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A quantum fermionic massless charged particle self-interacting with its own self-generated
bosonic electromagnetic field is reanalyzed in the framework of the Fock multitime and Feynman
proper time paradigms. The self-interaction phenomenon structure is studied within the method
based on a suitably renormalized quantum Fock space. The fermionic charged particle mass
spectrum is also discussed.
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1. Introduction

The elementary point charged particle (e.g., elec-
tron) mass problem inspired many physicists [43]
from the past such as J.J. Thompson, G.G. Stokes,
H.A. Lorentz, E. Mach, M. Abraham, P.A.M. Dirac,
G.A. Schott, J. Schwinger, and others. Nonetheless,
their studies have given no clear explanation of this
phenomenon, which stimulated new researchers to
tackle it from different approaches based on new ideas
stemming both from the classical Maxwell–Lorentz
electromagnetic theory, as in [19, 28, 29, 32, 33, 37, 38,
62, 66, 70], and modern quantum field theories of the
Yang–Mills and Higgs types, as in [3,39,40,78], whose
recent and extensive review appeared in [77].

In the present work, we mostly concentrate on the
detailed quantum and classical analyses of the self-in-
teracting shell model charged particle within the Fock
multitime approach [21, 31] and the Feynman proper
time paradigm [22, 23, 28, 29] subject to deriving the
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electromagnetic Maxwell equations and the related
expression for a Lorentz-like force within the vacuum
field theory approach devised in works [8, 10, 15–
18, 32–34]. Furthermore, we will explain and apply
the obtained results to treating the classical Lorentz–
Abraham [1,44,45,48–52,54,57,58,60,65,67,73,74,76,
79] electromagnetic mass origin problem. For the first
time, the proper time approach to classical electrody-
namics and quantum mechanics was apparently sug-
gested in 1937 by V. Fock in work [30], where, in par-
ticular, an alternative proper-time-based Lagrangian
description of a point charged particle in an exter-
nal electromagnetic field was constructed. A more de-
tailed motivation for using the proper-time approach
was later presented by R. Feynman in his lectures
[28]. Concerning the alternative and much later inves-
tigations of the a priori given quantum electromag-
netic Maxwell equations in the Fock space, we men-
tion the Gupta–Bleuer approach [11,14,36] and other
ones developed in [7, 25, 70]. As is well-known [7, 14],
the first approach contradicts one of the most im-
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portant field theoretical principles, namely, the pos-
itive definiteness of the quantum event probability,
and is strongly based on making the nonphysical use
of an indefinite metric on quantum states. The lat-
ter are completely non-relativistic and based on the
canonical quantization scheme [7, 71] in the case of
the Coulomb gauge condition. Inspired by these and
related classical results, we have shown that the quan-
tum mechanism of self-interaction of a charged parti-
cle with its self-generated electromagnetic field con-
sists of two physically different phenomena, whose
influence on the structure of the resulting Hamil-
ton interaction operator appears to be crucial and
gives rise [64] to a modified analysis of the related
classical shell model of a charged particle within the
Lagrangian formalism. As a result of our scrutiny of
studying the classical electromagnetic mass problem,
there was demonstrated that it can be satisfactorily
solved within the classical H. Lorentz and M. Abra-
ham arguments augmented with the additional elec-
tron stability condition, which was not taken before
into account yet and appeared to be very important
for balancing the related electromagnetic field and
mechanical electron momenta. Their importance, fol-
lowing the recent works [54, 65, 67] devoted to an-
alyzing the electron charged shell model, was real-
ized within the suggested pressure-energy compensa-
tion principle suitably applied to the ambient electro-
magnetic energy fluctuations and the self-generated
electrostatic Coulomb electron energy. In the case of
a point charged particle, the alternative relativis-
tic invariant approach to studying the radiation re-
action force was suggested earlier by C. Teitelboim
[74]. This approach was based on a formal relativis-
tic invariant splitting of the electromagnetic energy-
momentum tensor and on the derivation of the re-
lated suitably renormalized equations of motion of a
charged particle.

2. Quantum Origin
of the Charged Particle Self-Interaction

Consider a free relativistic quantum fermionic a pri-
ori massless particle field described [13, 14] by means
of the second-quantized self-adjoint Dirac–Weyl-type
Hamiltonian

𝐻𝑓 =

∫︁
R3

𝑑3𝑥𝜓+⟨𝑐𝛼, ~
𝑖
∇⟩𝜓, (1)

where 𝛼 ∈ E3 ⊗𝐸𝑛𝑑 𝑀4 denotes the standard Dirac
spin matrix vector representation in the Minkowski
space 𝑀4, 𝑐 ∈ R+ is the light velocity, ⟨·, ·⟩ denotes
the usual scalar product in the Euclidean space E3,
𝜓 : R3 → (𝐸𝑛𝑑 Φ)4, which is a spinor of the quan-
tum annihilation operators acting in a suitable Fock
space Φ endowed with the usual scalar product (·, ·),
and 𝜓+ : R3 → (𝐸𝑛𝑑 Φ)4 is the adjoint co-spinor of
creation operators in the Fock space Φ. The following
anticommuting [13, 14] operator relations

𝜓𝑗(𝑥)𝜓
+
𝑙 (𝑦) + 𝜓+

𝑙 (𝑦)𝜓𝑗(𝑥) = 𝛿𝑗𝑙𝛿(𝑥− 𝑦),

𝜓𝑗(𝑥)𝜓𝑙(𝑦) + 𝜓𝑙(𝑦)𝜓𝑗(𝑥) = 0,

𝜓+
𝑗 (𝑥)𝜓

+
𝑙 (𝑦) + 𝜓+

𝑙 (𝑦)𝜓
+
𝑗 (𝑥) = 0

(2)

hold for any 𝑥, 𝑦 ∈ R3 and 𝑗, 𝑙 ∈ 1, 4, which are com-
patible with the related Heisenberg operator dynam-
ics generated by the fermionic Hamiltonian operator
(1):
𝜕𝜓/𝜕𝑡 :=

𝑖

~
[𝐻𝑓 , 𝜓], 𝜕𝜓

+/𝜕𝑡 :=
𝑖

~
[𝐻𝑓 , 𝜓

+] (3)

with respect to its own laboratory reference frame 𝒦𝑡

parametrized by the evolution parameter 𝑡 ∈ R.
It is clear that Hamiltonian (1) possesses no infor-

mation on the important characteristics of the electric
charge 𝜉 ∈ R, which generates the own electromag-
netic field interacting both with it and with other
ambient charged particles. As is usually accepted, we
will model a free electromagnetic field by its bosonic
self-adjoint operator four-potential (𝜙,𝐴) : R3 →
→ Hom (Φ,Φ4), whose evolution is generated by the
self-adjoint Hamiltonian

𝐻𝑏 = 2

∫︁
R3

𝑑3𝑘|𝑘|2[⟨𝐴+(𝑘), 𝐴(𝑘)⟩ − 𝜙(𝑘)𝜙+(𝑘)] (4)

acting in the common Fock space Φ and represented
by means of the field operators expanded by the
Fourier transformation

𝜙(𝑥) :=
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝜙(𝑘) exp(𝑖⟨𝑘, 𝑥⟩)+

+
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝜙+(𝑘) exp(−𝑖⟨𝑘, 𝑥⟩),

𝐴(𝑥) :=
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝐴(𝑘) exp(𝑖⟨𝑘, 𝑥⟩)+

+
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝐴+(𝑘) exp(−𝑖⟨𝑘, 𝑥⟩).

(5)
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The coefficients of expansions (5) satisfy the following
[14, 21, 31] commutation operator relations:

[𝜙(𝑘), 𝜙+(𝑠)] = − 𝑐~
2|𝑘|

𝛿(𝑘 − 𝑠),

[𝜙(𝑘), 𝐴𝑗(𝑠)] = 0,

[𝜙(𝑘), 𝜙(𝑠)] = 0 = [𝜙+(𝑘), 𝜙+(𝑠)],

[𝐴𝑗(𝑘), 𝐴
+
𝑙 (𝑠)] =

𝑐~
2|𝑘|

𝛿𝑗𝑙𝛿(𝑘 − 𝑠),

[𝐴𝑗(𝑘), 𝐴𝑙(𝑠)] = 0 = [𝐴+
𝑗 (𝑘), 𝐴

+
𝑙 (𝑠)]

(6)

for all 𝑘, 𝑠 ∈ E3 and 𝑗, 𝑙 ∈ 1, 3, compatible with the
related Heisenberg operator dynamics [14] generated
by the electromagnetic field Hamiltonian (4):

𝜕𝐴

𝜕𝑡
:=

𝑖

~
[𝐻𝑏, 𝐴],

𝜕𝜙

𝜕𝑡
:=

𝑖

~
[𝐻𝑏, 𝜙] (7)

with respect to its own laboratory reference frame 𝒦𝑡

parametrized by the temporal parameter 𝑡 ∈ R. In
particular, based on the commutation relations (6),
one can verify that the electric field

𝐸 := −∇𝜙− 1

𝑐

𝜕𝐴

𝜕𝑡
(8)

and the magnetic field

𝐵 := ∇×𝐴 (9)

satisfy the operator Maxwell equations in vacuum,
and the following weak Lorentz-type constraints

𝐶0(𝑘)Φ := 𝑖[⟨𝑘,𝐴(𝑘)⟩ − |𝑘|𝜙(𝑘)]Φ = 0,

𝐶+
0 (𝑘)Φ := −𝑖[⟨𝑘,𝐴+(𝑘)⟩ − |𝑘|𝜙+(𝑘)]Φ = 0

(10)

hold in the Fock space Φ for all 𝑘 ∈ E3. Since the
operators 𝐶0(𝑘) : Φ → Φ and 𝐶+

0 (𝑘) : Φ → Φ and
the Hamiltonian (4) are mutually commuting for all
𝑘 ∈ E3, i.e.,

[𝐶0(𝑘), 𝐶0(𝑙)] = 0 = [𝐶0(𝑘), 𝐶
+
0 (𝑙)],

[𝐶0(𝑘), 𝐻𝑏] = 0 = [𝐶+
0 (𝑘), 𝐻𝑏]

(11)

for any 𝑘, 𝑙 ∈ E3, constraints (10) are compatible with
the evolution operator equations (7). Moreover, con-
cerning the Hamiltonian operator (4), whose equiva-
lent operator expression is

𝐻𝑏 =
1

2

∫︁
R3

(|𝐸|2 + |𝐵|2), (12)

one has the following result.

The Hamiltonian operator (4) on the Fock subspace
Φ reduced by means of constraints (10) is Hermitian
and non-negative definite.

Indeed, by defining the operator

𝐵(𝑘) := 𝐴(𝑘)− 𝑘

|𝑘|2
⟨𝑘,𝐴(𝑘)⟩, (13)

the Hamiltonian operator (4) can be rewritten as

𝐻𝑏 = 2

∫︁
R3

𝑑3𝑘|𝑘|2
{︂⟨

𝑘

|𝑘|
×𝐵+(𝑘),

𝑘

|𝑘|
×𝐵(𝑘)

⟩
+

+
𝑖

|𝑘|
𝜙(𝑘)𝐶+

0 (𝑘) +
1

|𝑘|2
[ 𝐶+

0 (𝑘)− 𝑖|𝑘|𝜙+(𝑘)]𝐶0(𝑘)

}︂
.

(14)

The latter, owing to the weak Lorentz-type const-
raints (10), gives rise to the inequality

(𝑓,𝐻𝑏𝑓) = 2

∫︁
R3

𝑑3𝑘|𝑘|2
(︂⟨

𝑘

|𝑘|
×𝐵(𝑘)𝑓,

𝑘

|𝑘|
×𝐵(𝑘)𝑓

⟩)︂
=

= 2

∫︁
R3

𝑑3𝑘||𝑘×𝐵(𝑘)𝑓 ||2 ≥ 0 (15)

for any vector 𝑓 ∈ Φ, proving the proposition.
The Hamiltonian operator expression (4) easily fol-

lows [13, 14, 31] from the well-known relativistic in-
variant classical Fock–Podolsky electromagnetic La-
grangian

ℒ𝑏 :=
1

2

∫︁
R3

𝑑3𝑥

[︂⟨
∇𝜙+

1

𝑐

𝜕𝐴

𝜕𝑡
,∇𝜙+

1

𝑐

𝜕𝐴

𝜕𝑡

⟩
−

−⟨∇×𝐴,∇×𝐴⟩ −
(︂
1

𝑐

𝜕𝜙

𝜕𝑡
+ ⟨∇, 𝐴⟩

)︂2]︂
. (16)

Based on the Euler–Lagrange equations correspond-
ing to (16), one finds

1

𝑐2
𝜕2𝐴

𝜕𝑡2
−Δ𝐴 = 0,

1

𝑐2
𝜕2𝜙

𝜕𝑡2
−Δ𝜙 = 0, (17)

whose wave solutions allow one to determine the elec-
tromagnetic fields (8) and (9) and to verify that the
related Maxwell field equations in vacuum are satis-
fied, if the Lorentz condition

𝐶0(𝑡, 𝑥) :=
1

𝑐

𝜕𝜙

𝜕𝑡
+ ⟨∇, 𝐴⟩ = 0 (18)

holds for all (𝑡, 𝑥) ∈ 𝑀4. Moreover, from the La-
grangian expression (16), one easily obtains, by
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means of the corresponding Legendre transformation
[2, 4, 14], the Hamiltonian operator

𝐻𝑏 =
1

2

∫︁
R3

𝑑3𝑥(|𝐸|2 + |𝐵|2 − 𝐶2
0 )+

+

∫︁
R3

𝑑3𝑥(⟨∇, 𝐴⟩2 − ⟨∇𝜙,∇𝜙⟩), (19)

which is equivalent in the Fock space Φ, modulo so-
lutions (5) of the wave equations (17), to the above-
written operator expression (4).

Taking the operator equations (7) into account, one
easily obtains that

𝐶0(𝑘) = 𝑖[⟨𝑘,𝐴(𝑘)⟩ − |𝑘|𝜙(𝑘)] ̸= 0,

𝐶+
0 (𝑘) = −𝑖[⟨𝑘,𝐴+(𝑘)⟩ − |𝑘|𝜙+(𝑘)] ̸= 0,

(20)

contradicting the above-imposed Lorentz constraint
(18). Since the latter should vanish in the Fock space,
it was suggested in [21] to reduce the Fock space Φ to
a subspace, on which only the weak Lorentz-type op-
erator constraints (10) are satisfied. Concerning these
constraints imposed on the Fock space Φ, it is neces-
sary to mention that the corresponding vacuum vec-
tor |0⟩ ∈ Φ does not, evidently, annihilate the oper-
ators 𝜙(𝑘) : Φ → Φ and 𝐴+(𝑘) : Φ → Φ3, as they
do not form the pairs commuting with the operators
𝐶+

0 (𝑘) and 𝐶0(𝑘), respectively.

3. The Transformed Fock
Space, Its Lorentz-Type Reduction
and the Quantum Maxwell Equations

Since we are interested in describing the self-
interaction of the fermionic quantum particle field
𝜓 : Φ → Φ4 with the field of related self-generated
bosonic electromagnetic potentials (𝜙,𝐴) : Φ → Φ4,
we need, within the Fock multitime approach [21,31],
to consider firstly the fermionic particle and bosonic
electromagnetic fields in the common reference frame
𝒦𝑡 specified by the temporal parameter 𝑡 ∈ R. Se-
cond, we need to use the classical “minimum interac-
tion” principle [9, 17], (whose sketched backgrounds
are presented in Supplement 5) and to apply it to the
Hamiltonian operator expression (1):

𝐻
(int)
𝑓 =

∫︁
R3

𝑑3𝑥𝜓+

⟨
𝑐𝛼,

~
𝑖
∇
⟩
𝜓+

+

∫︁
R3

𝑑3𝑥(𝜉𝜓+𝜓𝜙− 𝜉𝜓+⟨𝑐𝛼,𝐴⟩𝜓), (21)

in which the fermionic 𝜓 : Φ → Φ4 and bosonic
(𝜙,𝐴) : Φ → Φ4 operators are commuting a pri-
ori to each other as quantum fields of different na-
ture. Since the whole quantum-field system consists
of the fermionic particle and bosonic self-generated
electromagnetic fields, its evolution is described by
means of the joint Hamiltonian operator

𝐻𝑓−𝑏 := 𝐻
(int)
𝑓 +𝐻𝑏 (22)

via the Heisenberg equations

𝜕𝜓

𝜕𝑡
:=

𝑖

~
[𝐻𝑓−𝑏, 𝜓],

𝜕𝜓+

𝜕𝑡
:=

𝑖

~
[𝐻𝑓−𝑏, 𝜓

+],

𝜕𝐴

𝜕𝑡
:=

𝑖

~
[𝐻𝑓−𝑏, 𝐴],

𝜕𝜙

𝜕𝑡
:=

𝑖

~
[𝐻𝑓−𝑏, 𝜙]

(23)

with respect to the common temporal parameter 𝑡 ∈
∈ R. In this case, it is assumed that the corresponding
temporal parameters 𝑡 ∈ R and 𝑡 ∈ R coincide, that is
𝑡 = 𝑡 = 𝑡 ∈ R and, by definition, the operator spinor
𝜓(𝑡, 𝑥) := 𝜓(𝑡, 𝑡)|𝑡=𝑡=𝑡. Simultaneously, the before-
derived electromagnetic field evolution equations (7)
with respect to the own reference frame 𝒦𝑡 and the
modified fermionic charged particle field equations

𝜕𝜓

𝜕𝑡
:=

𝑖

~
[𝐻

(int)
𝑓 , 𝜓],

𝜕𝜓+

𝜕𝑡
:=

𝑖

~
[𝐻

(int)
𝑓 , 𝜓+] (24)

with respect to the own reference frame 𝒦𝑡 should be,
evidently, satisfied.

Being mostly interested in the evolution of the
quantum particle fermionic field 𝜓 : Φ → Φ, we can
get rid of the bosonic Hamiltonian impact into (24),
having applied the unitary canonical transformation

Φ → Φ̃ := 𝑈(𝑡) Φ (25)

to the Fock space Φ. Here, we denoted, by 𝑈(𝑡) : Φ →
→ Φ, the unitary operator satisfying the determining
equation

𝑑𝑈(𝑡)/𝑑𝑡 =
𝑖

~
𝐻𝑏𝑈(𝑡) (26)

subject to the bosonic Hamiltonian operator (4) and
the temporal parameter 𝑡 ∈ R. As a consequence of
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transformation (25), we obtain the effective fermionic
particle field interaction Hamiltonian operator

�̃�
(int)
𝑓 := 𝑈(𝑡)𝐻

(int)
𝑓 𝑈*(𝑡) =

∫︁
R3

𝑑3𝑥𝜓+⟨𝑐𝛼, ~
𝑖
∇⟩𝜓+

+

∫︁
R3

𝑑3𝑥(𝜉𝜓+𝜓𝜙− 𝜉𝜓+⟨𝑐𝛼,𝐴⟩𝜓), (27)

where, by definition,

𝐴 := 𝑈(𝑡)𝐴𝑈*(𝑡), 𝜙 := 𝑈(𝑡)𝜙𝑈*(𝑡)], (28)

subject to which the evolution in the transformed
Fock space Φ̃, that is induced by the Hamiltonian
operator (4)

�̃�𝑏 := 𝑈(𝑡)𝐻𝑏𝑈
*(𝑡) =

= 2

∫︁
R3

𝑑3𝑘|𝑘|2[⟨𝐴+(𝑘), 𝐴(𝑙)⟩ − 𝜙(𝑘)𝜙+(𝑘)], (29)

became completely eliminated. Concerning the Ha-
miltonian operator (29), we mention that the
related commutation relations for the operators
(𝜙(𝑘), 𝐴(𝑘)) : Φ̃ → Φ̃4 and (𝜙+(𝑘), 𝐴+(𝑘)) : Φ̃ → Φ̃4

remain the same as (6), i.e.,

[𝜙(𝑘), 𝜙+(𝑠)] = − 𝑐~
2|𝑘|

𝛿(𝑘 − 𝑠), [𝜙(𝑘), 𝐴𝑗(𝑠)] = 0,

[𝐴𝑗(𝑘), 𝐴
+
𝑙 (𝑠)] =

𝑐~
2|𝑘|

𝛿𝑗𝑙𝛿(𝑘 − 𝑠),

[𝜙(𝑘), 𝜙(𝑠)] = 0 = [𝜙+(𝑘), 𝜙+(𝑠)],

[𝐴𝑗(𝑘), 𝐴𝑙(𝑠)] = 0 = [𝐴+
𝑗 (𝑘), 𝐴

+
𝑙 (𝑠)],

(30)

for all 𝑘, 𝑠 ∈ E3 and 𝑗, 𝑙 ∈ 1, 3.
Now, concerning the Hamiltonian operators (27)

and (29), the following Heisenberg evolutions equa-
tions

𝜕𝜓

𝜕𝑡
:=

𝑖

~
[�̃�

(int)
𝑓 , 𝜓],

𝜕𝜓+

𝜕𝑡
:=

𝑖

~
[�̃�

(int)
𝑓 , 𝜓+] (31)

with respect to the own reference frame 𝒦𝑡 and the
Heisenberg evolution equations

𝜕𝜙

𝜕𝑡
:=

𝑖

~
[�̃�𝑏 𝜙],

𝜕𝐴

𝜕𝑡
:=

𝑖

~
[�̃�𝑏, 𝐴] (32)

with respect to the own reference frame 𝒦𝑡 hold.
Being further interested in the evolution equations

(23) suitably rewritten in the transformed Fock space
Φ̃ with respect to the common temporal parameter
𝑡 ∈ R, we need to account [31] for that the functional
relations

𝜓(𝑡) := 𝜓(𝑡, 𝑡)|𝑡=𝑡=𝑡, 𝐴(𝑡) := 𝐴(𝑡, 𝑡)|𝑡=𝑡=𝑡 (33)

hold. In particular, relations (33) yield the evolution
expressions

𝜕𝜓(𝑡)/𝜕𝑡 = 𝜕𝜓(𝑡, 𝑡)/𝜕𝑡|𝑡=𝑡=𝑡 + 𝜕𝜓(𝑡, 𝑡)/𝜕𝑡|𝑡=𝑡=𝑡,

𝜕𝐴(𝑡)/𝜕𝑡 = 𝜕𝐴(𝑡, 𝑡)/𝜕𝑡|𝑡=𝑡=𝑡 + 𝜕𝐴(𝑡, 𝑡)/𝜕𝑡|𝑡=𝑡=𝑡

(34)

for all 𝑡 ∈ R. The latter will be useful, when deriv-
ing the resulting quantum Maxwell electromagnetic
equations.

Before doing this, we need to consider that the
weak operator Lorentz constraints (10) rewritten in
the transformed Fock space Φ̃ are compatible with
the evolution equations (32):

[𝐶0(𝑘), �̃�𝑏] = 0 = [𝐶+
0 (𝑘), �̃�𝑏]. (35)

However, they fail to be compatible with the evolu-
tion equations (31), i.e.,

[𝐶0(𝑘), �̃�
(int)
𝑓 ] ̸= 0 ̸= [𝐶+

0 (𝑘), �̃�
(int)
𝑓 ].

This means that we can not impose the constraints

𝐶0(𝑘)Φ̃ := 𝑖(⟨𝑘,𝐴(𝑘)⟩ − |𝑘|𝜙(𝑘))Φ̃ ̸= 0,

𝐶+
0 (𝑘)Φ̃ := −𝑖(⟨𝑘,𝐴+(𝑘)⟩ − |𝑘|𝜙+(𝑘))Φ̃ ̸= 0

(36)

invariantly for all 𝑘 ∈ E3 on the transformed Fock
space Φ̃. Notwithstanding, it is easy enough to verify
that the slightly perturbed operators

𝐶(𝑘) := 𝐶0(𝑘) +
𝑖𝜉 exp(−𝑖𝑐|𝑘|𝑡)
2|𝑘|(2𝜋)3/2

×

×
∫︁
R3

exp(−𝑖⟨𝑘, 𝑦⟩)𝜓+(𝑦)𝜓(𝑦)𝑑3𝑦,

𝐶+(𝑘) := 𝐶+
0 (𝑘)− 𝑖𝜉 exp(𝑖𝑐|𝑘|𝑡)

2|𝑘|(2𝜋)3/2
×

×
∫︁
R3

exp(𝑖⟨𝑘, 𝑦⟩)𝜓+(𝑦)𝜓(𝑦)𝑑3𝑦,

(37)
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are mutually commuting with one another and with
the Hamiltonian operators (27) and (29):

[𝐶(𝑘), 𝐶(𝑠)] = 0 = [𝐶+(𝑘), 𝐶(𝑠)]

[𝐶(𝑘), �̃�
(int)
𝑓 ] = 0 = [𝐶+(𝑘), �̃�

(int)
𝑓 ],

[𝐶(𝑘), �̃�𝑏] = 0 = [𝐶+(𝑘), �̃�𝑏]

(38)

for all 𝑘, 𝑠 ∈ E3. Thus, the related evolution flows (31)
and (32) in the transformed Fock space Φ̃ should be
considered under the modified constraints

𝐶(𝑘)Φ̃ = 0 = 𝐶+(𝑘)Φ̃ (39)

for all 𝑘 ∈ E3. With regard for the exact expressions
(37), constraints (39) can be equivalently rewritten
as

𝐶(𝑡; 𝑡, 𝑥)Φ̃ = 0, (40)

where, for all 𝑥 ∈ R and the corresponding temporal
parameters 𝑡 and 𝑡 ∈ R,

𝐶(𝑡; 𝑡, 𝑥) :=
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝐶(𝑘) exp(𝑖⟨𝑘, 𝑥⟩ − 𝑖|𝑘|𝑡)+

+
1

(2𝜋)3/2

∫︁
R3

𝑑3𝑘𝐶+(𝑘) exp(−𝑖⟨𝑘, 𝑥⟩+ 𝑖|𝑘|𝑡) =

=⟨∇, 𝐴⟩+1

𝑐

𝜕𝜙

𝜕𝑡
− 𝜉

2𝜋

∫︁
R3

𝑑3𝑦Θ(𝑐(𝑡−̃𝑡), |𝑥−𝑦|)𝜓+(𝑦)𝜓(𝑦).

(41)

Here, we put, by definition, the relativistic general-
ized function

Θ(𝑐(𝑡− 𝑡), |𝑥− 𝑦|) :=

=
𝛿(|𝑥− 𝑦|+ 𝑐(𝑡− 𝑡))− 𝛿(|𝑥− 𝑦| − 𝑐(𝑡− 𝑡))

2|𝑥− 𝑦|
(42)

dual to the well-known generalized solution [13, 75]

𝛿(|𝑥− 𝑦|2 − 𝑐2(𝑡− 𝑡)2) =

=
𝛿(|𝑥− 𝑦|+ 𝑐(𝑡− 𝑡)) + 𝛿(|𝑥− 𝑦| − 𝑐(𝑡− 𝑡))

2|𝑥− 𝑦|

to the relativistic wave equation.
It is worth to mention that the above-defined op-

erator 𝐶(𝑡) : Φ̃ → Φ̃ depending parametrically on

the bosonic temporal parameter 𝑡 ∈ R satisfies the
relativistic wave equation

1

𝑐2
𝜕2𝐶

𝜕𝑡2
−Δ𝐶 = 0, (43)

what can be easily verified, if we use the wave equa-
tions (17) rewritten in the Fock space:

1

𝑐2
𝜕2𝐴

𝜕𝑡2
−Δ𝐴 = 0,

1

𝑐2
𝜕2𝜙

𝜕𝑡2
−Δ𝜙 = 0. (44)

Moreover, as can be shown by means of direct calcula-
tions, the transformed bosonic Hamiltonian operator
(29) on the Fock space Φ̃ reduced via the modified
Lorentz-type constraints (40) persists to be, as be-
fore, non-negative definite.

Now, we can proceed to deriving the quantum
Maxwell equations, by starting from the operator
equations (44) and definitions (8) and (9) of the elec-
tromagnetic fields suitably transformed to the Fock
space Φ̃:(︃
∇× �̃� − 1

𝑐

𝜕�̃�

𝜕𝑡

)︃
Φ̃ =

=
𝜉

2𝜋
∇
∫︁
R3

𝑑3𝑦Θ(𝑐(𝑡− 𝑡), |𝑥− 𝑦|)𝜓+(𝑦)𝜓(𝑦)Φ̃ (45)

and

⟨∇, �̃�⟩Φ̃ =

= − 𝜉

2𝜋

𝜕

𝜕𝑡

∫︁
R3

𝑑3𝑦Θ(𝑐(𝑡−𝑡), |𝑥−𝑦|)𝜓+(𝑦)𝜓(𝑦)Φ̃, (46)

which are considered in the weak operator sense. In
view of relations (32) and (34), we can obtain the
following strong operator relations for the electrical
and magnetic fields:

�̃� = −1

𝑐

𝜕𝐴

𝜕𝑡
−∇𝜙 = −1

𝑐

𝜕𝐴

𝜕𝑡
−∇𝜙, �̃� = ∇×𝐴 (47)

with respect to the common reference frame 𝒦𝑡. Sim-
ilarly, one can easily calculate the weak operator re-
lation(︂
1

𝑐

𝜕𝜙

𝜕𝑡
+ ⟨∇, 𝐴⟩

)︂
Φ̃ = 0, (48)

which holds for the common temporal parameter
𝑡 ∈ R.
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Now, we will calculate the weak Maxwell-type op-
erator relations (45) and (46) with respect to the com-
mon reference frame 𝒦𝑡:(︃
∇× �̃� − 1

𝑐

𝜕�̃�

𝜕𝑡

)︃
|𝑡=𝑡=𝑡Φ̃ =

𝜉

2𝜋
∇×

×
∫︁
R3

𝑑3𝑦Θ(𝑐(𝑡−𝑡), |𝑥−𝑦|)𝜓+(𝑦)𝜓(𝑦)|𝑡=𝑡=𝑡Φ̃ = 0 (49)

and
⟨∇, �̃�⟩Φ̃ = − 𝜉

2𝜋

𝜕

𝜕𝑡
×

×
∫︁
R3

𝑑3𝑦Θ(𝑐(𝑡− 𝑡), |𝑥− 𝑦|)𝜓+(𝑦)𝜓(𝑦)|𝑡=𝑡=𝑡Φ̃ =

= 𝜉𝜓+ 𝜓Φ̃, (50)

where we used the known [14, 75] generalized func-
tional relation

1

𝑐

𝜕

𝜕𝑠
Θ(𝑐𝑠, |𝑧|)|𝑠=0 = −2𝜋𝛿(𝑧) (51)

for all 𝑧 ∈ R3. To calculate expression (49), we use
the strong operator relations (34) and find that

𝜕�̃�

𝜕𝑡
|𝑡=𝑡=𝑡 =

𝜕�̃�

𝜕𝑡
− 𝜕�̃�

𝜕𝑡
|𝑡=𝑡=𝑡 =

=
𝜕�̃�

𝜕𝑡
− 𝑖

~
[�̃�

(int)
𝑓 , �̃�] =

𝜕�̃�

𝜕𝑡
+ 𝜉𝜓+ 𝛼𝜓. (52)

Thus, relations (52) and (49) yield(︃
∇× �̃� − 1

𝑐

𝜕�̃�

𝜕𝑡

)︃
Φ̃ = 𝜉𝜓+𝛼𝜓Φ̃ (53)

with respect to the common reference frame 𝒦𝑡. The
combined weak operator relations (50) and (53),(︃
∇× �̃� − 1

𝑐

𝜕�̃�

𝜕𝑡

)︃
Φ̃ = 𝜉𝜓+ 𝛼𝜓Φ̃,

⟨∇, �̃�⟩Φ̃ = 𝜉𝜓+ 𝜓Φ̃

(54)

in the Fock space Φ̃ reduced by the weak constraint
(48) jointly with the evident strong operator relations

∇× �̃� +
1

𝑐

𝜕�̃�

𝜕𝑡
= 0,∇× �̃� = 0 (55)

compile the complete system of quantum Maxwell
equations with respect to the common reference
frame 𝒦𝑡.

Really, from the Heisenberg evolution equations
(31), one easily obtains the strong operator charge
conservative flow relation
𝜕

𝜕𝑡
(𝜉𝜓+ 𝜓) + ⟨∇, 𝜉𝜓+ 𝑐𝛼𝜓⟩ = 0, (56)

in which the quantity

𝜌 := 𝜉𝜓+ 𝜓 (57)

is interpreted as the operator charge density, and the
quantity

𝐽 := 𝜉𝜓+ 𝑐𝛼𝜓 (58)

is naturally interpreted as the operator current den-
sity in the space R3. From whence, the weak operator
equations (54) can be rewritten, in view of definitions
(57) and (58), as a weak form of the standard Maxwell
equations:(︃
∇× �̃� − 1

𝑐

𝜕�̃�

𝜕𝑡
⟩

)︃
Φ̃ =

𝐽

𝑐
Φ̃, ⟨∇, �̃�⟩Φ̃ = 𝜌Φ̃ (59)

under constraint (48) imposed on the Fock space Φ̃.
Moreover, based on the weak operator Maxwell equa-
tions (59) and the Lorentz constraint (48), one can
derive easily the following weak operator linear wave
equations:(︂
1

𝑐2
𝜕2𝜙

𝜕𝑡2
−Δ𝜙

)︂
Φ̃ = 𝜌Φ̃,

(︃
1

𝑐2
𝜕2𝐴

𝜕𝑡2
−Δ𝐴

)︃
Φ̃ =

𝐽

𝑐
Φ̃

(60)

in respect to the common laboratory reference frame
𝒦𝑡, which allows us to calculate the causal quantum
bosonic potentials (𝜙𝜉, 𝐴𝜉), Φ̃ → Φ̃4, induced by the
charged fermionic field in the analytical form:

𝜙𝜉 =
1

4𝜋

∫︁
R3

𝜌(𝑡′, 𝑦)𝑑3𝑦

|𝑥− 𝑦|
, 𝐴𝜉 =

1

4𝜋𝑐

∫︁
R3

𝐽(𝑡′, 𝑦)𝑑3𝑦

|𝑥− 𝑦|
,

(61)

where the “retarded” temporal parameter 𝑡′ := 𝑡−|𝑥−
− 𝑦|/𝑐 ∈ R, making Eqs. (60) exactly satisfied mod-
ulo by the solutions to their uniform forms. Moreover,
owing to (56), expressions (61) satisfy exactly the
strong operator Lorentz constraint

1

𝑐

𝜕𝜙𝜉

𝜕𝑡
+ ⟨∇, 𝐴𝜉⟩ = 0 (62)
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with respect to the laboratory reference frame 𝒦𝑡.
From the analysis of the quantum fermionic field

model of a charged particle interacting with the self-
generated quantum bosonic electromagnetic field, we
can infer the following important consequences:

1. The physical effective evolution of the fermionic-
bosonic system with respect to the common reference
frame 𝒦𝑡 is governed by the reduced fermionic Hamil-
tonian operator (27) acting on the canonically trans-
formed Fock space Φ̃ reduced by means of the weak
Lorentz-type operator constraint (48);

2. The compatibility of evolutions of the quantum
fermionic and bosonic fields with respect to the com-
mon temporal reference frame 𝒦𝑡 entails the recipro-
cal influence of the fermionic field on the bosonic one
and vice versa, being clearly demonstrated both by
the operator equations (60) for weak field potentials
and the Lorentz-type weak constraint (48) imposed
on the Fock space Φ̃;

3. As for the basic self-interacting fermionic-boso-
nic system described by the joint Hamiltonian oper-
ator (22) in the transformed Fock space Φ̃, we can
claim that the bosonic electromagnetic impact into
the quantum charged particle dynamics is decisive,
since, owing to it, the fermionic system can realize
its charge interaction property through the physi-
cal vacuum deformation caused by a related defor-
mation of the weak Lorentz-type operator constraint
(40) and resulting into the weak operator potential
equations (61).

As was shown in [64], the consequences formulated
above subject to the quantum fermionic-bosonic self-
interacting phenomenon appear to be very important
from the classical point of view, especially for the
physical comprehension of the inertial properties of a
charged particle under the action of the self-generated
electromagnetic field.

4. Classical Reduction
of the Quantum Charged Particle
and Electromagnetic Field Evolutions

Let us consider the vector position operator �̂� : Φ̃ →
→ Φ̃3 and its weak evolution in the reduced Fock
space Φ̃ with respect to the complete suitably re-
normalized charged particle Hamiltonian operator
(27). Taking into account that the Hamiltonian op-

erator �̃�(int)
𝑓 : Φ̃ → Φ̃ can be represented as

�̃�
(int)
𝑓 =

∫︁
R3

𝑑3𝑥𝜓+⟨𝑐𝛼, 𝑝𝑥⟩𝜓+

+

∫︁
R3

𝑑3𝑥(𝜉𝜓+𝜓𝜙𝜉 − 𝜉𝜓+⟨𝑐𝛼,𝐴𝜉⟩𝜓), (63)

within which the operators (𝜙𝜉, 𝐴𝜉) : Φ̃ → Φ̃3 are
given by the nonlocal integral expressions (61), and
𝑝𝑥 : Φ̃ → Φ̃3 is the locally defined charged particle
𝜉 momentum operator 𝑝𝑥 := ~

𝑖∇𝑥 canonically conju-
gated [7] to the position operator �̂� : Φ̃ → Φ̃3, i.e.,

[𝑝𝑦, �̂�] =
~
𝑖
𝛿(𝑥− 𝑦) (64)

for any 𝑥, 𝑦 ∈ R3. This means, in particular, that the
position operator �̂� : Φ̃ → Φ̃3 is a priori given in
the diagonal representation: �̂�𝑓 := 𝑥𝑓 for any vector
𝑓 ∈ Φ̃.

As a result of the simple calculation, we get the
expression

𝑑�̂�/𝑑𝑡 = 𝜓+𝑐𝛼𝜓, (65)

which can be used to obtain the classical charged par-
ticle 𝜉 velocity 𝑢(𝑡, 𝑥) ∈ 𝑇 (R3)

𝑢(𝑡, 𝑥) := (Ω, 𝑑�̂�/𝑑𝑡Ω) = (Ω, 𝜓+𝑐𝛼𝜓Ω), (66)

where the vector Ω ∈ Φ̃ is the ground state of the
Hamiltonian operator (63) acting in the Lorentz-type
Fock space Φ̃ reduced and suitably renormalized [7,
13,14,70]. Substituting (65) and (57) into the Hamil-
tonian expression (63), we obtain the expression

�̃�
(int)
𝑓 =

∫︁
R3

𝑑3𝑥 ⟨𝑑�̂�/𝑑𝑡, 𝑝𝑥⟩+

+

∫︁
R3

𝑑3𝑥

(︂
𝜌𝜙𝜉 −

⟨
1

𝑐
𝐽,𝐴𝜉

⟩)︂
, (67)

whose classical counterpart looks as

�̄�
(int)
𝑓 =

∫︁
R3

𝑑3𝑥

(︂
𝜌𝜙𝜉 −

⟨
1

𝑐
𝐽,𝐴𝜉

⟩)︂
, (68)

within which we took the previously assumed quan-
tum massless charged particle 𝜉 fermionic field into
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account. Expression (68) jointly with the renormal-
ized bosonic field Hamiltonian (12) gives rise to the
complete classical Hamiltonian function

�̄�
(int)
𝑓−𝑏 =

∫︁
R3

𝑑3𝑥

[︂
1

2
(|�̃�|2 + |�̃�|2) + 𝜌𝜙𝜉 −

⟨
1

𝑐
𝐽,𝐴𝜉

⟩]︂
(69)

governing the temporal evolution of the charged
particle 𝜉 and the electromagnetic field with re-
spect to the laboratory reference frame 𝒦𝑡. The
above-obtained Hamiltonian function and its corre-
sponding Lagrangian form (16) have been effectively
used before in [64] to describe the classical self-
interacting charged particle dynamics and its inertial
properties.

Being experienced with the analysis of a self-
interacting charged quantum particle fermionic field
with the self-generated quantum bosonic electromag-
netic field, we understand well that the influence
of the electromagnetic field on the charged parti-
cle should be considered as crucial, strongly modi-
fying the related fermionic Hamiltonian operator de-
scribing the charged particle dynamics. Since the si-
multaneously modified bosonic electromagnetic oper-
ator depends, owing to the self-interaction, on the
charge and current particle field densities, the joint
impact on the charged particle dynamics can be ef-
ficiently classically modeled by means of its iner-
tial mass parameter. In the quantum operator case,
the physical charged particle mass parameter 𝑚ph ∈
R+ can be naturally defined by means of the least
eigenvalue of the quantum renormalized Hamilto-
nian (22),

𝑚ph := 𝑐−2 inf
𝑓∈Φ̃,||𝑓 ||=1

(𝑓, �̃�
(int)
𝑓−𝑏 𝑓),

�̃�
(int)
𝑓−𝑏 := �̃�

(int)
𝑓 + �̃�𝑏,

(70)

acting in the Fock space Φ̃ suitably transformed and
reduced by means of the operator Lorentz-type con-
straint (48) with respect to the common reference
frame 𝒦𝑡. The very complicated quantum spectral
problem (70) was recently analyzed in [64] from the
classical point of view in detail. A thorough ana-
lytical study of the mass expression (70) is under
elaboration.

5. Conclusion

Within the framework of the Fock multi-time pa-
rameter approach and the Feynman proper-time
paradigm, a quantum relativistic fermionic massless
charged particle self-interacting with the self-genera-
ted bosonic electromagnetic field was reanalyzed. The
self-interaction Fock space phenomenon structure was
discussed in detail. We have shown that the quan-
tum mechanism of self-interaction of a charged parti-
cle with its self-generated electromagnetic field con-
sists of two physically different phenomena. Their in-
fluence on the structure of the resulting Hamilton in-
teraction operator appeared to be crucial for deter-
mining the related charged particle mass spectrum.
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SUPPLEMENT:
“Minimum” Interaction Principle
and Its Geometric Backgrounds

In this Supplement, we will sketch the analytical backgrounds
of the “minimum” interaction principle widely used in modern
theoretical and mathematical physics. For the description of a
moving point charged particle under an external electromag-
netic field, we will use the geometric approach [2]. Namely, let
a trivial fiber bundle structure 𝜋 : ℳ → R3,ℳ = R3×𝐺, with
the Abelian structure group 𝐺 := R∖{0} equivariantly act on
the canonically symplectic coadjoint space 𝑇 *(ℳ). The latter
possesses the canonical symplectic structure

𝜔(2)(𝑝, 𝑧;𝑥, 𝑔) := 𝑑(𝑝𝑟*)*𝛼(1)(𝑥, 𝑔) = ⟨𝑑𝑝,∧𝑑𝑥⟩+

+ ⟨𝑑𝑧,∧𝑔−1𝑑𝑔⟩𝒢 + ⟨𝑧𝑑𝑔−1,∧𝑑𝑔⟩𝒢 (71)
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for all (𝑝, 𝑧;𝑥, 𝑔) ∈ 𝑇 *(ℳ), where 𝛼(1)(𝑥, 𝑔) := ⟨𝑝, 𝑑𝑥⟩+

+ ⟨𝑧, 𝑔−1𝑑𝑔⟩𝒢 ∈ 𝑇 *(ℳ) is the corresponding Liouville form
on 𝑇 *(ℳ), and ⟨·, ·⟩ is the usual scalar product in E3. On the
fibered space ℳ, one can define a connection Γ by means of a
one-form 𝒜 : 𝑀 → 𝑇 *(ℳ) × 𝒢 determined as

𝒜(𝑥, 𝑔) := 𝑔−1⟨𝜉𝐴(𝑥), 𝑑𝑥⟩𝑔 + 𝑔−1𝑑𝑔 (72)

with 𝜉 ∈ 𝒢*, (𝑥, 𝑔) ∈ R3 × 𝐺. The corresponding curvature
2-form Σ(2) ∈ Λ2(R3) ⊗ 𝒢 is

Σ(2)(𝑥) := 𝑑𝒜(𝑥, 𝑔) + 𝒜(𝑥, 𝑔) ∧ 𝒜(𝑥, 𝑔) =

= 𝜉

3∑︁
𝑖,𝑗=1

𝐹𝑖𝑗(𝑥)𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 , (73)

where

𝐹𝑖𝑗(𝑥) :=
𝜕𝐴𝑗

𝜕𝑥𝑖
−

𝜕𝐴𝑖

𝜕𝑥𝑗
(74)

for 𝑖, 𝑗 = 1, 3 is the spatial electromagnetic tensor with re-
spect to the reference frame 𝒦𝑡. For an element 𝜉 ∈ 𝒢* to
be compatibly fixed, we need to construct the related momen-
tum mapping 𝑙 : 𝑇 *(ℳ) → 𝒢* with respect to the canonical
symplectic structure (71) on 𝑇 *(ℳ) and put, by definition,
𝑙(𝑥, 𝑝) := 𝜉 ∈ 𝒢* to be constant, 𝑃𝜉 := 𝑙−1(𝜉) ⊂ 𝑇 *(ℳ) and
𝐺𝜉 = {𝑔 ∈ 𝐺 : 𝐴𝑑*𝐺𝜉} to be the corresponding isotropy group
of the element 𝜉 ∈ 𝒢*. Next, we can apply the standard [2,4,9]
invariant Marsden–Weinstein–Meyer reduction scheme to the
orbit factor space 𝑃𝜉 := 𝑃𝜉/𝐺𝜉 subject to the corresponding
group 𝐺 action. Then, as a result of the Marsden–Weinstein–
Meyer reduction, we get that, as 𝐺𝜉 ≃ 𝐺, the factor-space
𝑃𝜉 ≃ 𝑇 *(R3) becomes a Poisson space with the suitably re-
duced symplectic structure �̄�

(2)
𝜉 ∈ 𝑇 *(𝑃𝜉). The corresponding

Poisson brackets on the reduced manifold 𝑃𝜉 equal

{𝑥𝑖, 𝑥𝑗}𝜉 = 0, {𝑝𝑗 , 𝑥𝑖}𝜉 = 𝛿𝑖𝑗 ,

{𝑝𝑖, 𝑝𝑗}𝜉 = 𝜉𝐹𝑖𝑗(𝑥)
(75)

for 𝑖, 𝑗 = 1, 3, being considered with respect to the laboratory
reference frame 𝒦𝑡. Based on (75), it is worth to observe that
a new so-called “shifted” momentum variable

�̃� := 𝑝 + 𝜉𝐴(𝑥) (76)

on 𝑃𝜉 gives rise to the symplectomorphic transformation
�̄�
(2)
𝜉 → �̃�

(2)
𝜉 := ⟨𝑑�̃�,∧𝑑𝑥⟩∈Λ2(𝑇 *(R3)). The latter gives rise to

the following “minimal interaction” canonical Poisson brackets
important in theoretical physics:

{𝑥𝑖, 𝑥𝑗}
�̃�
(2)
𝜉

= 0, {�̃�𝑗 , 𝑥
𝑖}

�̃�
(2)
𝜉

= 𝛿𝑖𝑗 , {�̃�𝑖, �̃�𝑗}
�̃�
(2)
𝜉

= 0 (77)

for 𝑖, 𝑗 = 1, 3, represented already with respect to some new
reference frame �̃�𝑡′ characterized by the phase space coordi-
nates (𝑥, �̃�) ∈ 𝑃𝜉 and a new evolution parameter 𝑡′ ∈ R, since
the spatial Maxwell field compatibility equations

𝜕𝐹𝑖𝑗/𝜕𝑥𝑘 + 𝜕𝐹𝑗𝑘/𝜕𝑥𝑖 + 𝜕𝐹𝑘𝑖/𝜕𝑥𝑗 = 0 (78)

are identically satisfied on R3 for all 𝑖, 𝑗, 𝑘 = 1, 3, owing to the
definition of the electromagnetic curvature tensor (74).
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ПРОБЛЕМА САМОДIЇ ЗАРЯДЖЕНОЇ
ФЕРМIОННОЇ ЧАСТИНКИ В РАМКАХ
БАГАТОЧАСОВОЇ ПАРАДИГМИ ФОКА
ТА ПАРАДИГМИ ВЛАСНОГО ЧАСУ ФЕЙНМАНА

Р е з ю м е

Аналiзується самодiя квантової безмасової зарядженої фер-
мiонної частинки через власне генероване бозонне електро-
магнiтне поле в рамках багаточасової парадигми Фока та
парадигми власного часу Фейнмана. Структура явища са-
модiї вивчається на основi методу, що базується на вiдпо-
вiдно ренормалiзованому квантовому просторi Фока. Дис-
кутується також спектр мас зарядженої частинки.
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