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THE CONSTRUCTION OF RELATIVISTICALLY
INVARIANT EQUATIONS OF MOTION AND THE
MOMENTUM ENERGY TENSOR FOR SPIN-1/2
PARTICLES WITH POLARIZABILITIES
IN AN ELECTROMAGNETIC FIELDUDC 539.12

Within the covariant Lagrangian formalism, the equations of motion for spin-1/2 particles
with polarizabilities in an electromagnetic field have been obtained. We have analyzed the phe-
nomenological tensor constant quantities as well.
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1. Introduction

The interaction of an electromagnetic field with struc-
tural particles in the electrodynamics of hadrons is
based on the main principles of relativistic quan-
tum field theory. In the model conceptions, where
basically the diagram technique is used, a num-
ber of features for the interaction of photons with
hadrons have been determined [1, 2]. However, the
diagram technique is mainly employed for the de-
scription of electromagnetic processes in the sim-
plest quark systems. In the case of interaction for
the electromagnetic field with complex quark-gluon
systems in the low-energy region, the perturbative
methods of QCD are nonapplicable. That is why, the
low-energy theorems and sum rules were widely used
lately [3–6]. In the present time, the low-energy elec-
tromagnetic characteristics which are connected with
a hadron structure, such as the formfactor and polar-
izabilities, can be obtained from nonrelativistic the-
ory [5]. Passing from the nonrelativistic electrody-
namics to the relativistic field theory, one can use the
correspondence principle. But it is necessary to inves-
tigate, step-by-step, a transition from the covariant
Lagrangian formalism to the Hamiltonian one [7–9].

The determination of the interaction vertex of 𝛾-
photons with protons taking the polarizabilities into
account [10] has recently been used to fit experimen-
tal data on the Compton scattering on a proton in
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the energy neighborhood of a birth of the Δ(1232)-
resonance [11].

This work is a continuation of the researches which
have been presented in our previous articles [6–8].
Using the covariant Lagrangian of interaction of the
electromagnetic field with a structural polarizable
particle, the equations of motion and the canonical
and metric energy-momentum tensors have been ob-
tained.

2. Total Lagrangian

The total Lagrangian of the interaction of spin-1/2
particles with the electromagnetic field consists of the
Lagrangian for the free electromagnetic field 𝐿𝑒−𝑚,
the spinor or Dirac field 𝐿𝐷, the Lagrangian of the
interaction of the free electromagnetic field with the
Dirac field 𝐿int−𝐷, and the Lagrangian which consid-
ers electric and magnetic polarizabilities of particles
𝐿𝛼0𝛽0−𝐷:

𝐿total−𝐷 = 𝐿𝑒−𝑚 + 𝐿𝐷 + 𝐿int−𝐷 + 𝐿𝛼0𝛽0−𝐷,

thus,

𝐿total−𝐷 = −1

4
𝐹𝛼𝛽𝐹

𝛼𝛽 + 𝜓

(︂
1

2
𝑖𝛾𝛼

↔
𝜕𝛼 −𝑚

)︂
𝜓−

− 𝑒(𝜓𝛾𝛼𝜓)𝐴
𝛼 +𝐾𝜎𝜈Θ

𝜎𝜈 , (1)

where
𝐾𝜎𝜈 =

2𝜋

𝑚

(︁
𝛼0𝐹𝜎𝜇𝐹

𝜇
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698 ISSN 0372-400X. Укр. фiз. журн. 2019. Т. 64, № 8



The Construction of Relativistically Invariant Equations

Θ𝜎𝜈 =
𝑖

2

(︂
−
𝜓 𝛾𝜎

↔
𝜕𝜈 𝜓

)︂
,

𝜓 is the wave function of spin-1/2 particles.
In this expression 𝐹𝜇𝜈 = 1

2𝜀𝜇𝜈𝜌𝜎𝐹
𝜌𝜎, where 𝐹𝜇𝜈

and 𝐹𝜇𝜈 are the tensors of the electromagnetic field,
𝛼0 and 𝛽0 are electric and magnetic polarizabil-
ities, and 𝜀𝜇𝜈𝜌𝜎–Levi-Civita antisymmetric tensor
(𝜀0123 = 1).

The part of the Lagrangian with polarizabilities can
be rewritten as

𝐿(𝛼𝛽) = −1

4
𝐹𝜇𝜈𝐺

𝜇𝜈 = 𝐾𝜎𝜈Θ
𝜎𝜈 , (2)

where 𝐺𝜇𝜈 is the antisymmetric tensor 𝐺𝜇𝜈 = −𝐺𝜈𝜇

and is equal to

𝐺𝜇𝜈 = − 𝜕𝐿(𝛼𝛽)

𝜕(𝜕𝜇𝐴𝜈)
=

4𝜋

𝑚

(︀
(𝛼0 + 𝛽0)(𝐹

𝜇
𝜎
̃︀Θ𝜌𝜈 −

−𝐹 𝜈
𝜌
̃︀Θ𝜌𝜇)− 𝛽0Θ

𝜌
𝜌𝐹

𝜇𝜈
)︀
, (3)

wherẽ︀Θ𝜌𝜈 = 1/2(Θ𝜌𝜈 +Θ𝜈𝜌).

3. Equations of Motion

For the interaction of the spinor and electromagnetic
fields, the following system of equations is used:

− 𝜕𝐿

𝜕𝐴𝜇
+ 𝜕𝛾

𝜕𝐿

𝜕(𝜕𝛾𝐴𝜇)
= 0, (4)

−𝜕𝐿
𝜕𝜓

+ 𝜕𝛾
𝜕𝐿

𝜕(𝜕𝛾𝜓)
= 0, (5)

−𝜕𝐿
𝜕𝜓

+ 𝜕𝛾
𝜕𝐿

𝜕(𝜕𝛾𝜓)
= 0, (6)

where 𝐴𝜇 is the vector-potential of the electromag-
netic field.

From Lagrangian (1) and expressions (4–6), we
get the equations of motion for a charged spin-1/2
particle with 𝛼0-electric and 𝛽0-magnetic polarizabil-
ities:

𝜕𝜇𝐹
𝜇𝜈 = 𝑒𝜓𝛾𝜈𝜓 − 𝜕𝜇𝐺

𝜇𝜈 , (7)

(𝑖𝛾𝜈
→
𝜕𝜈 −𝑚)𝜓 = 𝑒𝐴𝜈𝛾

𝜈𝜓 − 𝑖

2
(𝜕𝜈𝐾𝜎𝜈𝛾

𝜎)𝜓−

− 𝑖𝐾𝜎𝜈𝛾
𝜎𝜕𝜈𝜓, (8)

−
𝜓 (𝑖

←
𝜕𝜈 𝛾

𝜈 +𝑚) = −𝑒
−
𝜓 𝐴𝜈𝛾

𝜈 −

− 𝑖

2

−
𝜓 (𝜕𝜈𝐾𝜎𝜈𝛾

𝜎)− 𝑖(𝜕𝜈
−
𝜓)𝛾𝜎𝐾𝜎𝜈 . (9)

In expression (7), 𝑒𝜓𝛾𝜈𝜓 is the current associated
with a charge, −𝜕𝜇𝐺𝜇𝜈 is the current associated with
the polarizabilities of the particle.

Following work [12], we perform a relativistic gener-
alization of the phenomenological energy-momentum
tensor of the interaction of the electromagnetic field
with a polarizable particle as

𝑇𝜇𝜈 = 𝑇𝜇𝜈
0 + 𝑇𝜇𝜈

(𝛼𝛽)int. (10)

Lagrangian (1) takes the form

𝐿total−𝐷 = 𝐿0 + 𝐿int, (11)

where

𝐿0 = −1

4
𝐹𝛼𝛽𝐹

𝛼𝛽 + 𝜓

(︂
1

2
𝑖𝛾𝛼

↔
𝜕𝛼 −𝑚

)︂
𝜓

is the usual Lagrangian, and

𝐿int = −𝑒(𝜓𝛾𝛼𝜓)𝐴𝛼 +𝐾𝜎𝜈Θ
𝜎𝜈

is the interaction Lagrangian of the electromagnetic
field and a particle with polarizabilities.

With the help of Lagrangian (11), the canonical
energy-momentum tensor looks like

𝑇𝜇𝜈
can =

𝜕𝐿0

𝜕(𝜕𝜇𝐴𝜌)
(𝜕𝜈𝐴𝜌)+𝜕

𝜈𝜓
𝜕𝐿0

𝜕(𝜕𝜇𝜓)
+

𝜕𝐿0

𝜕(𝜕𝜇𝜓)
𝜕𝜈𝜓−

− 𝑔𝜇𝜈
(︂
−1

4
𝐹𝛼𝛽𝐹

𝛼𝛽 − 1

4
𝐹𝛼𝛽𝐺

𝛼𝛽

)︂
.

As a result, we get

𝑇𝜇𝜈
can = 𝑇𝜇𝜈

can(0) +
𝑔𝜇𝜈

4
𝐺𝜌𝜎𝐹

𝜌𝜎, (12)

where 𝑔𝜇𝜈

4 𝐺𝜌𝜎𝐹
𝜌𝜎 is the energy-momentum tensor of

the interaction of the electromagnetic field with re-
gard for the polarizabilities of the particle, and

𝑇𝜇𝜈
can(0) = −𝐹𝜇𝜌𝜕𝜈𝐴𝜌 +

𝑔𝜇𝜈

4
𝐹𝜌𝜎𝐹

𝜌𝜎 +Θ𝜇𝜈 .

Using the unambigious definition of a energy-
momentum tensor for 𝑇𝜇𝜈

can, we construct the metric
energy-momentum tensor:

𝑇𝜇𝜈
metr = 𝑇𝜇𝜈

can(0) + 𝜕𝜌(𝐹
𝜇𝜌𝐴𝜈) +

𝑔𝜇𝜈

4
𝐺𝜌𝜎𝐹

𝜌𝜎. (13)

Thus, 𝑇𝜇𝜈
metr reads

𝑇𝜇𝜈
metr = 𝐹𝜇𝜌𝐹 𝜈

𝜌 +
𝑔𝜇𝜈

4
𝐹𝜌𝜎𝐹

𝜌𝜎 +Θ𝜇𝜈 −
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− 𝑗𝜇𝐴𝜈 +
𝑔𝜇𝜈

4
𝐺𝜌𝜎𝐹

𝜌𝜎, (14)

where 𝑗𝜇 is the current density of the charged particle.
In the rest frame of the particle, we obtain the en-

ergy density of interaction for the particle with po-
larizabilities and the electromagnetic field:

ℰ = −2𝜋

𝑚
Θ00(𝛼0E

2 + 𝛽0H
2),

where Θ00 is the energy density of the spin-1/2
particle.

4. Conclusion

Taking the covariant Lagrangian of interaction of the
electromagnetic field with a polarizable spin-1/2 par-
ticle as a basis in the Lagrangian covariant formalism,
the equations of motion have been found. The cor-
relations between the covariant Lagrangian and the
canonical and metric energy-momentum tensors have
been obtained. In the rest frame of the particle, the
energy density of interaction for the particle with po-
larizabilities and the electromagnetic field has been
determined.
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ПОБУДОВА
РЕЛЯТИВIСТСЬКО-IНВАРIАНТНИХ
РIВНЯНЬ РУХУ ТА ТЕНЗОР
ЕНЕРГIЇ-IМПУЛЬСУ ДЛЯ ЧАСТИНОК
ЗI СПIНОМ 1/2 З ПОЛЯРИЗОВНIСТЮ
В ЕЛЕКТРОМАГНIТНОМУ ПОЛI

Р е з ю м е

В рамках коварiантного лагранжового формалiзму отрима-
но рiвняння руху для частинок зi спiном 1/2 з поляризовнi-
стю в електромагнiтному полi. Нами також проаналiзовано
феноменологiчнi тензорнi константи.
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