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INFLUENCE OF LONGITUDINAL
ELECTRIC FIELD ON THERMODYNAMIC PROPERTIES
OF NH3CH2COOH ·H2PO3 FERROELECTRICUDC 538.9

Using a modified model of ferroelectric glycine phosphite by considering the piezoelectric cou-
pling with strains 𝜀𝑖 within the two-particle cluster approximation, the expressions for the
polarization vector, static dielectric permittivity tensor, piezoelectric coefficients, and elastic
constants of the crystal in the presence of a longitudinal electric field 𝐸2 are calculated. An
analysis of the influence of this field on thermodynamic characteristics of the crystal is car-
ried out. The dependence of effective dipole moments on order parameters is taken into ac-
count. This allowed us to agree the effective dipole moments in the ferro- and paraelectric
phases and to describe the smearing of phase transition under the influence of an electric
field. The satisfactory quantitative description of the available experimental data for these
characteristics has been obtained at the proper choice of the model parameters.
K e yw o r d s: ferroelectrics, electric field, polarization, dielectric permittivity, piezoelectric
coefficients.

1. Introduction

One of the actual problems in physics of ferroelec-
tric materials is the study of the effects that appear
under the action of an external electric field. It can
be a powerful tool for the purposeful control of their
physical characteristics. The effects of the action of
external fields depend both on the intensity and the
type of such an action, and on the properties of the
materials. The application of an electric field is a very
important instrument for the investigation of ferro-
electric materials with a complex spatial arrangement
of the local effective dipole moments. Consequently,
phase transitions with different order parameters con-
nected with one another can take place in these ma-
terials. In particular, it appears possible to influence
this system by means of longitudinal and transverse
electric fields.

Crystal NH3CH2COOH ·H2PO3 (glycinium phos-
phite – GPI) belongs to the family of ferroelectrics
with hydrogen bonds [1, 2]. At room temperature,
this crystal is in the paraelectric phase and has a
monoclinic structure (space group P21/a) [3]. But, at
the temperature about 225 К, the crystal passes to
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the ferroelectric phase (space group P21). It is one
of the most interesting examples of a crystal sensi-
tive to the influence of both longitudinal and trans-
verse electric fields. In particular, there was experi-
mentally ascertained in [4, 5] that its transverse di-
electric permittivity 𝜀𝑧𝑧 in the ferroelectric phase sig-
nificantly increases under the influence of a transverse
field 𝐸𝑧.

In [4, 6], a microscopic approach was proposed for
the theoretical study of dielectric properties of GPI
crystals, on the basis of which the transverse field
effect on the permittivity 𝜀𝑧𝑧 was explained qualita-
tively properly.

In [7], this approach was supplemented by al-
lowance for the piezoelectric coupling of the proton
subsystem with the lattice strain. This allowed one
to calculate the expressions for the spontaneous po-
larization vector, static dielectric permittivity ten-
sor, piezoelectric coefficients, elastic constants, and
molar heat capacity of the crystal and to obtain
the good quantitative description of the experimental
data for these characteristics. Moreover, on the basis
of a modified model of GPI, we quantitatively prop-
erly described the influence of transverse fields 𝐸𝑥
and 𝐸𝑧 [8], hydrostatic [9] and uniaxial [10] pressures
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on the phase transition and thermodynamic charac-
teristics of GPI crystal.

Experimental data [11] show that, in the presence
of a longitudinal field 𝐸𝑦, the phase transition smears,
and the temperature dependence of the longitudi-
nal permittivity 𝜀𝑦𝑦(𝑇 ) has rounded maximum. At
the same time, in the model proposed in [7], the ef-
fective dipole moments with different values of lon-
gitudinal components in the para- and ferroelectric
phases are used for the description of the longitudi-
nal dielectric permittivity 𝜀𝑦𝑦. This leads to the ap-
pearance of a jump on the curve 𝜀𝑦𝑦(𝑇 ) instead of
a smoothed maximum in the presence of an exter-
nal field 𝐸𝑦. Therefore, in the present paper for the
proper description of the phase transition smearing,
we modify the model [7], by supposing that the effec-
tive dipole moment on the hydrogen bond depends
on the order parameter on this bond, because this
parameter continuously depends on the temperature
near the phase transition point.

2. Thermodynamic Characteristics

In the model proposed in [7], we consider the system
of protons in GPI localized on O–H...O bonds, which
form chains along the 𝑐-axis of the crystal.

Dipole moments d𝑞𝑓 (𝑓 = 1, ..., 4) are ascribed to
the protons on the bonds. In the ferroelectric phase,
the dipole moments compensate one another (d𝑞1
with d𝑞3, d𝑞2 with d𝑞4) in directions 𝑍 and 𝑋
(𝑋 ⊥ (𝑏, 𝑐), 𝑌 ‖ 𝑏, 𝑍 ‖ 𝑐), and simultaneously supple-
ment one another in direction 𝑌 , creating a sponta-
neous polarization. Vectors d𝑞𝑓 are oriented at some
angles to crystalographic axes and have longitudinal
and transverse components along 𝑏-axis (Fig. 1). For
the better understanding of the model, only phosphite
groups are shown in the figure.

The pseudospin variables 𝜎𝑞1

2 , ...,
𝜎𝑞4

2 describe re-
orientation of the dipole moments of the base units:
d𝑞𝑓 = 𝜇𝑓

𝜎𝑞𝑓

2 . The mean values ⟨𝜎2 ⟩ =
1
2 (𝑛𝑎 − 𝑛6) are

connected with differences in the occupancies of the
two possible molecular positions, 𝑛𝑎 and 𝑛𝑏.

Below, for the components of vectors and tensors,
we use the notations 1, 2, and 3 instead of 𝑥, 𝑦,
and 𝑧 for convenience. The Hamiltonian of the pro-
ton subsystem of GPI, which involves the short-range
and long-range interactions and the applied electric
fields 𝐸1, 𝐸2, and 𝐸3 along the positive directions
of the Cartesian axes 𝑋,𝑌 and 𝑍 can be written

Fig. 1. Orientations of vectors d𝑞𝑓 in the primitive cell in the
ferroelectric phase [7]

in such a way:

�̂� = 𝑁𝑈seed + �̂�short + �̂�long + �̂�𝐸 + �̂� ′
𝐸 , (2.1)

where 𝑁 is the total number of primitive cells. The
first term in (2.1) is the “seed” energy, which relates to
the heavy ion sublattice and does not depend explic-
itly on the configuration of the proton subsystem. It
includes the elastic, piezolectric, and dielectric parts
expressed in terms of the electric fields 𝐸𝑖 and strains
𝜀𝑖 as follows:

𝑈seed = 𝑣

(︃
1

2

3∑︁
𝑖,𝑖′=1

𝑐𝐸0
𝑖𝑖′ (𝑇 )𝜀𝑖𝜀𝑖′ +

1

2

6∑︁
𝑗=4

𝑐𝐸0
𝑗𝑗 (𝑇 )𝜀

2
𝑗 +

+

3∑︁
𝑖=1

𝑐𝐸0
𝑖5 (𝑇 )𝜀𝑖𝜀5 + 𝑐𝐸0

46 (𝑇 )𝜀4𝜀6 −

−
3∑︁
𝑖=1

𝑒02𝑖𝜀𝑖𝐸2 − 𝑒025𝜀5𝐸2 − 𝑒014𝜀4𝐸1 −

− 𝑒016𝜀6𝐸1 − 𝑒034𝜀4𝐸3 − 𝑒036𝜀6𝐸3 −

− 1

2
𝜒𝜀011𝐸

2
1 − 1

2
𝜒𝜀022𝐸

2
2 − 1

2
𝜒𝜀033𝐸

2
3 − 𝜒𝜀031𝐸3𝐸1

)︃
. (2.2)

The parameters 𝑐𝐸0
𝑖𝑗 (𝑇 ), 𝑒0𝑖𝑗 , and 𝜒𝜀0𝑖𝑗 are the so-called

“seed” elastic constants, piezoelectric stresses, and di-
electric susceptibilities, respectively, and 𝑣 is the vol-
ume of a primitive cell.

Other terms in (2.1) describe the pseudospin part
of the Hamiltonian. In particular, the second term in
(2.1) is the Hamiltonian of short-range interactions:

�̂�short = 2𝑤
∑︁
𝑞𝑞′

(︁𝜎𝑞1
2

𝜎𝑞2
2

+
𝜎𝑞3
2

𝜎𝑞4
2

)︁
×

×
(︀
𝛿R𝑞R𝑞′ + 𝛿R𝑞+Rc,R𝑞′

)︀
. (2.3)
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In (2.3), 𝜎𝑞𝑓 is the 𝑧-component of the pseudospin
operator that describes the state of the 𝑓 -th bond
(𝑓 = 1, 2, 3, 4) in the 𝑞-th cell. The first Kronecker
delta corresponds to the interaction between protons
in the chains near the tetrahedra HPO3 of type “I”
(Fig. 1), where the second one near the tetrahedra
HPO3 of type “II”, Rc is the lattice vector along
the 𝑂𝑍-axis. Contributions into the energy of inter-
actions between protons near tetrahedra of different
types, as well as the mean values of the pseudospins
𝜂𝑓 = ⟨𝜎𝑞𝑓 ⟩, which are related to tetrahedra of dif-
ferent types, are equal. The parameter 𝑤, which de-
scribes the short-range interactions within chains, is
expanded linearly into series in strains 𝜀𝑖:

𝑤 = 𝑤0 +

6∑︁
𝑖=1

𝛿𝑖𝜀𝑖. (2.4)

The third term in (2.1) describes the long-range di-
pole-dipole interactions and indirect (through the lat-
tice vibrations) interactions between protons, which
are taken into account in the mean field approxima-
tion:

�̂�long =
1

2

∑︁
𝑞𝑞′
𝑓𝑓′

𝐽𝑓𝑓 ′(𝑞𝑞′)
⟨𝜎𝑞𝑓 ⟩
2

⟨𝜎𝑞′𝑓 ′⟩
2

−

−
∑︁
𝑞𝑞′
𝑓𝑓′

𝐽𝑓𝑓 ′(𝑞𝑞′)
⟨𝜎𝑞′𝑓 ′⟩

2

𝜎𝑞𝑓
2
. (2.5)

The Fourier transforms of interaction constants
𝐽𝑓𝑓 ′ =

∑︀
𝑞′ 𝐽𝑓𝑓 ′(𝑞𝑞′) at k = 0 are linearly expanded

in the strains 𝜀𝑖:

𝐽𝑓𝑓 ′ = 𝐽0
𝑓𝑓 ′ +

𝜕𝐽𝑓𝑓 ′

𝜕𝜀𝑖
𝜀𝑖 = 𝐽0

𝑓𝑓 ′ +

6∑︁
𝑖=1

𝜓𝑓𝑓 ′𝑖𝜀𝑖. (2.6)

As a result, (2.5) can be written as

�̂�long = 𝑁𝐻0 + �̂�𝑠, (2.7)

where

𝐻0 =
1

8
𝐽11(𝜂

2
1 + 𝜂23) +

1

8
𝐽22(𝜂

2
2 + 𝜂24)+

+
1

4
𝐽13𝜂1𝜂3 +

1

4
𝐽24𝜂2𝜂4 +

+
1

4
𝐽12(𝜂1𝜂2 + 𝜂3𝜂4) +

1

4
𝐽14(𝜂1𝜂4 + 𝜂2𝜂3), (2.8)

�̂�𝑠 =
∑︁
𝑞

(︁
ℋ1

𝜎𝑞1
2

+ℋ2
𝜎𝑞2
2

+ℋ3
𝜎𝑞3
2

+ℋ4
𝜎𝑞4
2

)︁
. (2.9)

In (2.9), the following notations are used:

ℋ1 =
1

2
𝐽11𝜂1 +

1

2
𝐽12𝜂2 +

1

2
𝐽13𝜂3 +

1

2
𝐽14𝜂4,

ℋ2 =
1

2
𝐽22𝜂2 +

1

2
𝐽12𝜂1 +

1

2
𝐽24𝜂4 +

1

2
𝐽14𝜂3,

ℋ3 =
1

2
𝐽11𝜂3 +

1

2
𝐽12𝜂4 +

1

2
𝐽13𝜂1 +

1

2
𝐽14𝜂2,

ℋ4 =
1

2
𝐽22𝜂4 +

1

2
𝐽12𝜂3 +

1

2
𝐽24𝜂2 +

1

2
𝐽14𝜂1.

(2.10)

The fourth term in (2.1) describes the interactions
of pseudospins with an external electric field:

�̂�𝐸 = −
∑︁
𝑞𝑓

𝜇𝑓E
𝜎𝑞𝑓
2
. (2.11)

Here, 𝜇1 = (𝜇𝑥13, 𝜇
𝑦
13, 𝜇

𝑧
13), 𝜇3 = (−𝜇𝑥13, 𝜇

𝑦
13,−𝜇𝑧13),

𝜇2 = (−𝜇𝑥24,−𝜇
𝑦
24, 𝜇

𝑧
24), 𝜇4 = (𝜇𝑥24,−𝜇

𝑦
24,−𝜇𝑧24) are

the effective dipole moments per one pseudospin.
The first four terms in Hamiltonian (2.1) describe

the model [7]. The term �̂� ′
𝐸 in hamiltonian (2.1) is

introduced in the present model for the first time. It
accounts for the above-mentioned dependence of lon-
gitudinal components of dipole moments on the mean
value of pseudospin 𝑠𝑓 :

�̂� ′
𝐸 = −

∑︁
𝑞𝑓

𝑠2𝑓𝜇
′
𝑓𝐸2

𝜎𝑞𝑓
2

=

= −
∑︁
𝑞𝑓

⎛⎝ 1

𝑁

∑︁
𝑞′

𝜎𝑞′𝑓

⎞⎠2 𝜇′
𝑓𝐸2

𝜎𝑞𝑓
2
. (2.12)

Here, we use corrections to dipole moments 𝑠2𝑓𝜇
′
𝑓 in-

stead of 𝑠𝑓𝜇′
𝑓 because of the symmetry considera-

tions: the energy should not be changed, when the
field and all pseudospins change their sign.

The term �̂� ′
𝐸 , as well as long-range interactions, is

taken into account in the mean field approximation:

�̂� ′
𝐸 = −

∑︁
𝑞𝑓

⎛⎝ 1

𝑁

∑︁
𝑞′

𝜎𝑞′𝑓

⎞⎠2 𝜇′
𝑓𝐸2

𝜎𝑞𝑓
2

=

= − 1

𝑁2

∑︁
𝑞𝑓

∑︁
𝑞′

∑︁
𝑞′′

𝜎𝑞𝑓𝜎𝑞′𝑓𝜎𝑞′′𝑓
𝜇′
𝑓𝐸2

2
≈

≈ − 1

𝑁2

∑︁
𝑞𝑓

∑︁
𝑞′

∑︁
𝑞′′

((𝜎𝑞𝑓+𝜎𝑞′𝑓+𝜎𝑞′′𝑓 )𝜂
2
𝑓−2𝜂3𝑓 )

𝜇′
𝑓𝐸2

2
=

= −
∑︁
𝑞

4∑︁
𝑓=1

(3𝜎𝑞𝑓𝜂
2
𝑓 − 2𝜂3𝑓 )

𝜇′
𝑓𝐸2

2
=
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= −3
∑︁
𝑞

4∑︁
𝑓=1

𝜎𝑞𝑓
2
𝜂2𝑓𝜇

′
𝑓𝐸2 +𝑁

4∑︁
𝑓=1

𝜂3𝑓𝜇
′
𝑓𝐸2. (2.13)

The two-particle cluster approximation for short-
range interactions is used in the calculation of ther-
modynamic characteristics of GPI. In this approxi-
mation, the thermodynamic potential is given by

𝐺 = 𝑁𝑈seed +𝑁𝐻0 +𝑁

4∑︁
𝑓=1

𝜂3𝑓𝜇
′
𝑓𝐸2 −𝑁𝑣

6∑︁
𝑖=1

𝜎𝑖𝜀𝑖−

− 𝑘B𝑇
∑︁
𝑞

⎧⎨⎩2 ln Sp𝑒−𝛽�̂�(2)
𝑞 −

4∑︁
𝑓=1

ln Sp𝑒−𝛽�̂�
(1)
𝑞𝑓

⎫⎬⎭. (2.14)

Here, �̂�(2)
𝑞 , �̂�(1)

𝑞𝑓 are two-particle and one-particle
Hamiltonians:

�̂�(2)
𝑞 = −2𝑤

(︁𝜎𝑞1
2

𝜎𝑞2
2

+
𝜎𝑞3
2

𝜎𝑞4
2

)︁
−

− 𝑦1
𝛽

𝜎𝑞1
2

− 𝑦2
𝛽

𝜎𝑞2
2

− 𝑦3
𝛽

𝜎𝑞3
2

− 𝑦4
𝛽

𝜎𝑞4
2
, (2.15)

�̂�
(1)
𝑞𝑓 = −𝑦𝑓

𝛽

𝜎𝑞𝑓
2
, (2.16)

where such notations are used:

𝑦𝑓 = 𝛽(Δ𝑓 +ℋ𝑓 + 𝜇𝑓E+ 3𝜂2𝑓𝜇
′
𝑓𝐸2), (2.17)

𝑦𝑓 = 𝛽Δ𝑓 + 𝑦𝑓 . (2.18)

The symbols Δ𝑓 are the effective fields created by
the neighboring bonds from outside of the clus-
ter. In the cluster approximation, the fields Δ𝑓 can
be determined from the self-consistency condition,
which states that the mean values of the pseu-
dospins ⟨𝜎𝑞𝑓 ⟩ calculated with the two-particle and
one-particle Gibbs distributions, respectively, should
coincide. That is,

Sp𝜎𝑞𝑓𝑒
−𝛽�̂�(2)

𝑞

Sp 𝑒−𝛽�̂�
(2)
𝑞

=
Sp𝜎𝑞𝑓𝑒

−𝛽�̂�(1)
𝑞𝑓

Sp 𝑒−𝛽�̂�
(1)
𝑞𝑓

. (2.19)

Hence, on the basis of (2.19) with regard for (2.15)
and (2.16), we obtain

𝜂1,3 =
1

𝐷
[sh𝑛1 ± sh𝑛2 + 𝑎2sh𝑛3 ± 𝑎2sh𝑛4 +

+ 𝑎sh𝑛5 + 𝑎sh𝑛6 ∓ 𝑎sh𝑛7 ± 𝑎sh𝑛8] = th
𝑦1,3
2
,

𝜂2,4 =
1

𝐷
[sh𝑛1 ± sh𝑛2 − 𝑎2sh𝑛3 ∓ 𝑎2sh𝑛4 ∓

∓ 𝑎sh𝑛5 ± 𝑎sh𝑛6 + 𝑎sh𝑛7 + 𝑎sh𝑛8] = th
𝑦2,4
2
, (2.20)

where

𝐷 = ch𝑛1 + ch𝑛2 + 𝑎2ch𝑛3 + 𝑎2ch𝑛4 +

+ 𝑎ch𝑛5 + 𝑎ch𝑛6 + 𝑎ch𝑛7 + 𝑎ch𝑛8,

𝑎 = 𝑒
− 1

𝑘B𝑇

(︃
𝑤0+

3∑︀
𝑖=1

𝛿𝑖𝜀𝑖+
6∑︀

𝑗=4
𝛿𝑗𝜀𝑗

)︃
,

𝑛1 =
1

2
(𝑦1+𝑦2+𝑦3+𝑦4), 𝑛2 =

1

2
(𝑦1+𝑦2−𝑦3−𝑦4),

𝑛3 =
1

2
(𝑦1−𝑦2+𝑦3−𝑦4), 𝑛4 =

1

2
(𝑦1−𝑦2−𝑦3+𝑦4),

𝑛5 =
1

2
(𝑦1−𝑦2+𝑦3+𝑦4), 𝑛6 =

1

2
(𝑦1+𝑦2+𝑦3−𝑦4),

𝑛7 =
1

2
(−𝑦1+𝑦2+𝑦3+𝑦4), 𝑛8 =

1

2
(𝑦1+𝑦2−𝑦3+𝑦4).

Taking (2.20) into consideration, we exclude the
parameters Δ𝑓 and write (2.17) in such a form:

𝑦1 =
1

2
ln

1 + 𝜂1
1− 𝜂1

+ 𝛽𝜈11𝜂1 + 𝛽𝜈12𝜂2 + 𝛽𝜈13𝜂3 +

+𝛽𝜈14𝜂4 +
𝛽

2
(𝜇1E+ 3𝜂21𝜇

′
1𝐸2),

𝑦2 = 𝛽𝜈12𝜂1 +
1

2
ln

1 + 𝜂2
1− 𝜂2

+ 𝛽𝜈22𝜂2 + 𝛽𝜈14𝜂3 +

+𝛽𝜈24𝜂4 +
𝛽

2
(𝜇2E+ 3𝜂22𝜇

′
2𝐸2),

𝑦3 = 𝛽𝜈13𝜂1 + 𝛽𝜈14𝜂2 +
1

2
ln

1 + 𝜂3
1− 𝜂3

+ 𝛽𝜈11𝜂3 +

+𝛽𝜈12𝜂4 +
𝛽

2
(𝜇3E+ 3𝜂23𝜇

′
3𝐸2),

𝑦4 = 𝛽𝜈14𝜂1 + 𝛽𝜈24𝜂2 + 𝛽𝜈12𝜂3 +

+
1

2
ln

1 + 𝜂4
1− 𝜂4

+ 𝛽𝜈22𝜂4 +
𝛽

2
(𝜇4E+ 3𝜂24𝜇

′
4𝐸2),

where 𝜈𝑓𝑓 ′ =
𝐽𝑓𝑓′

4 .
In the paraelectric and ferroelectric phases in the

applied electric field 𝐸2, the order parameters 𝜂1 =
= 𝜂3 = 𝜂13, 𝜂2 = 𝜂4 = 𝜂24. As a result, Eqs. (2.20)
are given by

𝜂13 =
1̃︀𝐷 [sh(𝑦13 + 𝑦24) + 𝑎2sh(𝑦13 − 𝑦24) + 2𝑎sh𝑦13],

𝜂24 =
1̃︀𝐷 [sh(𝑦13 + 𝑦24)− 𝑎2sh(𝑦13 − 𝑦24) + 2𝑎sh𝑦24],
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where we used the notations

�̃� = ch(𝑦13 + 𝑦24) + 𝑎2ch(𝑦13 − 𝑦24)+

+2𝑎ch𝑦13 + 2𝑎ch𝑦24 + 𝑎2 + 1,

𝑦13 =
1

2
ln

1 + 𝜂13
1− 𝜂13

+ 𝛽𝜈+1 𝜂13 + 𝛽𝜈+2 𝜂24 +

+
𝛽

2
(𝜇𝑦13𝐸2 + 3𝜂21𝜇

′
13𝐸2),

𝑦24 = 𝛽𝜈+2 𝜂13 +
1

2
ln

1 + 𝜂24
1− 𝜂24

+ 𝛽𝜈+3 𝜂24 −

− 𝛽

2
(𝜇𝑦24𝐸2 − 3𝜂22𝜇

′
24𝐸2),

𝜈+𝑙 = 𝜈0+𝑙 +

6∑︁
𝑖=1

𝜓+
𝑙𝑖 𝜀𝑖,

𝜈0+1 =
1

4
(𝐽0

11 + 𝐽0
13); 𝜓+

1𝑖 =
1

4
(𝜓11𝑖 + 𝜓13𝑖),

𝜈0+2 =
1

4
(𝐽0

12 + 𝐽0
14); 𝜓+

2𝑖 =
1

4
(𝜓12𝑖 + 𝜓14𝑖),

𝜈0+3 =
1

4
(𝐽0

22 + 𝐽0
24); 𝜓+

3𝑖 =
1

4
(𝜓22𝑖 + 𝜓24𝑖).

3. Thermodynamic Characteristics
of GPI in the Electric Field 𝐸2

For the calculation of the dielectric, piezoelectric, and
elastic characteristics of the GPI, we use the thermo-
dynamic potential per one primitive cell obtained in
the two-particle cluster approximation:

𝑔 =
𝐺

𝑁
= 𝑈seed +𝐻0 +

4∑︁
𝑓=1

𝜂3𝑓𝜇
′
𝑓𝐸2 −

− 2(𝑤0 +

6∑︁
𝑖=1

𝛿𝑖𝜀𝑖)−
1

2
𝑘B𝑇

4∑︁
𝑓=1

ln
(︀
1− 𝜂2𝑓 )−

− 2𝑘B𝑇 ln𝐷 + 2𝑘B𝑇 ln 2−𝑁𝑣

6∑︁
𝑖=1

𝜎𝑖𝜀𝑖. (3.1)

Minimizing the thermodynamic potential with re-
spect to the strains 𝜀𝑖, we have obtained the following
equations for the strains:

𝜎𝑙 = 𝑐𝐸0
𝑙1 𝜀1 + 𝑐𝐸0

𝑙2 𝜀2 + 𝑐𝐸0
𝑙3 𝜀3 + 𝑐𝐸0

𝑙5 𝜀5 − 𝑒02𝑙𝐸2 −

− 2𝛿𝑙
𝜐

+
2𝛿𝑙
𝑣𝐷

𝑀𝜀 −
𝜓11𝑙

8𝑣
(𝜂21 + 𝜂23)−

𝜓13𝑙

4𝑣
𝜂1𝜂3 −

− 𝜓22𝑙

8𝑣
(𝜂22 + 𝜂24)−

𝜓24𝑙

4𝑣
𝜂2𝜂4 −

𝜓12𝑙

4𝑣
(𝜂1𝜂2 + 𝜂3𝜂4)−

− 𝜓14𝑙

4𝑣
(𝜂1𝜂4 + 𝜂2𝜂3) (𝑙 = 1, 2, 3, 5) (3.2)

𝜎4 = 𝑐𝐸0
44 𝜀4 + 𝑐𝐸0

46 𝜀6 − 𝑒014𝐸1 − 𝑒034𝐸3 −

− 2𝛿4
𝜐

+
2𝛿4
𝑣𝐷

𝑀𝜀 −
𝜓114

8𝑣
(𝜂21 + 𝜂23)−

𝜓134

4𝑣
𝜂1𝜂3 −

− 𝜓224

8𝑣
(𝜂22 + 𝜂24)−

𝜓244

4𝑣
𝜂2𝜂4 −

− 𝜓124

4𝑣
(𝜂1𝜂2 + 𝜂3𝜂4)−

𝜓144

4𝑣
(𝜂1𝜂4 + 𝜂2𝜂3),

𝜎6 = 𝑐𝐸0
46 𝜀4 + 𝑐𝐸0

66 𝜀6 − 𝑒016𝐸1 − 𝑒036𝐸3 −

− 2𝛿6
𝜐

+
2𝛿6
𝑣𝐷

𝑀𝜀 −
𝜓116

8𝑣
(𝜂21 + 𝜂23)−

𝜓136

4𝑣
𝜂1𝜂3 −

− 𝜓226

8𝑣
(𝜂22 + 𝜂24)−

𝜓246

4𝑣
𝜂2𝜂4 −

− 𝜓126

4𝑣
(𝜂1𝜂2 + 𝜂3𝜂4)−

𝜓146

4𝑣
(𝜂1𝜂4 + 𝜂2𝜂3).

Here,

𝑀𝜀 = 2𝑎2ch𝑛3 + 2𝑎2ch𝑛4 +

+ 𝑎ch𝑛5 + 𝑎ch𝑛5 + 𝑎ch𝑛7 + 𝑎ch𝑛8.

Differentiating the thermodynamic potential with
respect to the fields 𝐸𝑖, we get the following expres-
sions for the polarizations:

𝑃1 = 𝑒014𝜀4 + 𝑒016𝜀6 + 𝜒𝜀011𝐸1 +

+
1

2𝑣
[𝜇𝑥13(𝜂1 − 𝜂3)− 𝜇𝑥24(𝜂2 − 𝜂4)],

𝑃2 = 𝑒021𝜀1 + 𝑒022𝜀2 + 𝑒023𝜀3 + 𝑒025𝜀5 + 𝜒𝜀022𝐸2 +

+
1

2𝑣
[𝜇𝑦13(𝜂1+𝜂3)−𝜇

𝑦
24(𝜂2+𝜂4)] +

1

2𝑣

4∑︁
𝑓=1

𝜂3𝑓𝜇
′
𝑓 ,

𝑃3 = 𝑒034𝜀4 + 𝑒066𝜀6 + 𝜒𝜀033𝐸3 +

+
1

2𝑣
[𝜇𝑧13(𝜂1 − 𝜂3) + 𝜇𝑧24(𝜂2 − 𝜂4)].

(3.3)

The static isothermic dielectric susceptibilities of
mechanically clamped crystal GPI are given by

𝜒𝜀11 = lim
𝐸1→0

(︂
𝜕𝑃1

𝜕𝐸1

)︂
𝜀𝑗

= 𝜒𝜀011 +

+
𝛽

2𝜐Δ1,3

{︁
(𝜇𝑥13)

2[ ̃︀𝐷𝜆24 − (𝜆13𝜆24 − 𝜆2)𝜙−
24] +

+ (𝜇𝑥24)
2[ ̃︀𝐷𝜆13 − (𝜆13𝜆24 − 𝜆2)𝜙−

13]−

− 2𝜇𝑥13𝜇
𝑥
24[ ̃︀𝐷𝜆+ (𝜆13𝜆24 − 𝜆2)𝛽𝜈−2 ]

}︁
, (3.4)
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𝜒𝜀22 = lim
𝐸2→0

(︂
𝜕𝑃2

𝜕𝐸2

)︂
𝜀𝑗

= 𝜒𝜀022 +

+
𝛽

2𝜐Δ2

{︁
(�̃�𝑦13)

2[ ̃︀𝐷κ13 − (κ13κ24 − κ2)𝜙+
24] +

+ (�̃�𝑦24)
2[ ̃︀𝐷κ24 − (κ13κ24 − κ2)𝜙+

13]−

− 2�̃�𝑦13�̃�
𝑦
24[
̃︀𝐷κ + (κ13κ24 − κ2)𝛽𝜈+2 ]

}︁
, (3.5)

𝜒𝜀33 = lim
𝐸3→0

(︂
𝜕𝑃3

𝜕𝐸3

)︂
𝜀𝑗

= 𝜒𝜀033 +

+
𝛽

2𝜐Δ1,3

{︁
(𝜇𝑧13)

2[ ̃︀𝐷𝜆24 − (𝜆13𝜆24 − 𝜆2)𝜙−
24] +

+ (𝜇𝑧24)
2[ ̃︀𝐷𝜆13 − (𝜆13𝜆24 − 𝜆2)𝜙−

13] +

+2𝜇𝑧13𝜇
𝑧
24[ ̃︀𝐷𝜆+ (𝜆13𝜆24 − 𝜆2)𝛽𝜈−2 ]

}︁
(3.6)

with the notations

Δ1,3 = ̃︀𝐷2 − ̃︀𝐷[𝜆24𝜙
−
13 + 𝜆13𝜙

−
24 + 2𝜆𝛽𝜈−2 ] +

+ (𝜆13𝜆24 − 𝜆2)[𝜙−
13𝜙

−
24 − (𝛽𝜈−2 )2],

Δ2 = ̃︀𝐷2 − ̃︀𝐷[κ13𝜙
+
13 + κ24𝜙

+
24 + 2κ𝛽𝜈+2 ] +

+ (κ13κ24 − κ2)[𝜙+
13𝜙

+
24 − (𝛽𝜈+2 )2],

𝜙±
13 =

1

1− 𝜂213
+ 𝛽𝜈±1 , 𝜙

±
24 =

1

1− 𝜂224
+ 𝛽𝜈±3 ,

𝜙±
13=𝜙

±
13+3𝛽𝜇′

13𝜂13𝐸2, 𝜙±
24=𝜙

±
24+3𝛽𝜇′

24𝜂24𝐸2,

�̃�𝑦13 = 𝜇𝑦13 + 3𝜇′
13𝜂

2
13, �̃�𝑦24 = 𝜇𝑦24 − 3𝜇′

24𝜂
2
24,

𝜈−𝑙 = 𝜈0−𝑙 +

6∑︁
𝑖=1

𝜓−
𝑙𝑖 𝜀𝑖,

𝜈0−1 =
1

4
(𝐽0

11 − 𝐽0
13); 𝜓−

1𝑖 =
1

4
(𝜓11𝑖 − 𝜓13𝑖),

𝜈0−2 =
1

4
(𝐽0

12 − 𝐽0
14); 𝜓−

2𝑖 =
1

4
(𝜓12𝑖 − 𝜓14𝑖),

𝜈0−3 =
1

4
(𝐽0

22 − 𝐽0
24); 𝜓−

3𝑖 =
1

4
(𝜓22𝑖 − 𝜓24𝑖),

𝜆13 = 1 + 𝑎2 + 2𝑎ch𝑦13,

𝜆24 = 1 + 𝑎2 + 2𝑎ch𝑦24, 𝜆 = 1− 𝑎2,

κ13 = ch(𝑦13 + 𝑦24) + 𝑎2ch(𝑦13 − 𝑦24)+

+2𝑎ch𝑦13 − 𝜂213 ̃︀𝐷,
κ24 = ch(𝑦13 + 𝑦24) + 𝑎2ch(𝑦13 − 𝑦24)+

+2𝑎ch𝑦24 − 𝜂224 ̃︀𝐷,
κ = ch(𝑦13 + 𝑦24)− 𝑎2ch(𝑦13 − 𝑦24)− 𝜂13𝜂24 ̃︀𝐷.

Differentiating expressions (3.3) with respect to
strains 𝜀𝑖 at a constant field, we obtain the expres-
sions for the isothermic coefficients of the piezoelec-
tric stress 𝑒2𝑖 (𝑖 = 1, 2, 3, 5):

𝑒2𝑖 =

(︂
𝜕𝑃2

𝜕𝜀𝑖

)︂
𝐸2

= 𝑒02𝑖 +
�̃�𝑦13
𝑣
𝛾13𝑖 −

�̃�𝑦24
𝑣
𝛾24𝑖, (3.7)

where
𝛾13𝑖 =

𝛽

Δ2
[(𝜓1𝑖𝜂13 + 𝜓2𝑖𝜂24)𝜏

𝜓
1 +

+(𝜓2𝑖𝜂13 + 𝜓3𝑖𝜂24)𝜏
𝜓
2 − 2𝛿𝑖𝜏

𝛿
1 ],

𝛾24𝑖 =
𝛽

Δ2
[(𝜓1𝑖𝜂13 + 𝜓2𝑖𝜂24)𝜏

𝜓
2 +

+(𝜓2𝑖𝜂13 + 𝜓3𝑖𝜂24)𝜏
𝜓
3 − 2𝛿𝑖𝜏

𝛿
2 ],

𝜏𝜓1 = ̃︀𝐷κ13 − (κ13κ24 − κ2)𝜙+
24,

𝜏𝜓2 = ̃︀𝐷κ + (κ13κ24 − κ2)𝛽𝜈+2 ,

𝜏𝜓3 = ̃︀𝐷κ24 − (κ13κ24 − κ2)𝜙+
13,

𝜏 𝛿1 = ̃︀𝐷𝜌13 − (κ24𝜌13 − κ𝜌24)𝜙+
24 +

+(κ13𝜌24 − κ𝜌13)𝛽𝜈+2 ,
𝜏 𝛿2 = [ ̃︀𝐷𝜌24 − (κ13𝜌24 − κ𝜌13)𝜙+

13 +

+(κ24𝜌13 − κ𝜌24)𝛽𝜈+2 ,
𝜌13 = [𝑎2sh(𝑦13 − 𝑦24) + 𝑎shy13]− 𝜂13𝑀,

𝜌24 = [−𝑎2sh(𝑦13 − 𝑦24) + 𝑎sh𝑦24]− 𝜂24𝑀,

𝑀 = 𝑎2ch(𝑦13 − 𝑦24) + 𝑎ch𝑦13 + 𝑎ch𝑦24 + 𝑎2.

The proton contribution to the elastic constants of
GPI is found by differentiating (3.2) with respect to
strains at a constant field:

𝑐𝐸𝑖𝑗 =

(︂
𝜕𝜎𝑖
𝜕𝜀𝑖

)︂
𝐸2

= 𝑐𝐸0
𝑖𝑗 −

− 2𝛽

𝑣Δ2
{(𝜓1𝑖𝜂13 + 𝜓2𝑖𝜂24)(𝜓1𝑗𝜂13 + 𝜓2𝑗𝜂24)𝜏

𝜓
1 +

+(𝜓2𝑖𝜂13 + 𝜓3𝑖𝜂24)(𝜓2𝑗𝜂13 + 𝜓3𝑗𝜂24)𝜏
𝜓
3 +

+ [(𝜓1𝑖𝜂13 + 𝜓2𝑖𝜂24)(𝜓2𝑗𝜂13 + 𝜓3𝑗𝜂24)+

+ (𝜓2𝑖𝜂13 + 𝜓3𝑖𝜂24)(𝜓1𝑗𝜂13 + 𝜓2𝑗𝜂24)]𝜏
𝜓
2 }+

+
4𝛽𝛿𝑖
𝜐Δ2

[(𝜓1𝑗𝜂13+𝜓2𝑗𝜂24)𝜏
𝛿
1 + (𝜓2𝑗𝜂13+𝜓3𝑗𝜂24)𝜏

𝛿
2 ] +

+
4𝛽𝛿𝑗
𝜐Δ2

[(𝜓1𝑖𝜂13 + 𝜓2𝑖𝜂24)𝜏
𝛿
1 + (𝜓2𝑖𝜂13 + 𝜓3𝑖𝜂24)𝜏

𝛿
2 ]−

− 8𝛽𝛿𝑖𝛿𝑗

𝜐 ̃︀𝐷Δ2

{[𝜌13𝜙+
13+𝜌24𝛽𝜈

+
2 ]𝜏 𝛿1+[𝜌24𝜙

+
24+𝜌13𝛽𝜈

+
2 ]𝜏 𝛿2}−

− 4𝛽𝛿𝑖𝛿𝑗

𝜐 ̃︀𝐷2
{[2𝑎2ch(𝑦13 − 𝑦24)+

+ 𝑎ch𝑦13 + 𝑎ch𝑦24 + 2𝑎2] ̃︀𝐷 − 2𝑀2}. (3.8)
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Other dielectric, piezoelectric and elastic charac-
teristics of GPI can be found, by using the expres-
sions established above. In particular, the matrix of
isothermal elastic compliance at a constant field 𝑠𝐸𝑖𝑗 ,
which is reciprocal to the matrix of elastic constants
𝑐𝐸𝑖𝑗 , is as follow:

𝐶𝐸 =

⎛⎜⎜⎜⎜⎝
𝑐𝐸11 𝑐𝐸12 𝑐𝐸13 𝑐𝐸15

𝑐𝐸12 𝑐𝐸22 𝑐𝐸23 𝑐𝐸25

𝑐𝐸13 𝑐𝐸23 𝑐𝐸33 𝑐𝐸35

𝑐𝐸15 𝑐𝐸25 𝑐𝐸35 𝑐𝐸55

⎞⎟⎟⎟⎟⎠, 𝑆𝐸 = (𝐶𝐸)−1,

the isothermic constants of a piezoelectric strain

𝑑2𝑖 =
∑︁
𝑗

𝑠𝐸𝑖𝑗𝑒2𝑗 (𝑖, 𝑗 = 1, 2, 3, 5), (3.9)

the isothermal dielectric susceptibility of a mechani-
cally free crystal

𝜒𝜎22 = 𝜒𝜀22 +
∑︁
𝑖

𝑒2𝑖𝑑2𝑖, (3.10)

and the molar entropy of the proton subsystem

𝑆 = −𝑅
4

(︂
𝜕𝑔

𝜕𝑇

)︂
𝜂,𝜀𝑖

=
𝑅

4

{︃
− 2 ln 2 + ln(1− 𝜂13)+

+ ln(1− 𝜂24) + 2 ln ̃︀𝐷 − 2(𝛽𝜈+1 𝜂13 + 𝛽𝜈+2 𝜂24)𝜂13 −

− 2(𝛽𝜈+2 𝜂13 + 𝛽𝜈+3 𝜂24)𝜂24 +
4𝑤

𝑇 ̃︀𝐷𝑀
}︃
, (3.11)

where R is the gas constant.
The molar heat capacity of the proton subsystem

of GPI crystals can be found by the differentiation of
entropy (3.11):

Δ𝐶𝜎 = 𝑇

(︂
𝜕𝑆

𝜕𝑇

)︂
𝜎

. (3.12)

4. Comparison of Theoretical
Results with Experimental Data

For the calculation of the temperature and field de-
pendences of the dielectric and piezoelectric charac-
teristics of GPI, we have to determine the values of
the model parameters. Methods of determination of
the these parameters are described in [7]. Their opti-
mal values are presented below.

The volume of a primitive cell of GPI 𝜐𝐻 = 0.601×
× 10−21 cm3 [12].

The parameter of short-range interactions 𝑤0/𝑘B =
= 820 K; the deformational potentials 𝛿𝑖, which are
coefficients of the linear expansion of the parameter
𝑤 in strains 𝜀𝑖 are as follow: 𝛿1 = 500 K, 𝛿2 = 600 K,
𝛿3 = 500 K, 𝛿4 = 150 K, 𝛿5 = 100 K, 𝛿6 = 150 K;
𝛿𝑖 = 𝛿𝑖/𝑘B; (i=1, ..., 6);

The parameters of long-range interactions 𝜈0+1 =
= 𝜈0+2 = 𝜈0+3 = 2.643 K, 𝜈0−1 = 𝜈0−2 = 𝜈0−3 = 0.2 K,
where 𝜈0±𝑓 = 𝜈0±𝑓 /𝑘B (𝑓 = 1, 2, 3); the deforma-
tional potentials 𝜓±

𝑓𝑖 (𝑓 = 1, 2, 3; 𝑖 = 1, ..., 6), which
are coefficients of the linear expansion of the parame-
ters 𝜈0±𝑓 in strains 𝜀𝑖 are as follow: 𝜓+

𝑓1 = 87.9 K,
𝜓+
𝑓2 = 237.0 K, 𝜓+

𝑓3 = 103.8 K, 𝜓+
𝑓4 = 149.1 K,

𝜓+
𝑓5 = 21.3 K, 𝜓+

𝑓6 = 143.8 K, 𝜓−
𝑓𝑖 = 0 K, where

𝜓±
𝑓𝑖 = 𝜓±

𝑓𝑖/𝑘B.
The components of the effective dipole moments

are equal to 𝜇𝑥13 = 0.4× 10−18 esu · cm; 𝜇𝑦13 = 4.02×
× 10−18 esu · cm; 𝜇𝑧13 = 4.3 × 10−18 esu · cm; 𝜇𝑥24 =
= 2.3 × 10−18 esu · cm; 𝜇𝑦24 = 3.0 × 10−18 esu · cm;
𝜇𝑧24 = 2.2× 10−18 esu · cm.

Corrections to the effective dipole moments 𝜇′
1 =

= 𝜇′
3= −0.22×10−18 esu · cm and𝜇′

2= 𝜇′
4= 0 esu · cm

are found from the condition of agreement of the
saturation polarization with experimental data.

The “seed” coefficients of the piezoelectric stress 𝑒0𝑖𝑗 ,
“seed” dielectric susceptibilities 𝜒𝜀0𝑖𝑗 , and “seed” elastic
constants 𝑐𝐸0

𝑖𝑗 are obtained as follow: 𝑒0𝑖𝑗 = 0.0 esu
cm2 ;

𝜒𝜀011 = 0.1, 𝜒𝜀022 = 0.403, 𝜒𝜀033 = 0.5, 𝜒𝜀031 = 0.0;

𝑐0𝐸11 = 26.91× 1010 dyn
cm2 , 𝑐𝐸0

12 = 14.5× 1010 dyn
cm2 ,

𝑐𝐸0
13 = 11.64× 1010 dyn

cm2 , 𝑐𝐸0
15 = 3.91× 1010 dyn

cm2 ,

𝑐𝐸0
22 = (64.99–0.04(𝑇 − 𝑇𝑐))× 1010 dyn

cm2 ,

𝑐𝐸0
23 = 20.38× 1010 dyn

cm2 , 𝑐𝐸0
25 = 5.64× 1010 dyn

cm2 ,

𝑐𝐸0
33 = 24.41× 1010 dyn

cm2 , 𝑐𝐸0
35 = −2.84× 1010 dyn

cm2 ,

𝑐𝐸0
55 = 8.54× 1010 dyn

cm2 , 𝑐𝐸0
44 = 15.31× 1010 dyn

cm2 ,

𝑐𝐸0
46 = −1.1× 1010 dyn

cm2 , 𝑐𝐸0
66 = 11.88× 1010 dyn

cm2 .

Now, let us consider the results obtained in this
paper for the temperature and field dependences of
physical characteristics of a GPI crystal at the differ-
ent values of the strength of the electric field 𝐸2. We
note that the solid lines in the figures mean the results
of calculations on the basis of the theory proposed in
the present paper (effective dipole moment 𝜇(𝜂) de-
pends on order parameter), whereas the dashed lines,
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Fig. 2. Temperature dependences of the strains 𝜀𝑖 of a GPI
crystal at different values of the electric field 𝐸2 (MV/m): 1 –
0.0; 2 – 4.00

which are given for comparison, mean our results ob-
tained in [7] at the zero field (effective dipole moment
is constant, but has different values in the ferro- and
paraelectric phases).

The themperature dependences of the strains 𝜀𝑖 of
a GPI crystal become smooth near the phase tran-
sition temperature 𝑇𝑐 = 225 K under the influence
of the electric field 𝐸2 (Fig. 2). At 𝐸2 = 0, curves 1
practically coincide with curves obtained in [7]; that
is, taking 𝜇(𝜂) into account does not influence prac-
tically the strains.

The temperature dependence of the longitudinal
polarization 𝑃2(𝑇 ) at 𝐸2 = 0 with regard for 𝜇(𝜂)
(Fig. 3, curve 1) has larger convexity, in comparison
with one obtained in [7] (dashed line).

The curve 𝑃2(𝑇 ) also becomes smooth under the in-
fluence of the field 𝐸2 (Fig. 3, curves 2–5). The polar-
ization 𝑃2 increases in the whole temperature region
with increasing the field strength 𝐸2. The character
of such increase can be seen well on the field depen-
dence of the polarization 𝑃2(𝐸) at different tempera-
tures (Fig. 4).

With applying the field −𝐸2, the polarization be-
comes negative, and the curve 𝑃2(𝐸) is symmetric
relative to such curve at the field +𝐸2. At 𝐸2 = 0,
the curve 𝑃2(𝐸) has jump.

In Fig. 5, we present the temperature dependences
of the dielectric permittivities of mechanically free
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Fig. 3. Temperature dependences of the longitudinal polar-
ization 𝑃2 of a GPI crystal at different values of the electric
field 𝐸2 (MV/m): 1 – 0.0; ∘ [13], M [1], � [14], O [11]; 2 – 0.22;
3 – 1.0; 4 – 2.0; 5 – 4.0. Dashed line is the result obtained
in [7]
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Fig. 4. Dependences of the polarization 𝑃2 on the field 𝐸2

at different temperatures T (K) in the paraelectric phase: 1 –
226; 2 – 227; 3 – 228; 4 – 229; 5 – 230; and in the ferroelectric
phase: 1′ – 224; 2′ – 223; 3′ – 222; 4′ – 221; 5′ – 220

𝜀𝜎22 = 1 + 4𝜋𝜒𝜎22 and clamped 𝜀𝜀22 = 1 + 4𝜋𝜒𝜀22 GPI
crystals, and the curves 𝜀𝜎22(𝑇 ) and 𝜀𝜀22(𝑇 ) calculated
in [7] without regard for the dependence 𝜇(𝜂) (dashed
lines).

One can see that the account for 𝜇(𝜂) at the zero
electric field leads to increasing the permittivities in
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Fig. 5. Temperature dependences of the dielectric permittiv-
ities 𝜀𝜎22 and 𝜀𝜀22 of a GPI crystal at 𝐸2 = 0; ∘ – [15]; � – [14].
Dashed lines are results obtained in [7]
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Fig. 6. Temperature dependence of the permittivity 𝜀𝜎22 of a
GPI crystal at different values of the electric field 𝐸2 MV/m:
1 – 0.0; 2 – 0.02; ∘; 3 – 0.03; �; 4 – 0.04; ♦; 5 – 0.07; M; 6 –
0.12; O; 7 – 0.17; ▷; 8 – 0.22; ◁; 9 – 0.50; 10 – 1.00; 11 – 2.00;
12 – 4.00; ◁. Symbols are experimental data taken from [11]

the ferroelectric phase and does not influence them in
the paraelectric phase.

The influence of a longitudinal electric field on the
temperature dependence of the dielectric permittivity
𝜀𝜎22 of a GPI crystal is presented in Fig. 6.

With increasing the electric field strength, the
maximum on the curve 𝜀𝜎22(𝑇 ) becomes smooth, de-
creases, and shifts to the higher temperatures.
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Fig. 7. Dependence of the permittivity 𝜀𝜎22 on the field 𝐸2

at different temperatures T (K): 1 – 225.3; �; 2 – 225.6; ∘;
3 – 225.8; M; 4 – 226.0; O; 5 – 226.2 ♦; 6 – 227.0; 7 – 230.0.
Symbols are experimental data taken from [11]
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Fig. 8. Temperature dependence of the dielectric permittivity
𝜀11 and 𝜀33 of a GPI crystal at different values of the electric
field strength 𝐸2 MV/m: 1 – 0.0; 2 – 0.12; 3 – 0.22; 4 – 1.0;
5 – 2.0; 6 – 3.0; 7 – 4.0; symbols M are experimental data of [1]

We note that the curves 𝜀𝜎22(𝑇 ), which are calcu-
lated at field strengthes 𝐸2 = 20, 30, 40, 70, 120,
170, and 220 kV/m, quite well agree with experimen-
tal data [11], which are measured at field strengthes
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Fig. 9. Temperature dependence of the coefficients of the
piezoelectric strains 𝑑2𝑖 of a GPI crystal at different values of
the electric field strength 𝐸2 MV/m: 1 – 0.0; 2 – 0.03; 3 – 0.07;
4 – 0.12; 5 – 0.22; 6 – 0.5; 7 – 4.0. Dashed lines are results
calculated in [7] at the zero field

𝐸2 = 0, 10, 20, 50, 100, 150, 200 kV/m. This points
to the existence of some internal longitudinal electric
field 𝐸2𝑖𝑛 = 20 kV/m in the crystal from [11]. The
field dependences of 𝜀𝜎22(𝐸) at different temperatures
in the paraelectric phase (Fig. 7) also testify to the ex-
istence of an internal field; they have smoothed peaks
shifted to ≈20 kV/m.

We also note that the experimental data [11] at
the zero field do not agree with experimental data of
another papers, which we used in [7]. Therefore, for
the theoretical description of data [11], we suppose
that, in this sample, the parameters 𝜇𝑦13 = 4.28×
× 10−18 esu · cm, 𝜇′

1 = 𝜇′
3 = −0.22 × 10−18 esu · cm,

but all other parameters are such as obtained in [7].
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Fig. 10. Temperature dependence of the coefficients of the
piezoelectric strains 𝑑21 and 𝑑23 of a GPI crystal at the electric
field strength 1.2 MV/m. Symbols ∘,� are experimental data
taken from [14]
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Fig. 11. Temperature dependence of the elastic constants 𝑐𝐸𝑖𝑗
of a GPI crystal: 𝑐𝐸11−1, 𝑐𝐸12−2, 𝑐𝐸13−3, 𝑐𝐸22−4, 𝑐𝐸23−5, 𝑐𝐸33−6,
𝑐𝐸15 − 7, 𝑐𝐸25 − 8, 𝑐𝐸35 − 9, 𝑐𝐸55 − 10, 𝑐𝐸44 − 11, 𝑐𝐸46 − 12, 𝑐𝐸66 − 13

at different values of the electric field strength 𝐸2 MV/m: 1 –
0.0; 2 – 0.22; 3 – 4.00. Symbols ∘ are experimental data [16]

The temperature dependences of the permittivities
𝜀11 and 𝜀33 of a GPI crystal at the zero field coin-
cide with the curves 𝜀11(𝑇 ) and 𝜀33(𝑇 ) calculated in
[7] without regard for the dependence 𝜇(𝜂). With in-
creasing the field strength, the maxima on the curves
𝜀11(𝑇 ) and 𝜀33(𝑇 ), as well as in the case of 𝜀22(𝑇 ),
become smooth, decrease, and shift to higher temper-
atures (Fig. 8).

From the temperature dependence of the piezoelec-
tric coefficients, 𝑑2𝑖 (Fig. 9), one can see that the
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Fig. 12. Temperature dependence of the proton contribution
to the molar heat capacity Δ𝐶 of a GPI crystal at different
values of 𝐸2 MV/m: 1 – 0.0; 2 – 0.12; 3 – 0.22; 4 – 1.0; 5 –
2.0; 6 – 3.0; 7 – 4.0

account for 𝜇(𝜂) (solid lines) at the zero field in-
creases the coefficients 𝑑2𝑖 in comparison with those
calculated in [7] without regard for 𝜇(𝜂) (dashed
lines). A longitudinal field leads to appearing their
nonzero values in the paraelectric phase; and the
maxima on the curves 𝑒2𝑖(𝑇 ), 𝑑2𝑖(𝑇 ), ℎ2𝑖(𝑇 ), and
𝑔2𝑖(𝑇 ) become smooth, decrease, and shift to higher
temperatures.

In [14], the experimental data are obtained for the
coefficients of the piezoelectric strains 𝑑21(𝑇 ) and
𝑑23(𝑇 ), which have nonzero values in the paraelectric
phase. They may be qualitatively explained by the
existence of some internal electric field ≈1.2 MV/m
in the sample (Fig. 10).

The account for 𝜇(𝜂) does not influence the tem-
perature dependence of the elastic constants 𝑐𝐸𝑖𝑗 and
the proton contribution to the molar heat capacity
Δ𝐶. The role of the electric field 𝐸2 consists in the
smoothering of the curves 𝑐𝐸𝑖𝑗(𝑇 ) (Fig. 11) and Δ𝐶(𝑇 )
(Fig. 12).

5. Conclusions

On the basis of the proposed model of a deformed
GPI crystal, we have calculated its thermodynamic
characteristics in the presence of the electric field
𝐸2. The dependence of the longitudinal component
of effective dipole moments on the order parame-
ters 𝜇(𝜂) is taken into account. This allowed us to
agree the polarizations in the ferro- and paraelec-
tric phases. The dependence 𝜇(𝜂) leads to a small in-
crease in the polarization in the ferroelectric phase
near 𝑇𝑐, to an increase in the longitudinal permit-

tivity in the ferroelectric phase and the piezoelectric
coefficients 𝑒2𝑖 and 𝑑2𝑖, but does not influence the
transverse permittivity, longitudinal permittivity in
the paraelectric phase, elastic constants, and molar
heat capacity.

The calculated temperature and field dependences
of thermodynamic characteristics show that an in-
crease in the field 𝐸2 leads to the smearing of the
phase transition, decrease in the dielectric permittiv-
ities 𝜀𝑖𝑖 and in the piezoelectric coefficients in the fer-
roelectric phase for all temperatures. The obtained
theoretical dependences have a character of predic-
tions and can stimulate the subsequent experimental
investigations.

The authors are indebted to Prof. I.V. Stasyuk for
his useful remarks.
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ВПЛИВ ПОЗДОВЖНЬОГО ЕЛЕКТРИЧНОГО
ПОЛЯ НА ТЕРМОДИНАМIЧНI ВЛАСТИВОСТI
СЕГНЕТОЕЛЕКТРИКА NH3CH2COOH ·H2PO3

Р е з ю м е

Використовуючи модифiковану модель сегнетоелектрика
фосфiту глiцину шляхом врахування п’єзоелектричного
зв’язку з деформацiями 𝜀𝑖 в наближеннi двочастинково-
го кластера розраховано вирази для поляризацiї, тензора
статичної дiелектричної проникностi кристала, п’єзоелект-
ричних коефiцiєнтiв i пружних сталих при прикладаннi по-
здовжнього електричного поля 𝐸2. Проведено аналiз впли-
ву цього поля на термодинамiчнi характеристики криста-
ла. Враховано залежнiсть ефективних дипольних моментiв
вiд параметрiв впорядкування. Це дозволило узгодити ефе-
ктивнi дипольнi моменти в сегнето- i парафазi та описати
розмивання фазового переходу пiд дiєю електричного поля.
При належному виборi параметрiв теорiї отримано задо-
вiльний кiлькiсний опис наявних експериментальних даних
для розрахованих характеристик.
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