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FINE SPECTRA OF TRIDIAGONAL TOEPLITZ MATRICES
TOHKI CIHHEKTPU TPUATAT'OHAJIBHUX MATPHUILlb THhOILJIIIA

The fine spectra of n-banded triangular Toeplitz matrices and (2n+ 1)-banded symmetric Toeplitz matrices were computed
in ( M. Altun, Appl. Math. and Comput. — 2011. — 217. — P. 8044 -8051) and ( M. Altun, Abstr. and Appl. Anal. — 2012. —
Article ID 932785). As a continuation of these results, we compute the fine spectra of tridiagonal Toeplitz matrices. These
matrices are, in general, not triangular and not symmetric.

ToHKI CIIEKTPH 7.-CMYTOBHX TPUKYTHHX MaTpuis Thormrina ta (2n + 1)-cMyroBux cHMeTpHYHHX MaTpuils Teortina Gyimo
orpumano B ( M. Altun, Appl. Math. and Comput. — 2011. — 217. — P. 8044 -8051) Ta ( M. Altun, Abstr. and Appl. Anal. —
2012. — Article ID 932785). fIx nponoBKeHHs IUX Pe3yNbTaTiB PO3PaxOBaHO TOHKI CIEKTPU TPHIIarOHAIBHUX MAaTPHIb
Trorutina. B 3aranpHOMY BHIAJKy Ii MaTpHIi HE € aHi TPUKYTHUMH, aHi CHMETPUYHIMHU.

1. Introduction and preliminaries. The spectrum of an operator over a Banach space is partitioned
into three parts, which are the point spectrum, the continuous spectrum and the residual spectrum.
Some other parts also arise by examining the surjectivity of the operator and continuity of the inverse
operator. Such subparts of the spectrum are called the fine spectra of the operator.

The spectra and fine spectra of linear operators defined by some particular limitation matrices
over some sequence spaces were studied by several authors. We introduce the knowledge in the
existing literature concerning the spectrum and the fine spectrum. Wenger [21] examined the fine
spectrum of the integer power of the Cesaro operator over ¢ and Rhoades [17] generalized this result
to the weighted mean methods. Reade [16] worked on the spectrum of the Cesaro operator over the
sequence space cg. Gonzalez [12] studied the fine spectrum of the Cesaro operator over the sequence
space £,,. Okutoyi [15] computed the spectrum of the Cesaro operator over the sequence space bv.
Recently, Rhoades and Yildirim [18] examined the fine spectrum of factorable matrices over ¢y and
c. Akhmedov and Basar [1, 2] have determined the fine spectrum of the Cesaro operator over the
sequence spaces cp, o, and £,. Altun and Karakaya [8] computed the fine spectra of lacunary
matrices over ¢y and c. Furkan, Bilgi¢ and Altay [10] determined the fine spectrum of B(r, s, t) over
the sequence spaces ¢y and ¢, where B(r, s, t) is a lower triangular triple-band matrix. Later, Altun
[6, 7] computed the fine spectra of triangular and symmetric Toeplitz matrices over ¢y and c.

Recently, Akhmedov and El-Shabrawy [3] have obtained the fine spectrum of the generalized
difference operator A, defined as a double band matrix with the convergent sequences a = (ay)
and b = (br) having certain properties, over c. In 2010, Srivastava and Kumar [19] have determined
the spectra and the fine spectra of the generalized difference operator A, on ¢1, where A, is defined
by (Ay)un = vy and (Ay)p41,n = —vp for all n € N, under certain conditions on the sequence
v = (v,) and they have just generalized these results by the generalized difference operator A,
defined by Ay = (un®n + Vn—1Zn—1)nen (see [20]).

In this work, our purpose is to determine the spectra of the operator, for which the corresponding
matrix is a tridiagonal Toeplitz matrix, over the sequence spaces 1, ¢y, ¢, and £.,. We will also give
the fine spectral results for the spaces ¢, cg, and c.
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Let X and Y be Banach spaces and U: X — Y be a bounded linear operator. By R(U) we
denote the range of U, i.e.,

RU)={yeY:y=Uzx;x e X}.

By B(X) we denote the set of all bounded linear operators on X into itself. If X is any Banach
space and U € B(X), then the adjoint U* of U is a bounded linear operator on the dual X* of X
defined by (U*¢)(z) = ¢(Ux) for all ¢ € X* and v € X. Let X # {0} be a complex normed
space and U : D(U) — X be a linear operator with domain D(U) C X. With U we associate the
operator

Uy=U -\,

where A is a complex number and [ is the identity operator on D(U). If Uy has an inverse, which
is linear, we denote it by U} !, that is

Uit =W —-an~!

and call it the resolvent operator of Uy. If A = 0 we will simply write U . Many properties of Uy
and U, 1 depend on )\, and spectral theory is concerned with those properties. For instance, we shall
be interested in the set of all A in the complex plane such that U, ! exists. Boundedness of U N Lis
another property that will be essential. We shall also ask for what A’s the domain of U, s dense in
X. For our investigation of U, Uy, and U, ! we need some basic concepts in spectral theory which
are given as follows (see [14, p. 370, 371]):

Let X # {0} be a complex normed space and U : D(U) — X be a linear operator with domain
D(U) C X. A regular value A of U is a complex number such that

(R1) Uy ! exists,

(R2) Uy! is bounded,

(Rs) U, ! is defined on a set which is dense in X.

The resolvent set p(U) of U is the set of all regular values A of U. Its complement o(U) =
= C\ p(U) in the complex plane C is called the spectrum of U. Furthermore, the spectrum o (U)
is partitioned into three disjoint sets as follows: The point spectrum o,(U) is the set such that U, 1
does not exist. A A € 0,,(U) is called an eigenvalue of U. The continuous spectrum o.(U) is the set
such that U5 " exists and satisfies (R3) but not (Re). The residual spectrum o,(U) is the set such
that U, ! exists but does not satisfy (Rs).

A triangle is a lower triangular matrix with all of the principal diagonal elements nonzero. We
shall write £, ¢, and ¢q for the spaces of all bounded, convergent and null sequences, respectively,
that is

fo = {x — (ax): suplax| < oo} ,
k
c= {:U = (xg): lilgnxk exists} ,

co = {m = (xg): 111?1% = 0}.
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By ¢, we denote the space of all p-absolutely summable sequences, where 1 < p < co. In
particular ¢; denotes the space of all absolutely summable sequences, that is

€1={$=($k)1 Z!$k<00},
k

Ep:{x:(a:k): Z|xk|p<oo}.
k

Let i and ~y be two sequence spaces and A = (ay,) be an infinite matrix of real or complex numbers
ank, where n, k € N. Then we say that A defines a matrix mapping from p into ~, and we denote
it by writing A: p — -, if for every sequence x = (x) € p the sequence Ax = {(Azx),}, the
A-transform of x, is in -y, where

(Azx), = Zankﬂck, n € N. (1)
k

By (u,y) we denote the class of all matrices A such that A: u — ~. Thus, A € (u,~) if and only
if the series on the right-hand side of (1) converges for each n € N and every x € i, and we have
Az = {(Ax)p }nen € v for all z € .

A tridiagonal nonsymmetric infinite matrix is of the form

q v 0 0 0 O
s qg r 0 0 O
0 s q r 0 O
T=T(rs=|0 0 s q r 0
0O 0 0 s q r
0 0 0 0 s gq

The spectral results when 7T’ is triangular can be found in [6], so for the sequel we will have s # 0

and r # 0.
Let R be the right shift operator

—_
)
o
o

and L be the left shift operator
L=R =R
Let us call Q(z) = sz +¢q-+72z"" as the associated function of the operator 7. Let P be the function

P(z) = rz+ q+ sz~ L. Clearly, the roots of Q(z) are nonzero. Let a1 and as be roots of Q(z). It
is easy to verify that a; ! and a; ' are roots of P(z). We also have

T = s(I — a1 L)(R — asl). )
Let D be the unit disc {z € C: |z| < 1}; 9D be the unit circle {z € C: |z| = 1} and D° be the
open unit disc {z € C: |z| < 1}.
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Theorem 1.1 (cf. [22]). Let U be an operator with the associated matrix A = (any).

(1) U € B(c) if and only if
A]| :=sup > _ [ank| < oo,
" g=1
ai = ILm ank  exists for each k,

o0

a:= lim E Ank  exists.
T'L*)Ook_l

(i) U € B(co) if and only if (3) and (4) with ay, = 0 for each k.
(iii) U € B({s) if and only if (3).
In these cases, the operator norm of U is

T (oo o) = T (i) = 11Ul 0,0y = 1AII-
(iv) U € B(#,) if and only if

oo
|AY|| = sgpz lank| < oco.

n=1

In this case the operator norm of U is ||U||(, ¢, = || A*].
Corollary1.1. T € B(u) for p € {co, ¢, {1,000} and

1T oy = lal =+ |7] + |s].
Lemma 1.1. For the linear system of equations
qro + 121 =0,
sTg+ qr1 +rre =0,
sri1 + qre + ras =0,

the general solution is

Qa2 aq .
C n T T n)> lf‘@l#a%
Qp Qg
Ty =
14+n )
n if a1 = ag,
aq

where C' € C is a general constant.
Proof. To solve (7) we have 1 = —(q/r)zo and

Ty +qTn_1+ 8T, o=0 for n>2.

This is a linear recurrence relation with the characteristic equation

ISSN 1027-3190. Ykp. mam. scypn., 2019, m. 71, Ne 6

751

3)

“4)

)

(6)

(7

®)



752 H. BILGIC, M. ALTUN
0=rz>+qz+s=2P()=r(z—a;)(z—ay")

which has roots al_l and oy 1. By the theory of recurrence relations, the general solution of (7) is

G, Cy .

—+—, if « Q

Ck? Oég’ 1 7£ 2,

Ty =
C3+ Cyn .
———— if ac1 =,
a1

with the restriction from the first line, that is 1 = —(g/r)zo. Notice that, since a7 and ay are roots
of Q, we have a1 + s = —q/s and ajag = 1/5.

If a1 # a9, then we obtain

C C
22 gy = = o v o) =
a1 a9 T r

a1 + a2
109

(01 + CQ)

Therefore, Cia; + Coag = 0 which implies Cy = Cas and Co = —Cay for a general constant C.

If a1 = ao, then we get
Cs+Cy q q _2

a1 + Qo
Tr1 = ——T0 = —*Cg = Cg = C3.
a1 r r 102 a1

Therefore, C3 = Cy = C for a general constant C.
Theorem 1.2.

(1) T € (co, o) is one-to-one if and only if Q has a root in the unit disc.

(ii) T € (¢1,¢1) is one-to-one if and only if QQ has a root in the unit disc.

(iii) T € (c, ) is one-to-one if and only if QQ has a root in D \ {1} or 1 is a double root of Q).
(iv) T € (U0, o) is one-to-one if and only if Q) has a root in D° or a double root on 0D.

Proof: (i) T € (cg,cp) is not one-to-one if and only if there exists = = (xg, x1,z2,...) # 6
in ¢y such that Tx = 0. Tz = 0 for nonzero = = (x,,) € ¢¢ if and only if z satisfies system of
equations (7). Hence, by Lemma 1.1, Tz = 6 for nonzero = = (x,) € ¢y if and only if (8) holds for
0+ zx € cp.

For the case a1 # ag, (8) holds for § # x € ¢¢ if and only if |a;]| > 1 and |az| > 1. Similarly,
for the case a; = ag, (8) holds for 6 # = € ¢y if and only if || > 1.

Hence, Tx = 6 with x # 0 if and only if roots of () are outside the unit disc. Equivalently,
T € (co, o) is one-to-one if and only if ) has a root in the unit disc.

(if) T € (£1,41) is not one-to-one if and only if there exists z = (zg, z1,Z2,...) # 0 in {1 such
that Tx = 0. Tx = 0 for nonzero x = (x,,) € ¢; if and only if z satisfies system of equations (7).
Hence, by Lemma 1.1, Tz = 6 for nonzero = = (x,,) € ¢; if and only if (8) holds for 6 # x € ¢;.

For the case a; # a2, (8) holds for 6 # = € ¢; if and only if |a1| > 1 and |az| > 1. Similarly,
for the case a; = v, (8) holds for 6 # z € ¢; if and only if |ay| > 1.

So, Tx = 6 with 6 # x € ¢; if and only if roots of () are outside the unit disc. Equivalently,
T € (41,471) is one-to-one if and only if () has a root in the unit disc.

(iii) Before we begin the proof, we remind that; if z,, = 1/2" is a complex sequence we have
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converges to 0, if [z] > 1,
Zn = Zn | converges tol, if z=1,
diverges, otherwise.

n <

In particular, if |z| = 1 and z # 1, the sequence 1/2" “spins” around the unit circle; i.e., diverges.

T € (c,c) is not one-to-one if and only if there exists x = (z¢, z1,x2,...) # 0 in ¢ such that
Tz =0. Tx = 6 for nonzero x = (x,) € c if and only if x satisfies system of equations (7). Hence,
by Lemma 1.1, Tx = 6 for nonzero = = (x,,) € c if and only if (8) holds for 0 # z € c.

For the case a; # ag, (8) holds for # # z € c if and only if the three cases: |aj| > 1 and
|ag| > 1 or |a1] > 1 and @y = 1 or oy = 1 and || > 1. For the case a1 = a2, (8) holds for
0 # x € c if and only if |a;| > 1.

So, T'x = 6 with 6 # = € c if and only if roots of () are outside the unit disc or one of the roots
is outside the unit disc and the other one is 1. Equivalently, 7' € (c, ¢) is one-to-one if and only if @
has a root in D \ {1} or 1 is a double root of Q).

(iv) T € (foo,¥s) is not one-to-one if and only if there exists x = (zg,z1,22,...) # 6 in
ls such that Tx = 0. Tx = 6 for nonzero x = (x,) € l if and only if x satisfies system of
equations (7). Hence, by Lemma 1.1, Tx = 6 for nonzero = (x,) € {~ if and only if (8) holds
for 0 £z € l.

For the case a1 # aw, (8) holds for § # x € { if and only if |a;]| > 1 and |az| > 1. For the
case ap = v, (8) holds for 0 # x € { if and only if || > 1.

So, Tz = 0 with 0 # x € { if and only if |a1| > 1 and |ag| > 1 with a1 # ag or a1 = g
with || > 1. Equivalently, 7' € ({o, {oo) is one-to-one if and only if ) has a root in D° or () has
a double root on 0D.

We have the following two lemmas as a consequence of the corresponding results in [13] and
[4], respectively.

Lemma 1.2. (I —al) € (co, co) is onto if and only if c is not on the unit circle.

Lemma 1.3. (R — al) € (cop, co) is onto if and only if « is outside the unit disc.

IfU:pu— p(pis fq or ¢g) is a bounded linear operator represented by the matrix A, then it
is known that the adjoint operator U* : u* — p* is defined by the transpose A! of the matrix A. It
should be noted that the dual space cj of cg is isometrically isomorphic to the Banach space ¢; and
the dual space ¢ of ¢; is isometrically isomorphic to the Banach space /.

Lemma 1.4 [11, p. 59]. U has a dense range if and only if U* is one-to-one.

Corollary1.2. If U € (p, 1), then o,.(U, p) = o,(U*, u*) \ 0p(U, ).

Theorem 1.3. T € (co, o) is onto if and only if roots of Q are not on the unit circle and at
least one root of Q) is outside the unit disc.

Proof. We will use the representation (2) of 7'

T=sI—-oa1L)(R—ax])=s(I —asLl)(R— o).

Suppose T € (cp,co) is onto. An operator of the form I — aL or R — «l is in (¢g,cg) for any
a € C. So the operators I — a1 L and I — as L are both onto. Therefore, by Lemma 1.2, o1 and a9
are not on the unit circle. Let us assume here that both «; and a9 are in D°. Then the associated
function of the adjoint operator T* € (¢1, ¢1), which is represented by the transpose 1%, is P. Both
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roots of P are outside the unit disc. This means, by Theorem 1.2, T™ is not one-to-one and, by
Lemma 1.4, T" does not have a dense range and so 7' is not onto. Then, our assumption is not true,
so at least one root of () is outside the unit disc.

For the inverse implication, suppose the roots «; and ag of () are not on the unit circle and
at least one root, say s, is outside the unit disc. Then, by Lemma 1.2, I — oy L is onto and, by
Lemma 1.3, R — a3[ is onto. So, T' = s(I — ay L)(R — a3l) is onto.

Corollary1.3. T € (c,c) is onto if and only if roots of Q) are not on the unit circle and at least
one root of Q) is outside the unit disc.

Proof. We prove by showing that ontoness of 7" in (co, co) and (c,c) are equivalent. Suppose
T is onto over (cg, cg). Then, by Theorem 1.3, v := Q(1) = s+ g+ r # 0. Then

g » 0 O -+ 77 17 [ g+r ] [ 1 7] [ 1
s q r 0 1 s+q+r 1 0
0 s q r 1 s+q+r 1 0
0 0 s ¢ Ll =| s+a+r | =(q+r+s)| 1 | =s]| 0
0 0 0 s 1 s+q+r 1 0
0 0 0 0 1 s+q+r 1 0

Now, by letting e = (1,1,...) and e; = (1,0,0,...), we have the equation
Te = vye — sej.
Since T is onto over (¢, ¢g) there exists x € ¢y such that Tz = se;. Then, by linearity of 7', we get
T(e+x) =Te+Tx =ve — se; + se; = ye.
Then, for ¢’ := (e + x)/7, we obtain Te’ = e. Let y = (yx) be an arbitrary element of ¢ with
0 = limyy. Then clearly y — de € ¢y and so there exists x”/ € ¢y such that Tx” = y — de. Hence,
T(z" +6€') = Tx" + 6Te' =y — de + de = y.
Now z” + de’ € ¢, since

x"+5e’:x"+§(e+x)—>0+é(1+0):§E(C.
Y Y Y

So, T' is onto over (c,c).

For the inverse implication, suppose 7' is onto over (¢,c). Then Te = ve — se; ¢ ¢, because
if Te € ¢y, then we have the contradiction 7" € (¢, cp). So, v # 0. Let y = (yx) be an arbitrary
element of ¢y. Since ¢y C ¢ we have y € ¢ and since T is onto over (¢, ¢), there exists x = (z1) € ¢
such that Tz = y. Let 6 = limx. Then x — de € ¢o. By Theorem 1.1 (ii) 7" € (¢p, cp), and so we
must have T'(x — de) € ¢y. By linearity of 7' we get

T(x —de) =Tz —0Te =y — d(ye — se1) € cp.

Now since y € ¢o and (ve — sej) ¢ ¢p we must have 6 = 0 and so = € ¢g. Therefore, T is onto
over (¢, o).

The following theorem gives a general result about the resolvent set of a bounded operator over
a Banach space. (For a proof see, e.g., [7].)
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Theorem 1.4. Let X be a Banach space and U € B(X). Then \ € p(U, X) if and only if Uy
is bijective.

2. The spectra and fine spectra.
Theorem 2.1.

Q(D\ZD), if Irl < s,
Q(ED\D?). if Ir|> sl

Proof. Suppose |r| < |s| and A € o(T,cp). By Theorem 1.4, T'— AI is not onto or is not
one-to-one. The associated function of 7' — Al is (Q — \)(2) = sz +q — A +rz~!. The product of
the roots of () — \ is /s. Since |r/s| < 1, at least one root is in D, which means, by Theorem 1.2,
T — Al is one-to-one. So T — Al is not onto. Now, by Theorem 1.3, Q — A has a root on the
unit circle or both roots are in D°. Suppose S is a root of () — A. If both roots are in D°, then

|r/s| < |B| < 1 and A = Q(f), which means \ € Q(DO \ £D> If @ — A has a root on the
circle, then |3| = 1 or || = |r/s| with A = Q(5), which means \ € Q(@D U i3D>. So, we have
s
r [e] r o
A€ Q(D\ "D ) Therefore, (T, c) C Q(D \:D )

o(T,co) =

|r/s| < |B] < 1. Then both roots of ) — X are in D° or () — A has a root on the unit circle.
Hence, by Theorem 1.3, 7" — AI is not onto and, by Theorem 1.4, A € o(T,cy). So, we have
Q(D \ fD") C o(T,cp). Hence, for |r| < |s| we have o (T, cp) = Q(D \ zDO).

Nowf suppose |r| > |s| and A € o(T,cp). By Theorem 1.4, T — )\; is not onto or is not
one-to-one. If 7' — Al is not onto, by Theorem 1.3, () — A has a root on the unit circle or both
roots are in D°. But, both roots cannot be in D°, since the product of the roots, /s, is absolutely
greater than 1. So, (9 — \ has a root on the unit circle, which means A = Q(3) for some 3 with
|8 =1 or || = |r/s|. Then A € Q(@D U iaD). If T'— AI is not one-to-one, by Theorem 1.2,
both roots of () — A are outside D. Let S bse a root of () — A. If both roots are outside D, then
1 <|B| < |r/s| and A = Q(f3), which means \ € Q(gDO \ D). So, we have \ € Q(gD \ DO).

Therefore, o (T, cy) C Q(CD \ D°>.
s

For the reverse inclusion, suppose || < |s| and A\ € Q(D \ IDO). Then A = Q(B) with
s

For the reverse inclusion, suppose || > |s| and \ € Q(iD \ DO). Then A = Q(5) with
s

1 <|B| < |r/s|. Then, both roots of Q— A are outside D or (Q— A has a root on the unit circle. Hence,
by Theorems 1.2 and 1.3, 7' — AI is not one-to-one or not onto, and, by Theorem 1.4, A € o(7T', cp).

So, we have Q(fD \ D°> C o(T, cp). Hence, for |r| > |s| we get (T, cp) = Q(CD \ DO).
S s
Theorem 2.2. For pn € {{1,¢,00},
Q(D\ED), if Irl < s,

o(T,p) =
Q(ED\ D), if Ir| > sl

Proof. We will use the fact that the spectrum of a bounded operator over a Banach space is
equal to the spectrum of the adjoint operator. The adjoint operator is the transpose of the matrix for
co. So o(T, 01) = o(T*,c}) = o(T?, cp). The associated function of T is P(z) = rz + q + sz~ L.
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So, by Theorem 2.1, we get

P(D\5D0>, if |s| < |rl,
T

o(T,t) = <
P(;D\D"), if |s| > |r.

We can see that, for |s| < |r|, we have P(D \ fDO) = Q(ZD \ D°>, and, for |s| > |r|, we get
r s

P(fD \ D°) = Q(D \ fDO) . Hence, o(T, (1) = o(T, co).
T s

We know by Cartlidge [9] that if a matrix operator U is bounded on ¢, then o (U, ¢) = o (U, {).
Hence, we have o(T,¢) = 0(T, ) = o (T, c§*) = o(T', o).

Theorem 2.3. For pu € {{1,co},

Q(5D°\D). if Ir| > sl

UP(T7/"L) = .
@, if Ir] < sl

Proof. Suppose A € 0,(T, pu) for o € {£1,¢co}. Then T'—AI is not one-to-one. By Theorem 1.2,
T — M is not one-to-one if and only if roots of () — X\ are outside D. The product of the roots
of @ — X is r/s. So, if § is a root of @ — A, then 1 < |5]| < |r/s| and Q(B) = A. Hence,
Ae Q<£D° \D). So, we have o, (T, 11) C QGDO \ D).

For the reverse inclusion, suppose A € Q(CDO \ D). Then there exists 8 € C with 1 <
s
< |B| < |r/s| such that Q(3) = X. Now, [ is a root of @ — X\ and is outside D. The other root
is r/(sf) which is also outside D, since |r/(s8)| > 1. So both roots of Q — A are outside D,
which means, by Theorem 1.2, that 7' — A is not one-to-one. Hence, A € o,,(7T', ). So, we have
r
Q(LD°\D) C ay(T, ).
The following two theorems can be proved by using similar arguments, so we give them without

proof.

r o .
Theorem 2.4. o,(T,c) = Q<§D \D>UQ({1}), if |r| > |sl,

@, if Irl <|sl.
Q(gD\D"), if |r] > sl
Theorem 2.5.  0)(T, () = { @ <8D\ {i\/Z}) , i ] = sl
@, if |r] < lsl.
@, if Irl > 1sl,

Theorem 2.6. o,(T,co) = Q(D" \ fD) if 1| < |s|
S ’ g :

Proof.  Let us do the proof only for the case |r| < [s|. When |r| < [s|, o,(T% ¢1) =
= P(fDO \D) = Q(DO \ fD) by Theorem 2.3. Now, using Corollary 1.2, we have o, (T, ¢g) =
r s

r
= 0, (1", c5) \ 03T, co) = 0(T", 02) \ 03(T'.co) = Q(D°\ =D).

If U: ¢ — c is a bounded matrix operator represented by the matrix A, then U* : ¢* — ¢* acting
on C & ¢; has a matrix representation of the form
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x 0
b At |
where x is the limit of the sequence of row sums of A minus the sum of the limits of the columns of

A, and b is the column vector whose kth entry is the limit of the kth column of A for each k € N.
Then, for T': ¢ — ¢, the matrix T™ is of the form

T e L ]

0 T 0 T
, i [r| > s,
Theorem 2.7. o,.(T,c) = { Q({1}), if || = s,

Q(D°\ID)UQULY), if Il <lsl
Proof. Let us do the proof only for the case |r| < |s|. The other cases can be proved similarly,
so we omit them. Let x = (xg,z1,...) € C @ ¢1 be an eigenvector of T™* corresponding to the
eigenvalue A. Then we have (s+¢q+r)xg = Azg and T2’ = A\a’/, where 2/ = (21, x9,...). If 29 # 0,
then A = s+ ¢+ r, and s + ¢ + r is an eigenvalue, since 7%(1,0,0,...) = (s + ¢+ r)(1,0,0,...).
If 79 = 0, then 2’ is an eigenvector of T over ¢; and T'z’ = Az’. By Theorem 2.3, \ €
€ 0,(Tt, 1) = PGDO \D) - Q<D° \ £D>. Hence, 0,(T*, ¢*) = Q<D° \ £D> UQ({1}). Then

7
or(T, ) = 0y (T*, ¢*) \ 0y (T ¢) = Q(DO \ gD) UQU{1}).
As a consequence of Theorems 2.3 and 2.5, we have the following result.
2, if |r| > ],

Theorem 2.8.  0,(T, (1) = o(p\"p) @ ({i\/ZD L i | < Js)-

The spectrum o is the disjoint union of ¢, 0, and o., so we obtain the following theorem as a
consequence of Theorems 2.3, 2.6, 2.7 and 2.4.
Theorem 2.9. We have

e(T,co) = Q (OD)UQ (gap) ,
oc(T,c) =Q(0D) \ Q({1}),
Q(9D), if [r| > |sl,

oo(T,41) = 0 <{j:\/2}> . if ] < sl

3. The resolvent operator and some applications.

Theorem 3.1. Let ;1 € {cg,c, {1,000 }. The resolvent operator T~ over y exists, is continuous
and the domain of T~ is the whole space i if and only if one of the roots of the function Q is in
D°, and the other root is outside D. In this case, say |a1| < 1 < |az|, the matrix representation of
T~Yis S = (1) defined by

. <a12c+1 B allc+1> agnfl’ if 0>k,
s(ar — az) (07" —a;™ DY ok, i < k.

31 — Qg ay
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Proof. By Theorem 1.4, the resolvent operator 7! over p exists, is continuous and the domain
of T~! is the whole space y if and only if 0 is in the resolvent set p(7, u). Hence, for |r| < |s],

0¢ Q(D \ zD°> and for |r| > |s], 0 ¢ Q(ID \ D"). In both cases, this is equivalent to saying,
s s
one of the roots of @ is absolutely less than 1, and the other root is absolutely greater than 1.

Now, let us show that S(Tx) = z for all x = (zg,21,...) € fo. By definition we have
(Tx)p = sxg—1 + qr + rxRs1, where z_; = 0. Then, for n € N,

(S(Tx)), = Z Sk (Tx) = Z Snk($Tp—1 + qr + TTR11).
k=0 k=0

This sum is absolutely convergent since rows of S are in ¢; and x € /. So, we can change the
order of summation and get

(S(T2))n =D ($Sp(s1) + TSnk + TSn(o—1)) Ths
k=0

where s,,_1) = 0. Now, it is not difficult to check that ss,x11) + ¢Snk + 7Sp(k—1) = Onk for all
n,k € N, where d,,, is the Kronecker delta. Hence, we have (S(7T'x)),, = x,, for all n € N. So, we
get S(Tx) =x forall z € (.

Corollary3.1. Let ;i € {co,c,{1,lx}. For \ & o(T, i) the matrix representation of (T — \) ™1
is V = (vnk) defined by
N L G A A )
Unk = —2— 2~
B (i e L Ry 3

where 31 and P2 are the roots of Q — X satisfying |51 < 1 < |Ba].

Example3.1. When T is a symmetric tridiagonal matrix we have s = r and

o3 3
=2 3 o
=~ oo o
oo oo

N~

I

oo =R
e 3 oo

then o(T, y1) = Q(D \ ;Do> = Q(D\ D°) = Q(AD) for p € {1,co,c,lo}, where Q(z) =
= q+r(z+ 27 1). Therefore,

o(T,p) ={q+2rcosb:0¢c(0,r|} =[q—2r g+ 2r]

which is one of the main results of [5]; [¢ — 27, ¢ + 2r] is the closed line segment in the complex
plane with endpoints ¢ — 27 and g + 2r.

Example3.2. When |s| = |r|, it can be proved that the spectrum is always a closed line segment.
For example, let
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N~

Il
S O ==
O == S,
el =)
— . O O
. O O O
o O O O

where ¢ is the complex number +/—1. Then
7: o o
o(T.1) = Q(D\ 1D°) = Q(D\ D) = QD) for p e {t1,c0.¢.boc},
where Q(z) = z + 1 + iz~ 1. Therefore,

o(T,p) = {1+ (cosf +isinf) +i(cosd —isinf): 6 € [0,27]} =
= {14+ (1+i)(cos +sinh): 0 € [0,2n]} =

- [1—\/5(1+z'),1+\/§(1+z') .

Example3.3. Let

~

I
S O NN O
o N O
N O = O
o = O O
_ o O O
o O O O

1
Then o (T, p) = Q(D\ §D°) for € {¢1,co, ¢, oo}, Wwhere Q(2) = 2z + 2~ 1. For the boundaries

we have

QD) =Q (;8D> = {2(cos @ +isinf) + (cos@ —isinh): 0 € [0,27]} =

2
={(3cosf +isinf: 0 € [0,2n]} = {(x,y) eR?: %-Hf = 1},

2
Hence, o (T, 11) is the elliptical region {(w, y) € R?: ;);—2 +9y? < 1}.
Now, let us give an application of Theorem 2.2, related to the system of equations

yk:3$k—1+q$k+7’xk+l7 k:071727"'7 (9)

where x_1 = 0.

Theorem 3.2. Let r,q and s be complex numbers with v,s # 0, and Q(z) = sz +q +rz"!
with roots o, aq satisfying |aq| < |ag|. Let the complex sequences © = (xy,) and y = (yp) be
solutions of the system of equations (9). Then the following are equivalent:

(1) boundedness of (yn) always implies a unique bounded solution (x,,),

(ii) convergence of (yn) always implies a unique convergent solution (z,,),

(iii) yn, — 0 always implies a unique solution (x,,) with x, — 0,

(iv) D |yn| < oo always implies a unique solution () with > |x,| < 0o,
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V) Jai| <1< |agl.

Proof. Let |r| < |s|. The system of equations (9) hold, so we have Tz = y. Then @ is the
function associated with T'. Let us prove only (i)<(v) and omit the proofs of (ii)<(v), (iii)<(v),
(iv)<(v) since they are similarly proved. Suppose boundedness of (y,) always implies a unique
bounded solution (). Then the operator 7' — 0] = T € ({0, l) is bijective. This means, by

Theorems 1.4 and 2.2, 0 ¢ o(T, loo) = Q(D \ fDO). This is equivalent to |a;| < 1 < |as|. If
S

|r| > |s|, similarly we get 0 ¢ Q(CD \ DO), which is also equivalent to |ag| < 1 < |aa].
s
For the reverse implication, suppose |ai| < 1 < |ag|. So, A = 0 ¢ o(T,¢x). Now, by
Theorem 1.4, T'=T — 01 is bijective on /,, which means that the boundedness of (y,) implies a
bounded unique solution (zy,).
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