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SIMPSON-TYPE INEQUALITIES FOR GEOMETRICALLY RELATIVE
CONVEX FUNCTIONS

HEPIBHOCTI TUITY CIMIICOHA JJISI TEOMETPHUYHO BIJJTHOCHUX
ONYKJIUX ®YHKIIN

We consider a class of geometrically relative convex functions and deduce several new integral inequalities of Simpson’s
type via geometrically relative convex functions. The ideas and techniques used in the paper may stimulate further research
in this area.

Po3rstHyTO KITac reOMETPUYHO BiJTHOCHHUX OMYKJIHMX (PyHKIIH Ta OTPUMaHO KibKa HOBUX iHTEIpaIbHUX HEPIBHOCTEH TUILY
CimIIcoHa B TepMiHaX T€OMETPHYHO BiTHOCHUX ONyKJINX (QyHKIiH. Inei i TexHika, [0 BUKOPHCTOBYIOThCS B POOOTI, MOXYTh
CTHMYITIOBATH MOAAJBIII JOCIiKSHHS B AaHii o0nacTi.

1. Introduction. Let f: ] = [a,b] C R — R be a four time continuously differentiable on I°,
where I° is the interior of I and || f (4)Hoo < 00. Then following inequality is known as Simpson’s
inequality in the literature:

b
3 [P s (50) | - 525 [ e < gl Oleo—art. )

3 2 2 — 2880

For useful details on Simpson’s type of integral inequalities (see [1-3, 5, 13, 16, 17]). Convexity
plays an important role in different fields of pure and applied sciences. Due to its significance,
many researchers have paid much attention to this subject by investigating its various properties.
Consequently, the concept of convexity has been extended and generalized in different directions
using novel and innovative ideas (see [4, 6—12, 14, 15, 17]).

Noor et al. [10] introduced and investigated the concept of geometrically relative convex func-
tions, which also contains the class of relative convex functions as special case.

In this paper, we consider the class of geometrically relative convex functions and derive several
new Simpson’s type of integral inequalities. This is the main motivation of this paper.

2. Preliminaries. In this section, we recall some previously known concepts.

Definition 2.1 [10]. Let G C (0,00). Then G is said to be geometrically relative convex set, if
there exists an arbitrary function g: R™ — R" such that

(9(=z)(gy) " €G Vg(x),g9(y) €G, t €0,1].
Using AM — GM inequality, we have
(9(x)"(g(y))' " < tg(x) + (1 —t)g(y) Vg(x),g(y) €G, t €[0,1].

Definition 2.2 [10]. A function f: G — R (on subintervals of (0, oo)) is said to be geometri-

cally relative convex function (GG -relative convex function) if there exists an arbitrary function g :
R™ — R™ such that

Fg@) (gw)'™") < (Flg@) (fFlgw)' ™" Vg(z),9(y) €G, tel0,1. (2.1
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From (2.1), it follows that

log f((9(2))"(g(y)' ") < tlog f(g(x)) + (1 = t)log f(g(y)) Vg(x),9(y) €G, te[0,1].
Using AM — GM inequality, we have

Fg@) (g™ < (Fla@) (Flg)' " <
<tf(g(x)) + (1 —1)f(9(y)).

Thus it follows that every geometrically relative convex function (GG -relative convex function) is
also GG A-relative convex function, but the converse is not true.

For t = 3 in (2.1), we have Jensen type of geometrically relative convex functions. That is

1 (Va@ew) < VIg@) o).

Definition 2.3 [10]. Let I be a subinterval of (0,00). Then f is geometrically relative convex
function if and only if

1 1 1

log g(a) log g(z) logg(b) | =0
log f(g(a)) log f(g(x)) log f(g(b))

where g(a) < g(x) < g(b).

One can easily show that the following are equivalent:

)

(1) f is geometrically relative convex function on geometrically relative convex set;

Q) Fla(@) 550 f(g(a) o200 Fg(1) oEO) > f(g(a) o=rlaD f(g(a)) oo
x f(g(b))e9(@)  where g(x) = g(a)tg(b)'~* and t € [0,1].

Definition 2.4 [10]. A4 function f: G — R (on subintervals of (0,00)) is said to be G A-relative
convex function, if there exists an arbitrary function g: R™ — R" such that

F(g(@) (9(y)'™") < tfg(@) + (1 =) f(g(y)) V(). 9(y) € G, t € [0,1]. (2.2)

From Definitions 2.3 and 2.4, it follows that GG =—> G A, but the converse is not true.
3. Main results. In this section, we prove our main results.

Lemma 3.1. For g(a), g(b) € G and t € [0,1], if g(a) < g(b), then

(9(a)) " (9(b))" < (1 = t)g(a) + tg(b).

Essentially using the technique of [2], one can prove following result.

Lemma 3.2. Let f: I C R — R be an absolutely continuous function on 1°, where g(a),
g(b) € I with g(a) < g(b). Then following equality holds:

! [f<g<a>> L af (W) +f<g<b>>} N S / #(9(w))dg )| =
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p(t) f'(1 = t)g(a) +tg(b))dt,

I
—
Q
—
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N—

|
<
—

S
S~—
N—
O\H

where

Now using Lemmas 3.1 and 3.2 we prove our main results.

Theorem 3.1. Let f: I C R — R be a differentiable function on I°, where g(a), g(b) € I with
gla) < gb). If ' € L[g(a),g(b)] and |f'| is monotonically decreasing and geometrically relative
convex function, then following inequality holds:

o

é [f(g(a)) +4f (W) + f(g(b))} - M (/())f(g(a:))dg(az) <

< (9(0) — g(a))f (g(a) [ {F1(t, w) + Fa(t, w)}
where )
F1(t, w) = / ‘t - é‘ what — —0F 12w — G\gi;;nw +2y/wlnw
and : 1
Folt,w) = / ’é - t’ wtdp = 8w — 6w —621\1/1?0121110 +owhnw

respectively. 5

Proof. Using Lemma 3.2 and the fact that |f’| is monotonically decreasing and geometrically
relative convex function, we have

g(b)
L[ (o) +g) 1 s
5 ot ar (PO 4 g - (/) Flo(@)dg(x)] <
g(a

o

< (00 - 9(a) { [ |e= |17 = 0gta) + tgolar +
0

+/1'els‘t‘ F1((1 = t)g(a) + tg(b))ldt p <
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< () = 9() { [ |e= |17ty o ar +
0

]u ) gyt b <

= (96) — g(@) | (9(a)) jk—éﬁmbhjﬁ_4wﬁ -
0 !

= (9(b) — g(a))|f'(g(a) [ {F1(t, w) + Fo(t,w)}.

Theorem 3.1 is proved.
Theorem 3.2. Let f: 1 C R — R be a differentiable function on 1° where g(a), g(b) € I with
g(a) < g(b). If f" € L[g(a),g(b)] and |f'|? is monotonically decreasing and geometrically relative

convex function, then for — + — = 1 following inequality holds:
P q

g9(b)
1 . g(a) +g(b) 3 1 Ndo(x
5 |fatan +ar (20522 4 pgo)] g@%ﬂw)ﬁf@(MW()S
g(a
p+1 % 1 .
< (00 ~ 9@ o] (i) [Faw)? + Ottt a. )],
where )
Hi(t,q,w) = [ widt,
/
and )
Ha(t, q, w) = /wqtdt,
respectively. 2

Proof. Using Lemma 3.2, Holder’s inequality and the fact that | f/|? is monotonically decreasing
and geometrically relative convex function, we have

ép@m»+q(“@;9@>+f@@ﬂ—]/f@wwww>ﬁ
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< (9(8) - 9(a)) (/1tép“) (/ﬁﬂalwgm>+ww»Qﬁ) '
0 0
oV
*(/ﬁta “) (/nf«1w9w>+mw»qﬁ) <
e (e
“) Q/(ﬁ@@») “) "

1

o) ([ mye)

p+1 P 1 1
(%) [(Jﬁ(t,q,w)ﬁ—i—(J'CQ(t,q,w))E :

Q=

Q=

S

< (g(b) — g(a)|f'(g(a))] (/t(ls
0

1
+/t5
6
1
2

s@@%w@Wf@@M(

Theorem 3.2 is proved.

Theorem 3.3. Let f: I C R — R be a differentiable function on 1°, where g(a), g(b) € I with
g(a) < g(b). If f" € L[g(a), g(b)] and |f’'|? is monotonically decreasing and geometrically relative

convex function, then for — + — = 1 following inequality holds:
p q

[N

o)+ af (PTE ) pon] - ot [ ot <

2(1 + 2rth)

< ()~ s)If o] (G ) [eaw)?]

where

1
H(t,q,w) = /wqtdt.
0

Proof. Using Lemma 3.2, Holder’s inequality and the fact that | f’| is monotonically decreasing
and geometrically relative convex function, we have

g(b)

/f@@»@@)g

g(a)

5 oty +ar (P2 ] -t
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1
a)) (/u(t)pdt) (/f (1= t)g(a) + tg(b >>th> <
0

(9(b) — g(a))|f'(9(a))] (/t é pdt+/1‘t—2
0 1

Y
’ £\
dt) (/ (it

p+1 % 1
~ (60 -~ s)lr )] (B ) [0t a0

Q=

IN

Theorem 3.3 is proved.
Theorem 3.4. Let f: I C R — R be a differentiable function on 1°, where g(a), g(b) € I with
g(a) < g(b). If f' € L[g(a),g(b)] and |f'|? is monotonically decreasing and geometrically relative

convex function, then for — 4+ — = 1 following inequality holds:
p q

é [f(g(a)) +af (9(61);9(5)>

+f<g<b>>} - s [ e

2(1 +2PF1)\ P

< () - sIf o)l (5 ) [eaw)?]

where
1

H(t,q,w) = /wqtdt.
0

Proof. Using Lemma 3.2, Holder’s inequality and the fact that | f/|? is monotonically decreasing
and geometrically relative convex function, we have

g(b)
1 ola) + ) 1
5 [Pt +ar (2320 ¢ )] - ot (/) lgta))dg(a)| <

Q=

< (9(b) — g(a)) (/ ”dt) (/f (1 —t)g(a) + tg(b ))th> <
p ; p L !
= dt) (] (i

+1 % 1
—(60) - sl 0] (e ) [ )]

Theorem 3.4 is proved.

1

)qtdt)q

hSA

< (g(b) — g(a))|f(9(a))] ( / \t 5
0
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Theorem 3.5. Let f: I C R — R be a differentiable function on 1°, where g(a), g(b) € I with
g(a) < g(b). If f' € L[g(a),g(b)] and |f'|? is monotonically decreasing and geometrically relative

convex function, then for — 4+ — = 1 following inequality holds:
P q

g9(b)
5 [fot@n s (PO 4 pgon) - s [ et <
g9(a)
2 -+ 25\
s(g(b)—g(a))lf’(g(a))!< -2 ’) [t qw)?]
(2¢g —3)6 a1

where

1
Stg.w) = [ o wrat
0

Proof. Using Lemma 3.2, Holder’s inequality and the fact that | f/|? is monotonically decreasing
and geometrically relative convex function, we have

g(b)
5 |[fat@n - (P b paen) -t [ Ha@ist)| <
g(a)
1 ) -7 /1 3
< (9(b) — g(a)) (/u(t)gl dt) (/ () /(1= t)g(a) + tg(b))|%dt | <
0

0

q—2
q—1

dt X

< (9(6) - 9(a))I"(9(@)] / - é] di+ / -3
0

1
2

1 q
o (1 g\ _
" (/ kO (e dt) -
2¢—3 1-1

= (9(b) — g(a))|(9(a) (“q D2 )> [(e(tq.u))?].
(2 — 3)6 -1

Theorem 3.5 is proved.
Theorem 3.6. Let f: I C R — R be a differentiable function on 1°, where g(a), g(b) € I with

g(a) < g(b). If f' € L[g(a),g(b)] and |f'|? is monotonically decreasing and geometrically relative
convex function, then for q > 1 following inequality holds:

g(b)
L[ (g4 g) o s
5 oty +ar (P2 ] -t (/) Flo(@)dg(x)] <
g(a
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, 142010 \» L .
< 00 ~ 9@ o] (i ) [Faw)? + 0ot g.)].
where
3
Hi(t,q,w) = /wqtdt
0
and .
%Q(ta Q7w) = /wqtdta
1
2
respectively.

Proof. Using Lemma 3.2, power mean inequality and the fact that |f’|? is monotonically
decreasing and geometrically relative convex function, we have

5 [fot@ar (P10 4 pgon) -t [ Ha@asto)| <

< (9(b) — g(a)) j’t—é‘dt q /Q‘t—(15’\f’((l—t)g(a)+tg(b))|th +
0 0

_1

/1”5_2’6” ’t—Z'/llf/((l—t)g(a)+tg(b))|th <
< (9(b) — g(a))|f'(9(a))] j)tédt i /’t—‘ <m> ‘o E N
" /l‘t_gldt 1 /‘t—‘<%>tdt % <

1
2

p+1 % 1 1
< (00 ~ 9@ o] (i) [Faw)? + Ottt g, )],

Theorem 3.6 is proved.
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