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JACOBI OPERATORS AND ORTHONORMAL
MATRIX-VALUED POLYNOMIALS. I

OIIEPATOPH SAKOBI TA OPTOI'OHAJIBHI
OIIEPATOPHO3HAYHI ITOJITHOMM. 1

It is shown that every self-adjoint operator in a separable Hilbert space is unitarily equivalent to a block Jacobi operator.
A system of orthogonal operator-valued polynomials is constructed.

IMoka3zano, mo Oynb-IKuil cCaMOCHPSDKEHUH OHepaTop, 3afaHuil y cemapabenbHOMY ribOepTOBOMY MPOCTOpI, YHITapHO
eKBIBAJIEHTHUI O104HOMY oneparopy Sko6i. [1oOynoBaHo cuCTeMy OpPTOrOHANBHUX ONEPATOPHO3HAYHUX ITOJIIHOMIB.

Introduction. Jacobi matrix is the canonical form of a self-adjoint operator with simple spectrum [1],
spectral analysis of this matrix is tightly bound with the study of orthogonal polynomials [2, 3]. This
realm of analysis has deep connections with moment problem; interpolation problems; issues of the
extension of symmetrical operators, etc. [2, 3].

This work develops studies in this direction. At the beginning (Section 1), it is shown that every
self-adjoint operator acting in a separable Hilbert space is realized by the block Jacobi operator (is
unitarily equivalent to it), besides, sizes of the blocks correspond to the multiplicity of the spectrum of
the initial operator. Section 2 is devoted to the construction of the system of orthogonal matrix-valued
polynomials. These problems (in the matrix case) are studied in the works [4—8]. Important results
in spectral analysis obtained in [4, 5] found their fruitful application in the problem of moments.
Generalization of the scalar case [2] on the matrix-valued case is studied in [7, 8] and is represented
in the overall survey [6]. Establishment of links between block Jacobi matrices and theory of nonself-
adjoint operators with analytical analogues of the L. de Branges spaces of entire functions is the aim
of the present paper. The polynomials of the first and the second kind are constructed in Section 2
using an introduced notion of the measure nondegenerateness (see an analogue in [6]), and then the
operator-valued function with J-properties is constructed and its multiplicative expansion is obtained
using the methods of J-theory of V. P. Potapov [9, 10].

Constructions stated in this paper refer to the so called “truncated” problem (n € N), i.e., the
finite block Jacobi matrix.

1. Block Jacobi operators. 1. Consider the spectral resolution [1]

A= [ ME\ (D
/

of a linear self-adjoint operator A given in a separable Hilbert space H. Let us select some vector
f1 from a dense in H set (in view of the separation property) and construct the subspace

L(f1) d span{FEa f1: A € R}, )
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where A runs over the totality of all the intervals of the axis R. Obviously, L;(f) and its orthogonal
complement H; = HOL (f1) are Ey-invariant (¢ € R). Since H; is also separable, then, selecting fo
from a countable dense set in H;, we define the subspace L (f2) (2) in H;. Repeating this procedure
of removal L (f) countable number of times, we obtain

H =Y oL(fy) 3)
k=1

Note that this procedure can terminate after finite number of steps and even on the first step. The latter
leads to the representation by the classical Jacobi matrix with scalar entries. Define the generating
subspace [1] G for the operator A,

¥ span{ fi: k € N}, 4)
then (3) implies
H =span{FEag: g € G; A € R}, %)

where, as usual, A belongs to the set of all intervals from R. Consider some Hilbert space E
(dim F > dim GG), and let ¢ be a linear bounded operator from F onto GG. Define a nondecreasing
operator-function in

F(z) Ly B, zeR. (©)

As a 1) we can take, for example, the orthoprojector P; on G and suppose that £ = G.
Denote by L2 (E, dF(x)) the Hilbert space of E-valued vector-functions on R,

df

12(E,dF (@) £ f(2): / (dF (@) f(2), f(2)),, < oo ™

R

which is generated as a result of the closure of linear span of finite continuous functions f(x) and
subsequent factorization by the kernel of metrics (7). This definition is correct (see [3, 11]). Specify
the linear operator U,

U I(EdF@) > H f=Uf@), 2 [dBwf). ®)

R

Image of the operator U is dense in H since vectors

/ dEsxa(r) = Eavf, feBE, AcR
R

linear span of which is dense in H, belong to it, in view of (5) (v f = g € G).
If g(z) € L (E,dF(z)), and f is given by (8), then

t

(Euf b(a)) = / (dF(s)1(s), 9(2)). )

—0o0

ISSN 1027-3190.  Ykp. mam. scypn., 2017, m. 69, Ne 2



230 R. HATAMLEH, V. A. ZOLOTAREV
Let f(x) from (8) be differentiable and f'(z) € L2 (E,dF(z)), then

12 = / (f,dEp () = / d(f, Botf(z)) — / (Eof o f (@) Vda =
R R

~ [a [ars / / (PO (0. £ (@)do = [ (dF@)f(a), 1(2),
R —o0 R
in view of (9). So, U (8) is isometrical on the dense set in L% (E,dF(z)) and thus the operator U
is unitary.
Let f be given by (8) where f(z) belongs to the linear span of continuous functions in
L2 (E,dF(x)). Then for all h € H

(Af,h) —/:c<f, dE h) = /x/(dESz/zf(s),dEm@ =

R R R
/mdx/ dEa)f(s), Exh) /a;d/ (dEaf(s), h) = /(dExz/;a:f(m),h>,
consequently, ) )
Af = [ dB.vtaf(@)) (10)
R

and thus AU = UQ, where @) is the operator of multiplication by the independent variable in
L (E,dF(z)),

(Qf) (@) Faf(z) (f(x) € LA (E,dF(x)). (11
Isometricity of U (8) and (10) implies

AP = [ #(dF@)f@). @) = QS @)
R
So f(z) belongs to the domain D of the operator ) (11) then and only then when f (8) belongs
to the domain ® 4 of the operator A.

Theorem 1. An arbitrary self-adjoint operator A acting in a Hilbert space H is unitarily
equivalent to the operator QQ (11) in L%K (E, dF(:L‘)) (7), AU = UQ, where U is given by (8); E, is
the resolution of identity of the operator A; F(x) is given by formula (6); and 1 is a linear bounded
operator from E on the generating subspace G (4).

II. Let A be bounded self-adjoint operator, then

Apg = / " dE g
R

make sense for all g € G and all n € Z,. Show that the linear span of these vectors is dense in H.
If a vector f € H is such that f | A™g (for all g € G and all n € Z.), then, using representation
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(8) for f, we obtain
0= (40, f) = [ (dF(@)a"g. f(@)
R

Therefore f(z) L P,(x), where P,(x) is an arbitrary E-valued polynomial of the degree n. Since
the set of such polynomials is dense in L2 (E ,dF (x)) (dF(x) has the dense support), then f(z) = 0,
and so f = 0.

Theorem 2. For every bounded self-adjoint operator A acting in a separable Hilbert space H,

H:span{Anwg:gEE,nGZJr}. (12)

In the case of unboundedness of A see [1, 2].

Define the subspaces
Hnd:fspan{Akl/Jg:gEE;nggn}, n ey, (13)
which are ordered by inclusion, H;, C Hg as s > k, and let
df
G,=H,6H, 1, ne€Z;, (14)

where H_; = {0} and Gp = G (4). Then
H=Y Gy (15)
k=0

If gp € G, k € Z4, then (Agg,g9s) = 0 as s > k + 1 since Agy € Hyi1; and, similarly,
<Agk:>gs> = <gkaAgs> ask>s+1(Ags € Hgyq). So,

(Agr,9s) =0 as s>k+1 and s<k—1, k,s€eZ,,

therefore the operator A has the three-diagonal block structure corresponding to expansion (15),

Ay By 0 0 1
Bf A B 0

where ﬁk = P,AP. : G, — Gy, Ek = PyAP;+1: Gry1 — Gy (Py is the orthoprojector on Gy,
(14), k € Zy). The definition of Gy, (14) yields dim Gy < dim G, k € Z,. For dim Gy = dim G
we specify unitary operators Vi : G — G. If dim G < dim G, we can define isometric operators
Vi : G — G. Consider the set of operators in G: Ay = VkEka*, B, = Vkéka*H, ke€Zy, and
define the block Jacobi operator
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JoLl0 Bf Ay By -, (17)

in the Hilbert space l%+ (G). Let V = diag[I, V4, ...] be an isometric (by construction) operator from
H (15) into l%+ (G), then VA = J5V.

Theorem 3. An arbitrary bounded self-adjoint operator acting in a separable Hilbert space H
is isometrically equivalent to the Jacobi operator Jg (17) in the space Z%Jr (G).

2. Matrix-valued orthogonal polynomials. III. Spectral analysis of Jacobi matrices (dim G =
= 1) is closely linked with properties of orthogonal polynomials [1-6]. We proceed to the construc-
tion of matrix-valued orthogonal polynomials.

Definition 1. A measure dF(x) is said to satisfy the nd-condition (non degenerata) if for every

E-valued polynomial of the finite degree P, (x) = Z:fo Fgp, gp € E, 1<k <n,necZ,, the
estimation -

[ar@Pa@). @) > 8 ol (18)
R k=0

is true, besides, the number 6,, does not depend on the vectors {gi}7, and 6, > 0 for all n € Z..
Note that nd-condition is per se equivalent to the nondegenerateness of nontrivial measure in [6].
Theorem 4. [fa self-adjoint bounded operator A acting in a separable Hilbert space H is such

that the measure dF (x) satisfies the nd-condition, where F(x) is given by (6) and dim E = r < oo,

then the vector A™pg does not belong to the space H,_1 (13) for any g € F and n € N.

Proof. Assuming the contrary, we suppose that there is such a vector g € F that A™pg € H,,_1
for some n € N, then

n—1
A”wg+2Ak¢gk=0, g el 0<k<n-—1.
k=1

This implies

/ AE P, (t) = 0,

R
~1
where P, (t) = t"g+ Z:—o tk gy, is a E-valued polynomial. Applying E, to this equality, we obtain

T

/ dEa)P,(t) =0 Va € R,

—00

and thus
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[ aBwro.0n = [ @r©R©.£) =0 vf ek

Consequently,

0= / o) / (AF(O)P(8), f) = / (dF (2)Po(x), o) ).
R 0 R

for an arbitrary scalar function ¢(x): R — C, therefore
[(ar@Pao). 5(@) =0,
R

m

where f(z) is any function of the form f(z) = Zk—o

= P,(z), we obtain

or(z) fx, m € Z4. Assuming that f(z) =

/<dF(a:)Pn(a:),Pn(:c)> =0,
R

which is contrary to the nd-condition.
Theorem 4 is proved.
This theorem yields that the vector

f=A"pg — Py, A"g
is nonzero for all ¢ € F and all n € N (PHTH is the orthoprojector on H,,_; (13)). It is obvious
that Py, f = 0, consequently, f L Hy (Vs, 0 < s <mn—1). Since

n—1

f=A"pg+> Arygy, (19)
k=0

then to each ¢ € E (dim F = r < oo) there corresponds the set of vectors {gk}g_l from F.
Formula (19) follows from (13) when dim E' < oco. This correspondence defines the linear operators
Npg df gr, 0 <k <n—1. Since dim E < oo, Nj are bounded for all k.

Write the vector f (19) in the form

f= [ dBwP. s
R
where ﬁn(t) =" +t""IN,_1 4+ ...+ Ny. Orthogonality f L H,, 0 < s < n — 1 signifies that
[ Bwaropw =0, 0<s<a-t
R

The operator

Dy = [ Pa(t)dF(t)Po(t)
/
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19
is nonnegative and invertible since the nd-condition (18) implies HD% gH > 6,|g||%. Therefore the
1

polynomial P,(t) = P,(t)D, 2 is normalized to unity,

/ P*(1)dF () Pa(t) = L.
R
Theorem 5. If a bounded self-adjoint operator A is such that the measure dF(x) has the nd-
property (18) (F(x) is given by (6) and E, is the resolution of identity of the operator A and
dim E = r < 00), then there exists the family of matrix-valued in E polynomials {Py(x)}q" , such
that

/ P} (2)dF (2)Py(2) = 0 nlp, kn €2y, (20)
R

besides, deg P,,(x) = n and the leading coefficient of P,(x) is invertible (Vn € Z.).
The expansion [2-6]

2P, (x) = Poy1(2)BUY) 4+ Py (2)B™ + ...+ Py(2)BY

n n

(BT(LS) are linear bounded operators in E, 0 < s < n + 1) and (20) imply that BY — 0 for
0 < s <n-—2, besides,

n

BV = [ aPr, (2)dF(z)Po(x), B = [ 2Pl (x)dF(x)P,(x),
/ /

n

R

and thus B,(In) = (B,(In))*, B,(ln_l) = (Br(bn_)l)* So the totality {Pn(as)}(;o is the solution of the
finite-difference equation

xPp(x) = Ppy1(x)By + Po(2)Cp + P11 (2)B),_y, n € Zy, (21)

where P_;(x) at 0, B, = B,({LH), C, = Bé”), n € Zy. Invertibility of the leading coefficients
of the polynomials P, (z) implies invertibility of all operators B,,. Therefore polynomials of the
first kind P, (x) are found as the solutions of (21) unambiguously if we take into account the initial
conditions

Py(z) = Dy, Py(x) = Do(zI — Co)By !, (22)

where Dy = (F(c0) — F(—oo))fl/ ? is an invertible positive operator. Expression

Pn(§) — Po(x)

Qule) 2 [ apie) T =),

R

nez,, (23)

defines [2] operator-valued polynomials of the second kind deg @, (z) = n — 1, besides, Q,(x)
also satisfy the finite-difference equation (21) and the initial data
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Qo(z) =0,  Qi(z)=Dy'By". (24)

Construct the Jacobi operator

By Ci B 0
0 B C, B - 25)

113

JE

by the coefficients { B, Cy,};° from (21), then the recurrence relations (21) formally imply

where P(z) = [Py(x), Py(z),...], Q@) = [Qo(z), Q1(2),...].
Let Y, = Y,(\) and Z,, = Z,(w) be the solutions of (21) corresponding to A and w accordingly
(A, w € C). The Green formula [2-4, 6]

n
(A —w) Z YiZip = Yny1BnZy, —YoByZy o — YmBm1Zy,  + Ym-1B,, 12, 27)
k=m
is true for all n, m € N. In particular, for m = 1, if Y, = Pi(\), Zp = Pi(w), then taking into
account (22) we obtain the Christoffel - Darboux formula [2 -4, 6]

(A=) ) PN P (w) = Para(NBu Py (w) = Pa(N) By, Py (w) (28)
k=0

forall n € Z,. Assuming in (27) m =1, Yy = Pr()\), Z = Qx(w) and using (22), (24), we obtain
the equality

n

(A=) 3 PuNQi () = Pusi(V)BaQ(w) — PuNBiQl s (w) + Ip Vn €Zy.  (29)
k=0

Finally, relation

n

(A=) ) Qr(NQk(w) = Qu1(\)Ba@ir(w) = Qu(N) By Q511 (w) (30)

k=0

follows from (27) as m = 1 and Y = Qr()\), Zr = Qi(w).
Lemma 1. If P,(\) and Q,(\) are the solutions of the finite-difference equation (21) which
satisfy the conditions (22), (24), then the Liouville — Ostrogradsky formula [2 -4, 6]

{Pr(NQni1(N) — QN Prpi(N)} By = Ip Vn € Zy (3D
is true, besides,

P NQu(N) = QLN Pa(N) =0 ¥n € Zs. (32)
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Proof. We prove both equalities (31), (32) simultaneously, using induction by n. For n = 0,
the truth of (31), (32) follows from the initial data (22), (24). Let the statement be proved for all %
(0 < k£ < n). Show that this implies (31), (32) for £ = n + 1. Using (21) and invertibility of B,

we obtain

B[Py (NQna(V) = @rpa (V) P (N)] By =
= [(A=Ca)Py(N) = Buo1 Py (V)] [Qu(N) (A = Cn) = Qua(N)
—[(A = Co)QR(N) = Bra @ (V] [Pa (M) (A —
= (A= C)[Pr(NQn-1(N) = Qu(N)Pua (V] Bj -1~
—Bn1 [P (NQn(N) — Q1 (N Pa(W)] (A = Cn) =0,

in view of the supposition of induction. Similarly,

[P (N Qnia(N) = Q% t (N Poya(N)] Bust =
=Py (N [Qni1(N) A = Cns1) = Qu(N)Bp] = Qi1 (W) [Pas1 (A)(A = Crg1) — Pa(N) By
= {Qr 1 (VNPu(N) = Pri(NQu(N) } By =1,

which was to be proved.

IV. Using the polynomials P, () and @, (), we construct the operator-function

N &

n

P,(\)  P.,1(N)B,
Qn()‘) Qn+1 ()‘)Bn 7

Cp) — Po—1(N)

besides, deg W,,(\) = n, and define the involution J in £ @ F,

0 ilg
Jd—f[ .

—ilg 0
From formulas (28)—(30) follows that

W Wy ) — g = A0y [T O )
CoaDo l@Qk(N) 0 0

and so W,,(X\) (33) has J-properties [6, 7],

>0, XeCy,

Wa(\)JWEN) —J =0 =0, AeR,

<0, xeC_.

Equation (21) yields
Wi(A) = Wa_1(A)bn(N),
where
ISSN 1027-3190.

(33)

(34

(35)

(36)

(37
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b () ! B:Lj 7 (38)
n = ’ n e )

Bl BiY(M -Gy i
reckoning that B_; df I. Therefore

Wa(\) = To [T (V) 39)
k=1
where Uy is J-unitary,
U df 0 PO()‘)
0= _ )
—Pyt(N) 0

and so we can regard that W_;(\) = Up. “Primary” factors by () (38) also have J-properties (36),
since

. A—w |0 0
b (V)T (w) — J = = I
0 B, (B)
A—w |0 0
bi(w)Jbp(N) — J = -
) Toe() | IE]

for all k¥ € Z,. Thus factorization (39) is realized in the context of the class of operator-functions
satisfying the relations (36), besides, the factors by(\) (38) are constructed by the elements of the
Jacobi matrix Jg (25). Factorization, similar to (38), is obtained in [9] in somewhat different form.
(35) implies W;,(A\)JW;; (A) J = Iggp, therefore the operator
BiQii (A)  —=BiPia (V)
-, () Py (3)
is the right inverse for W, ()\) (33). The fact that W, 1(\) (40) is also the left inverse for W,,()\)
follows from (31), (32).
Observation 1. The relations (28)—(30) provide W, () (33) with the J-properties (36) and also
secure the existence of the right inverse W, 1()\) (40), and the equalities (31), (32) are equivalent

to W, L (\W,(\) = I. So the relations (28)—(30) and (31), (32) for the polynomials P, ()\) and
Qn(\) have a natural interpretation in terms of the J-properties of the function Wy (\).

Wit S W (A) T =

], n € Ly, (40)

The operator-function
Sn(X) = Wa(NW(0) (41)

also has the .J-properties (36) and
0

Pr(N)
Su(\)JS% (w) — J =
W) 755(w) Qr(A) 0

(42)

A_, n
3
k=0

in virtue of the J-unitarity of W, 1(0). The function S, (\) is such that S, (0) = I. It is easy to
show that S,,()) is equal

Pi(w)  Qp(w)
0 0 |
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AN Ba(V)
Sn(X) = Cu(N)  Du(V)] *)
where
An(N) € PN BLQ1(0) = Past(N)BaQ(0) = I = A S Pu(N)QL(0),
k=0
B(A) £ Poii(NBaPL(0) — Pa(NBPE1(0) = A PN P(0),
k=0
(44)

Cu(N) E QuNBEQ%41(0) = Que1(NBaQ(0) = =2 > Qu(N)QL(0),

Dn(A) € Qni1BaPi(0) — Qu(N) B Priy(0) =1+ A Qu(VPE(0),

in virtue of the form of W,,()\) (33) and W,;1(0) (40), and also of (28) — (32). The functions (44) are
similar to the well-known scalar [2, 3] and matrix [7] functions, besides, deg A,,(\) = deg By, () =
=n+1, degCy(\) = deg Dy(\) = n.

Observation 2. The functions (44), in spite of the properties following from (42), satisfy the
equalities

A:L(S‘)Dn()‘) - C:L(X)BH(A) =Ip, D;(S‘)Bn()‘) = B:L()\)DTL<)\)’ (45)

A, NGV = CENALN), n €Ly,

which are a corollary of the fact that JS(\)J is the left inverse for S, (X\). The relations (45) can
be proved directly using (31), (32).

Observation 3. The normalization E; at zero for S,(\) (41) is not binding. If we consider
Sn(A, o) o Wo(MW, LX), Xo € R, then: 1) S, (Ao, Ao) = Ipar; 2) (42) take place in virtue of
the J-unitarity of W, 1 (Xo); 3) for Sn(\, Xo) representation (43) is true with the appropriate version
of the formulas (44).

(37), (41) imply

S'fl()‘) = S”—l()‘)an()‘)v ne Z—i—v (46)
where the factor a,,(A\) = W,_1(0)b,(A\)W,1(0) is equal
an(N) T —ixmnJ, neZy, (47)

besides,

a [PAOPIO)  PL(0)2;(0)
@n(0)P;(0)  @n(0)Q7(0)
and m,Jm, = 0, in virtue of (32). (46) implies

>0, neZ,, (48)

Mn
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Sn(A) = [ ax(V), (49)
k=0

besides, S_1(\) = I (W_1(\) = Up). The factors ay () (47) have the J-properties because of

A— @ A—w@
=2 Y, ai(w)Jag(\) — J = TmekJ.

1

mgJmy = 0 yields that ag(\) (47) have the exponential representation
ar(N) = exp{—ixmyJ}, keZ,. (50)

Theorem 6. The operator-function Wy (X) (33) has the J-properties (36) and the multiplicative
expansion (39), where J and bi(\) are given by (34), (38).

The function S, (\) (41) is expressed in terms of the functions (44) by formula (43), besides,
Sn(A\) has the J-properties (36), and factorization (49) takes place, where the factors ayp(\) are
given by (47), (50).

In the second part of this study the connection of these constructions with L. de Branges spaces
and nonself-adjoint operators will be established.
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