article, we provide some properties of these modules. We prove that every (finitely
generated) left R-module is radical semiperfect if and only if R is (semi)perfect. Radical semiperfect
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modules are srs, and a projective module M is radical semiperfect if and only if it is srs®, i.e.,
for every submodule Rad(M) C N C M, there exists a direct summand K of M such that K is
a supplement of N in M (see [8]). We show that every direct summand of a radical semiperfect
module is radical semiperfect. We also study radical lifting modules as a generalization of lifting
modules.

2. Radical semiperfect modules. It is well known that, a ring R is left perfect if and only if
every left R-module is semiperfect. We generalize this fact via radical semiperfect modules.

It is clear that every semiperfect module is radical semiperfect. But, in general, the converse is
false as the following example shows.

Recall that a module M is radical if M has no maximal submodules, that is, M = Rad(M).

Lemma 2.1. Every radical module is radical semiperfect.

M
Proof. Let M be a radical module. Then Rad(M) = M. Therefore, the factor module Vi
of M is zero. It follows that M is radical semiperfect.

By P(M) we will denote the sum of all radical submodules of a module M. Note that P(M) is
the largest radical submodule of M and P(M) C Rad(M). Using Lemma 2.1 we obtain that P(M)
is radical semiperfect for every left R-module M.

Example 2.1. Consider the left Z-module M =z Q. Since Rad(M) = M, we obtain that M is
a radical semiperfect module by Lemma 2.1. On the other hand, M is not semiperfect because it is
not supplemented [12].

Proposition 2.1. Every radical semiperfect module with small radical is semiperfect.
Proof. Let M be a radical semiperfect module with Rad(M) < M and U be any submodule of
M. Then Rad(M) C U + Rad(M). Since M is radical semiperfect, U T Rad(3)

cover. By [11] (Proposition 2.1) there exists a submodule V' of M such that M = (U+Rad(M))+V,
(U+ Rad(M))NV <« V and V has a projective cover. Therefore, U NV is a small submodule
of V' as the small submodule (U + Rad(M)) NV in V. It follows from assumption that M =

has a projective

M
= (U+Rad(M))+V = U+ V. Again by [11] (Proposition 2.1), we deduce that T has a projective
cover. Thus M is semiperfect.

Because of the above result, defining radical semiperfect rings do not make sense. That is, a ring
R is semiperfect if and only if R is radical semiperfect.

Proposition 2.2. Every radical semiperfect module is srs.
Proof. Let M be a radical semiperfect module and N be any submodule of M with Rad(M) C

M
C N. Then the factor module N of M has a projective cover. Applying [11] (Proposition 2.1), N
has a supplement in M. Hence M is srs.

Proposition 2.3. Every factor module of a radical semiperfect module is radical semiperfect.

N M
Proof. Let M be a radical semiperfect module and X C M. For any submodule < of X with

M\ _N . Rad(M) + X M\ _ N .
— | C — C _— C — | C —.
Rad <X> < 5 we can write Rad(M) C N because e C Rad (X) €3 Since

M 1is a radical semiperfect, N has a projective cover. Note that
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M
M X
N~ N
X
M
X . M. .
and so N has a projective cover. Thus, X is radical semiperfect.
X

The following follows from Proposition 2.3.

Corollary 2.1. Every homomorphic image of a radical semiperfect module is radical semiperfect.
In particular, every direct summand of the module is radical semiperfect.

It is known in [10] (42.3 (2)-(i1)) that if K is semiperfect and 7: M — K is a cover, then M
is also semiperfect. Now, we give an analogous characterization of this fact for radical semiperfect
modules.

Lemma 2.2. Let K be a radical semiperfect module and let m: M — K be a cover of K. Then
M is a radical semiperfect module.

Proof. Let N be a submodule of M such that Rad(M) C N. We have an epimorphism ¢

M N
v (V) defined by m + N — 7w(m) + n(N). Since 7: M — K is a cover, we have
T

M
ker(yp) < N Moreover, Rad(K) C 7(N). Since K is radical semiperfect, the factor module (V)
T

has a projective cover, say ©: P — W Since P is projective, there exists a homomorphism # :
T

M
P — N such that ¢ o h = 4. So h is an epimorphism. It follows from [10] (19.3 (1)) that h is a

cover. Therefore, projective module P together with a cover h is a projective cover of N It means

that M is radical semiperfect.
We have the following corollary by Proposition 2.3 and Lemma 2.2. Note that a submodule

M
L C M is small in M if and only if the canonical homomorphism 7: M — L is a cover of T
Corollary 2.2. Let M be an R-module and L < M. Then M is radical semiperfect if and only
if T is radical semiperfect.

Theorem 2.1. Let M be a projective R-module. Then M is srs® if and only if it is radical
semiperfect.

Proof. (=) Let N be any submodule of M with Rad(M) C N. By the assumption, we can
writt M = N+ K, NNK < K and M = K @ K’ for some submodules K, K/ C M. Since M is
projective, we get that K is projective as a direct summand of M. Then a homomorphism f = mo4:

K — N is an epimorphism for the inclusion homomorphism i: K — M and the canonical

homomorphism 7: M — N Since Ker(m) < K, K together with a cover f is a projective cover
M

of N Hence, M is radical semiperfect.

M
(<=) Let N be any submodule of M with Rad(M) C N. Since M is radical semiperfect, ~

has a projective cover. Let P together with a cover ¢ be a projective cover of N Since M is
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M
projective, there exists a homomorphism f: M — P such that p o f = 7, where 7: M — — is
the canonical homomorphism. Since ¢ is a cover, f is an epimorphism by [10] (19.2). Since P

is projective, the exact sequence 0 - N — M — P — 0 is decomposable. Then there exists a
homomorphism ¢g: P — M such that f o g = 1p. Therefore, M = ker f ® g(P) and ker f C N.

M
It follows that M = N + g(P). On the other hand, ¢ = 7|yp): g(P) — N is a cover. Thus

ker(m|qpy) = U N g(P) < g(P). It means that M is a srs®-module.

Corollary 2.3. Let M be an R-module and let P together with a cover f: P — M be a
projective cover of M. Then the following statements are equivalent:

(1) M is a radical semiperfect module,

(2) P is a radical semiperfect module,

(3) P is a srs®-module.

Proof. (1) <= (2). The necessity is clear from Lemma 2.2. Conversely is clear from
Corollary 2.1.

(2) < (3). It follows from Theorem 2.1.

Proposition 2.4. Let M be a radical semiperfect module. Assume that M has a projective
cover. Then M is semiperfect.

Proof. Let f: P — M be a projective cover. By Corollary 2.3, we obtain that P is a srs®-
module. Applying [8] (Proposition 2.2) and [10] (42.1), P is semiperfect and then M is semiperfect
as a factor module of the module P according to [10] (42.3 (2)-(1)).

Recall from [4] that an R-module M is cofinitely semiperfect if every finitely generated factor
module of M has a projective cover. Now we give some relations between radical semiperfect
modules and cofinitely semiperfect modules.

Example 2.2 (see [5], (11.3)). Let R be the ring K[[x]] of all power series Zio iz in an
indeterminate x and with coefficients from a field K. Then R is semiperfect but not left perfect. So
there exists an infinite index set I such that the left R-module R) is not a srs®-module. Since
R is projective, RY) is not radical semiperfect by Theorem 2.1. By [4] (Theorem 2.12), R) is
cofinitely semiperfect.

M
Example 2.3. Let R be a local Dedekind domain with quotient field K. Then T =K =

= Rad(K) as an R-module, for a free R-module M and L C M. Since R is hereditary, M
is projective. It is clear that M is not @®-supplemented. So M is not a srs®-module by [8]
(Proposition 2.9). By Theorem 2.1, M is not radical semiperfect. In addition, since R is semiperfect,
M is cofinitely semiperfect by [4] (Theorem 2.12).

In the following proposition, we prove that every cofinitely semiperfect module is radical semiper-
fect under a condition.

M
Proposition 2.5. Let M be a cofinitely semiperfect module. If m is finitely generated,
a

then M is radical semiperfect.

M
Proof. Let N be any submodule of M with Rad(M) C N. Then ~ is finitely generated as a

factor module of the finitely generated module ————. Since M is cofinitely semiperfect, — has
Rad(M) N
a projective cover. Thus, M is radical semiperfect.
Now, we give a characterization of perfect rings via radical semiperfect modules.

Theorem 2.2. A ring R is left perfect if and only if every left R-module is radical semiperfect.
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Proof. (=) It is clear.

(«<=) By Proposition 2.2 and [2] (Corollary 2.6).

Let R be an arbitrary ring. R is called a left Bass ring if every non zero left R-module has a
maximal submodule [3] (2.19).

Proposition 2.6. Let R be a ring. Then R is a left Bass ring if and only if every radical
semiperfect left R-module is semiperfect.

Proof. (=) Let M be any radical semiperfect left R-module. Since R is a left Bass ring, it
follows from [3] (2.21) that Rad(M) < M. By Proposition 2.1, M is semiperfect.

(«<=) Let M be a left R-module which is radical. By Lemma 2.1, M is radical semiperfect.
It follows from the assumption that it is semiperfect. If M # 0, then M has a maximal submodule
according to [11] (Lemma 3.7), a contradiction. So M = 0. It means that R is a left Bass ring.

Recall from [11] that a module M is called quasi semiperfect if every factor module of M has a
M -projective cover. As a proper generalization of this definition, we call a module M quasi radical

semiperfect if N has a M -projective cover for every submodule N of M containing Rad(M).

It is clear that every radical semiperfect module is quasi radical semiperfect. But in general the
converse is not true. For example, 7Q is quasi radical semiperfect but not quasi semiperfect (see
Lemma 2.1 and [11], Theorem 2.4).

Lemma 2.3. Let M be a quasi radical semiperfect module. Then every submodule N of M
containing Rad(M) has a supplement which has a M -projective cover.

M
Proof. Let N be any submodule of M containing Rad(M). By the hypothesis, N has a

M -projective cover. By [11] (Proposition 2.3), N has a supplement which has a M -projective cover.

Now, we shall prove that a quasi radical semiperfect module is radical semiperfect under a certain
condition.

Theorem 2.3. Let M be a module with Rad(M) < M. M is quasi radical semiperfect if and
only if it is quasi semiperfect.

Proof. (=) Let N be any submodule of M. Then Rad(M) C N + Rad(M). By the
hypothesis and Lemma 2.3, there exists a submodule V' of M such that M = (N + Rad(M)) +V
and (N + Rad(M)) NV <« V. Moreover, V' has a M -projective cover. So we have M =
= (N +Rad(M)) +V, (N +Rad(M))NV <« V and V has a M-projective cover. Since

M
Rad(M) < M, then M = N +V and NNV < V. By [11] (Proposition 2.3), N has a M-

projective cover. Thus M is quasi semiperfect.

(«<=) It is clear from the definition.

Proposition 2.7. Every factor module of a quasi radical semiperfect module is quasi radical
semiperfect.

N
Proof. Let M be a quasi radical semiperfect module, X be any submodule of M and X be any

M M N M
submodule of x such that Rad (X) C < Then Rad(M) C N. By the hypothesis, N has a

M -projective cover. Therefore there exists a cover ¢ : P — N such that P is M -projective. Let 7:

M M M
M — x be the canonical epimorphism. We have an epimorphism f: X — N Then fom:

M
M — N is an epimorphism. Since P is M -projective, there exists a homomorphism h: P — M

such that f o oh = ¢. Then there exists a homomorphism moh: P — % such that fomroh = ¢.
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.M . . M M . N M
Therefore, P is y-prOJectlve. Since ~ has a y-prOJectlve cover for every submodule < of X

M N M
such that Rad (X) - < then X is a quasi radical semiperfect module.

3. Radical lifting modules. Recall from [3] (22.2) that a module M is lifting if, for any
submodule N of M, there exists the decomposition M = N'@® K suchthat N C N and NNK < K.
Every m-projective supplemented module is lifting. These modules are extensively studied by many
authors until now. For the properties and characterizations of lifting modules, we refer to [3].

In this section, we introduce the concept of radical lifting modules as a generalization of lifting
modules. We obtain the basic properties of such modules.

Definition 3.1. Let M be a module. A module M is called radical lifting if , for every submodule
N of M with Rad(M) C N, there exists the decomposition M = N' @ K such that N' C N and
NNK <K K.

It is easy to see that as a equivalent condition of this definition; a module M is radical lifting if
and only if, for every submodule N of M with Rad(M) C N, N contains a direct summand K of

N M
M h that — —.
suc aK<<K

Lemma 3.1. Let M be a radical lifting module. Then it is a srs®-module.

Proof. Let N be any submodule of M with Rad(M) C N. Since M is radical lifting, there are
a direct summand N’ of M and a submodule K < M with N’ < N, M = N'®K and NNK < K.
Therefore M is a srs?-module.

Let M be a nonzero module. M is called indecomposable if the only direct summands of M are
0 and M.

Corollary 3.1. Let M be an indecomposable module which is not radical. Then the following
Statements are equivalent:

(1) M is radical lifting,

(2) M is lifting,

(3) M is local.

Proof. (3) = (2) and (2) = (1) are clear.

(1) = (3). It follows from Lemma 3.1 and [8] (Lemma 2.3).

Lemma 3.2. Let M be a radical module. Then M is a radical lifting module.

Proof. Let N be any submodule of M with Rad(M) C N. Since Rad(M) = M, then N = M.
Sowe have M =M &0, M <N and NN0O=0<0. Thus, M is a radical lifting module.

The next result is a direct consequence of Lemma 3.2.

Corollary 3.2. P(M) is a radical lifting module for every R-module M.

The following fact is crucial.

Proposition 3.1. Let M = X ® L, where X is a radical module and L is a lifting module. Then
M is radical lifting.

Proof. For any submodule N of M with Rad(M) C N, we have X C N because X is radical.
Therefore, M = X & L = N + L. Since L is lifting, there exists the decomposition L = L' &V such
that ' CNNLand (NNL)NV=NNV < V. Itfollowsthat M =X dL =X (L'dV) =
=(X®L)®V =N +V. Note that X & L' C N. Clearly, V is a supplement of N in M. It means
that M is radical lifting.

Every lifting module is radical lifting but the converse is not always true in the following example
shows.
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Example 3.1. Let R be a local Dedekind domain with the with quotient field K. Put M = K()g
() K\ )

&) 7 @ R, where I and .J are any infinite index sets. Therefore, P(M) = K) @ 7

Since local modules are lifting, R is lifting and so M is radical lifting by Proposition 3.1. However,
it is not lifting according to [13] (Theorem 4.3).

In [7], a module M is said to be ®-supplemented if every submodule of M has a supplement
that is a direct summand of M. Under given definitions, we have the following diagram on modules:

lifting
radical lifting @-supplemented
srs® supplemented

—
\srs/

Corollary 3.3. Finitely generated radical lifting modules are ®-supplemented.

Proof. Let M be a finitely generated radical lifting module. Then, it is a srs®-module by
Lemma 3.1. Since Rad(M) is a small submodule of M, it follows from [8] (Lemma 2.2) that M is
@-supplemented.

Theorem 3.1. Let M be a projective module. Then M is radical lifting if and only if it is lifting.

Proof. (=) Let M be a radical lifting module. By Lemma 3.1, M is srs®. So M is
@-supplemented by [8] (Lemma 2.2). Hence, M is lifting.

(«<=) It is obvious.

Recall from [3] (27.8) that a supplemented module M is called strongly discrete if it is self-
projective.

Corollary 3.4. Let M be a projective module. Then the following statements are equivalent:

(1) M is strongly discrete,

(2) M is lifting,

(3) M is radical lifting,

(4) M is radical semiperfect.

Proof. (1) = (2) and (2) = (3) are clear.

(3) = (4). By Lemma 3.1 and Theorem 2.1.

(4) = (1). It follows from Theorem 2.1 and [8] (Lemma 2.2).

A module M is said to have the Summand Sum Property (SSP) if the sum of two direct
summands of M is again a direct summand of M.

Proposition 3.2. Let M be a radical lifting module with the property (SSP). Suppose that X

is a direct summand of M. Then x is a radical lifting module.
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N M . M N . Rad(M) + X
. — — — ) c =. it il M o
Proof. Let X be any submodule of e with Rad < X) €% Since e -
M
C Rad <X> , then Rad(M) C N. By the assumption, there exist submodules N’, K of M such

M

K+ X N
that M = N'® K, N' < N and NN K < K. Thus, a is a supplement of X in ~

by [10] (41.1 (7)). Since M has the property (SSP), there exists a submodule Y of M such that
M N +X Y+ X N +X N
M= (N'+X)aY. Sowecanwriteyz < i )@( + >.Itisclearthat 2

X - X
Y+ X Y+ X
Furthermore, X N ;L( < ;L( . Thus, the factor module — is radical lifting.

Recall from [10] (6.4) that a submodule X of an R-module M is called fully invariant if f(X)
is contained in X for every R-endomorphism f of M. Let M be an R-module and 7 be a preradical
for the category of R-modules. Then, 7(M) is a fully invariant submodule of M. M is called a duo
module if every submodule of M is fully invariant [9].

Proposition 3.3. Let M be a radical lifting module. If X is a fully invariant submodule of M,

then x is a radical lifting module.

N M M N .. Rad(M)+X
A = = —)c . i A
Proof. Let X be any submodule of e with Rad < X) €5 Since e -
M
C Rad <X) , then Rad(M) C N. By the hypothesis, there exists a direct summand N’ of M

such that N/ < N, M = N’ @ K for a submodule K < M, and NN K < K. So we have
M <N’+X>EB<K+X> N+X N dN K+X K+X
- = , — and —

. Therefore the factor

<
X X X X - X XmX<<X

module X is radical lifting.
Corollary 3.5. The following statements are equivalent for a duo module M :
(1) M is radical lifting,
(2) every direct summand of M is radical lifting.

Let M be a module. M is called reduced if P(M) = 0. Note that

left R-module M.

Lemma 3.3. Reduced radical lifting modules have a small radical.

Proof. Let M be a reduced radical lifting module. Then, there exist submodule X and N of
M such that M = X & N, Rad(M) N N = Rad(N) < N and X C Rad(M). It follows that
Rad(M) = Rad(X) @ Rad(N) = X @ Rad(N). So X = Rad(X), that is, X is radical. By the
assumption, we get X C P(M) = 0. It means that Rad(M) < M.

Recall that a module M is coatomic if every proper submodule of M is contained in a maximal
submodule of M [12].

M
P(M) is reduced for every

M
Corollary 3.6. Let M be a radical lifting module. Then m is coatomic and ®-supplemented.

Proof. Since P(M) is a fully invariant submodule of M, it follows from Proposition 3.3 that

M
m is radical lifting. Applying Lemma 3.1, we obtain that m is srs?. By Lemma 3.3,
M
m has a small radical. Thus, it is ®-supplemented by [8] (Lemma 2.2).
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M
It follows from [10] (42.1) that m is coatomic.

Proposition 3.4. Let M be a radical lifting module and X be a submodule with Rad(M) C X.
If X is a direct summand of M, then X is a radical lifting module.

Proof. Let N be any submodule of X such that Rad(X) C N. By [8] (Lemma 2.28), we
obtain that Rad(M) = Rad(X). Since M is a radical lifting module, there exists a direct summand
N’ of M such that N' < N, M = N’ @ K for a submodule K < M, and N N K < K. Then
X = N+(XNK). Since M = N'® K, then N = N'®&(XNK). It follows that NN(XNK) < NNK.
Therefore N is a radical lifting module.
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