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EFFECTS OF VARIABLE FLUID PROPERTIES
ON UNSTEADY HEAT TRANSFER OVER A STRETCHING
SURFACE IN THE PRESENCE OF THERMAL RADIATIONUDC 539

The effect of radiation on the unsteady flow over a stretching surface with variable viscosity
and variable thermal conductivity is analyzed. Similar governing equations are obtained by
using suitable transformations and are then solved by applying the Chebyshev spectral method.
Numerical results for the dimensionless velocity profiles and the dimensionless temperature
are graphically presented for various values of the radiation parameter, viscosity, thermal
conductivity, space and time indices, Prandtl number, and unsteadiness parameter. It is shown
that both the skin friction and the rate of heat transfer decrease, as the Prandtl number and
the unsteadiness parameter decrease. But both decrease, as the radiation parameter increases.
The dimensionless temperature increases with the radiation parameter and the viscosity, but
it decreases as the space and time indices increase.
K e yw o r d s: variable properties, thermal radiation, unsteady stretching sheet, Chebyshev
spectral method.

1. Introduction

The continuous surface heat transfer problem has
many practical applications in industrial manufactur-
ing processes such as wire and fiber coating, food stuff
processing, reactor fluidization, transpiration cooling,
etc. Production of a thin liquid film either on the
surface of a vertical wall by means of the action of
gravity or on a rotating horizontal disk due to the
action of centrifugal forces has been studied consid-
erably in the literature (Sparrow and Gregg [1] and
Dandapot and Ray [2, 3]). Ali [4] investigated the
flow and heat transfer characteristics on a stretching
surface using the power-law velocity and temperature
distributions. A class of flow problems with the ob-
vious relevance to the polymer extrusion is presented
by the flows induced by the stretching motion of a
flat elastic sheet. Crane [5] was the first who stud-
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ied the motion set up in the ambient fluid due to
a linearly stretching surface. Several authors (e.g.,
Gupta [6] and Tsou et al. [7]) subsequently explored
various aspects of the accompanying heat transfer
occurring in the infinite fluid medium surrounding
the stretching sheet. They analyzed the stretching
problem with a constant surface temperature, while
Soundalgekar and Ramana [8] investigated the con-
stant surface velocity case with a power-law temper-
ature variation. Grubka and Bobba [9] analyzed the
stretching problem for a surface moving with linear
velocity and with variable surface temperature. Since
the pioneer work by Sakiadis [10] who developed a
numerical solution for the boundary layer flow field
of a stretched surface, many authors have attacked
this problem to study the hydrodynamic and thermal
boundary layers due to a moving surface (e.g., Mag-
yari and Keller [11]). The flow field of a stretching
wall with a power-law velocity variation was discussed
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by Banks [12]. Ali [13] extended Bank’s work to the
case of a porous stretching surface for different values
of the injection parameter. Abo-Eldahab and Gendy
[14] investigated the solution for the steady flow in
a boundary layer over the vertical stretching surface
with internal heat generation. Heat transfer over an
unsteady stretching surface with internal heat gener-
ation or absorption was studied by Elbashbeshy and
Bazid [15]. They solved numerically the governing
time-dependent boundary layer equations with con-
stant viscosity. The momentum and heat transfer in
a laminar liquid film on a horizontal stretching sheet
was analyzed by Andersson et al. [16]. The governing
time-dependent boundary layer equations are reduced
to a set of ordinary differential equations by means
of exact similarity transformations (which are used in
[15]). The resulting problem (with constant viscosity)
is solved numerically for some representative values of
the unsteadiness parameter and the Prandtl number.
Elbashbeshy and Dimian [17] studied the effect of ra-
diation on the problem of flow and heat transfer over
a wedge with variable viscosity. The effect of thermal
radiation on the free convection flow and heat trans-
fer over a variable plate in the presence of suction and
injection was discussed by Hassain et al. [18]. Elshe-
hawey et al. [19] investigated the problem of flow
and heat transfer over an unsteady stretching sheet
in a viscoelastic fluid with uniform suction at the wall
and heat transfer in the presence of a normal mag-
netic field. Elbashbeshy and Aldawody [20] investi-
gated the effects of thermal radiation and a magnetic
field on the unsteady boundary layer mixed convec-
tion flow and the heat transfer from a vertical porous
stretching surface. Bataller [21] presented the effects
of a non-uniform heat source on the viscoelastic fluid
flow and heat transfer over a stretching sheet. The
purpose of the present paper is to explore the effect
of radiation on the unsteady flow over a stretching
surface with variable properties. Accurate numerical
solutions will be provided for various values of radi-
ation parameter, viscosity, the unsteadiness parame-
ter, and the Prandtl number.

2. Formulation of the Problem

Consider the unsteady two-dimensional laminar
boundary layer flow over a stretching sheet immersed
in an incompressible fluid. The x axis is chosen along
the plane of the sheet, and the y axis is taken to be

normal to the plane. We assume that the surface
starts stretching from rest with a velocity U(x, t).
The viscosity and the thermal conductivity of the
fluid is assumed to vary with the temperature as fol-
lows (Mahmoud and Megahed [22]):

µ = µ∞e
−αθ, (1)

κ = κ∞(1 + ϵθ), (2)

where µ∞, κ∞ are the cofficients of viscosity and ther-
mal conductivity at the ambient, α is the viscosity pa-
rameter and ϵ is the thermal conductivity parameter.
The governing time-dependent boundary layer equa-
tions for mass, momentum, and energy conservation
are given by
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+
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= 0, (3)
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(
∂qr
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)
, (5)

where u and v are the velocity components along the
x and y directions, respectively, t is the time, ρ is the
fluid density, µ is the viscosity, κ is the thermal con-
ductivity, T is the temperature of the fluid, qr is the
radiative heat flux, and cp is the specific heat at con-
stant pressure. The appropriate boundary conditions
for the present problem are

u = U, v = 0, T = Tw at y = 0, (6)

u→ 0, T → T∞ as y → ∞, (7)

where U is the surface velocity of the stretching sheet,
Tw is the surface temperature, T∞ is the free stream
temperature, and the flow is caused by stretching the
elastic surface at y = 0 such that the continuous sheet
moves in the x direction with the velocity

U =
bx

1− at
, (8)

where a and b are positive constants with dimension
(time−1). Our problem is valid only for at ≪ 1, but
at ≽ 1 has no physical meaning.
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The radiative heat flux qr is employed according to
the Roseland approximation [23] such that

qr = −4σ∗

3k∗
∂T 4

∂y
, (9)

where σ∗ is the Stefan–Boltzmann constant, and k∗

is the mean absorption coefficient. Following Rap-
tis [24], we assume that the temperature differences
within the flow are small and such that may be ex-
pressed as a linear function of the temperature. Ex-
panding T 4 in a Taylor series about T∞ and neglect-
ing higher-order terms, we have

T 4 ∼= 4T 3
∞T − 3T 4

∞. (10)

The equation of continuity is satisfied if we choose a
stream function ψ(x, y) such that u = ∂ψ

∂y , and v =

= −∂ψ
∂x . The mathematical analysis of the problem is

simplified by introducing the following dimensionless
coordinates:

η =

(
b

(µ∞/ρ)

)1/2

(1− at)−1/2y, (11)

ψ =

(
µ∞b

ρ

)1/2

(1− at)−1/2xf(η), (12)

T = T∞ + T0

(
dxr

2(µ∞/ρ)

)
(1− at)−mθ(η), (13)

Tw = T∞ + T0

(
dxr

2(µ∞/ρ)

)
(1− at)−m. (14)

Here, f is the dimensionless stream function, θ is the
dimensionless temperature of the fluid, d is constant,
and r and m are space and time indices, respectively.

Using Eqs. (11)–(14), the mathematical problem
defined in Eqs. (4), (5) is then transformed into a set
of ordinary differential equations with the associated
boundary conditions:

e−αθ(f ′′′ − αθ′f ′′)+ff ′′−S

2
η f ′′−f ′2−Sf ′=0, (15)

1

Pr
[(1 +R+ ϵθ)θ′′ + ϵθ′2]+

+fθ′ − rf ′θ − S

(
1

2
ηθ′ +mθ

)
= 0, (16)

f(0) = 0, f ′(0) = 1, θ(0) = 1, (17)

f ′ → 0, θ → 0 as η → ∞, (18)

where the prime denotes the differentiation with re-
spect to η, θ = T−T∞

Tw−T∞
is the dimensionless tem-

perature, S = a/b is the unsteadiness parameter,
Pr =

ρνcp
κ∞

is the Prandtl number, and R =
16σ∗T 3

∞
3k∗κ∞

is
the radiation parameter.

The physical quantities of interest are the skin-
friction coefficient Cf and the local Nusselt number
Nux which are defined as

Cf = −2Re−1/2
x f ′′(0),

Nux = −1

2
(1− at)−1/2Re3/2x θ′(0), (19)

where Rex = ρUx
µ is the local Reynolds number.

3. Method of Solution

The domain of the governing boundary layer equa-
tions (15), (16) is the unbounded region [0,∞). How-
ever, for all practical reasons, this could be replaced
by the interval 0 ≤ η ≤ η∞, where η∞ is some large
number to be specified for the computational conve-
nience. Using the algebraic mapping

χ = 2
η

η∞
− 1,

the unbounded region [0,∞) is finally mapped onto
the finite domain [−1, 1], and the problem expressed
by Eqs. (15) and (16) is transformed into

e−αθ(χ)[f ′′′(χ)− αθ(χ)f ′′(χ)]+

+
(η∞
2

)
f(χ)f ′′(χ)−

(η∞
2

)
f ′2(χ)−

−S
[(η∞

8

)
(χ+ 1)f ′′(χ) +

(η∞
2

)2
f ′(χ)

]
= 0, (20)

1

Pr
[(1 +R+ ϵθ(χ))θ′′(χ) + ϵθ′(χ)2]+

+
(η∞
2

)
f(χ)θ′(χ)− r

(η∞
2

)
f ′(χ)θ(χ)−

−S
[(η∞

8

)
(χ+ 1)θ′(χ) +m

(η∞
2

)2
θ(χ)

]
= 0. (21)

The transformed boundary conditions are

f(−1) = 0, f ′(−1) =
(η∞
2

)
, θ(−1) = 1, (22)

f ′(1) = 0, θ(1) = 0, (23)
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where the differentiation in Eqs. (20) and (21) will
be with respect to the new variable χ. Our technique
is accomplished by starting with the Chebyshev ap-
proximation for the highest order derivatives, f ′′′ and
θ′′, and generating approximations to the lower order
derivatives f ′′, f ′, f , θ′, and θ as follows: Setting
f ′′′ = ϕ(χ), and θ′′ = ζ(χ) and then integrating we
obtain

f ′′(χ) =

χ∫
−1

ϕ(χ)dχ+ Cf1 , (24)

f ′(χ) =

χ∫
−1

χ∫
−1

ϕ(χ)dχdχ+ Cf1 (χ+ 1) + Cf2 , (25)

f(χ) =

χ∫
−1

χ∫
−1

χ∫
−1

ϕ(χ)dχdχdχ+

+Cf1
(χ+ 1)2

2
+ Cf2 (χ+ 1) + Cf3 , (26)

θ′(χ) =

χ∫
−1

ζ(χ)dχ+ Cθ1 , (27)

θ(χ) =

χ∫
−1

χ∫
−1

ζ(χ)dχdχ+ Cθ1 (χ+ 1) + Cθ2 . (28)

From the boundary conditions (22) and (23), we have

Cf1 = −1

2

1∫
−1

χ∫
−1

ϕ(χ)dχdχ, Cf2 =
(η∞
2

)
, Cf3 = 0,

Cθ1 = −1

2
− 1

2

1∫
−1

χ∫
−1

ζ(χ)dχdχ, Cθ2 = 1.

Therefore, we can give approximations to Eqs. (20)
and (21) as follows:

fi(χ) =
n∑
j=0

lfijϕj + dfi , f ′i(χ) =
n∑
j=0

lf1ij ϕj + df1i ,

f ′′i (χ) =
n∑
j=0

lf2ij ϕj + df2i , (29)

θi(χ) =
n∑
j=0

lθijζj + dθi , θ′i(χ) =
n∑
j=0

lθ1ij ζj + dθ1i , (30)

for all i = 0(1)n, where

lfij = b3ij −
1

2
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2
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(η∞
2

)
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2
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2
,

and b2ij = (χi − χj)bij and bij are the elements of
the matrix B as given in [25]. By using Eqs. (29)
and (30), one can transform Eqs. (20) and (21) to
the following system of nonlinear equations with the
highest derivatives:
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= 0. (32)

This system is then solved with the use of Newton’s
iteration.
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M.F. Dimian, A.M. Megahed� � � � ���������������������	 
������������ ����
Fig. 1. Behavior of the velocity distribution for various
values of S� � � � �����������������	�
 ����������� ���������������������������
Fig. 2. Behavior of the temperature distribution for various
values of S� � � � ���������������������	 
����������� �����
Fig. 3. Behavior of the velocity distribution for various values
of α

4. Results and Discussion

The effect of the unsteadiness parameter S on the ve-
locity distribution is shown in Fig. 1. It is worth to
note that the velocity profile decreases with increase
in the value of unsteadiness parameter. The effect
of the unsteadiness parameter S on the temperature
can be seen from Fig. 2. The temperature decreases,
as S increases. This shows the important fact that
the rate of cooling is much faster for the higher val-
ues of unsteadiness parameter; whereas it may take
longer time of cooling for smaller values of unsteadi-
ness parameter. Figure 3 illustrates the effect of the
viscosity parameter α on the velocity profile. It can
be shown that the velocity decreases along the sur-
face with increase in the viscosity parameter. But the
temperature θ(η) increases with the viscosity param-
eter, as shown in Fig. 4. The effect of the thermal� � � � �����������������	�
 ����������� ���������������������������
Fig. 4. Behavior of the temperature distribution for various
values of α� � � � �����������������	�
 ����������� ���������������������������
Fig. 5. Behavior of the temperature distribution for various
values of ϵ
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 ����������� ���������������������������
Fig. 6. Behavior of the temperature distribution for various
values of R

Variation of −f ′′(0) and −θ′(0)
for various values of S, α, ϵ, R,Pr, r, and m

S α ϵ R Pr r m −f ′′(0) −θ′(0)

0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
1.0 0.2 0.2 0.5 0.7 1.0 1.0 1.49170 0.956017
1.2 0.2 0.2 0.5 0.7 1.0 1.0 1.55672 1.00182
0.8 0.0 0.2 0.5 0.7 1.0 1.0 1.26104 0.919437
0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
0.8 0.5 0.2 0.5 0.7 1.0 1.0 1.69893 0.889748
0.8 0.2 0.0 0.5 0.7 1.0 1.0 1.42582 0.990991
0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
0.8 0.2 0.5 0.5 0.7 1.0 1.0 1.42175 0.811629
0.8 0.2 0.2 0.0 0.7 1.0 1.0 1.42915 1.09841
0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
0.8 0.2 0.2 2.0 0.7 1.0 1.0 1.4162 0.636417
0.8 0.2 0.2 0.5 1.0 1.0 1.0 1.4325 0.97994
0.8 0.2 0.2 0.5 3.0 1.0 1.0 1.44197 1.68237
0.8 0.2 0.2 0.5 7.0 1.0 1.0 1.46038 2.66888
0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
0.8 0.2 0.2 0.5 0.7 3.0 1.0 1.43163 1.26733
0.8 0.2 0.2 0.5 0.7 5.0 1.0 1.43755 1.57237
0.8 0.2 0.2 0.5 0.7 1.0 1.0 1.42402 0.907794
0.8 0.2 0.2 0.5 0.7 1.0 3.0 1.43555 1.34684
0.8 0.2 0.2 0.5 0.7 1.0 5.0 1.4423 1.66032

conductivity parameter ϵ on the temperature profile
θ is presented in Fig. 5. From this figure, it can
be seen that the temperature distribution increases
with the thermal conductivity parameter. Figure 6
represents the effect of the radiation parameter R on
the dimensionless temperature. It is clear that the
temperature increases with the radiation parameter.
So, it can be seen that the thermal boundary layer

� � � � �����������������	�
 ������������� ������������������������
Fig. 7. Behavior of the temperature distribution for various
values of Pr� � � � �����������������	�
 ������������ ��������������������������������
Fig. 8. Behavior of the temperature distribution for various
values of r� � � � �����������������	�
 ������������ ��������������������������������
Fig. 9. Behavior of the temperature distribution for various
values of m
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increases with the radiation parameter R. This re-
sult agrees with Elbashbeshy and Dimian [17] in
their special case (wedge angle is zero). The effect
of the Prandtl number on the temperature distri-
bution is demonstrated in Fig. 7. It can be observed
that the temperature profiles decrease for the increas-
ing values of Prandtl number. This is in agreement
with the physical fact that the thermal boundary
layer thickness decreases with increase of Pr. The in-
fluence of the space index r on temperature varia-
tions is shown in Fig. 8, which demonstrates that
the temperature raises to a higher value, as S de-
creases. This corresponds to the more strong inten-
sity of a heat flux specified at the surface. Likewise,
the temperature turns to a lower value, as m in-
creases, which is observed from Fig. 9. Table presents
the values of skin-friction coefficient and local Nus-
selt number for various values of the parameters gov-
erning the flow and the heat transfer. Based on this
table, we note that the skin friction coefficient and
the local Nusselt number increase with the unsteadi-
ness parameter, space index, time index, and Prandtl
number. Likewise, the local Nusselt number de-
creases with increase of the viscosity parameter, ther-
mal conductivity parameter, and radiation parame-
ter. Finally, the skin-friction coefficient is found to
be increased with the viscosity parameter, but the
reverse is true for the variable thermal conductivity
parameter.

5. Conclusions

Numerical solutions have been obtained to study the
effect of variable fluid properties on the flow and the
heat transfer in the laminar flow of an incompress-
ible fluid past an unsteady stretching surface in the
presence of thermal radiation. The obtained similar-
ity ordinary differential equations are solved numeri-
cally by using the Chebyshev spectral method. It is
found that

1. The skin friction coefficient increases with the
unsteadiness parameter, viscosity parameter, space
and time indices, and Prandtl number, but it de-
creases, as the thermal conductivity parameter and
the radiation parameter decrease.

2. The Nusselt number coefficient increases with
the unsteadiness parameter, Prandtl number, and
space and time indices, but it decreases, as the viscos-

ity parameter, thermal conductivity parameter and
radiation parameter decrease.

3. The dimensionless velocity and the dimension-
less temperature decrease, as unsteadiness parameter
increases.

4. The dimensionless velocity and the dimension-
less temperature increase, as the radiation parameter
increases, but the effect on the velocity is very weak.
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Effects of Variable Fluid Properties

М.Ф. Дiмiан, А.М. Мегахед

ВПЛИВ ЗМIННИХ ВЛАСТИВОСТЕЙ РIДИНИ
НА НЕСТАЦIОНАРНУ ТЕПЛОПЕРЕДАЧУ
НАД РОЗТЯЖНОЮ ПОВЕРХНЕЮ
В ПРИСУТНОСТI ТЕПЛОВОГО
ВИПРОМIНЮВАННЯ

Р е з ю м е

Дослiджено вплив випромiнювання на нестацiонарний по-
тiк над розтяжною поверхнею з мiнливою в’язкiстю i змiн-
ною теплопровiднiстю. Вiдповiднi визначальнi рiвняння
отримано з використанням вiдповiдних перетворень i по-
тiм вирiшенi спектральним методом Чебишева. На графi-
ках наведено результати розрахункiв профiлiв безрозмiрної
швидкостi та безрозмiрної температури для рiзних значень
параметра випромiнювання, в’язкостi, теплопровiдностi, iн-
дексiв простору-часу, числа Прандтля i параметра нестацiо-
нарностi. Показано, що скiн-тертя i швидкiсть теплопереда-
чi зменшуються iз зменшенням числа Прандтля i параме-
тра нестацiонарностi при зростаннi параметра випромiню-
вання. Безрозмiрна температура зростає iз збiльшенням па-
раметра випромiнювання i в’язкостi, але зменшується при
збiльшеннi iндексiв простору-часу.

М.Ф. Димиан, А.М. Мегахед

ВЛИЯНИЕ ПЕРЕМЕННЫХ СВОЙСТВ ЖИДКОСТИ
НА НЕСТАЦИОНАРНУЮ ТЕПЛОПЕРЕДАЧУ
НАД РАСТЯЖИМОЙ ПОВЕРХНОСТЬЮ
В ПРИСУТСТВИИ ТЕПЛОВОГО ИЗЛУЧЕНИЯ

Р е з ю м е

Исследуется влияние излучения на нестационарный поток
над растяжимой поверхностью с меняющейся вязкостью и
переменной теплопроводностью. Соответствующие опреде-
ляющие уравнения получены с использованием подходя-
щих преобразований и затем решены спектральным ме-
тодом Чебышева. На графиках представлены результаты
расчетов профилей безразмерной скорости и безразмер-
ной температуры для разных значений параметра излуче-
ния, вязкости, теплопроводности, индексов пространства-
времени, числа Прандтля и параметра нестационарно-
сти. Показано, что скин-трение и скорость теплопереда-
чи уменьшаются с уменьшением числа Прандтля и пара-
метра нестационарности при росте параметра излучения.
Безразмерная температура растет с увеличением параме-
тра излучения и вязкости, но уменьшается при увеличении
индексов пространства-времени.
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