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PARAMETERS FOR RAMANUJAN’S FUNCTION x(gq) OF DEGREE FIVE
AND THEIR EXPLICIT EVALUATION

HAPAMETPU ®YHKIII PAMAHYJIXKAHA x(q) I’AITOIO CTYIEHS
TA IX ABHE 3HAXO/I’)KEHHS

We study the ratios of parameters for Ramanujan’s function x(q) and their explicit values.

BuBuaroThest BifiHOLIEHHs napameTpiB QyHKuii Pamanymkana x(g) Ta ix siBHI 3HaUCHHS.

1. Introduction. In Chapter 16 of his second notebook [1], Ramanujan develops the theory of
Theta-function and is defined by

> (n+1)  n(n—1)
— Z a 2 b 2 e

n=—oo

= (_a§ ab)oo(_b; ab)oo(ab; ab)ocn ‘ab‘ < 1a (1-1)

where (a;q)o =1 and (a;¢)so = (1 —a)(1 — aq)(1 —ag?). ...
Following Ramanujan, we defined

(49w
(q) == nz_:ooq —7’ -
nnt) q 7*)oo
() : Zq = e
[0 = o - = Y (-1)"F = (@

and

X(@) = (-4 ¢*) s

Now we define a modular equation in brief. The ordinary hypergeometric series 2 F} (a, b; ¢; x) is
defined by

oFy(a,b;c;x) = Z (a)n(b)nx”,

(¢)nn!

where (a)o =1, (a)p, =ala+1)(a+2)...(a+n — 1) for any positive integer n, and |z| < 1.
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Let
11
= =l | =, = 1;
z Z(:B) 2 1<272a ,33')

and

11
Az =1 —
2 l(2527 ) :E)

q:=q(x):=exp | —7 T ,
2 Fy <,;1;CU>

2°2

where 0 <z < 1.
Let r denote a fixed natural number and assume that the following relation holds:

11 11
Fil=,=;1;1— Fil=,=;1;1—
2 l<27277 O[)_Q 1<27277 6)

11 N 11
F Z 21 F Z 21
2 1(2727 7a> 2 1(2727 7/8>

Then a modular equation of degree r in the classical theory is a relation between « and S induced
z(a)
()

use the notations z; := z(«) and z, := z(f) to indicate that 5 has degree r over «.
The function x(q) is intimately connected to Ramanujan’s class invariants G,, an g, which are
defined by

(1.2)

r

by (1.2). We often say that 5 is of degree r over o and m := is called the multiplier. We also

Gn =277 x(q),  ga=2""1g7 ¥ x(—q),
where ¢ = e~ ™™ and n is a positive rational number. Since from [1, p. 56] (Entry 12(v), (vi))

x(q) = 2" {a(1 - a)qfl}—l/z‘l,
Y(—q) = 21/6(1 _ a)1/12a_1/24q_1/24.

Nipen Saikia [4] introduce the parameter I, , which is defined as

x(q) g = e-mV/alm, (1.3)

T = gm0 /24y (gm)’

where m and n are positive real numbers.
In Section 3, we study the modular relation between I5 ,, and I5 j2,,, their explicit evaluations of
I, forn =2,3,4,5,7 and 11.
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2. Preliminary results.

Lemma 21 3] /P := 2D gng .= A1) 4,
v(q°) v

(&) -8 e () (5-9)-

_2<P2+]§2)+2<Q2+C§2>+4. (2.1)

3
Lemma 2.2 (2, p. 233], Ch. 25, Entry 66). If P = ‘P(qg and Q = So(qw) . then
©(q°) o(q')

2 2
PQ+P5Q —<P> +<g> +3(g+g>. 2.2)

Lemma 2.3 [3]. If P :=
»lq

Q4+—112< )+1440<Q2+le>—3184( )+7316_

(et (g (ong) oo ).
o) en(ony) ool (er) ol e

5
Lemma 24 3], 1P = 29 i 0 = £ ey

©(¢°) e(q*)
Q> 5Q* 15Q 5 2, 9\ _
52
= PG+ s + 15 24
P(9)9(q" ¢(9)p(¢*°
Lemma 2.5 [3]. If P := m and @ = ¢EZ‘2’)¢E? 7;, then

q
Q4—1—14KQ3+> <Q2—> 10<Q+1>]+P3+53:
Q! Q? Q? Q P3

A )@l Db e

o(q)(q") P(q)p(q”°)
d(q°)(q>) d(q®)p(q't)’
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Q6+$6+33<Q5+$5>—99<Q4+C;>+

+1529 (Q3 - 5?*) — 1683 (Q2 + C;) + 8800 <Q + é) —

B 5 B PR 1 3 53 5 1
—6534—|—<P +P5>—11{<P +P4>(Q+Q>—<P +P3>[11+4<Q +QQ>] -
52 1 1 1
() omm(erg) v (@h ) 3(@h )] -
—<P+]5D>[324—126<Q+22>+160(Q2+$2>—18(@34—6;3)+

a@r ) EeBpeled) e

Lemma 2.7 [7, p. 56; 5].

G ) {5s02(q5) —¢*(—q) } 27
af(=a°)  ¢*(=a®) | ¥*(=¢°) — ¥*(—q)
Lemma 2.8 ([1, p. 39], Ch. 16, Entry 24(iii)).
¢(q)
x(q) = S (2.8)
@ fla)
Lemma 2.9 [4]. We have
Iy =1. (2.9)
Lemma 2.10 [4]. We get
LI = 1. (2.10)
3. General theorems and explicit evaluations of I, ;.
x(9)x(¢%) e x(@)x(d")
Theorem 3.1. If P := g3 AT gpd Q= g VO L hen
x(¢°)x (') x(¢°)x(q?)
) 1 1 . 1 1 : 1
P P T b8P b+ 194 P+ — O+ =
{Q+Q3}H + 550t + st 5[ 19 g
_ P6 1 P4 1 P2 1
= +ﬁ + 13 +ﬁ + 52 +ﬁ + 82.
Proof. Replace ¢ by ¢° in Lemma 2.8, we obtain
5 @(qs)
x\q”) = . (3.1
(@) f(d®)
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Dividing the equations (2.8) by (3.1), we get

x@) _ ¢l@) f(¢°)
x(@®)  e(@®) fla)

Raising the power six and also multiplying ¢ on both side of the equation (3.2), we have

xXo(q) %) [ fO(e%)
5@ ~ (@) {q f5(q) }

Using the equations (2.7) and (3.3), we obtain

P* — P?(1—a)—5a =0,

where P := =~. Then the equation (3.4) can be written as

S
—~
L)
(S}
~—
=
[=2]
—~
L
S~—

b —b(1 —a)—5a =0,
where b = P?. Solve the above equation we get

B 1—a++V1+18a + a?
- 5 )

b
Using the equations (3.5) and (2.1), we have
(19$10y4 _ 52$10y10 + xloym + $16y10 + 1'143/2 + 8{L‘14y8 _ $14y14 + :L'6—|-
+x2y14 + 19:p4y10 - 131:4y4 + 8x2y8 - :c2y2 + y6 _ 52x6y6 + 199663/12+
+1956123/6 . 13x12y12 + 8$8y2 . 82I8y8 + 8x8y14> (22x14y8 . 31:4y10—
—422x10y10 4 $28y4 4 x4y28 o x20y2 =+ $20y32 4 x28y28 4 m30y24 4 a:24y30+
+a:32y20 . :c30y12 . x2y20 . y30x12 . 31’10y4 . 25$10y16 . 25$16y10_
—8x14y? — 252321y — 822yt 4+ 212 + 12 + 2yt + 2% — 11255+
+192%9"% + 19220 + 13582'%y"? + 2®y* + 1012%® + 222%y"—
_3x28y22 + 16x28y10 +43x28y16 —|—3387$16y16 +43x16y4 + 16.1’103/28—
—3983:103122 _ 10196143/26 + 58x14y20 _ 25x22y16 _ 3983:22y10 + 25390203/84_
_1_191,203/26 + 13581’203/20 + 581’202414 + 253$8y20 _ 19$8y26 _ 251,163/22_‘_
+43l‘16y28 + 16x22y4 . 3x22y28 . 422$22y22 + 43I‘4y16 + 163343/22*

—101226y™ — 1122620 — 1922648 4 10226520 — 8430418 _ 818,30 _

(3.2)

(3.3)

(3.4)

(3.5)
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—1012%"® — 101285 + 5828 y1? — 192245 + 2532%4y'2 + 58y 8212 —

_19y24 6+253y24 12 25231,18 18—|—22.’E18 24—|—22£C24 18+101IE24 24) 0’

1/6 x(q) 1/3 x(¢*)
7) "

g = 0, we can find a neighborhood about the origin, where the first factor is zero, whereas other

factor are not zero in this neighborhood. By the Identity Theorem first factor vanishes identically.

where © = ¢ and y = ¢ . By examining the behavior of the above factors near

Theorem 3.1 is proved.
Remark 3.1. Here by using the definition of (1.3), then above Theorem 3.1 is also can be written

I
as P = I5n154n andQ—]54
n

Theorem 3.2. If P := ¢'/3 2L x(a) and Q = ¢~ /¢ x(@°) then
x(q°) x(q'?)’

6 3
6+Q +18—9{Q3 < }+{P3Q3+

Proof. Employing the equations (3.5) and (2.2), we obtain

1
g P}

(—9Q9P3—Q3P3—Qgpg—9Q3P9+18P6Q6+Q12+P12)X
X(9Q9P3+Q3P3+Q9P9+9Q3P9—|—18P6Q6+Q12—|—P12) —0.

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood about
the origin, where the first factor is zero; whereas other factor are not zero in this neighborhood. By
the Identity Theorem first factor vanishes identically.

Theorem 3.2 is proved.

Remark 3.2. Here by using the definition of (1.3), then above Theorem 3.2 is also can be written
as P = I5,n and Q = I5,9n-

Remark 3.3. 1, ,, has positive real value less than 1 and that the values of I, ,, decrease as n
increases when m > 1. Thus, by Lemma 2.9, I,,,,, <1 forall n > 1 if m > 1.

Corollary 3.1. We have

1/6
7-3V5
Is3 = [ 5 ] , (3.6)
1
7+3V5
I3 = 5 : (3.7)
1/3
I5g = [4 - \/ﬁ} : (3.8)
1/3
Tsij0 = [4 n \/ﬁ} . (3.9)
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Proof. Setting n = 1/3 in Theorem 3.2 and using the Lemma 2.10, we obtain
L%+ 153 —9(I8 5 + I55) + 16 = 0.
Equivalently,
C%?-9C+14 =0, (3.10)

where C' = IS 3 + I 5.
Solving (3.10) and using the fact in Remark 3.3, we get

C=T. (3.11)

Employing (3.10) and (3.11), solving the resulting equation for I53 and nothing that 53 < 1,
we arrive (3.6).
Again setting n = 1 in Theorem 3.2 and using Lemma 2.9, we obtain

o+ 15 —10(I39+ I;5) +18 = 0.
Equivalently,
D? —10D + 16 = 0, (3.12)

where D = Ig’g + I;g’.
Solving (3.12) and using the fact in Remark 3.3, we have

D =3. (3.13)

Employing (3.12) and (3.13), solving the resulting equation for /59 and nothing that /59 < 1,
we arrive (3.8).

Theorem 3.3. [f P :=¢q

{Ql4+Qll4} —56{@12+Qlu} +861{Q1°+ Qllo} —5824{Q8+$8}+

+22524 {QG + 56} — 59015 {Q4 + 54} + 102884 {Q2 i } _

56 X(@)x(q*)

—224 {P6Q6 + } + 1800 {P3Q3 +

1
p3Q3} B

6 6 3 3
—224{56 + gG} + 1800 {23 + ;23} =

e gh-lre o o)
S R e A
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X [24{@8 + le} +628{Q4 + 54} — 1357{@2 + C;Q} 1196] +

+{P3+;3} [16{@11+an} — 109 {QMC;Q} +336{Q7+$7} -

1 1
— 1261 {Q5 + Qs} — 2228 {Q + QH +127634. (3.14)

Proof. Employing the equations (3.5) and (2.3), we obtain (3.14).
Remark 3.4. Here by using the definition of (1.3), then above Theorem 3.3 is also can be written
1
as P = I5,nI5,16n and Q = &

Is16n
Corollary 3.2. We have

(11 + 5/5)1/4 — \/\/11 +5v5 -4

2 )

54 = (3.15)

(11 + 5v/5)Y4 + \/ 114+ 5V5 —4
I571/4 — 2 . (316)

Proof. Employing Theorem 3.3 and Lemma 2.10, solving the resulting equation for I54 and
nothing that I5 4 < 1, we arrive (3.15).

5 25
Theorem 3.4. If P := q% and Q == q_2/3X(z)2>(<q(g)), then
| , 1 1 B
(e g [{r e mp e {repfel-
:{P4+1}+6{P3+1}+11{P2+1}+16{P+1}+22 (3.17)
P4 P3 P2 P ‘ ‘

Proof. Employing the equations (3.5) and (2.4), we obtain (3.17).
Remark 3.5. Here by using the definition of (1.3), then above Theorem 3.4 is also can be written

1
as P = [5’71[5,25” and Q = ﬂ
I5 950
Corollary 3.3. We have

Iss = [9 _ 4\/5} v

Iss = [9 + 4\/5] Ve ,

(3.18)
a—+va?—4
I5 95 = B E—
a4+ Va2 -4
I51/05 = —
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where
1/5
b bt R 125250 + 110v/5 — (5 + 3V5) V10 + 25 |
= b:
@ 53 ’ 1 ’
5 {5+\/5+ \/10+2\/5}
=5(G+2vh),  y= 5 ,
and

125 [12+4\f—(ﬁ+1) 10+2\/5}
. .

Zz =

Proof. Employing Theorem 3.4, Lemmas 2.9 and 2.10, solving the resulting equation for I5 5,
I5 25 and nothing that /55 < 1 and I525 < 1, we arrive (3 18).

Theorem 3.5. If P := ¢*/3 x(a) and Q = q 1 x(g") then
x(¢°) x(g*)’
Q Q° Q? P Q
Q4+—7{@3+}+21{QQ+}—42{Q+P}+56:
= P3Q3 + P31Q3. (3.19)

Proof. Employing the equations (3.5) and (2.5), we obtain (3.19).

Remark 3.6. Here by using the definition of (1.3), then above Theorem 3.5 is also can be written
as P =15, and Q = I5 49,.

Corollary 3.4. We have

a—+va?—4
Is7 = B E—
(3.20)
a++vVa?—4
I517= ST —
71 — 3v/105) [1622 — 1)(71 + 3+/105
where a — ( ) [ <+ (f[f )( =+ )} and © = [71 +3 /105}1/3’
12288
b— Vb2 —14
I5 49 = — 5
(3.21)
b+ Vb2 —4
I51/49 = —
9 — 2v/15) [y? 6)(9 + 2v/15

16
Proof. Employing Theorem 3.5, Lemmas 2.9 and 2.10, solving the resulting equation for I5 7,
I5 49 and nothing that I5 7 < 1 and I5 49 < 1, we arrive (3.20), (3.21).
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_ o x(@)x(q") _ s X(@)x(e™)
Theorem 3.6. If P :=¢q NS and @ :=q ()’ then

1 1 1
5 4 3
{P +5}—11{P +C4}+11{P +3}+
1 1
2 _
+88{P+ 2}+33{P+F}—

= {Q6+ C;G} - 11{@%53}[{13%;2} +2{P+ ]13} +3] + 165. (3.22)

Proof. Employing the equations (3.5) and (2.6), we obtain (3.22).
Remark 3.7. Here by using the definition of (1.3), then above Theorem 3.6 is also can be written
I
as P = I5 15121, and Q = o

Is1o1n
Corollary 3.5. We have

1/6

Is 11 = ; (3.23)

9(11 + 5v/5) — \/110(181 + 81v/5)
4

1/6

(3.24)

9(11 + 5/5) + \/110(181 + 81/5)
15,1/11 = 1

Proof. Employing Theorem 3.6 and Lemma 2.10, solving the resulting equation for /51, and
nothing that I511 < 1, we arrive (3.23).
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