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LYAPUNOV-TYPE INEQUALITIES FOR TWO CLASSES OF NONLINEAR
SYSTEMS WITH HOMOGENEOQOUS DIRICHLET BOUNDARY CONDITIONS

HEPIBHOCTI TUITY JISIMYHOBA JIJISI IBOX KJIACIB HEJITHIMHUX
CUCTEM 3 OJHOPIIHUMU NI'PPAHUYHUMU YMOBAMMU JAIPIXJIE

We establish new Lyapunov-type inequalities for two classes of nonlinear systems with homogeneous Dirichlet boundary
conditions, which generalize and improve some results known from the literature.

BcranoBneHo HOBI HepiBHOCTI Tuy JIsSImyHOBa /Ui IBOX KJIaciB HENMHIMHUX CHCTEM 3 OHOPIIHIMHU TPaHUYHIMH YMOBaMU
Jipixie, 1m0 y3araJbHIOITh Ta TOKPAIIYIOTh ICSKi BiZIOMi pe3y/bTaTH.

1. Introduction. This paper is concerned with the problem of finding new Lyapunov-type inequali-
ties for the cycled system

(ri(@)ep: (uf))" + fix)da; (wir1) = 0 (1.1)
and strongly coupled system
(r(@)op, (u))" + fila Z<z>p1 u;) (1.2)
fori =1,2,...,n, where n € N, up11 () := u1 () and ¢, (u) = lu|""%u with v > 1 under the
following hypotheses:
(Hy) rj(z) > 0 and fi(z) for i,j = 1,2,...,n are real-valued continuous functions defined
on R,
a; — 1

. . n
(Hs) the parameters 1 < oy, p; < oo for i = 1,2,...,n satisfy Hi:1 b1

The well-known Lyapunov inequality [16] for the second-order linear differential equation
ulll + f1 (l‘) u; =0, (1.3)

states that if f; (z) is continuous on [a,b] and (1.3) has a real nontrivial solution u;(z) satisfying
the Dirichlet boundary condition u;(a) = 0 = u;(b), then the inequality

b
< /\fl(s)]ds (1.4)

holds, and the constant 4 can not be replaced by a larger number. Since this result has proved to be a
useful tool in oscillation theory, disconjugacy, eigenvalue problems, and many other applications in
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the study of various properties of solutions for differential and difference equations, there have been
many proofs and generalizations or improvements of it in the literature. For some of the most recent
works on Lyapunov-type inequalities, the reader is referred to [1—35].

Recently, Sim and Lee [23] obtained the following Lyapunov-type inequalities for systems (1.1)
with a; = p; = p1, i (z) = 1, and f; () > 0 for i = 1,2,...,n and (1.2) with 7y (z) = 1 and
fi(x) >0 fori=1,2,...,n. Their results are as follows:

Theorem A. Let f; € C([a,b],[0,00)) fori=1,2,...,n hold. If system (1.1) with o; =
=p;=p1 and r;(x) =1 fori=1,2,...,n has a real nontrivial solution (ui(z),uz(x),...

Uy (x)) such that u;(a) = 0 = u;(b) fori=1,2,...,n, where a, b € R with a <b are
consecutive zeros and w; for i = 1,2,...,n are not identically zero on |a,b], then the inequality

1< ﬁ/bf (s) [2131-2 (@—:)_(1;—@)“‘1] ds (1.5)
=1 a

holds.

Theorem B. Let f; € C ([a,b],[0,00)) for i =1,2,...,n hold. If system (1.2) with r (x) =1
has a real nontrivial solution (uy(x), ua(x),...,uy (z)) such that ui(a) = 0 = u;(b) for i =
=1,2,...,n, where a, b € R with a < b are consecutive zeros and u; fori=1,2,...,n are

not identically zero on |a,b|, then the inequality

1< ni/bf (s) [2171—2 (W)pl_ll ds (1.6)
=1 a

holds.
More recently, Rodrigues [22] generalizes and improves Theorems A and B, respectively, as
follows:
Theorem C. Let f; € C([a,b],[0,00)) fori=1,2,...,n hold. If system (1.1) with o;; =
=pi=p1 andr;(x) >k >0 fori=1,2,...,n has a real nontrivial solution (u1(z),u2(z),...
S up (x)) such that ui(a) = 0 = u;(b) fori=1,2,...,n, where a, b € R witha <b are
consecutive zeros and u; for i =1,2,...,n are not identically zero on |a,b|, then the inequality
n -1 n b -1
L ((s=a)(b—s)\"
i=1 =1y
holds.

Theorem D. Let f; € C ([a,b],[0,00)) fori=1,2,...,n hold. If system

(ri(@)p, (1)) + fila Z Opr (1)) (1.8)
where r; (x) > k; >0 for i =1,2,...,n, has a real nontrivial solution (ui(x),u2(z), ..., u, ())
such that ui(a) = 0 = u;(b) fori=1,2,...,n, where a, b € R with a < b are consecutive zeros
and u; for i =1,2,...,n are not identically zero on [a,b], then the inequality
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n b 1—1
1g(M+(n—1>M2)Z/fi<s) [2’“‘2((8_;)_(2_5)>p ]ds (1.9)

1
holds, where M = max;—1,. . n T

It is easy to see that if we tai<e M # 1, then the inequality (1.9) is better than (1.6) when
M + (n — 1) M? < n in the sense that (1.6) follows from (1.9), but not conversely. If M = 1, then
Theorem D with r; () = 1 for i = 1,2,...,n coincides with Theorem B. Moreover, if we take
1< H:;l k?, then the inequality (1.7) is better than (1.5) in the sense that (1.5) follows from (1.7),

but not conversely. Similarly, if Hll k? < 1, then Theorem A gives a better result than Theorem

C with r; (z) =1 fori=1,2,...,n in the sense that (1.7) follows from (1.5), but not conversely.

If H:_l k? = 1, then Theorem C with 7; () = 1 fori = 1,2,...,n coincides with Theorem A.
Throughout the paper, for the sake of brevity, we denote

. 1 ) —om—2 (L LA
Dz( )_ gil—pi(x>+ml—pi(x)’ Ez( ) 2P (&(:L’) + 771(33)>

and
b pi—1
Fi= 2 (6 @) b)) =2 | [0 gas )
where
x b
f@($)—/7“i1/(1_pi)(8)d5, Th(m):/ril/(l_pi)(s)ds

fort=1,2,...,n.

Now, we give some properties of concave and convex functions which are useful in the com-

1

parison of our results. We know that since the function h(z) = 2Pi~" is concave for x > 0 and

W+ v 1 : _ 1 and v = !
) > 3 (h(w) + h(v)) with w = &) d ()

1 < p; < 2, Jensen’s inequality h (
implies
D;(z) > E; (z) (1.10)

for 1 < p; <2,i=12,...,n. If p, > 2, then h(z) = 2Pi~! is convex for z > 0. So, the
inequality (1.10) is reversed, i.c.,

D; (z) < E; (x) (1.11)
for p; > 2, i = 1,2,...,n. In addition, since the function /(z) = x'~Pi is convex for x > 0 and

W—H)) < %(l(w) +1(v)) with w = &;(z) and

p; > 1 fori=1,2,...,n, Jensen’s inequality [ <
v = n;(x) implies
D;(z) < F;. (1.12)
Moreover, by using the inequality
4AB < (A + B)?

with A =¢; (z) >0and B=mn;(x) >0 fori=1,2,...,n, we obtain the inequality
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E; (xz) < F. (1.13)

In this paper, we state and prove several new generalized Lyapunov-type inequalities for systems
(1.1) and (1.2). Our motivation comes from the recent papers of Rodrigues [22], Sim and Lee [23]
and Tang and He [24]. Our aim is to remove some restrictions on the functions f; () and r; (z) for
1=1,2,...,n in [22]. In fact, we generalize and improve some known results in the literature.

Since our attention is restricted to the Lyapunov-type inequalities for the systems of differential
equations, we shall assume the existence of the nontrivial solution of the system (1.1) or (1.2). For
readers who contributed to the existence of the solution of these type systems, we refer to the paper
by Lee et al. [14].

2. Lyapunov-type inequalities for system (1.1). One of the main results of this section is the
following theorem.

Theorem 2.1. Let the hypotheses (H1) and (Hs) hold. If system (1.1) has a real nontrivial
solution (ui(x), ua(x),...,un (x)) such that ui(a) = 0 = u;(b) for i =1,2,...,n, where a,
be R witha <b are consecutive zeros and u; for i = 1,2,...,n are not identically zero on
[a, b], then the inequality

aifl Oéi—l

n b 1
1<]] / \fi ()] DF (s) DESY (s)ds 2.1)
=1\,

holds, where D, 1 (x) := D; (x).

Proof. Let u;(a) = 0 = wu;(b), where a,b € R with a < b are consecutive zeros and u; for
i=1,2,...,n are not identically zero on [a, b]. It follows from u;(a) = 0 = u;(b) and the Holder’s
inequality that

T pi—1 g T
lu; ()P < /Tz»l/(l_pi)(s)ds /ri (s) | ()| ds = () /m (s) |[uf (s)["" ds (2.2)
and
b pi—1 b
u; ()P < /T;/(l_pi)(s)ds /ri (s) |uj ()| ds = nf"’_l(x) /m (s) |[uj (s)["" ds (2.3)

x xT x

for x € [a,b] and i = 1,2,...,n. Adding the inequalities (2.2) and (2.3), we have

lui (2)["" < R;D; (), z € [a,b], (2.4)

b

where R; = / ri (s) |uj (s)[” ds for i = 1,2,...,n. After that by using similar technique to the

proof of Theorem 3.1 in Tang and He [24], it can be showed that the equality case in (2.4) does not
hold. Thus, we can write
i (z)|"* < R;D; (x) (2.5)

for z € (a,b) and ¢ = 1,2,...,n. In addition, we can rewrite the inequality (2.5) as follows:

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 6



LYAPUNOV-TYPE INEQUALITIES FOR TWO CLASSES OF NONLINEAR SYSTEMS ... 731

i1 (2)[P*" < Riy1Diya (v) (2.6)

for x € (a,b) and i = 0,1,2,...,n — 1. If we take the 1/p; and (1/p;+1)th powers of both side of
inequalities (2.5) and (2.6), we obtain

u; (z)] < R/ DYP (a) (2.7)
fori=1,2,...,n and
luis1 (2)] < RS DG (2) 2.8)

fori =0,1,2,...,n — 1, respectively. On the other hand, for i = 1,2,...,n — 1, multiplying the
ith equation of system (1.1) by u;, integrating from a to b and taking into account that u;(a) =
= 0 = u;(b), we have from the inequalities (2.7) and (2.8)

b
R s 1) i )] s () s <

< Rl/pZR(aL_l /pz+1 / ’fz |D1/p7, ) Oéz—l)/PLJrl (S) ds

and hence

i—1)/ps i—1)/pi 1/pi i—1)/ps
RE < B [15(5)| DI (5) DIy (5) ds (2.9)
for i = 1,2,...,n — 1. Now, for ¢ = n, multiplying the nth equation of system (1.1) by u,,
integrating from a to b and taking into account that u,(a) = 0 = u,(b), we have from w41 (z) =
= uy (x) and the inequality (2.7) with i =1 and i = n

b b
< [ 15060l 9 s 0 s = [ 1 )] i 6] o )" s <

b
< RYP R £, (5)| D (5) D (5) ds

and hence
Rn=1/pn < Rlen=D/m / [ ()| DY/P (5) DI 7071 (5) dis (2.10)
for n € N. Raising the both sides of inequalities (2.9) and (2.10), to the power e; for each ¢ =
=1,2,...,n — 1 and e,, respectively, and multiplying the resulting inequalities side by side, we
obtain
€
n pl—le alfl i a;—1
; P; " pz

[[r" "< HRZ; /|fl )| D (5) DI (s) ds

i=1 2
and hence
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€
pi—=l  ap—1 n  pi—l a1 a;—1

n 1
el en € —€i—1
PR O | P /]fi(,g)|Dipl DT (s)ds| . @11
=1

=2

Next, we prove that R; > 0 for ¢+ = 1,2, ..., n. If the inequality R; > 0 is not true, then R; =0

b
fori=1,2,...,n. If R; = / ri (s) |uj (s)[” ds = 0, then it follows that

uh (2) =0 2.12)

fora <z <bandi=1,2,...,n. Combining (2.2) with (2.12), we obtain that u;(x) = 0 for
a < x < b, which contradicts u;(z) # 0 for a < z < band i = 1,2,...,n. Therefore, R; > 0

for : = 1,2,...,n holds. Now, we find a relation between «; and p; for ¢ = 1,2,...,n such that
R; > 0 for i = 1,2,...,n cancel out in the inequality (2.11), i.e., solve the homogeneous linear
system

(pl—l)el—(an—l)en:(),

(pi—1)e; — (i—1 —1)e;—1 =0

fori =2,3,...,n. We observe that by hypothesis H
1 i=1 pz - 1

7 where e; > 0 and 7 = 1,2,...,n. Therefore, we

= 1, this system admits a nontrivial

. D1
solution. Hence, we may take e¢; = e;
Q5

obtain the inequality (2.1).

Theorem 2.1 is proved.

Another main result of this section is the following theorem.

Theorem 2.2. Let the hypotheses (H1) and (Hsz) hold. If system (1.1) has a real nontrivial
solution (u1(x),us(x),..., uy, (x)) such that u;(a) = 0 = u;(b) for i =1,2,...,n, where a,b € R
with a < b are consecutive zeros and w; for i = 1,2,...,n are not identically zero on |a,b|, then

the inequality
1

a;—1 a;—1

1< H /|f1 Epl (s) BETY (s)ds (2.13)

holds, where E, 11 (x) := F (z).

Proof. Let uj(a) = 0 = u;(b), where a,b € R with a < b are consecutive zeros and u;
for i = 1,2,...,n are not identically zero on [a,b]. As in the proof of Theorem 2.1, we have the
inequalities (2 2) and (2.3). Multiplying the inequalities (2.2) and (2.3) by 7" "' (z) and &"~" (),
1=1,2,...,n, respectively, we obtain

T

@) s @ < @@ [ |ud 5

a

Prds (2.14)

and
b

() Jus () < (&) / i (s) | (5)

xT

Pids (2.15)
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for € [a,b] and i = 1,2,...,n. Thus, adding the inequalities (2.14) and (2.15), we have

b

s @) (&7 @)+ @) < (G [ 1i)]ud ()

a

pi ds

for x € [a,b] and ¢ = 1,2,...,n. It is easy to see that the functions ﬁ?i_l(:c) + T]Z-i_l(x) take the
minimum values at ¢; € (a, b) such that & (¢;) = n; (¢;) for i = 1,2,...,n. Thus, we get

b

s @) (&7 + (@) < @@ [ o) |ui o)

a

pi dS

fori=1,2,....n. Since &(co)-+m(cs) = &(x)+m(x) Vs s € (a,5), and &(c;) = S F @) _

2
b
= ;/a ril/(l_pi)(s)ds, we obtain
i ()P [2277 (&) + (@) | = s (@) 260N (ew)] <
b
< (@@ [ (6)|ui ()" ds
and hence
|ui ()" < RiE; (x), (2.16)

b

where R; = / ri (s) |uj (s)[" ds for i = 1,2,...,n. After that by using similar technique to the

proof of Theorem 3.1 in Tang and He [24], it can be showed that the equality case in (2.16) does not
hold. Thus, we can write

i (z)|”" < RiE; (2)

for x € (a,b) and i = 1,2,...,n. The rest of the proof is the same as in the proof of Theorem 2.1,
and hence is omitted.

Theorem 2.2 is proved.

Remark 2.1. Note that p;, > 1 for ¢ = 1,2,...,n in both Theorems 2.1 and 2.2. However,
it is easy to see from the inequality (1.10) that if we take 1 < p; < 2 for ¢« = 1,2,...,n, then the
inequality (2.13) is better than (2.1) in the sense that (2.1) follows from (2.13), but not conversely.
Similarly, from the inequality (1.11), if p; > 2 for ¢ = 1,2, ..., n, then the inequality (2.1) is better
than (2.13) in the sense that (2.13) follows from (2.1), but not conversely. In addition, if p; = 2 for
1 =1,2,...,n, then Theorem 2.1 coincides with Theorem 2.2.

By using the inequality (1.12) in Theorem 2.1 or (1.13) in Theorem 2.2, we obtain the following
result.

Corollary 2.1. Let the hypotheses (H1) and (H3) hold. If system (1.1) has a real nontrivial
solution (ui(x),u2(z), ..., uy (z)) such that u;(a) =0 =u;(b) for i =1,2,...,n, where a,b € R
with a < b are consecutive zeros and u; for i = 1,2,...,n are not identically zero on [a,b], then
the inequality
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1

a;—1 ai—1

n
<] quaf;l /|fz )| ds
=1

holds, where F,, 11 := F7.

If we get the conditions «; = p; = p; and r; (x) > k; > 0 for ¢ = 1,2,...,n in Theorems 2.1
and 2.2, then we obtain the following results, respectively.

Corollary 2.2. Let the hypotheses (Hy) and (Hsy) hold. If system (1.1) with a; = p; = p1 and

ri(x) > k; > 0 for i =1,2,...,n has a real nontrivial solution (uj(x),us(x),..., u, (x)) such
that ui(a) = 0 = u;(b) for i =1,2,...,n, where a, b € R with a < b are consecutive zeros and
w; for i =1,2,...,n are not identically zero on [a,b], then the inequality
n 1 1
1< kPt k e / {
(g 7 i+1 > H ‘fz N a)lfpl + (b . S)lfpl

holds, where k11 := k.

Corollary 2.3. Let the hypotheses (H1) and (Hz) hold. If system (1.1) with «; = p; = p1 and
ri(x) > ki >0 fori=1,2,...,n has a real nontrivial solution (ui(x),u2(z),..., uy (x)) such
that ui(a) = 0 =wu;(b) fori=1,2,...,n, where a,b € R with a < b are consecutive zeros and
u; fori=1,2,...,n are not identically zero on [a,b], then the inequality

b

n 1 n 1-p1
p1 D1 1—2 b—a 5
1<<‘||ki b ) ||/|f1 [21’ <(8_a)(b_s)> ]d (2.17)

=1

holds, where k11 := k.
1

1—* n
Remark 2.2. Note that since k1 := k1, we obtain H kpl k@+1 b= l_L_:1 k;. Let f; (z) >
>0 fori=1,2,...,n hold. It is easy to see that if we take O < Hi:l k; < 1, then the inequality
(2.17) is better than (1.7) in the sense that (1.7) follows from (2.17), but not conversely. Similarly,
if H:Zl k; > 1, then the inequality (1.7) is better than (2.17) in the sense that (2.17) follows from

(1.7), but not conversely. In addition, if Hyll_l k; = 1, then Corollary 2.2 coincides with Theorem C
given by Rodrigues [22]. -

Remark 2.3. Let o; = p; =p1, ri(x) =1, and f; (x) >0 for i = 1,2,...,n hold. It is easy
to see from the inequality (1.10) that if we take 1 < p; < 2, then Theorem A given by Sim and
Lee [23] is better than Theorem 2.1 in the sense that (2.1) follows from (1.5), but not conversely.
Similarly, from the inequality (1.11), if p; > 2, then Theorem 2.1 is better than Theorem A in the
sense that (1.5) follows from (2.1), but not conversely. In addition, if p; = 2, then Theorems A, 2.1,
and 2.2 are equivalent to each other.

3. Lyapunov-type inequalities for system (1.2). For system (1.2), one of the main results of
this section is the following theorem.

Theorem 3.1. Let the hypothesis (Hy) with j = 1 hold. If system (1.2) has a real nontrivial
solution (u1(x),u2(z),..., uy, (x)) such that u;j(a) = 0 = w;(b) for i = 1,2,...,n, where a,
b € R with a < b are consecutive zeros and u; for i = 1,2,...,n are not identically zero on |a, b,
then the inequality
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b
n
1<3° [1RID ) ds G.1)
=17
holds.
Proof. Let u;(a) = 0 = u;(b) where a,b € R with a < b are consecutive zeros, and u; for
i =1,2,...,n are not identically zero on [a, b]. It follows from the similar technique to the proof of

Theorem 2.1, we obtain the inequalities

i ()Pt < M;Dy (), (3.2)
lu; (z)| < M}/ DI () (3.3)

and
‘Ui (x)|171—1 < Mi(pl_l)/pngpl_l)/pl (x) , (34)

b
where M; = / r1 (s) |uj (s)["" ds for i = 1,2,...,n. On the other hand, multiplying the ith

equation of systlém (1.2) by w;, integrating from a to b and taking into account that u;(a) = 0 =
= u;(b), we have from the inequalities (3.2), (3.3), and (3.4) that

b b )
Mzg/‘fl (S)Huz<s)’p1 dS‘f’/’fl(S)HuZ (S)|Z‘uj (S)’pl_lds<
' é =1
i

b n b
< M; / |fi ()| D1 (s)ds + M7 5™ = Dim / |£i ()| Dy (s) ds
a j=1 a

]_
J#i
and hence
n b
MO N i/ / |fi (5)| D1 (s) ds (3.5)
i=1 a
fort=1,2,...,n. It is easy to see that by using similar technique to the proof of Theorem 2.1, we

obtain M; > 0 for ¢« = 1,2, ..., n. By summing the inequalities (3.5), we have
n

=1

n n b
MPIP ZMJ{m—D/MZ/\fZ- (s)| D1 (s)ds
j=1 =17y

and hence
n b
1< Z/m (s)| Dy (s) ds,
=17

which completes the proof.
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Theorem 3.2. Let the hypothesis (Hy) with j = 1 hold. If system (1.2) has a real nontrivial
solution (ui(x),u2(z),..., uy, (x)) such that ui(a) = 0 = w;(b) for i = 1,2,...,n, where a,
b € R with a < b are consecutive zeros and u; for i = 1,2,...,n are not identically zero on |a, b,
then the inequality

n b
1< >[I )1 B () ds (3.6)
=1

holds.
Proof. Let u;(a) = 0 = u;(b), where a,b € R with a < b are consecutive zeros and u; for
i=1,2,...,n are not identically zero on [a, b]. It follows from the similar technique to the proof of

Theorem 2.2, we have the inequalities
i (z) "' < M;Eq (),
1 1
Jui ()] < M7 By (a),

and
|ug (m)|171—1 < Mi(Pl—l)/P1E£P1—1)/P1 (z),
b
where M; = / r1(8) }u; (s)’p1 ds for i = 1,2,...,n. The rest of the proof is the same as in the
proof of Theorem 3.1 and hence is omitted.

Remark 3.1. Note that p; > 1 in both Theorems 3.1 and 3.2. However, it is easy to see from
the inequality (1.10) that if we take 1 < p; < 2, then the inequality (3.6) is better than (3.1) in
the sense that (3.1) follows from (3.6), but not conversely. Similarly, from the inequality (1.11), if
p1 > 2, then the inequality (3.1) is better than (3.6) in the sense that (3.6) follows from (3.1), but not
conversely. In addition, if p; = 2, then Theorem 3.1 coincides with Theorem 3.2.

By using the inequality (1.12) in Theorem 3.1 or (1.13) in Theorem 3.2, we have the following
result.

Corollary 3.1. Let the hypothesis (H1) with j = 1 hold. If system (1.2) has a real nontrivial
solution (ui(x),us(x),..., uy(x)) such that ui(a) = 0 = u;(b) for i =1,2,...,n, where a,
b€ R with a < b are consecutive zeros and w; for i = 1,2,...,n are not identically zero on
[a, b], then the inequality

n b
1<B Y [15)ds
=17

holds.

If we get the condition 71 () > k; > 0 in Theorems 3.1 and 3.2, we obtain the following results,
respectively.

Corollary 3.2. Let the hypothesis (Hy) with j = 1 hold. If system (1.2) with r1 (z) > k1 > 0
has a real nontrivial solution (u1(x),u2(x),..., up (x)) such that u;(a) = 0 = u;(b) for i =
=1,2,...,n, where a, b € R with a < b are consecutive zeros and u; for i =1,2,....,n are
not identically zero on [a,b|, then the inequality
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b
1< 1
1< — / i (s [ ds 3.7
k1 ZZ; i (s)] (s—a) ™" 4 (b—s) M 6.7
holds.

Corollary 3.3. Let the hypothesis (Hy) with j = 1 hold. If system (1.2) with r1 (z) > k1 > 0
has a real nontrivial solution (uy(x),u2(x),..., uy (x)) such that u;(a) = 0 = u;(b) for i =
=1,2,...,n, where a, b € R with a < b are consecutive zeros and u; for i =1,2,....,n are
not identically zero on |a,b|, then the inequality

oy (s a) (b—5)\""!
1< — : op1—2 $—a)lb—5) d 3.8
< [z (R0 ; 68)
holds.

Remark 3.2. Letry (x) > ky >0 insystem (1.2), 7; (z) =71 () > k1 >0 fori=1,2,...,n
in system (1.8), and f; () >0 fori=1,2,...,n hold. It is easy to see from the inequality (1.11)
that if we take p; > 2, then the inequality (3.7) is better than (1.9) in the sense that (1.9) follows
from (3.7), but not conversely. Moreover, it is easy to see that the inequality (3.8) is better than (1.9)
in the sense that (1.9) follows from (3.8), but not conversely. In addition, if n = 1, then Corollary
3.2 coincides with Theorem D given by Rodrigues [22].

Remark 3.3. Let f; (x) > 0fori=1,2,...,n and r1 (z) = 1. If we take n # 1, the inequality
(3.6) is better than (1.6) in the sense that (1.6) follows from (3.6), but not conversely. Thus, Theorem
3.2 improves and generalizes Theorem B given by Sim and Lee [23]. If n = 1, then Theorem 3.2
coincides with Theorem B. Moreover, from the inequality (1.11), if p; > 2, then Theorem 3.1 gives
a better result than Theorem B. If n = 1 and p; = 2, then Theorems 3.1, 3.2, and B are equivalent
to each other.

References

1. Aktas M. F. Lyapunov-type inequalities for n-dimensional quasilinear systems // Electron. J. Different. Equat. —
2013. - P. 1-8.

2. Aktas M. F., Cakmak D., Tiryaki A. A note on Tang and He’s paper // Appl. Math. and Comput. — 2012. - 218. -
P. 4867 -4871.

3. Cakmak D. Lyapunov-type integral inequalities for certain higher order differential equations // Appl. Math. and
Comput. — 2010. — 216. — P. 368 -373.

4. Cakmak D., Tiryaki A. Lyapunov-type inequality for a class of Dirichlet quasilinear systems involving the
(p1,p2, .-, pn)-Laplacian // J. Math. Anal. and Appl. — 2010. — 369. — P. 76-81.

5. Cakmak D., Tiryaki A. On Lyapunov-type inequality for quasilinear systems // Appl. Math. and Comput. — 2010. —
216. — P. 3584-3591.

6. Cakmak D. On Lyapunov-type inequality for a class of nonlinear systems // Math. Inequal. and Appl. — 2013. — 16. —
P. 101-108.

7. Das K. M., Vatsala A. S. Green’s function for n-n boundary value problem and an analogue of Hartman’s result // J.
Math. Anal. and Appl. - 1975. - 51. - P. 670-677.

8. Dosly O., Rehak P. Half-linear differential equations // Math. Stud. — 2005. — 202.
Eliason S. B. Lyapunov type inequalities for certain second order functional differential equations // SIAM J. Appl.
Math. — 1974. - 27. - P. 180—-199.

10. Guseinov G., Kaymakgalan B. Lyapunov inequalities for discrete linear Hamiltonian system // Comput. Math. Appl. —
2003. - 45. — P. 1399-1416.
11. Hartman P. Ordinary differential equations. — Boston: Birkhduser, 1982.

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 6



738

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

M. F. AKTAS

He X, Tang X. H. Lyapunov-type inequalities for even order differential equations / Communs Pure and Appl.
Anal. — 2012. - 11. — P. 465-473.

Kwong M. K. On Lyapunov’s inequality for disfocality // J. Math. Anal. and Appl. — 1981. — 83. — P. 486—-494.

Lee E. K., Lee Y. H., Sim I. C"-regularity of solutions for p-Laplacian problems // Appl. Math. Lett. — 2009. — 22. —
P. 759-765.

Lee C., Yeh C., Hong C., Agarwal R. P. Lyapunov and Wirtinger inequalities // Appl. Math. Lett. — 2004. — 17. —
P. 847-853.

Liapunov A. M. Probleme general de la stabilite du mouvement / Ann. Fac. Sci. Univ. Toulouse. — 1907. — 2. —
P. 203 -407.

Napoli P. L., Pinasco J. P. Estimates for eigenvalues of quasilinear elliptic systems // J. Different. Equat. — 2006.
227.-P. 102-115.

Pachpatte B. G. On Lyapunov-type inequalities for certain higher order differential equations // J. Math. Anal. and
Appl. — 1995. - 195. — P. 527-536.

Parhi N., Panigrahi S. Liapunov-type inequality for higher order differential equations // Math. Slovaca. — 2002. —
52. - P. 31-4e.

Pinasco J. P. Lower bounds for eigenvalues of the one-dimensional p-Laplacian // Abstr. and Appl. Anal. — 2004. —
Ne 2. - P. 147-153.

Pinasco J. P Comparison of eigenvalues for the p-Laplacian with integral inequalities / Appl. Math. and Comput. —
2006. — 182. — P. 1399 -1404.

Rodrigues M. M. Lyapunov inequalities for nonlinear p-Laplacian problems with weight functions // Int. J. Math.
Anal. - 2011. — 5. — P. 1497-1506.

Sim I, Lee Y. H. Lyapunov inequalities for one-dimensional p-Laplacian problems with a singular weight function //
J. Inequal. and Appl. — 2010. — Art. ID 865096. - 9 p.

Tang X. H., He X. Lower bouns for generalized eigenvalues of the quasilinear systems // J. Math. Anal. and Appl. -
2012. - 385. - P. 72-85.

Tiryaki A. Recent developments of Lyapunov-type inequalities / Adv. Dyn. Syst. Appl. — 2010. — 5. — P. 231 -248.
Tiryaki A., Cakmak D., Aktag M. F. Lyapunov-type inequalities for a certain class of nonlinear systems / Comput.
Math. Appl. — 2012. — 64. — P. 1804-1811.

Tiryaki A., Unal M., Cakmak D. Lyapunov-type inequalities for nonlinear systems // J. Math. Anal. and Appl. —
2007. - 332. - P. 497-511.

Unal M., Cakmak D., Tiryaki A. A discrete analogue of Lyapunov-type inequalities for nonlinear systems // Comput.
Math. Appl. — 2008. — 55. — P. 2631 -2642.

Unal M., Cakmak D. Lyapunov-type inequalities for certain nonlinear systems on time scales // Turkish J. Math. —
2008. — 32. — P. 255-275.

Yang X. On Liapunov-type inequality for certain higher-order differential equations // Appl. Math. and Comput. —
2003. - 134. - P. 307-317.

Yang X, Lo K. Lyapunov-type inequality for a class of even-order differential equations // Appl. Math. and Comput. —
2010. — 215. - P. 3884 -3890.

Yang X, Kim Y, Lo K. Lyapunov-type inequality for a class of odd-order differential equations // J. Comput. and
Appl. Math. — 2010. — 234. — P. 2962 -2968.

Yang X, Kim Y., Lo K. Lyapunov-type inequality for a class of quasilinear systems // Math. and Comput. Modelling. —
2011.-53. - P. 1162-1166.

Wang X. Stability criteria for linear periodic Hamiltonian systems // J. Math. Anal. and Appl. — 2010. — 367. —
P. 329-336.

Wang X. Lyapunov type inequalities for second-order half-linear differential equations // J. Math. Anal. and Appl. —
2011. - 382. - P. 792-801.

Received 21.10.14

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 6



