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REDUCING SEQUENCES
3BIJIHI TIOCIIAOBHOCTI

We introduce and examine two new classes of distinguished sequences in the unit disk for the space of bounded analytic
functions. One of these sequences is intermediate between interpolating and zero sequences.

BBezieHO Ta BUBUCHO JIBa HOBHX KJIACH BHIIIICHHX MOCTIIOBHOCTCH B OAMHUYHOMY KOJI JUIS MPOCTOPY OOMEKCHHUX aHai-
THYHUX (QyHKOiH. OIHA 3 KX MMOCITIZOBHOCTEH € IPOMIKHOIO MiX IHTEPHOIALIHOIO Ta HYJIHOBOIO MOCIiIOBHOCTSIMH.

1. Introduction. Let D be the unit disk of the complex plane. We consider the space H* of all
analytic functions f in D such that || f|joc = sup,ep |f(2)| < oo and the Bergman space A! of all
analytic functions in D such that

1l = / F(2) dm(z) < oo.
D

Let /' and [°° be the Banach spaces of all complex sequences (ay,) such that ||(a,)|1 = ZOO ) lan| <
n—

< 00 and ||(an)|lsc = sup,en |an| < oo, respectively. We denote by o any sequence (z,) of points

in D. Recall that o is said to be a Blaschke sequence if it satisfies the condition

[e.9]

Z(l —|zn]) < 0.

n=1
For a Blaschke sequence o, the analytic function B = B, defined in D by
= 2| 2n — 2
B — mmlzn =
(2) nl_[l zZn 1 — 2,2
is called the Blaschke product with zeros at o and it is bounded by one. For a fixed n € N, we denote
by By, the Blaschke product B,y 1. We put p(z,w) for the pseudohyperbolic distance between z,
w € D, that is

p(z,w) =

z—w
1—zw|
Given a point 7 in the boundary of D and a number ¢ € [1, 00), the domain

{reD/1-72 <t(1-|2])}

is called Stolz angle with vertex at 1. A sequence o is called uniformly separated if there exists § > 0
such that

sup | Bp(zn)| > 6.

neN

As usual, we will write ¢ for positive constants when they appear. First, we recall two types of
distinguished sequences in D for H*°:
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Definition 1. o = (z,,) is called a zero sequence if there exists a function f € H, not
identically zero, such that f(z,) =0 Vn € N.

Definition 2. o = (z,,) is called an interpolating sequence if given any sequence (a,) € 1°°,
there exists a function f € H* such that f(z,) = a, ¥n € N.

Clearly, interpolating sequences are zero sequences. It is well known that ¢ is a zero sequence
if and only if it is a Blaschke sequence [3]. On the other hand, it is proved in [2] that ¢ is an
interpolating sequence if and only if it is uniformly separated. Let R be the space of real sequences
defined by

R = {(rn)/7n € (0,1) Yn € Nand lim 7, = 0}.

Next, we introduce another class of distinguished sequences in D for H:

Definition 3. For a fixed sequence (ry,) in R, we say that o0 = (zy,) is a [ry]-reducing sequence
if given any sequence (ay) € I°°, there exists a function f € H* such that f(z,) = rna, Yn € N.

We will say that the function f in Definition 3 is a [r,]-reducing function. Note that if o is a
[rn]-reducing sequence, then |f(z,) — an| = (1 — 1) |an| Vn € N, that is, each value f(z,) ison a
circle centred in a,, and radius strictly between 0 and |a,|, approaching |a,,|. Since

1—r,

p(f(zn),an)

:m\anl Vn € N,
n n

it follows that if (a,) C D, then values f(z,) are also on pseudohyperbolic circles with the same
properties as before. If [*°[r,] denotes the subspace of [*° defined by

1%°[ry] = {(by) € 1°°/ by, = Ty ap, for a certain (a,) € [*°},

then [r,|-reducing sequences can be viewed as interpolating sequences for the target space [*°[ry,].
Thus, it follows that every interpolating sequence is [r,|-reducing for any (r,) in R.

We also state one variation of Definition 3:

Definition 4. For a fixed sequence (ry,) in R, we say that o = (zy,) is a [ry]-reducing sequence
in the 1'-sense if given any sequence (a,) € I, there exists a function f € H* such that f(z,) =
=7rpa, Yn € N.

Clearly, every [r,]-reducing sequence is a [r,,]-reducing sequence in the /*-sense. Taking (a,) =
(0) in Definitions 3 and 4, it turns out that all [r,,]-reducing sequences and [r,]-reducing sequences in
the [!-sense are zero sequences. Then [r,]-reducing sequences are intermediate between interpolating
and zero sequences. The following section is devoted to examine both types of introduced sequences.

2. Statement and proof of results. First, we characterize [r,|-reducing sequences in the
I'-sense:

Theorem 1. A sequence o = (z,,) is [ryp|-reducing in the 1*-sense if and only if it is a Blaschke
sequence and the sequence (1) in R verifies

rn < ¢|Bp(zn)| VYneN.
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Proof. Necessity. Suppose that the restriction operator on o maps H> onto the subspace of I
defined by

ll[rn] = {(bn) € ll/bn =rya, fora certain (a,) € ll},

with the norm ||(b,)|;1(r,] = Il(an)[l1. Fixed m € N, we apply the open mapping theorem to the
sequence (b,) € I*[ry] defined by means of (ay,) such that a,,, = 1 and a,, = 0, if n # m. Then we
obtain that there exists f,, € H* such that

[fmlloo < cll(bn)llirgr, = ¢ll(an)lly = ¢

Since fi, = gm Bm, for a certain g,, not vanishing on o and verifying ||gim|lco = || fimllco, it follows
that
Tm = | fm(2m)| = |9m(20)| | B (2m)| < l|gmlloo [Bm(2m)| < ¢|Bm(2m)|-

Sufficiency. For a sequence (ay,) in [, we define the function f in D by

00 Bn
Z) = Z?"nan B (Z)
n=1

n(2n)

(1)
Then f(z) = ri ax Yk € N. On the other hand, f € H*, because

If(2) <eD lan| < oo VzeD.

n=1

Next, we put a condition on ¢ and another on (r,) in R so that o is [r;,]-reducing:
Theorem 2. [f 0 = (z,) is a Blaschke sequence and (ry,) in R verifies

rn < c(1—|zu]) |Bn(zn)| Vn €N, 2
then o is [ry|-reducing and furthermore, any [ry|-reducing function f is Lipschitz on o, that is,
|f(zn) — fzm)| < clzn — 2m| Vn, meN. ?3)
Proof. For a sequence (a,) in [*°, the function f defined in (1) is in H°°, because

]<cZ|B ol g Zl—|zn| <oo VzeD.

n=1

On the other hand,

[f(zn) = F(zm)| < [f(z0)] + |f(zm)| = rolan] 4+ 7m [am| <
< cll(@n)lloo [(1 = [2a]) |Bn(2zn)| + (1 = |2m) [Bm(zm)|] <
< cl(X = [zl) + (1 = [2m)] p(zn, 2m) < ¢lzn — 2m|  ¥n, m €N
If f € H®, it is well known that
£(2) = f(w)] < eplzw) ¥z, weD. 4)

Then, estimate (3) is an improvement of (4) on the sequence o.
We are interested in having some control of the derivative of the [r,]-reducing function. Taking

a sequence (r,) in R slightly more reductive than (3), we can obtain such control on the sequence
o:
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Theorem 3. If 0 = (z,) is a Blaschke sequence and (ry,) in R verifies
n < c(1 = |24]) |Bu(zn)]? Vn €N,

then there is a [ry]-reducing function f such that

(1= |za]) f'(20) = (1 = [2ml]) f'(zm)| < clzn — 2m| Vn, m €N. (5)
Proof. Given a sequence (ay,,) in [*°, we define the function f in D by
= Ba(2)?
f(z) = ;rn an Bn<2n)2

Thus, f(zr) = ri ar Yk € N and it is immediate that f € H (it is proved as in Theorem 2). Since

, > B, (z) Bl,(z
P =2 oman P

then

f'(zk) = 27 ay

Taking into account that

|Bj.(21)| < ¢ Vk € N,

1 — |z
we have |f'(zx)| < ¢|Bg(2x)| Vk € N, and

(1= [za) £(zn) = (1= o) £ Gl < (1= Jzal) 1/ Gl & (1= [l | ()] <
< c[(1 = |za]) |Bn(zn)| + (1 = |2m) [Bm(zm)[] < ¢|zn — 2m| Vn, m € N.
If f € H®, it is proved in [1] that
(1= 12) /() — (1 = [w]) f'(w)| < ep(zsw) ¥z, weD. ©)

Then, estimate in (5) is an improvement of (6) on the sequence o.
Adding one condition to the sequence o, we can obtain a global control of the derivative of the
[rn]-reducing function:
Theorem 4. If 0 = (z,) is a Blaschke sequence located in a Stolz angle and (ry,) in R verifies
the condition in (2), then there is a [ry|-reducing function f such that f' belongs to A'.
Proof. Given a sequence (a,) in [°°, we consider the function f defined in (1). Since
’ S B (2)
7= Sora 5,

we have
/ F(2) dm(z) < ¢ / [Zu ~Jeal) 1BL(2)|| dm(z) =
D p Ln=1
—c 1— |z Bl (2)| dm(z).
>z / IBL(2)| dm(z)

D
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It is proved in [4] that if o is a Blaschke sequence located in a Stolz angle, then B’ € A' and it
follows from there that

Bl < ||B'|1 <c¢ VneN.
Thus,

[ir @l e >0 b < o
i) n=1

Remark. We think that it would be interesting to pose reducing sequences in other spaces of

analytic functions, especially in the Bergman and Bloch spaces, to compare their results with those
obtained here.
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