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THE STRUCTURE OF FRACTIONAL SPACES
GENERATED BY THE TWO-DIMENSIONAL DIFFERENCE OPERATOR
ON THE HALF PLANE *

CTPYKTYPA JPOBOBHUX ITPOCTOPIB, TIOPO/KEHUX IBOBUMIPHUM
JAAPEPEHIIAJIBHUM OIIEPATOPOM HA ITIBIIVIOIIWHI

We consider a difference operator approximation Aj of the differential operator A%u(z) = —a11()ue, e, () —
— 22(%)Uspzy (2) + ou(z), T = (v1,72) defined in the region RT x R with the boundary condition u(0,x2) = 0,
2 € R. Here, the coefficients a;;(z), ¢ = 1,2, are continuously differentiable, satisfy the uniform ellipticity condi-
tion a;(x) + ada(x) > § > 0, and ¢ > 0. We investigate the structure of the fractional spaces generated by the
analyzed difference operator. Theorems on well-posedness in a Holder space of difference elliptic problems are obtained
as applications.

Po3mIsiHyTO anpoKCcHMaliio pisHUIeBEMH orepatopamu A7 mudepenmuiaasaoro omeparopa A%u(z) = —a11(x) Uz, 2, () —
— 22 (%) Uspzy () + ou(x), * = (71, 22), Mo Bu3HaueHnit y obmacti R x R, 3 rpanuunoro ymosoro u(0,z2) = 0,
z2 € R. V nanomy Bumaaxky xoediuientu a;;(z), ¢ = 1,2, € HemepepBHO AU(EPEHIIHOBHUMEI Ta 3aJOBOJNBHSIOTH
piBHOMipHY yMOBY eninTuunOCTi alq(x) + a3s(x) > § > 0 i, kpiM Toro, o > 0. TeopeMu PO KOPEKTHICTb Pi3HUIIEBHX
ENMNTHYHKX 3a]1a4 y IpocTopax ['bosbaepa onepKaHi K 3aCTOCYBaHHSL.

1. Introduction. The importance of the positivity property of the differential operators in a Banach
space in the study of various properties for partial differential equations is well-known (see, for
example, [1 —8] and the references therein). The positivity of wider class of differential and difference
operators in Banach spaces have been investigated by many scientists (see [9 — 14] and the references
therein).

The structure of fractional spaces generated by positive multidimensional differential and dif-
ference operators on space R™ and one dimensional differential and difference operators in Banach
spaces has been well investigated (see [16—21] and the references therein). Note that the structure
of fractional spaces generated by positive multidimensional differential and difference operators with
local and nonlocal conditions on 2 C R™ in Banach spaces C' (£2) has not been well studied.

It is well-known that (see, for example, [16]) the operator A is said to be positive in E if its
spectrum o (A) lies inside of the sector S of the angle ¢, 0 < 2¢ < 27, symmetric with respect to
the real axis, and the estimate

- M(¢)
A—-X\"1 <
H( ) HE—>E—1_|_|/\|
holds on the edges S1(¢) = {pe'®: 0 < p < oo}, Sa(¢) = {pe™:0< p < oo} of S, and outside
of the sector S. The infimum of all such angles ¢ is called the spectral angle of the positive operator
A and is denoted by ¢(A, E).
Throughout the article, M indicates positive constants which may differ from time to time and

we are not interested to precise. If the constant depends only on «, f,..., then we will write
M(a, B,...).
* This paper was supported by the “RUDN University Program 5-100”.
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1020 A. ASHYRALYEYV, S. AKTURK
With the help of the positive operator A we introduce the fractional space Eg = Eg(FE, A),
0 < B < 1, consisting of all elements v € F for which the norm
]|, = sup N A+ A) Mo, + [v]ls
A>0
is finite.

In the paper [21] the structure of fractional spaces generated by the two-dimensional differential
operator A” defined by

Afu(r) = —a11(2) g2y () — a22(2) sy (€) + ou(z) (1

over the region ]R%r = R x R with the boundary condition u(0,z2) = 0, x2 € R. Here, the
coefficients a;;(t, z), i = 1,2, are continuously differentiable and satisfy the uniform ellipticity

ajy(z) + ady(x) > 6 >0 )

and o > 0.
In the present paper, we will study the structure of fractional spaces generated by the two-
dimensional difference operator Aj defined by formula

Arul(z) = —b11(a:)A”fjrAfl_uh(a:)if2 - bgg(:1:)A”f?irAglm_uh(ac)if2 +out(z), x = (x1,29),

3)
approximates of the differential operator A” defined by (1). Here

AT Lu(z) = £(u" (21 £ hy2) — u (21, 22)),
1,1 +h eRF, x5 €Ry, ATiu(z) = :I:(uh (1,2 £ h) — uh(:cl,xg)),
1 €RY,  xa,m9+h ERy, Ry = {(z2)r, = kh, k=0,41,42,... },
R,‘f = {(ajl)m =mh, m = 0,1,2,...}.
Assume that b;;(x) satisfy the uniform ellipticity condition
b1 () + b3a(x) > 6 > 0.

Next, to formulate our result we need to introduce the Holder space C'}QLO‘ = C?% (Ri +) of all
bounded grid functions f" defined on R%y 4 = RZ x Ry, satisfying a Holder condition with the
indicator v € (0, 1/2) with the norm

‘fh($17x2) - fh(xlhmé)‘
(21,22),(z},xh)ER?

2a°
2
(“”31’“"’2)3"5(5'?'1w’ﬂ"z)h’+ <\/|$1 — "+ w2 — :c/2|2>

Here C}, = C(R,zl, +) denotes the Banach space of all bounded grid functions f” defined on R%} n
with the norm

e =1 sy = s

HthCh = sup {fh(xl,m)‘-
(xl,xz)ERi’+

Our goal in this paper is to study the structure of the fractional spaces F,, (A"fb, C (Ri +)) Namelly,
the following main theorem is proved.

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 8§



THE STRUCTURE OF FRACTIONAL SPACES GENERATED ... 1021

Theorem 1. Suppose 0 < « < 1/2. Then the norms of the spaces E, (A%’C(R%,Jr)) and
c?e (R,QZ7+) are equivalent uniformly in h, 0 < h < hg.

The paper is organized as follows. In Section 2, auxiliary results are given. In Section 3, the
proof of main Theorem 1 is presented. In Section 4, theorems on well-posedness in a Holder space
of difference elliptic problems are established. Finally, Section 5 is conclusion.

2. Auxiliary results. In this section, we give some auxiliary lemmas which will be useful in the
sequel.

Lemma 1. Forall n,m € Z* and hy > 0, b > 0 the following estimate holds:

e~ b(mAn)h (1 +1In {1 + ((m+n)hy + hl)_1}>(m +n)**hi* < M(a), nmeZ". (4

1 1
Lemma 2 [15]. Let p and q be mutually conjugate exponents, that is, — + — = 1, p > 1,

and let (am)men and (by)nen be any two sequences of nonnegative real numbers such that 0 <
< ZOO al < ooand 0 < ZOO bl < oco. Then, the following Hilbert's inequality holds:
m=1 n=1

/q

0 00 () /P T oo 1
ambn T
sz+n<mc<p) LZ:J"] [;b]

m=1n=1

S. L. Danelich in [12] considered the positivity of a difference analog Aj of the 2mth order
multidimensional elliptic operator A% with dependent coefficients on semispaces RT x R"~!. Fol-
lowing the paper [12], in the special case m = 1 and n = 2, we consider the problem of finding the
resolvent equation of the operator —A”

Afu(z) + (z) = fA(z), =€ R,QLHF. Q)

Let Gp(x1,x2,p, s,\) be a Green function of the resolvent equation (5) for the difference operator
A% . There exists the inverse operator (A7 + \)~! for all A > 0 and the formula

(A;}EL + )\)_lfh(:ﬂl’ m2) = Z Z Gh (:El’ xr2,p,s, )‘) fh(pa S)h2 (6)

pERﬁ seRy,

holds. Moreover, we have the following lemma.
Lemma 3 [12]. The estimates for 0 < A\ < Lh=2 (L > 0)

‘Gh(l’l,l’Q,p, S, )‘)‘ <

< Cexp{—a(A+ 1)Y2(jay — pl + w2 — ) | %

X <1+ln{1+ (()\+1)1/2(|:L‘1—p|+|:132—8|))_1}), (7
(G (21, 22,p, 5, N)|, |G, (31,22, p, 5, 2)| <
< Cexp {—a()\ + 1)Y2 (g — p| + a2 — s|)} (w1 — pl + [wg — s + 1), )
and for X > Lh™2 (L > 0)

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 8§



1022 A. ASHYRALYEYV, S. AKTURK

-1

Gular,2, 0,5, M| < Cexp {—ah™ (Jur = pl + oz = sD} [(A+ DR2+ )T, )
‘Ghl'l ($17x27p737)\) ) zo ($17$27p787)\)‘ g
< Cexp {—ah ™ (Jz1 — p| + |22 — s|) } (A + 1)A* + 1)71h*1 (10)

hold. Here a = a (o).
Lemma 4 [12]. Let A > Lh™2, where L > 0 is large enough. Then

|Gr(z1, 2, p,8,A)| <

< Chexp {—ah™" (lz1 —p| + w2 — s} (A + 1) B (|2 —p + |2 —s) ™. (1)
From (9) and (11) we obtain the estimate (0 < o < 1/2)
|Ghr(z1,2,p,8,A)| <

< Ch*exp {—ah " (Jz1 — p| + |22 — s|) } (A + 1)h2)_2 (J&1 — p| + |@g — s|) 2. (12)

Clearly, from estimates (7)-(10) it follows that A} is a positive operator in C(Rj , ). Moreover,

from that and the commutativity of A7 and its resolvent (Ai + )\) it follows that A7 is a positive
operator in E,, (A, C(R,%7+)).

3. Proof of Theorem 1. In this section, we will prove the main Theorem 1 on structure of
fractional spaces E, (Af,C (R,QL +)). Namely, let (z1,22) € R,QL, . and A > 0 be fixed. From
formula (6) it follows that

Ap (A + A7) a1, 0) =
= A f (:Ul)IQ )\a+1 Z ZG 5517x27p75 )\)(f (Ltl,ﬂfg)—fh(p78))h2. (13)

1+ A e

By using equation (13), the triangle inequality, and the definition of C’,%a -norm, we obtain

INCAZ (A + A7) (2, 20)| <

< 1)\_:>\ ‘fh(a:th)‘ 4\t Z Z ‘Gh (1?1,552,;0,8,)\)‘ ‘fh(xth) B fh(p, 5)‘ B2 <

pERZ sERy,

IN

Hthcza 1+ )\ + A0 Z Z ‘ $1,$27P,5,>\)‘ (|$1 —P|2 + |22 — 5‘2)ah2
pERJr seRy,

< (1l gze [T + 2]

Here
)\a
I = 1+ I =\ Z Z ’Gh($1,$27p,57)\)‘(|$1 —pl? + |z — 5|2)Olh2
peR; SERh
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It is clear that for any A > 0

I <1.

1023

(14)

Therefore, we will estimate I>. Consider two cases: |A\| < Lh~2 and |\| > Lh™2, respectively.

First, assume that |A\| < Lh~2. Applying estimate (7), we have

L<x My o~ a1+ 2|z —pl+|z2—s]) o
pERZ sERy,

(Lt {1 (Y2 (= gl b = o] +1) ) (fn = P ez — o) 2

The change of variables z; — p = mh and x5 — s = nh yields

L<A i S0 N7 et mamhy

meZt nezZ+t
X (1 +1In {1 + (L + N2 ((m +n)h + h))‘1}> (m + n)2*h2*h2.

Letting (1 + \)'/2h = hy, we get

)\oa—&-l +n)h
amn
S M X 3 e

meZt neZ+

X (1 +In {1 + ((m+n)h; + h1)_1}) (m 4 n)?“h3I*h3.

Applying estimate (4) for b = %, we obtain

L<M > Y e 2m+"h1h2<M2// 20 dg dy = Ms.

meZ+ neZt
Then from estimates (14), (15) it follows

sup  [AVAR (AF + )7 (e, )| < M|

leza-
(z1 ,attg)EIR%nL h

Second, assume that |[A| > Lh~2. From estimates (9) and (12) it follows

ah™(|z1—p|+|z2—s)

I, < M+ Z Z 112a
S S (M)

x (Jo1 = p| + w2 — s[) 7 (|21 — p|? + |2 — s2)* h2*R2.

The change of variables ;1 — p = mh and x93 — s =nh m,n =0,1,... yields
Yy e
I2 < Ml)\()t e—am n - S
meZ+nezZ+ ((1 +)\) h2)1+2

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 8§
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1024 A. ASHYRALYEYV, S. AKTURK

()\hQ)Ha < M- ! < M- L < M. 17)
2(1+ AR = TR (n2)Y T R Le = T
Thus, from estimates (14), (17) it follows that
sup  [AAT (A + )7 M 22)] < M| o (18)

(a:1,a:2)6R%7+
Combining estimates (16) and (18), we obtain estimate
h h
Hf HE‘Q(Afl,C(RiHr)) < MHf Hcﬁa'

Now, we will prove opposite estimate. Applying the triangle inequality and the definition of F-
norm, we get

< QHthEa(A;EL,C(Rng)) (19)

fh(x]. + T, T2 + k) - fh($17x2)
CET

for any (x1,x2) € ]R,Ql . and 72 4+ k? > 1. Now, we will prove the estimate

M

e+ 70+ k) — (a1, 22) Hth
~all-a) Ea(A},C(R 1))

()"

(20)

for any (x1,x2) € R%, 4 and 72 4+ k% < 1. For any positive operator A we can write
o0
v= /A()\ + A)2vdA.
0

Noted that A7 is a positive operator in the Banach space F, (Aﬁ, C (R,QL +)) Hence, from this
identity and formula (6) it follows that

fh(xl, 1‘2) = /A";CL (A + Aﬁ) 72fh(331, {L‘g) d\ =
0

o0

= [ 33 &M@ ma.p s, VAT (A + A7) T (p, s)h? d.
0 peRiLf seERy,

Consequently,
fh(xl + 71,9+ k) — fh(xl,:vg) =
= /)\_a Z Z [Gh (-ﬁUl + 7,22 + kapvsv)‘) - Gh(xlvx%pa Sa)‘)] X
0 pER; seRy,

XA*Ap (An + )71 M (p, )% d),

ISSN 1027-3190.  Vkp. mam. ocypn., 2018, m. 70, Ne 8§



THE STRUCTURE OF FRACTIONAL SPACES GENERATED ... 1025

whence

fh(xl + 71,9+ k) — fh(xl, x9)
(12 + k2)° -

a G .T +T,T —Fk,p,S,A)—Gh(.’IJ,.’IJ,p,S,A)
< 70 a0 )/A I PR A
" peR; s€Rp (7% + &%)

Let
o

h2 d\.

—a Z Z ‘Gh($1+7',.’1}2+k,p,$,)\>—Gh<$17{13‘2,p,8,>\)‘
(

2 2\«
T+ k
0 peR; seERy, )

Then

fh(xl + 71,9+ k) — fh(:cl,xg)
(12 + k2)*

= PHthEa(A;ﬂL,C(Rng))' @

To estimate P, we will consider two cases: |A\| < Lh™2 and |\| > Lh~2, respectively. We denote
that P = L1 + Lo, where

H ) Gh kp.s,\) — Gh A
L1 _ —a Z Z } (Il +Ta i) + 7p275’ k)2_a (3317$25pa57 )’hQ d)\,
0 peR; s€Ry, (7% + k%)
T Gh 9 k a>‘ _Gh ) » 7>‘
L, = / \-o Z Z |G (@1 + 7,20 + (’%ikl)a (z1,22,p, 5 )’th)\'
(4R PRy SR '

We will estimate L; and Lo. Let us first assume that |A\| < Lh~2. By Lemma 2 for p = ¢ = 2 and
using the triangle inequality, estimates (7), (8), we have, for some =7 between x1, x1 + 7, and 25
between xo, x9 + k,

1
LW<M-———
S Ceay
1/(r2+k2)
X / AT Z Z ‘TG}IL1 (x“{,x;,p,s,)\)—l-kGZQ (x;x;pa&)‘)‘th)\g
0 pERZ s€Ry,

cen
T+ k Y L ,
ng / A Z Z ‘G$1 (fﬁl,ajg,p,s,/\)‘h d)\ <

0 peRz seERy,

1/(r2+K2)

— /2(|*— *_
(T + k) / B o~ a1+ (|25 —p|+]a* —s|) )
<M-———% AN h*dX <
- (24 k2 h+ |z] — p| + |25 — s -

0 pERZ SGRh
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1026 A. ASHYRALYEYV, S. AKTURK

(72 +12) s
(7_ + ]6) / Y e—a(1+A) /2 (mh+nh) )
< M-—— <
_M(T2+k‘2)a Z Z A mh + nh hdA <
0 mERZ nGRZ

cery T 12 12

T+ k —a —2a(14+2)2mh f2a(1+>\)l/2nh

o TR <
—M(T2+k2)a / A (Z+e h > h|l dx<

0 meZzZ nez+t
( ) 1/(m2+k?)
T+k —a —2a(142\)Y2mh
0 meZ+
( k) 1/(12+k?) o
T+ - —2a(14+\) 2z
< My-——-—%5 A dx d\ <
=T (2 R2)” / /e v
0 0
_ 1/(r2+k2)
T+ k 1 My
< My——+F— —_ < —
=T (k2 / A (1427 7 1—2a’
0
(22)
Ly < k;2 / T A allEN (i)
+ 7—2+k;2 pGR}J{ seERy

X (1 —l—ln{l - ((1 + Y2 (|21 — p| + |z — ] +h))_1}> h?d\+

o0

+(72+MkQ)a Z Z N\~ a(l+A) 2 (jor+r—pl+|za+k—s]) o
1/(r2+k2) peRZ sERy,

-1
X (1+1n{1—|— ((1+/\)1/2(ya:1 +7—pl+|z2+k— s +h)) }) h2d.

The change of variables z; — p = mh and z3 — s = nh, m,n =0,1,..., yields

Ly < ( 2_]:4k2)a / > D Aot (1FN) A (mtmh
T
1/(72+k2) meZ+ neZ+

X <1+ 1+ X\) 1/2(mh+nh+h)) >h2d>\§

00 oo 0o _1
/ ///\ ag=a(1+X)/(g+y) (1 + ((1 + M2 (g + y)) ) dqdy dX <
/(T2+k2) 0 0
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THE STRUCTURE OF FRACTIONAL SPACES GENERATED ... 1027

Mo 711 11 T otanis2
e a — ————d\ - a0 gy | da| <
GRS / CE S / (14 A)172 /e VA=
1/(124k2) 1/(m2+k2) 0
< A (23)
a(l —a)
From estimates (22) and (23) it follows that
M.
P<——5 (24)
a(l —a)

Second, let us |A\| > Lh~2. By using the triangle inequality, estimates (9), (10), we have, for some
x] between x1, 1 + 7, and z} between x2, z2 + k,

1/(r2+k?)
L < Mm / I ‘Giﬁl (x;,xg,p,s,A)WdA <
0 pER; SER,
1/(72+k?)
< Mm / AN emoh M ri=pltls—sDp =1 (1 4 (14 \)h2) " h2dA <
0 pER; SERK
o 1/(124k2) J—a(mtn) -1/2
_M(ngk%a 0/ g am§+ EZZ:+ DV
i 1/(7‘2+k‘2))\ atl/2
1/(r2+k?)

0

1 T —a ’Gh (xl+7—7$2+kapas7)‘)_Gh(x17x27p757)‘)‘ 2
Ly< 520 / Ay 3 72y h™dA <
(T2 + k2) (12 + k?)
1/(r2+k2)  peRf s€Rn

0 e—ah’l(\xl—p|+|x2—s|)

M 2
S ErR)e / 2.2 I S VA

1/(24k2) PERY €Rn

o0

M e—ah ™ (|z1+7—p|+|z2+k—s|)

D e s

1/(r2+k2) PER] SE€Rn
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1028 A. ASHYRALYEYV, S. AKTURK

Ml AT —a(m+n
< —5—5a / > D e~ almEn) gy <
(12 + k2?) (1+X)
1/(T2+k}2) meZ+ nezZ+

o0

My A My

< —2 d\ < . 26
T (T2 k) / 1+2 ~ao(l—a) (26)

1/(m2+k2)

By using estimates (25) and (26), we have
M

P< —— | 27
~a(l-2a) @7)

From estimates (21), (24) and (27) it follows estimate (20). Combining estimates (19) and (20), we
get

i1+ 720 + k) — f(21, 72)
(12 + k2)° -

sup
(331+T,:E2+k),(331,332)€R3_
(7,h)#(0,0)
M h
=% (1-2a) 17 HEa(AiﬂR%,Q)'

This means that the following estimate holds:

M
17" emoies ) < i =gay M s (ag om0y

Theorem 1 is proved.
4. Applications of Theorem 1. First, the boundary-value problem

0*u(y, z) &*u(y, ) Puly, z) _
_TyQ — all(x)Tx% - a22(x)87$% + O'U(y,.’L‘) - f(yvx)a

2 (28)
O0<y<T, zeRy,

U(O,$) = (,0(33’), U(T,J?) = d)(x)v T e R%—a u(y> O,$2) =0, 0<y<T, uz€R,

for the elliptic equation is considered. Here a11(z), ase(x), ¢(x), ¥(z), and f(y,x) are sufficiently
smooth functions, and satisfy the uniform ellipticity (2) and o > 0.

The discretization of problem (28) is carried out in two steps. In the first step, let us use the
discretization in . To the differential operator A7 generated by the problem (28), we assign the
difference operator A} defined by formula (3).

Theorem 2. For the solution of elliptic problem

Afu(z) = W (z), =z € R,ZZ7+,
(29)
uh(O,xg) =0, =z €Ry,

the following coercive inequality holds:

|ariaqun?

h
< M(0) | 9" czogez .

+ HA@N{,U%*Q’
N

C2 (R, C2(R} )

where M (a), 0 < a < 1/2, does not depend on ¥".
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THE STRUCTURE OF FRACTIONAL SPACES GENERATED ... 1029

The proof of Theorem 2 uses the techniques introduced in [22] (Chapter 5) and it is based on
estimates (7)—(10).
With the help of A¥, we arrive at the boundary-value problem

d2 h(y7 ) _ rh 2
+A ( )_f (y7$)7 0<Z/<T7 xERh,+7
dy* (30)

uh(()?x) = ¢(z), uh(T7 z)=v¢(z), z¢€ Rf%,,—&-a

for the system of ordinary differential equations. In the second step, problem (30) is replaced by the
second order of accuracy difference scheme in y, we get the following difference problem:

1
— 5 (Uhar (@) = 20} (@) + uf_ (2)) + Aful () = (@),
¢Z(m):fh(yk,w), yo=kr, 1<k<N-1, Nr=T, l’ER}%’_H (31)
uh(e) = (@), uk(e) =v"(@), T RE,,

for the approximate solution of problem (30).

Theorem 3. For the solution of the difference problem (31) the following inequalities are valid:

max H7'_2 (UZH — QUZ + uﬁ_l)‘

1<k<N-1 max HUZHCQW(RM <

+
C2*(R} ) 1<k<N-1

< M(a) nglj;é 1 H‘PkHc%(Ri#) + HSDhHCQG‘FQ(RiHr) + HwhHCQQ‘F?(RfLHr) ’

where M (a) does not depend on { @} (x }1 , o (x), YM(x), h and T.

The proof of Theorem 3 is based on the Theorem 1 on the structure of the fractional spaces
E(A7,Cp) and on the positivity of the operator A} and on Theorem 2 coercive inequality on for
the difference elliptic problem (29) and on the theorems on the structure of the fractional spaces
El =E, ((A’fl)l/ 2,C},) of paper [22] and on the coercive inequalities in C;(E,) for the solution of
the second order of accuracy difference scheme

1
—ﬁ(ukﬂ — 2up + up—1) + Aug, = fi, o= f(te), tp=Fkr,

(32)
1<kE<N-1, Nr=T, uy=¢, uny=21,
for the approximate solution of the boundary-value problem
—u"(t) + Au(t) = f(t), 0<t<T,
(33)

U(O) =¥, u(T) =1,
in a Banach space F with positive operator A.
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Second, the nonlocal boundary-value problem

0*u(y, x) *u(y, ) Puly, x) _
T/Q — a11(93)87x% - a22($)87x% +ou(y,x) = f(y, ),
O0<y<T, xeRi, (34)

U(O,J,‘) = U(T7 1‘), uy(O,x) = uy(T,az), T € R?H
u(y,(),xg):(), OSyST, l‘QER,

for the elliptic equation is considered.

The discretization of problem (34) is carried out in two steps. In the first step, let us use the
discretization in (1, x2). To the differential operator A} generated by the problem (34), we assign
the difference operator A} defined by formula (3), too. With the help of A7, we arrive at the nonlocal
boundary-value problem

d2 h ’
_M + Al (y,2) = fM(y,2), O0<y<T, zecRZ,
“ (35)
u"(0,z) = u"(T, 2), ul(0,2) = ul(T,z), =eR2,

for the system of ordinary differential equations. In the second step, problem (35) is replaced by the
second order of accuracy difference scheme in y, we get the following difference problem:

1 x
—p(UZH(x) — 2u (@) + uf_(2)) + Afui(e) = pi(x), = E€R},,
or(@) = f"(ye.x), y=kr, 1<k<N-1, Nr=T, zeRj_, (36)
ug () = uf(z), —ug(x) +4ul(z) — ug(x) = ufr_o(x) — dull_; (z) + 3ufy(z), = €Rj,,

for the approximate solution of problem (35).
Theorem 4. For the solution of the difference problem (36) the following inequalities are valid:

15%&]3}_1 HT_Q(“ZLH — 2uf, + “Z—1> HCQG(Ri’+) + 1;,3[?]%‘_1 H“ZHCMH(R;Q <

< M(a) | max okl caes )

where M («) does not depend on {@Z(x)}iv_l, h and T.

The proof of Theorem 4 is based on the Theorem 1 on the structure of the fractional spaces
E.(A7,C}p) and on the positivity of the operator A} and on the theorem on the structure of the
fractional spaces E!, = F, ((Ai)l/ 2 Ch) of paper [22] and on Theorem 2 coercive inequality on for
the difference elliptic problem (29) and on the theorem on coercive inequalities in C(E,,) (see [22])
for the solution of the second order of accuracy difference scheme

1
_ﬁ(uk+1_2uk+uk71)+Auk:fka fe = f(te), tp= kT,
1<k<N-1, Nt=T, wuyg=uyn, —ustdu; —3uy=uy_9—4duy_1+ 3un,
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for the approximate solution of the nonlocal boundary-value problem
—u"(t)+ Au(t) = f(t), 0<t<T,
u(0) = u(T), o/(0) = u/(T),

in a Banach space F/ with positive operator A.

5. Conclusion. Banach fixed-point theorem and methods of the present paper and [24] enable
us to establish the existence and uniqueness results which hold under the some sufficient conditions
on nonlinear term for the solution of second order of approximation difference schemes for the
approximate solution of the following mixed problem:

 PPuly,x)
Oy?

du(y, r)
0z?

uly,z)

DO uly, @) = £ (0,0 1)
2

- all(yv‘r) - agg(y,.’E)

0<y<T, zeR?,
u(0,z) = p(z), u(T,z)=1v(z), z€Ri; u(y,0,22) =0, 0<y<T, z2€R.
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