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The influence of the speed of the focal point under self-modulation
of the phase and self-focusing on the frequency-angular radiation
spectra of a parametric stimulated Raman scattering (SRS) anti-
Stokes component is considered. The phase self-modulation of
both exciting and scattered anti-Stokes radiation is taken into
consideration. The creation of broadened anti-Stokes frequency-
angular bands is explained. The most intense frequency-angular
bands, which are described by relations typical of the Cherenkov
radiation, are generated when the speed of the self-focused focal
point coincides with the phase velocity of a nonlinear polariza-
tion at the anti-Stokes Raman frequency and the phase velocity
of a scattered axial radiation. In particular, under the excitation
by nanosecond laser pulses, such bands in toluene reach shifts of
≈−200 cm−1 relatively to the anti-Stokes Raman frequency.

1. Introduction

Self-focusing (SF) of laser pulses in the nanosecond du-
ration interval in various media, which are characterized
by the essential Kerr effect, leads to the movement of a
focal spot due to the instantaneous power change. The
focal spot speed υfp is defined by laser pulse envelope.
The faster the change of the instantaneous power of a
pulse, the greater is the speed υfp. At the front and the
back of a pulse, the speed υfp takes both positive and
negative values and is not limited by the speed of light
in vacuum.

It was stated in [1] that the motion of a focal spot
with a superluminal speed does not contradict the spe-
cial theory of relativity, because the focal spot is created
at different moments of time by SF of different time frag-
ments of the input pulse. Therefore, the motion of a focal
spot is not associated with the energy transfer. However,
there is a strong polarization of the medium induced at
the moving focus, which may have superluminal speed.

This creates a situation similar to the one, in which the
Vavilov–Cherenkov radiation is observed.

In practical and theoretical aspects, SF creates a new
situation that is impossible or difficult to achieve under
other conditions and by other technical methods.

Thus, unlike the usage of conventional lenses, the focal
area length b varies from ∼ 0.1 to 10 mm at the radius
of ∼5 µm. The duration of the self-focused laser radia-
tion action on the medium at a fixed point is ∼ b/υfp.
When the speed of a focal point becomes superluminal,
the duration of the action b/υfp at the minimum length
b decreases to the femtosecond interval even for nanosec-
ond exciting laser pulses.

When there is no SF, the group velocities of a non-
linear polarization and an exciting laser pulse are al-
most equal. Under SF, nonlinear optical processes in-
cluding stimulated Raman scattering (SRS), stimulated
Brillouin–Mandelstam scattering, generation of optical
harmonics, etc., occur under conditions, where the speed
of the nonlinear polarization amplitude envelope is close
to υfp and does not depend on the group velocities of
exciting and generated components. The speed υfp of
a self-focusing focal point is variable and could be con-
trolled due to its dependence on the envelope shape and
the exciting pulse amplitude. When there is no SF,
the efficiency of nonlinear optical processes reaches its
maximum at the equality of all phase and, consequently,
group velocities of interacting and generated waves. But
this condition is not always achieved. Due to new tech-
nology prospects, the efficiency of nonlinear optical pro-
cesses under SF could be controlled even in a disperse
medium and can be optimized by choosing υfp.

However, the efficiency of nonlinear optical processes
under SF is significantly affected by the self-modulation
of the phase (SMP) of laser radiation, which alters the
instantaneous frequency and the phase matching of in-
teracting waves.
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This paper analyzes the influence of a moving SF focal
area on parametric anti-Stokes SRS with regard for SMP
of laser radiation and anti-Stokes component (ASC) ra-
diation, which is generated near the focal point [2] and
propagates up to the medium boundary (to the observer)
under a refractive index variable in space and time.

It was shown previously [3] that the frequency of ASC
in an SRS-active medium depends on the focal point
speed even in the approximation of “ideal thin lens”,
which implies that the instantaneous change of the laser
pulse power leads only to a change of the focal length of
the induced lens, while the SMP effect is considered in-
significant. This situation can be rather easy realized, by
varying the curvature radii of the additional lens, when
there is no SF. However, the actual induced lens in an
SF-medium varies its ”thickness”, which leads to a sig-
nificant SMP of laser and ASC radiation.

The spectrum of self-modulated nanosecond laser
pulses was theoretically and experimentally researched
in [4]. When the focal point crosses the output bound-
ary of the SF-medium at the front of a laser pulse, the
spectral broadening of laser radiation exceeds 100 cm−1

to the side of lower frequencies. This is explained by the
transient effect on the SF-medium boundary, which is
somewhat similar to the physical mechanism of genera-
tion of a transient radiation [5]. When the Kerr medium
boundary is crossed by the focal area, where the refrac-
tive index is increased and varies in time, the phases of
electromagnetic fields change. The transient effect under
SF can be used to adjust the frequency and to compress
laser pulses [6].

The spectral broadening of laser radiation due to SMP
in an SRS-active self-focusing medium leads to a spectral
broadening of SRS, which occurs in focal areas of SF [2],
i.e. near the focal point.

It was experimentally established [7] that the fre-
quency (ω) – angular (θ) bands ω(θ) of various spec-
tral broadenings are observed in the frequency-angular
spectra of SRS ASC conical radiation. The dependence
of the scattered radiation frequency ω on the angle θ is
typically observed as parabolic frequency-angular bands
of ASC ω (θ) − ωa ≈ (ω (θ = 0)− ωa)

(
1− θ2

/
θ2 (ωa)

)
,

where ωa is the Raman anti-Stokes frequency, and θ is
the angle between the laser pulse propagation axis and
a scattering direction of the conical radiation (θ = 0
corresponds to the axial scattering).

The Stokes shift in the mentioned bands is described
by the relation similar to that for Cherenkov radiation
[7]: cos θ (ω) = υph(ω)/υap0(ωa), where υph (ω) is the
phase velocity of the ASC radiation with frequency ω,
which is scattered at an angle θ, υap0(ωa) is the phase

velocity of a nonlinear medium polarization wave at the
frequency ωa with no SF. In case of normal dispersion,
the speed υap0(ωa) becomes superluminal. When the fre-
quencies are ω = ωa, we obtain cos θ = kap0(ωa)/k(ωa),
where kap0 and k are the lengths of the polarization and
scattering wave vectors in the medium. This Cherenkov-
type dependence at the anti-Stokes Raman frequency
ωa has been noted earlier [8]. A similar dependence is
also observed under the excitation by femtosecond laser
pulses, in particular, focused using an axicon [9].

What’s been left unexplained is the physical mech-
anism of generation of Cherenkov-type conical ASC
radiation at non-Raman frequencies and its relation
to the focal point speed and SMP of laser radiation.
Work [7] shows only formally that the frequency-angular
spectrum of experimentally observed broadband cone
ASC radiation can be analytically described with sat-
isfactory accuracy by the Cherenkov radiation condi-
tion cos θ (ω) = υph(ω)/υap0(ωa), where the speed of
a charged particle is replaced with the phase velocity
υap0(ωa) of nonlinear polarization waves, which propa-
gate in a medium at the frequency ωa in the absence of
SF and SMP. This paper describes the physical mech-
anism that causes the generation of broadband (and
angle-dependent) ASC radiation of Cherenkov-type in
the SRS-active SF-medium.

The actuality of this work is determined by opportuni-
ties, which are almost not considered and are realizable
due to a combination of SRS as an effective method of
laser radiation frequency adjustment and SF, which gives
an ability to perform the spatial scanning by electro-
magnetic field packages with unlimited and controllable
speed. The SF focal point speed υfp does not directly
depend on the group velocity of an exciting pulse and
the speed of light in vacuum [1]. This gives prospects to
create new coherent radiation sources with frequency ad-
justment ability and with new frequency-angular prop-
erties. At the same time, the possibility to sweep laser
radiation on a shifted frequency appears.

2. Analytical Consideration

The source of SRS ASC radiation is a wave of medium’s
nonlinear polarization PNL(t, r). The intensity of ASC
depends both on the spatial-temporal distribution of the
amplitude and on the phase of this wave, as it is neces-
sary to achieve the phase matching with the anti-Stokes
radiation field. At the same polarization of all waves
in the electric dipole approximation in the case of a ho-
mogeneous non-magnetic and non-conducting medium,
without regard for the reflection on the medium bound-
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aries, the far-field frequency-angular energy density Wωθ

of ASC at small scattering angles θ (within a few de-
grees) is defined by the formula [3]

Wωθ =

=
ω4nω
8π2c3

∣∣∣∣∣∣
∫
V

dV

∞∫
−∞

PNL(t, r) exp[i(ωt− kr)]dt,

∣∣∣∣∣∣
2

, (1)

where k is a scattered radiation wave vector with a
length of k = nω/c at the frequency ω, n = n(ω) is
the refraction index, c is the speed of light in vacuum,
t is the time, and r is a radius vector that connects the
origin of the coordinate system and an arbitrary point
of the volume V , where medium’s nonlinear polarization
exists. The physical meaning of formula (1) is based
on the decomposition of a nonlinear polarization at ev-
ery point of the volume in a set, which is continuous in
frequency, of monochromatic radiation sources, followed
by the spatial summation of the field emitted by these
point sources. It also takes into consideration the phase
of these sources and the phase of the emitted field, which
arrives at the observation point.

To perform calculations of the frequency-angular en-
ergy density using formula (1), it is firstly necessary
to determine only the spatial-temporal dependence of
the amplitude and the phase of a polarization PNL(t, r).
However, under SF and SMP, it is a very difficult task.

To simplify calculations, we will use the approxima-
tion of a given polarization. Let us assume that, when
SF and SMP are neglected, the linearly polarized excit-
ing laser radiation with wave vector kL (in the medium)
and frequency ωL propagates along the axis z and has
phase φL = ωLt−kLz. The Stokes Raman component of
SRS, which is excited by laser radiation, propagates in
the same direction and has the wave vector ks and the
frequency ωs. These two waves create the cubic polar-
ization of a medium at the anti-Stokes Raman frequency
ωa = 2ωL−ωs with a wave vector of kap0 = 2kL−ks. As
kL and ks are oriented in the same direction, the vector
kap0 is oriented along the axis z as well, and its length
is kap0 = 2kL − ks.

An increase of the refraction index Δn under SF
causes the length kL to increase up to ΔkL = kLΔn/n,
by creating, thus, a phase delay δϕL(t, z) of laser radia-
tion. Therefore, we obtain ϕL = ωLt − kLz − δϕL(t, z).
This delay depends on the instantaneous intensity of ex-
citing radiation pulses, the distance, and, hence, on the

time t and the coordinate z, and is defined by expression:

δϕL(t, z) =

z∫
Zin

ΔkL(t, ζ)dζ. (2)

Expression (2) assumes that the SRS-active self-
focusing medium is located within z = Zin÷L/2 (hence-
forth, the coordinate zf of the created focal point is
considered in the range of zf = −L/2 ÷ L/2, and
Zin � −L/2), ζ is a current integration coordinate on
the path between the input boundary of the medium
and a point z, where the phase is considered. The delay
δϕL can be calculated rather accurately, and it has been
done in [4]. Here, to calculate the increase ΔkL(t, ζ) of
the laser radiation wave vector length, which is caused by
an increase of the refraction index at every intermediate
point ζ of the path Zin÷ z, the following approximation
is used:

ΔkL (t, ζ) = Γf exp

[
−
(
ζ − υfp

(
t− z − ζ

υg

))2
/
b2

]
.

(3)

Here, Γf is the maximum increase of ΔkL at the center
of the focal area (i.e. at the focal point), υfp is the speed
of the focal point, and its coordinate is zf = υfpt (we as-
sume that the speed is constant and zf(t = 0) = 0), υg is
the group velocity of light at a laser radiation frequency,
b is the effective length of the focal area. Expression (3)
indicates the situation, in which some time fragment of
the laser pulse, located at z at t, was located at ζ at
t′ = t − (z − ζ)/υg. The focal point coordinate at this
moment of time was z′f = υfpt

′ = υfp (t− (z − ζ)/υg).
Accordingly, the distance between the fragment and the
focal point was ζ − z′f = ζ − υfp (t− (z − ζ)/υg). In
the case of the Gaussian distribution of the value of re-
fractive index in the focal area, which is proportional to
exp

[
− ((z − zf)/b)2

]
, we obtain the required expression

(3) for ΔkL(t, ζ).
The focal area is created near the output boundary of

a medium. When L/2 � |Zin|, b, we get ΔkL(t, ζ) ≈ 0
at the input boundary. Therefore, the lower integration
limit in (2) can be replaced by −∞.

SRS mainly occurs at the center of an SF focal area.
So, the behavior of the exciting laser radiation phase is
especially important at the focal point. The substitution
of z = υfpt or t = z/υfp into (2) and (3) gives

δϕL(t, z = υfpt) =
√
π

2
bΓf

∣∣∣∣ 1
1− υfp/υg

∣∣∣∣ , (4)

1002 ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 10



PHASE-MODULATED PARAMETRIC ANTI-STOKES STIMULATED RAMAN SCATTERING

∂δϕL

∂t

∣∣∣∣
z=υfpt

= −Γf
υfp

1− υfp/υg
, (5)

∂δϕL

∂z

∣∣∣∣
z=υfpt

= Γf
1

1− υfp/υg
. (6)

So, considering SF and SMP at the focal point, the
frequency ωLf and the length kLf of the laser radiation
wave vector change and become

ωLf =
∂ (ϕL)
∂t

∣∣∣∣
z=υfpt

= ωL + Γf
υfp

1− υfp/υg
, (7)

kLf = − ∂ (ϕL)
∂z

∣∣∣∣
z=υfpt

= kL + Γf
1

1− υfp/υg
. (8)

Using the first derivatives and the linear approxima-
tion near the focal point, we obtain the phase delay:

δϕL(t, z) = δϕL(t, zf = υfpt)+

+
∂δϕL

∂t

∣∣∣∣
z=υfpt

(t− zf/υfp) +
∂ (ϕL)
∂z

∣∣∣∣
z=υfpt

(z − zf) =

=
√
π

2
bΓf

∣∣∣∣ 1
1− υfp/υg

∣∣∣∣−Γf
υfp

1− υfp/υg
t+Γf

1
1− υfp/υg

z.

(9)

The self-modulation of the phase of laser radiation
is transferred to the Stokes component phase ϕs [9].
Therefore, the phase ϕap of the nonlinear polarization
PNL = PNL

0 exp(−iϕap) of a medium at the anti-Stokes
frequency can be represented in the form

ϕap = 2ϕL − ϕs = 2 (ωLt− kLz − δϕL)−

− (ωst− ksz − δϕL) = ωat− kap0z − δϕL. (10)

However, it is necessary to consider that the refrac-
tive index is also modified between the focal point and
medium’s output boundary. The waves emitted by
the polarization at the frequency ω change their phase
by some value δϕω(t, z) that depends on the radiation
source coordinate and the time. Similar to how we ob-
tained δϕL(t, z), we can write down the following expres-
sion for δϕω(t, z), when θ = 0:

δϕω(t, z) =

L/2∫
z

Δkω(t, ζ)dζ,

Δkω = Γf exp

[
−
(
ζ − υfp

(
t− z − ζ

υph

))2
/
b2

]
. (11)

The difference consists in that, instead of the group ve-
locity υg of light at the laser radiation frequency (a laser
pulse fragment is moving at this speed), the phase veloc-
ity υph(ω) of waves emitted at the frequency ω appears,
and the limits of integration are changed. Expressions
(11) take into consideration that the phase front, which
originated at a point z and the time t, will get to the
point ζ, which is located on the path from z to medium’s
output boundary (with the coordinate L/2), at t′′ =
t+ (ζ − z)/υph. The focal point coordinate at that time
moment will be z′′f = υfpt

′′ = υfp (t+ (ζ − z)/υph).
The distance between the given phase front and the fo-
cal point will be ζ − z′′f = ζ − υfp (t+ (ζ − z)/υph) =
ζ−υfp (t− (z − ζ)/υph) , and it determines the refractive
index at the point ζ.

For sources at the focal point, where the polarization
amplitude reaches its maximum, the phase delay

δϕω|t= zf
υfp

= Γf

L/2∫
zf

exp

[
− (ζ − zf)2

b2

(
1− υfp

υph

)2
]
dζ.

(12)

Expression (12) indicates that δϕω unlike δϕL depends
on the focal point coordinate and has a certain peculiar-
ity at speeds υfp = υph. By analyzing the behavior of
δϕω in the region υfp ≈ υph, we can use the interpolation
exp

[
−x2

]
≈ 1− x2 and obtain an analytical expression

for δϕω at the focal point:

δϕω

∣∣∣∣ t = zf/υfp

υfp ≈ υph

=

= Γf

(L2 − zf
)
−

(
L
2 − zf

)3 (
1− υfp

υph

)2

3b2

 . (13)

Under similar assumptions for derivatives, we have

∂ (δϕω)
∂t

∣∣∣∣ t = zf/υfp

υfp ≈ υph

=
Γfυfp

b2

(
L

2
− zf

)2(
1− υfp

υph

)
,

(14)

∂ (δϕω)
∂z

∣∣∣∣ t = zf/υfp

υfp ≈ υph

=

ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 10 1003



A.I. IVANISIK, O.IU. ISAIENKO, P.A. KOROTKOV et al.

x

y

z L/2

F

z

ζ

θ

χ

Fig. 1. Propagation of scattered radiation from a point z to the
medium boundary

= −Γf

[
1 +

υfp

υphb2

(
L

2
− zf

)2(
1− υfp

υph

)]
. (15)

Using the first derivatives and the linear approxi-
mation and by neglecting the terms proportional to
(1− υfp/υph)2, we can represent the phase delay δϕω
near the focal point (z ≈ zf) as

δϕω = Γf

[
L/2 +

(
υfp(L/2− z)2 (1− υfp/υph)

/
b2
)
t−

−
(

1 +
υfp

υph
(L/2− z)2 (1− υfp/υph)

/
b2
)
z

]
. (16)

To within permanent terms, the nonlinear polarization
phase ϕap with regard for both phase delays δϕL and
δϕω and the correction kap0 → kap0 +Γf (increase of the
lengths of the wave vectors kL and ks at the focal point
due to SF, but without SMP) takes form

ϕap = ωat− kap0z − δϕL − δϕω =

=

(
ωa+

Γfυfp

1− υfp/υg
−Γfυfp

(L/2− z)2 (1− υfp/υph)
b2

)
t−

−

(
kap0+

Γf

1− υfp/υg
− Γf

υfp

υph

(L/2− z)2 (1− υfp/υph)
b2

)
z.

(17)

We assume that the polarization amplitude PNL
0

reaches its maximum value at the focal point, while the
amplitude distribution is Gaussian with the half-width
b at the e−1 level along the z axis, and the half-width

af along x and y. In this case, we obtain the following
formula for the polarization amplitude:

PNL
0 = PNL

0,max exp

[
−x

2 + y2

a2
f

− (z − υfpt)
2

b2

]
. (18)

The polarization amplitude decline on the z axis at
some distance from the point zf allows us to use the lin-
ear approximation (17) for the phase delay, since the er-
ror in determining the polarization phase does not affect
the obtained result due to a low polarization amplitude.

Substituting PNL = PNL
0 exp(−iϕap) into (1) and per-

forming the analytical integration with respect to t, x,
and y at the angle θ = 0, we obtain the expression, which
requires one to carry out the integration with respect to
z:

Wωθ(θ=0)=
πnω4a4

f b
2

4υ2
fpc

3
PNL

0,max

2
∣∣∣∣
L/2∫
−L/2

dz exp
[
− b2

4υ2
fp

×

×

(
ω−ωa −

Γfυfp

1− υfp/υg
+

Γfυfp

b2

(
L

2
−z
)2(

1− υfp

υph

))2

−

−i

(
k−kap0 −

ω−ωa

υfp
−Γf

b2

(
L

2
− z
)2(

1− υfp

υph

)2
)
z

]∣∣∣∣2
(19)

The further calculations of the frequency-angular en-
ergy density can be performed only numerically.

The description of the ASC scattering at angles θ 6= 0
requires an additional refinement. To do this, we need
to review expressions (11) once more. Let the scattered
conical radiation propagate from a point z at the angle
θ (Fig. 1) in the plane {x, z, y = 0}, where the input slit
of a registering spectrograph is located.

We assume that some phase front of the wave came
out of a point z at the time moment t. The phase front
at the point F (Fig. 1) takes the longitudinal coordinate
ζ, and its distances from the axis z and the point z are,

respectively, χ = (ζ − z) tgθ and
√

(ζ − z)2 + χ2. Thus,

the front arrives at ζ at t+
√

(ζ − z)2 + χ2

/
υph = t+

(ζ − z)/(υph cos θ). At this moment, the focal point will
take the coordinate υfp (t+ (ζ − z)/(υph cos θ)). The
distance between the front and the focal point will be
ζ − υfp (t+ (ζ − z)/(υph cos θ)) along the axis z and
(ζ − z) tgθ along the axis x. Thus, the increase of the

1004 ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 10



PHASE-MODULATED PARAMETRIC ANTI-STOKES STIMULATED RAMAN SCATTERING

wave vector length at the point F (Fig. 1) takes the value

Δkω = Γf exp

[
−
(

(ζ − z) tgθ
af

)2

−

−

(
ζ − υfp

(
t+ ζ−z

υph cos θ

)
b

)2]
, (20)

where af is the focal area radius at the e−1 level of
changes in Δn and Δkω.

In order to calculate the phase delay δϕω, we integrate
Δkω with respect to ζ within {z ÷ L/2}. The usage of
expression (20) without additional approximations sig-
nificantly complicates the procedure of obtaining an an-
alytical expression for δϕω at θ 6= 0, which would be
similar to (16).

An acceptable simplification would be the following
representation of δϕω for sources with maximum oscilla-
tion amplitude at the focal point:

δϕω|t= zf
υfp

=Γf

Lzθ∫
zf

exp

[
− (ζ − zf)2

b2

(
1− υfp

υph cos θ

)2
]
dζ.

(21)

Here, in comparison with (12), the speed υph is re-
placed by υph cos θ, and the upper integration limit
L/2 is replaced by the minimum value Lzθ =
Min [L/2; z + af

√
π/(2 sin θ)] of both specified values.

The possibility to use (21) has been tested by numer-
ical calculations. From the physical point of view, ex-
pression (21) is a result of replacing the Gaussian distri-
bution Δkω along the axis x by a stepped distribution
in the focal plane z = zf

Δkω (x, y = 0÷ af) = Γf , Δkω (x, y > af) = 0

maintaining the resulting value δϕω|t=zf/υfp
for the

waves propagating from the focal point at the ratio of
speeds υfp/υph nearly equal to υfp/υph ≈ 1.

Expression (21) is identical to the previously obtained
expression (12) after replacing L/2 → Lzθ and υph →
υph cos θ. Such substitutions allow the further use of
results (16) and (17) in the case where θ 6= 0 and υph ≈
υph.

In order to describe the frequency-angular structure of
ASC scattering, it is important to consider the phase of
waves generated within the entire focal area. We confine
ourselves by the consideration of variations of Δn in the

focal plane, where the nonlinear polarization amplitude
reaches its maximum. To use this approach, we need to
perform the following replacement:

Γf → Γf exp
(
−x

2 + y2

a2
f

)
.

Moreover, for angles θ 6= 0 in (1), we need to consider
that kr = Δk⊥x+Δk||z, where Δk⊥ = ksinθ and Δk|| =
kcosθ − kap0. After all corrections, which require the
further numerical integration with respect to x and y,
the frequency-angular energy density

Wωθ =
nω4b2PNL

0,max
2

8πυ2
fpc

3

∣∣∣∣∣∣∣
∞∫
0

dx

∞∫
0

dy

L/2∫
−L/2

exp
[
−x

2 + y2

a2
f

−

−ik⊥x−
b2

4υ2
fp

(
ω −ωa −

Γfυfp

1−υfp/υg
+

Γfυfp

b2
(Lzθ − z)2 ×

×
(

1− υfp

υph cos θ

))2

−i
(

Δk|| −
ω−ωa

υfp
−Γf

b2
(Lzθ− z)2×

×
(

1− υfp

υph cos θ

)2
)
z

]
dz

∣∣∣∣∣
2

. (22)

3. Calculation Results

Calculations have been performed for SRS in toluene,
where the ASC Raman shift is (ωa − ωL)/2πc =
1004 cm−1. Data on the dependence n (ω) have been
taken from [11]. It was considered that af =5 µm [1].
The optimal value of Γf , which depends on υfp [12], was
chosen as

Γf,opt ≈
Δkap0

1− (1− υg/υga)/(1− υg/υga)
,

where υga is the group velocity of light at the frequency
ωa. The condition Γf = Γf,opt ensures the maximum
generation efficiency of the anti-Stokes component. The
typical value in toluene is Γf,opt ∼ Δkap0 = 46 cm−1.

Figure 2 presents dependence (19) of the peak energy
density of axial anti-Stokes radiationW (max)

ωθ on the focal
area speed at b = 0.1 cm and various values of L: a)
L = 1 cm, b) L = 2 cm, c) L = 3 cm.

The energy density is given in relative units. The max-
imum W

(max)
ωθ is at the focal area speed υfp = 0.67c.
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Fig. 2. Dependence of the peak energy density of axial anti-Stokes
radiation component on the focal area speed υfp at b = 0.1 cm and
various values of L: a) L = 1 cm, b) L = 2 cm, c) L = 3 cm
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Fig. 3. Dependence of the axial anti-Stokes component peak en-
ergy density on the frequency shift at b = 0.1 cm and L = 1 cm

Even small deviations from this speed lead to a signifi-
cant reduction in the energy density. As the length L of
a self-focusing region, where the focal area propagates,
of the medium increases, the narrowing of the allowable
range of speeds is observed.

The speed of the focal area determines the location of
the anti-Stokes radiation peak energy in the frequency
spectrum. Figure 3 presents the dependence of the peak
energy density (in dimensionless units) on the frequency
shift (ω−ωa)/2πc relative to the anti-Stokes Raman fre-
quency.

The maximum value of peak energy density is ob-
served at the radiation frequency, whose phase veloc-
ity matches the focal area speed: υph = υfp = 0.67c,
(ω − ωa)/2πc = −197 cm−1.

υfp/c

3.5

3

2.5

0.660 0.665 0.670 0.680 0.685

Δω1/2

2πc
, cm

-1

Fig. 4. Dependence of the radiation spectrum width on the focal
area speed (b = 0.1 cm and L = 1 cm)
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Fig. 5. Axial anti-Stokes component radiation spectrum at υfp =

0.67c

Figure 4 shows the dependence of the ASC spectrum
width on the focal area speed. The minimum spec-
trum width is obtained, when υfp = 0.67c, and is about
2.5 cm−1 at L = 1 cm and b = 0.1 cm.

The axial ASC spectrum at the speed υfp = 0.67c is
shown in Fig. 5. The maximum energy is observed at
the frequency (ω − ωa)/2πc = −197 cm−1.

These dependences are obtained using expression (19)
for axial radiation. The full frequency-angular distribu-
tion Wωθ of the ASC radiation energy is described by
expression (22). The calculated frequency-angular band
location at υfp = 0.67c, L = 1 cm, and b = 0.1 cm is
shown in Fig. 6 as a solid line. The dashed line is pro-
vided as a comparison to the experimental dependence
taken from [7]. The theoretical curve reaches −197 cm-1
to the Stokes side, while the experimental one extends
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Fig. 6. Frequency-angular bands of the anti-Stokes radiation com-
ponent: solid line for the theoretical result (υfp = 0.67c, L = 1 cm,
b = 0.1 cm); dashed line for the experimental band

down to −235 cm-1. For angles, we have ±86′ and ±71′,
respectively.

The angular cross-sections of the theoretical distribu-
tion Wωθ at several frequency shifts are shown on Fig. 7.

4. Analysis of Results and Conclusions

The study shows that frequency-angular energy den-
sity of ASC, whose photon energy exceeds the energy
of exciting photons, greatly depends on the SF focal
point speed in SRS-active Kerr liquids. Under cer-
tain conditions, the frequency-angular indicatrix of the
Cherenkov-type radiation is created with high efficiency:
cos θ (ω) ≈ υph(ω)/υap0(ωa). We note that the indi-
catrix and the energy of actual Cherenkov radiation is
completely described with the use of (1). The detailed
description can be found in [13].

Two facts are important in the formation of the
frequency-angular indicatrix of ASC. First of all, SMP
of exciting laser radiation leads to the creation of anti-
Stokes nonlinear polarization in a medium at the fre-
quency and the phase velocity, which are shifted relative
to Raman values with no SF. Considering this fact, the
spectrum of ASC is described in [14]. At certain values
of focal point speed, the equally significant role is played
by SMP of ASC itself on the path from the focal area to
the medium boundary. The optical length of this path
depends on the ASC phase velocity and the focal point
speed. Any change of the optical path in time causes
the Doppler effect. An alternative and more appropri-
ate way is the consideration of the optical path change
based on the SMP effect.
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0 7.

0.4
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W
ωθ

,  a.u.
(max)

Fig. 7. Angular dependences of the anti-Stokes component energy
density at υfp = 0.67c, L = 1 cm, b =0.1 cm and frequency shifts:
a) −197 cm−1, b) −150 cm−1, c) −110 cm−1

0 6695.

0 67.

0 6705.

425 435 445 455 λ, nm

υph /c

P , Pin out
´ ´

´́́P , Pin out
´́́

P0

D´

D́´

Pout
´́Piń́

υfṕ
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Fig. 8. Ehrenfest diagram for toluene (θ = 0)

The explanation of the mutual influence of these fac-
tors is possible with the use of the Ehrenfest diagram
[15], where the axes represent the wavelengths λ (in the
medium) and the phase velocities υph (λ) of these waves.
The analysis of the Ehrenfest diagram shows the basic
regularities in the creation of broadband SRS ASC radi-
ation in a SF-medium. The diagram for toluene, where
ωa/2πc = 1004 cm−1, at the angle θ = 0 (axial scatter-
ing) is shown in Fig. 8.

Without regard for changes in the refractive in-
dex, the nonlinear ASC polarization takes coordinates
P0{λap0, υap0} on the diagram, which are: λap0 =
2π/kap0, υap0 = ωa/kap0. Due to the dispersion of the
refractive index, the coordinates P0 do not lie on the
dispersion curve D′D′′ representing free electromagnetic
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waves in a medium. The phase velocity υap0 exceeds the
speed of free electromagnetic waves of the same wave-
length, and thus it becomes superluminal in the medium.

Temporal changes in the laser light optical path on
the way to the SF focal point cause SMP and, therefore,
change the frequency, wavelength, and phase velocity
of the generated nonlinear polarization. In view of the
SMP of laser radiation on the way to the focal point,
the nonlinear ASC polarization takes new coordinates.
At the speeds υ′fp = υap0, υ′′fp = 0.985υap0, and υ′′′fp → 0,
which are chosen on the diagram, the coordinates of the
polarization at the focal point center become P ′in, P ′′in,
P ′′′in . These coordinates are determined by the focal point
speed and the induced refractive index, which is related
to Γf . For example, at P ′in {λ, υph} with regard for (9)
and (10), we obtain

P ′in


2π
/(

kap0 + Γf
1

1−υ′
fp/υg

)
,(

ωa + Γf
υ′
fp

1−υ′
fp/υg

)/(
kap0 + Γf

1

1−υ′
fp/υg

)
 .

The polarization coordinates P ′in, P ′′in, and P ′′′in in the
diagram lie on lines υ′fp ÷ P0, υ′′fp ÷ P0, and υ′′′fp ÷ P0,
accordingly. This is caused by that the shifts δωin =
ωLf − ωL = Γfυfp/(1− υfp/υg) of the anti-Stokes polar-
ization frequency and δkin = kLf − kL = Γf/(1− υfp/υg)
of the wave vector length due to SMP on the way to the
focal point are connected by the ratio δωin/δkin = υfp.
The change of Γf causes the polarization coordinates P ′in,
P ′′in, and P ′′′in to shift, but these coordinates are kept on
the corresponding lines. The increase of Γf moves P ′in,
P ′′in, and P ′′′in away from P0. At the zero value of Γf ,
we obtain P ′in = P ′′in = P ′′′in = P0. When the optimum
values of Γf,opt are achieved, the coordinates P ′in, P ′′in,
and P ′′′in lie on the dispersion curve D′D′′, as shown in
Fig. 8. In this case, the condition of amplitude-phase
matching [3] (focal point speed, at which the polariza-
tion amplitude is maximal, matches the mutual group
velocity of a polarization wave and a free electromagnetic
wave) is satisfied, as well as the conditions of phase and
group matching. If Γf (af , ...) 6= Γf,opt, then only the
amplitude-phase matching condition is satisfied. The
peculiarities are observed only at the speed υ′fp. For this
speed at arbitrary Γf , the amplitude-phase matching is
obtained, and the phase velocity of polarization is equal
to that of free electromagnetic waves.

The consideration of SMP at the focal area output
changes the situation, but this depends on the speed
υfp. At speeds υ′fp = υap0 and υ′′′fp → 0, the correspond-
ing coordinates of the polarization P ′out and P ′′′out in the

diagram remain unchanged. At other υfp, for example
υ′′fp = 0.985υap0 shown in Fig. 8, the coordinate of the
polarization P ′′out depends on (L/2− z) i.e. on the loca-
tion z = υ′′fpt of the focal point and the boundary L/2
of medium. The focal point movement leads to a shift
P ′′out, which is roughly parallel to the axis λ. This occurs
because the frequency shift of the anti-Stokes polariza-
tion

δωout = −Γfυ
′′
fp (L/2− zf)2

(
1− υ′′fp

/
υph

)/
b2

and the wave vector length

δkout = −Γfυ
′′
fp (L/2− zf)2

(
1− υ′′fp

/
υph

)/(
υphb

2
)

are connected by the relation δωout/δkout = υph due to
SMP on the way from the focal point to the medium
boundary. The coordinate P ′′out in Fig. 8 is drawn at
L = 2.5 cm, b = 0.25 mm, and the optimum value Γf =
27.5 cm−1.

It is worth noting that the frequency and the wave
vector length of the nonlinear polarization at the focal
point do not depend, in fact, on SMP of free electromag-
netic waves on the way to the medium boundary. The
given interpretation is based on the consideration of the
observed polarization properties at the medium output.
An alternative description considers the same changes of
δωout, δkout for free electromagnetic waves, but with op-
posite sign. In ant case, we obtain a shift in the diagram
(Fig. 8) along the axis λ at P ′′out.

The P ′′out shift in the case where the focal point
movement prevents the efficient up-conversion into ASC
and the creation of pronounced peaks of the frequency-
angular energy density Wωθ. In this case, the phase
matching of electromagnetic waves is not achieved in the
plane, where the registration occurs, from different parts
of the focal point path. Neither the amplitude-phase
matching nor the phase and group ones are achieved for
υ′′fp along the whole path of the SF focal point.

In a range where υfp is close to the phase velocity of
light in a medium, there is a clear maximum, which is
achieved at focal point speed υ′fp = υap0, which is equal
to the phase velocity of light at the nonlinear polariza-
tion frequency at the focal point and the phase velocity
of the polarization itself.

In this case, SMP of laser radiation, which enters the
focal point, shifts the nonlinear polarization frequency,
but does not affect its phase velocity; the phase velocity
of polarization remains the same as in the absence of SF.
On the other hand, SMP of ASC radiation at the focal
area out has no effect on the frequency or the phase
velocity of radiation.
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The maximum energy density of axial ASC radiation is
located at a frequency determined by conditions, which
are similar to the conditions of Cherenkov radiation: the
equality of the phase velocity of electromagnetic waves
at the frequency ω and the phase velocity of polarization
at the anti-Stokes Raman frequency ωa. The frequency
shift in toluene is (ω (θ = 0)− ωa) /2πc = −197 cm−1.

At θ 6= 0 and υfp = υap0, the frequency-angular bands
are described by the relation

cos θ (ω) ≈ υph(ω)/υap0,

which gives parabola in the approximation cos θ ≈ 1 −
θ2/2:

ω (θ)− ωa ≈ (ω (θ = 0)− ωa)
(
1− θ2

/
θ2 (ωa)

)
.

By this expression, the amplitude-phase matching is
achieved for arbitrary changes of the refractive index at
the focal area. At the optimum values Γf,opt (x, y, z) of
ΔkL, the equality of longitudinal axis projections of the
wave vectors of polarization and the ASC wave is en-
sured, which is important under conditions of significant
lateral limitation of the area, where the nonlinear polar-
ization exists under SF.

The theoretical results obtained are in agreement with
experimental data. The presence of differences is dis-
cussed in [7].

Briefly summarizing, we determine the possible rela-
tion between the indicatrices of SRS ASC under SF and
of Cherenkov radiation.

The frequency-angular energy density of both pro-
cesses is described by (1), and they occur under a signifi-
cant lateral limitation of the area, where the polarization
exists.

The source of Vavilov–Cherenkov radiation is the
polarization (volume density of dipole moment) cre-
ated due to a change in the location of a free elec-
tron with charge q and speed υq. The polarization of
a medium is not taken into account, when describing
the Vavilov–Cherenkov effect. Due to the motion of
an electron, the spectral component of the polarization
Pω =

∫∞
−∞ P (t, r) exp[i(ωt)]dt at the frequency ω is char-

acterized by the wave vector length ω/υq and phase ve-
locity ω/(ω/υq) = υq on axis z, since [13]

Pω (x = 0, y = 0) =
iq

2πω
exp

(
iωz

υq

)
.

The source of ASC radiation is a nonlinear medium po-
larization at the focal area. When υfp = υap0 = ωa/kap0,

the spectral components of the observed ASC polariza-
tion at the frequency ω in the focal area are described
by the formula

Pω ∼ exp
[
− b2

4υ2
fp

(
ω − ωa − Γfυfp

1−υfp/υg

)2
]
×

× exp [i ((ω − ωa)/υfp + kap0) z] .

This expression shows that the wave vector length of
spectral components of the polarization is equal to
(ω − ωa)/υfp + kap0 = ω/υap0, and their phase veloci-
ties are υap0.

Therefore, under a significant lateral limitation of the
area, where the nonlinear polarization exists, SRS ASC
is described by the relation

cos θ (ω) = υph(ω)/υap0,

which is similar to the Cherenkov radiation condition

cos θ (ω) = υph(ω)/υq.
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ФАЗОМОДУЛЬОВАНЕ ПАРАМЕТРИЧНЕ
АНТИСТОКСОВЕ ВИМУШЕНЕ КОМБIНАЦIЙНЕ
РОЗСIЯННЯ ЧЕРЕНКОВСЬКОГО ТИПУ
В ОБЛАСТЯХ САМОФОКУСУВАННЯ
ЗБУДЖУЮЧОГО ВИПРОМIНЮВАННЯ

А.I. Iванiсiк, О.Ю. Iсаєнко, П.А. Коротков, Г.В. Понежа

Р е з ю м е

Розглянуто вплив швидкостi руху фокальної точки самофо-
кусування та фазової самомодуляцiї на частотно-кутовi спе-

ктри випромiнювання параметричної антистоксової компонен-
ти вимушеного комбiнацiйного розсiяння. Враховано фазову
самомодуляцiю як збуджуючого, так i розсiяного антистоксо-
вого випромiнювання. Пояснено утворення протяжних анти-
стоксових частотно-кутових смуг. У випадку збiгання швид-
костi фокальної точки самофокусування з фазовою швидкi-
стю нелiнiйної поляризацiї на антистоксовiй комбiнацiйнiй ча-
стотi та фазовою швидкiстю розсiяного осьового випромiню-
вання утворюються найiнтенсивнiшi частотно-кутовi смуги,
якi описуються спiввiдношеннями, характерними для черен-
ковського випромiнювання. Зокрема, за збудження наносекун-
дними лазерними iмпульсами в толуолi такi смуги сягають
довжини ≈ −200 см−1 вiдносно комбiнацiйної антистоксової
частоти.
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