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Using the computer simulation, the influence of a longitudinal magnetic field on the wakefield
excitation in plasma by an initially cylindrical electron bunch with the length equal to the
wake wavelength and the inverse influence of excited fields on the bunch dynamics have been
considered. It is shown that the magnetic field can suppress the radial defocusing of the bunch
and increase the length of the region, in which the wake waves are excited, as well as the
amplitude of those waves.
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1. Introduction
The problem of wakefield excitation by electron bun-
ches and the inverse influence of this field on the
bunch dynamics is of interest, first of all, from the
viewpoint of whether it is possible to create a compact
electron accelerator based on wake waves. A capabil-
ity of wakefield excitation in plasma (see, e.g., [1, 2])
and insulators (see, e.g., [3, 4]) is discussed in the lit-
erature. Electron and ion bunches, or the sequences
of such bunches [5–10], as well as short ultra-powerful
laser pulses [11], can be used as a tool for the wake-
field excitation. A possibility of construction of wake-
field accelerators was confirmed experimentally (see,
e.g., [12]). In recent laser experiments [13], the scien-
tists were enabled to obtain a beam with an energy of
a few GeV. The simulation testifies that the electron
bunches that arise under the action of a laser pulse
[14] can also make a contribution to the formation of
wakefields in such systems. The problem of wakefield
excitation is also interesting owing to a possibility of
inhomogeneous plasma diagnostics through the anal-
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ysis of the transition radiation emitted by charged
particles and bunches [15], as well as owing to their
capability to focus electron bunches [16].

Among the problems that arise at the wakefield
excitation by electron bunches, there is the radial de-
focusing of the latter under the action of the fields
excited by themselves. This defocusing can be pre-
vented, by imposing a longitudinal magnetic field
on the system [17]. In this work, the dynamics of
short (with the length equal to the wake wavelength),
initially cylindrical electron bunches injected into
a homogeneous plasma along the external uniform
magnetic field is considered in detail. For compari-
son, a similar system, but without magnetic field, is
also analyzed. The main aim of the work consisted
in elucidating the mechanisms of bunch focusing-
defocusing and the focusing action of the magne-
tic field.

The wakefields excited by an electron bunch
in plasma were studied analytically and with the
help of numerical simulations. The analytical cal-
culation was carried out in the linear approxima-
tion. The inverse influence of the beam-excited wake-
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fields on the beam motion was neglected. The nu-
merical calculation was performed using the PIC
method.

2. Analytical Calculation
of Wakefield Excitation

Let a cylindrical bunch with the radius 𝑟0, length 𝐿,
and charge density 𝑛𝐵0 move in a homogeneous warm
plasma with the concentration 𝑛0 and the tempera-
ture 𝑇 at the velocity 𝑣0 directed along the bunch
axis:

𝑛𝐵 (r, 𝑡) = 𝑛𝐵 (𝑟, 𝜉) =

{︂
𝑛𝐵0, 𝑟 ≤ 𝑟0 ∩ |𝜉| ≤ 𝐿/2;

0, 𝑟 > 𝑟0 ∪ |𝜉| > 𝐿/2,
𝜉 = 𝑧 − 𝑣0𝑡

(1)

(the axis 𝑧 of the cylindrical coordinate system is di-
rected along the bunch axis). The magnetic field is
absent. Plasma ions are considered to be motionless,
and the bunch shape to be fixed. The inverse influ-
ence of the wakefields excited by the bunch on the
bunch itself is neglected.

The motion of plasma under the action of the
bunch-generated electric field is described by a sys-
tem of the motion and continuity equations and the
Gauss theorem:

𝑚𝑛
𝑑v

𝑑𝑡
= −𝑒𝑛E−∇𝑝−𝑚𝑛𝜈v;

𝜕𝑛

𝜕𝑡
+∇ (𝑛v) = 0;

∇E = −4𝜋𝑒 (𝑛1 + 𝑛𝐵),

(2)

where 𝑝 = 𝑛𝑘𝐵𝑇 is the pressure of the electron gas,
𝑛 = 𝑛0 + 𝑛1 (r, 𝑡) is the perturbed plasma density,
v (r, 𝑡) is the plasma velocity, and 𝜈 is the frequency
of electron collisions with heavy particles.

By linearizing system (2) in the case of the small
magnitudes of 𝑛1 and v, it can be reduced to a wave
equation in the form

𝑣2𝑇𝑒Δ𝑛1 −
𝜕2𝑛1
𝜕𝑡2

− 𝜈
𝜕𝑛1
𝜕𝑡

− 𝜔2
𝑝𝑛1 = 𝜔2

𝑝𝑛𝐵 . (3)

Making the automodel substitution (see Eq. (1)) in
the wave equation (3) and taking the axial symmetry
of the problem into account, we obtain

𝑣2𝑇𝑒

𝑟

𝜕

𝜕𝑟

[︂
𝑟
𝜕𝑛1 (𝑟, 𝜉)

𝜕𝑟

]︂
+
(︀
𝑣2𝑇𝑒 − 𝑣20

)︀ 𝜕2𝑛1 (𝑟, 𝜉)
𝜕𝜉2

+

+ 𝜈𝑣0
𝜕𝑛1 (𝑟, 𝜉)

𝜕𝜉
− 𝜔2

𝑝𝑛1 (𝑟, 𝜉) = 𝜔2
𝑝𝑛𝐵 (𝑟, 𝜉). (4)

Let us seek the solution of Eq. (4) with the help of
the Fourier transformation (with respect to 𝜉) and the
Fourier–Bessel one (with respect to 𝑟). The spatial
spectrum of the plasma density perturbation, which
emerges owing to the excitation of wake waves, looks
like

𝑛1
(︀
𝑘⊥, 𝑘‖

)︀
= −𝑛𝐵0 sin

𝑘‖𝐿

2
𝐽1 (𝑘⊥𝑟0)

(︀
𝜋𝑘‖𝑘⊥

)︀−1 ×

×
[︁
𝑘2⊥𝑟

2
𝐷 + 𝑘2‖𝑟

2
𝐷

(︀
1− 𝛽2

)︀
+ 1− 𝑖𝑘‖𝑟𝐷𝛽𝑠

]︁−1

. (5)

Here, the wave numbers 𝑘‖ and 𝑘⊥ correspond to the
relevant transformations with respect to 𝜉 and 𝑟, re-
spectively. We took into account that 𝑟𝐷 = 𝑣𝑇𝑒/𝜔𝑝

and used the notations 𝛽 = 𝑣0/𝑣𝑇𝑒 and 𝑠 = 𝜈/𝜔𝑝.
The 𝑘‖-roots of the denominator in Eq. (5) are calcu-
lated by the formula

𝑘‖1,2 =
−𝑖𝛽𝑠±

√︀
(𝛽2 − 1) (1 + 𝑘2⊥𝑟

2
𝐷)− 𝛽2𝑠2

2𝑟𝐷 (𝛽2 − 1)
=

= ±𝑘′‖ − 𝑖𝑘′′‖ . (6)

There is no singularity at the point 𝑘‖ = 0. One can
see that both poles are located in the lower half-plane
of the complex plane

{︀
Re 𝑘‖, Im 𝑘‖

}︀
.

The inverse Fourier transformation of the spatial
spectrum (5) with respect to 𝑘‖ can be performed, by
using the residual method according to the Jordan
lemma,

𝑛1 (𝑘⊥, 𝜉) = −
𝑛𝐵0𝐽1 (𝑘⊥𝑟0) exp

(︁
𝑘′′‖ 𝜉

)︁
2𝜋𝑟2𝐷 (𝛽2 − 1) 𝑘⊥𝑘′‖𝑘

′ ×

×
(︂
𝜃

(︂
𝐿

2
− 𝜉

)︂
exp

(︂
𝑘′′
𝐿

2

)︂
cos

[︂
𝑘′‖

(︂
𝜉 − 𝐿

2

)︂
+ 𝜓

]︂
−

− 𝜃

(︂
𝐿

2
− 𝜉

)︂
exp

(︂
−𝑘′′𝐿

2

)︂
cos

[︂
𝑘′‖

(︂
𝜉 +

𝐿

2

)︂
+ 𝜓

]︂)︂
,

𝑘′ =

√︂(︁
𝑘′‖

)︁2
+
(︁
𝑘′′‖

)︁2
,

𝜓 = arctg
𝑘′′‖

𝑘′
,

(7)

where 𝜃(𝑥) is the Heaviside function. One can see that
the wakefield is absent in front of the bunch (𝜉 >
> 𝐿/2) and vanishes at 𝜉 → −∞, i.e. behind the
bunch, because of collisions.

Ultimately, the distribution 𝑛1 (𝑟, 𝜉) can be ob-
tained in the coordinate system moving with the
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Fig. 1. Perturbation of the background plasma density by a cylindrical bunch at 𝐵 = 0: (a) 𝑟0/𝑟𝐷 = 20 and
𝐿/𝑟𝐷 = 6, (b) 𝑟0/𝑟𝐷 = 2 and 𝐿/𝑟𝐷 = 25. Calculations were carried out in the linear approximation in the
coordinate system moving with the bunch

bunch, by applying the inverse Fourier–Bessel trans-
formation to Eq. (7):

𝑛1 (𝑟, 𝜉) =

∞∫︁
0

𝑛1 (𝑘⊥, 𝜉)𝐽0 (𝑘⊥𝑟) 𝑘⊥𝑑𝑘⊥. (8)

Integral (8) was calculated numerically. The corre-
sponding results obtained for the characteristic values
of model parameters are shown in Fig. 1.

In the cold plasma model, the wake waves can be
excited only in the plasma region, where the charged
bunch has passed [18]. Taking the nonzero plasma
temperature into account results in that the bound-
ary of this region, in accordance with the Huygens–
Fresnel principle, becomes a source of secondary
waves. Those waves propagate both toward the non-
perturbed plasma and into the region, where the
bunch is moving, and affect, in particular, the field
near the axis of the examined system (Fig. 1, a). In
addition, for thin (on the scale of Debye radius 𝑟𝐷)
bunches, the variation of the wakefield at the axis
can be induced by the radiation damping owing to
the emission of Langmuir waves (Fig. 1, b). For wide
bunches, the wake field is mainly concentrated in the
region, through which the electron bunch passes, even
in a warm plasma (Fig. 1, a).

3. Model Parameters

As was already mentioned, the analytical calculation
presented above does not make allowance for the in-

verse influence of the wakefields excited by the bunch
on the bunch itself. This influence can be taken into
account with the help of a computer-assisted sim-
ulation within the PIC method. We use the elec-
tromagnetic relativistic code described in [19]. The
simulated cylindrical volume had a length of 1.5 m
and a radius of 0.2 m. The background plasma was
characterized by a density of 5 × 108 cm−1 (the
Langmuir frequency 𝜔𝑝 = 12.5 × 108 s−1), the
temperatures of electrons and ions were equal to
2 eV (the electron Debye radius 𝑟𝐷 = 5 mm) and
0.2 eV, respectively. The longitudinal magnetic field
was equal to zero or 𝐵 = 1 mT, which corre-
sponded to the electron cyclotron frequency 𝜔𝑐 =
= 1.5 × 107 s−1. The initial electron bunch (an elec-
tron density of 1 × 108 cm−1 and the Langmuir
frequency 𝜔𝑏 = 2.5 × 108 s−1) had a cylindrical
shape (the radius 𝑟 = 2 cm and a duration of
6 ns) and was injected with an initial velocity of
3 × 107 m/s into plasma along the axis of the sys-
tem. The initial length of the bunch was approxi-
mately equal to the wake wavelength in the back-
ground plasma.

4. Dynamics of a Short
Bunch in Plasma in the Absence
of a Magnetic Field

Now, let us consider the dynamics of an initially cylin-
drical electron bunch in the wakefield excited by itself
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Fig. 2. Distributions of the longitudinal (a) and radial (b) components of the electric field excited by a short cylindrical bunch
at 𝐵 = 0

Fig. 3. Distribution of the electron density in a bunch at
various stages of its flight through the system at 𝐵 = 0

Fig. 4. Time dependence of the bunch deformation coefficient
𝜎 at 𝐵 = 0

in the absence of external magnetic field. The spa-
tial distributions of the components of the electric
field excited by the bunch are shown in Fig. 2 for
various time moments. One can see that just behind

the bunch front edge, the longitudinal component of
the field has a sign that corresponds to the deceler-
ation of bunch electrons in the axial direction. The
radial component sign corresponds to the accelera-
tion of electrons in the direction away from the axis,
i.e. to the radial defocusing. If moving away from the
bunch front edge, the field components change their
signs with a period that corresponds to the wake
wavelength.

Figure 3 demonstrates the spatial distributions of
the bunch density at various time moments. A com-
parison of Figs. 2 and 3 shows that the wakefield be-
comes mainly concentrated in the volume, through
which the bunch moves, in accordance with the pre-
diction of the analytical calculation for a wide bunch
(for the model parameters 𝑟/𝑟𝐷 ≈ 40). The radial
swelling of the bunch results in that the width of
the region, in which the wakefield is excited, becomes
larger.

According to the wakefield character described
above, the electrons at the front edge of the bunch
are decelerated at the initial time moments, and their
local density decreases. Simultaneously, they start to
move away from the axis of the system to form a
cavity at the bunch axis. The back half of the bunch
corresponds to the accelerating phase of the longitu-
dinal wakefield. As a result, the bunch becomes lon-
gitudinally concentrated in its central part, where the
accelerated electrons from its back part and the decel-
erated electrons from its front part meet. The change
in the sign of the radial field component leads to that
the radial focusing occurs in approximately the same
region.
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Fig. 5. Distributions of the longitudinal (a) and radial (b) components of the electron velocity in the bunch at various stages of
its flight through the system at 𝐵 = 0

As is seen from Fig. 3, the time moment, when the
radial focusing is maximum, is close to 𝑡 = 10.5 ns,
and the time moment, when the longitudinal focusing
is maximum, to 𝑡 = 21.5 ns.

In the panel that corresponds to the time moment
𝑡 = 31.5 ns, one can see that the particles in the cen-
tral part of the bunch are already overtaken. At this
time moment, the bunch, as a whole, looks like a fun-
nel opened backward by an angle close to 𝜋/2. This
moment corresponds to the change in the shape of the
regions corresponding to the same sign of the wake-
field in Fig. 2. Later, the density of electrons in the
bunch becomes substantially lower.

In order to determine the time moments of the
maximum radial and longitudinal focusings more ac-
curately, let us introduce the coefficient of bunch de-
formation,

𝜎 (𝑡) =

∞∫︀
−∞

𝑑𝑧
∞∫︀
0

2𝜋𝑟𝑑𝑟[𝑛 (r, t)− 𝑛0 (r)]
2

∞∫︀
−∞

𝑑𝑧
∞∫︀
0

2𝜋𝑟𝑑𝑟𝑛2
0 (r)

, (9)

where 𝑛0 (r) and 𝑛 (r, t) are the initial and current,
respectively, distributions of the electron density in
the bunch in the coordinate system moving with it. If
the distribution of electrons in the bunch does not
change in time, we have 𝜎 = 0. If the bunch becomes
defocused and 𝑛 (r, t) → 0, we obtain 𝜎 → 1. Finally,
at the time moments when the bunch is substantially
focused, the deformation coefficient grows.

The time dependence of the deformation coefficient
is plotted in Fig. 4. The first maximum (at 𝑡 = 12 ns)
corresponds to the maximum radial focusing of the
bunch, and the second one (at 𝑡 = 17 ns) to its max-
imum longitudinal focusing.

As a result of the processes described above, the
spatial distribution of electrons in the front part of the
bunch acquires a funnel-like shape (with the opening
directed forward). Since the wakefield is excited by
the most concentrated part of the bunch, the region
of a steady wakefield phase acquires the same shape
(Fig. 2).

In Fig. 5, the spatial distributions of the longitudi-
nal and radial components of the electron velocity in
the bunch at various time moments are depicted. In
general, they correspond to the conclusions made on
the basis of the spatial distributions of electric field
components. Really, as one can see in the distribu-
tion at 𝑡 = 10.5 ns, the front part of the bunch is
mainly decelerated, whereas the back one is acceler-
ated. However, in the region immediately adjacent to
the front edge, the electrons are accelerated, whereas
in the region adjacent to back edge, they are, on the
contrary, decelerated. As for the radial velocity com-
ponent, it is directed away from the axis of the system
everywhere, but in the central bunch region.

Finally, in Fig. 6, the spatial distributions of the
current density components in the background plas-
ma are shown. One can see that, under the wake-
field action, the electrons in the background plasma
mainly oscillate in the radial direction.
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Fig. 6. Distributions of the radial (a) and longitudinal (b) components of the current density in the background plasma at 𝐵 = 0

Fig. 7. Distributions of the electron density in the bunch at
various stages of bunch flight through the system (𝐵 = 1 mT)

Fig. 8. Time dependence of the bunch deformation coefficient
𝜎 (𝐵 = 1 mT)

Hence, on the basis of simulation results, it is es-
tablished that the dynamics of the electron bunch
injected into plasma without the magnetic field is
determined by excited wakefields. The regions of fo-
cusing and defocusing in the longitudinal and ra-

dial directions alternate [19]. The time moments
that correspond to the maximum longitudinal and
transverse focusings do not coincide in the general
case. The electrons in the background plasma oscil-
late mainly in the radial direction under the wakefield
action.

5. Excitation of Wakefields
and the Dynamics of a Short Bunch
in Plasma in the Presence
of a Longitudinal Magnetic Field

Now, let us consider the influence of a longitudinal
magnetic field on the wakefield excitation by elec-
tron bunches and the inverse effect of those wake-
fields on the bunch dynamics. Figure 7 demonstrates
the spatial distributions of the electron density in
a bunch at various time moments, provided that a
longitudinal magnetic field is applied. A comparison
of this figure with Fig. 3 testifies that the magnetic
field, in general, suppresses the radial defocusing of
the bunch. The electrons are mainly concentrated in
the front half of the bunch. However, the total bunch
length becomes a little longer at that. A compari-
son of the time dependences obtained for the coeffi-
cient of bunch deformation in the presence (Fig. 8)
and absence (Fig. 4) of the magnetic field shows
that the latter suppresses the effect of radial focus-
ing (see a maximum at 𝑡 = 12 ns in Fig. 4) pro-
duced by the wakefield. Instead, there arises a more
pronounced maximum at 𝑡 = 37 ns (cf. the bunch
density distribution at 𝑡 = 41 ns in Fig. 7), which
can be associated with the magnetic focusing of the
bunch.
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The mechanism of this focusing is similar to the
suppression of the bunch swelling by a longitudinal
magnetic field. It is evident from Fig. 9, in which
the spatial distributions of the velocity components
for electrons in the bunch are depicted. The radial
motion of electrons (Fig. 9, b), which is stimulated
by the corresponding wakefield component, generates
an azimuthal component of the Lorentz force in the
longitudinal magnetic field. As a result, the electrons
acquire an azimuthal velocity, with electrons in the
middle part of the bunch and near the bunch edges
rotating in opposite directions (Fig. 9, c). In turn,
the azimuthal motion of electrons in the longitudinal
magnetic field generates a radial component of the
Lorentz force. Just the latter provides the radial fo-
cusing of those electrons that underwent the radial
defocusing in the absence of magnetic field. One may
expect that this focusing for the same bunch and,
hence, the corresponding maximum of the bunch de-
formation coefficient will periodically repeat.

The non-zero longitudinal magnetic field, non-zero
azimuthal velocity gradient, and formation of a cavity
at the bunch axis (Fig. 7) can give rise, in principle,
to the development of the diocotron instability and,
accordingly, can violate the axial symmetry of the
system. On the other hand, there is no cavity in the
bunch at the initial time moment. The cavity shape
considerably changes in time, which can prevent the
development of this instability. Unfortunately, the
2.5-dimensional code used by us in calculations is in-
herently based on the axial symmetry of the system,
so that it could not be used to study the probable
evolution of the diocotron instability.

In Fig. 10, the spatial distributions of wakefield
components excited in plasma with an applied lon-
gitudinal magnetic field are exhibited. A comparison
with Fig. 2 demonstrates that the magnetic focusing
of the bunch, which interferes its smearing, apprecia-
bly enlarges the region, where the bunch excites the
wakefield [17]. Moreover, the amplitude of the wake-
field electric field also increases a little. Note that the
radius of the region occupied by the longitudinal field
grows in the interval 𝑧 = 0.5÷0.8 m, whereas the field
intensity decreases here. In the interval 𝑧 = 0.8÷1 m,
the radius of this region decreases, whereas the field
intensity increases. Comparing these features with
Fig. 7, a conclusion can be drawn that they are in-
duced by the processes of bunch defocusing and, af-
terward, its radial focusing by the magnetic field.

Fig. 9. Distributions of the longitudinal (a), radial (b),
and azimuthal (c) velocity components of the bunch elec-
trons at various stages of the bunch flight through the system
(𝐵 = 1 mT)
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Fig. 10. Distributions of the radial (a) and longitudinal (b) electric field components for the external magnetic field 𝐵 = 1 mT

Fig. 11. Distributions of the radial (a) and longitudinal (b) current density components in the background plasma (𝐵 = 1 mT)

A comparison of Figs. 10 and 7 also shows that,
irrespective of whether the magnetic field is present or
not, the shape of the regions with a constant wakefield
phase reproduces the shape of the most concentrated
part in the electron bunch.

In Fig. 11, the spatial distributions of the current
density components in the background plasma, which
arise owing to the wakefield excitation, are exhib-
ited. A comparison with Fig. 6 shows that the impos-
ing of a longitudinal magnetic field results in that the
oscillations of plasma electrons become mainly lon-
gitudinal. At the same time, without the magnetic
field, the transverse electron oscillations dominate.

6. Conclusions

An external magnetic field directed along the axis
of the system suppresses the radial defocusing of an
electron bunch injected into plasma, but gives rise to
its elongation. Accordingly, in the time dependence

of the bunch deformation coefficient, there appears
a second maximum (and, probably later, next max-
ima) associated with the radial focusing of the bunch
in the magnetic field.

The mechanism of bunch focusing in the mag-
netic field is similar to the counteraction to the beam
swelling in vacuum with the help of a longitudinal
magnetic field. The radial motion of electrons in the
bunch directed away from the axis of the system is in-
duced by the corresponding wakefield component. In
the longitudinal magnetic field, it generates the az-
imuthal component of the Lorentz force and, accord-
ingly, the azimuthal component of the electron veloc-
ity. The azimuthal motion of electrons in a longitudi-
nal magnetic field generates the radial component of
the Lorentz force, which returns electrons to the axis
of the system.

The longitudinal magnetic field gives rise to a
broadening of the region, in which the bunch excites
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the wakefield. The specific features in the spatial dis-
tribution of the latter are determined by the dynamics
of the most concentrated bunch part.

The structure of currents in the background plasma
is governed by the wakefield. The longitudinal mag-
netic field gives rise to an appreciable growth of the
longitudinal current density component in compari-
son with the transverse one.
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ДИНАМIКА КОРОТКИХ ЕЛЕКТРОННИХ
ЗГУСТКIВ ТА ЗБУДЖЕНИХ НИМИ КIЛЬВАТЕРНИХ
ПОЛIВ У ПЛАЗМI ЗА ВIДСУТНОСТI
ТА ЗА НАЯВНОСТI ПОЗДОВЖНЬОГО
МАГНIТНОГО ПОЛЯ

Р е з ю м е

За допомогою комп’ютерного моделювання розглянуто
вплив поздовжнього магнiтного поля на збудження кiль-
ватерних полiв у плазмi первiсно цилiндричним електрон-
ним згустком, довжина якого дорiвнює довжинi кiльватер-
ної хвилi, й зворотний вплив збуджуваних полiв на динамi-
ку згустка. Показано, що таке магнiтне поле може зменши-
ти радiальне дефокусування згустка i збiльшити довжину
областi, в якiй збуджуються кiльватернi хвилi, i амплiтуду
цих хвиль.
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