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The equation of Fick’s second law describing the diffusion in a porous powder body is solved
in the framework of the Green’s function method. The proposed mathematical model allowed
the influence of the temperature, deformation rate, and porosity of a material on the diffusion
coefficient to be analyzed. The microstructure of copper-titanium specimens after the sintering
and a plastic deformation is studied. The increase in the temperature, as well as in the rate
and the degree of a deformation, is found to promote the alloy homogenization.
K e yw o r d s: diffusion, plastic deformation, powder body, powder copper-titanium material.

1. Introduction

Researches of diffusion processes in powder systems
at the sintering, as well as factors affecting them, are
of large interest [1–3]. Literature data testify that the
intensity of diffusion processes in powder materials is
much higher than in casted ones. The authors of cited
works explain such a behavior by a high distortion of
crystal lattices in powders and by the defects arising
in the course of the further pressing. However, the
physical nature of the diffusion flow growth in ma-
terials with macroscopic defects (pores, grain bound-
aries, and others) has not been elucidated completely
till now.

The issue concerning the influence of the porosity
on diffusion processes is ambiguous. On the one hand,
the presence of pores in a powder material accelerates
the effective diffusion mass transfer [2] owing to the
raised concentration of defects in the layer around a
pore and the contribution made by the surface diffu-
sion. On the other hand, the pores decelerate it, be-
cause the mass transfer through the gas phase is less
than the flow produced by the bulk diffusion through
the same cross-section.

A challenging issue is the study of the processes
that intensify diffusion processes in powder materi-
als, e.g., in Ni–Mo [4] and Cu–Ti [5] systems, which
is associated with the difficulties in the preparation
of homogeneous alloys of those metals. It is known
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that the diffusion can be activated by radiation, plas-
tic deformation, and so forth, i.e. by the processes
increasing the number of defects in the crystal struc-
ture. The researches made in the last years [4] showed
that the issue of diffusion process intensification in
powder materials by means of a plastic deformation
is challenging, because the factors responsible for the
acceleration of the homogenization under the action
of a plastic deformation have not been elucidated in
detail.

2. Model

The one-dimensional diffusion is analyzed using
Fick’s second equation [6]

𝜕𝐶

𝜕𝜏
= −𝐷

(︂
𝜕2𝐶

𝜕𝑥2

)︂
, (1)

where 𝐶 is the concentration of a substance, 𝜏 the
time, 𝑥 the coordinate reckoned along the diffusion
flow direction, and 𝐷 the diffusion coefficient. This
is a partial differential equation of the second order
in the coordinate. To solve it, let us use the Green’s
function method [7]. It consists in finding Green’s
function and checking the eligibility of its differentia-
tion the required number of times under the integral
sign.

According to work [8], Green’s function for the dif-
fusion equation looks like

𝐺(𝑥− 𝜉, 𝜏) =
1√

4𝐷𝜋𝜏
exp

(︂
− (𝑥− 𝜉)2

4𝐷𝜏

)︂
. (2)
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It is a solution of Eq. (1). It depends on the co-
ordinate 𝑥, the time 𝜏 , and an infinitesimally small
quantity 𝜉 that characterizes the accuracy of calcula-
tions. According to the definition of Green’s function
[8], the solution of the diffusion equation (1) under
any initial condition looks like

𝐶(𝑥, 𝜏) =

+∞∫︁
−∞

𝐺(𝑥, 𝜉, 𝜏)𝜙(𝜉)𝑑𝜉, (3)

where 𝜙 (𝜉) is the function responsible for the accu-
racy of calculations. Equation (3) describes a change
of the diffusing substance concentration 𝐶 along the
coordinate 𝑥 and in the time 𝜏 in the general form.
The representation of a solution of the differential
equation (1) in the form (3) allows us to obtain an
equation that describes the diffusion process under
the corresponding initial and boundary conditions.

The probabilistic content of the diffusion coefficient
brings us to the relation [9]

2𝐷𝜏 = 𝑢2(𝜏), (4)

i.e. the diffusion radius 𝑢(𝜏) is the root-mean-square
coordinate deviation. Hence, Green’s function in ac-
cordance with Eq. (4) can be presented in the form [8]

𝐺(𝑥− 𝜉, 𝜏) =
1

𝑢(𝜏)
√
2𝜋

exp

(︂
− (𝑥− 𝜉)2

2𝑢2(𝜏)

)︂
. (5)

To solve the diffusion equation (1), we adopt the
following initial and boundary conditions for the con-
centration [2, 9]:

𝐶 (𝑥, 0) = 𝐶0 = const, −∞ 6 𝑥 6 0,

𝐶 (𝑥, 0) = 0, 0 < 𝑥 6 ∞.
(6)

Substituting Green’s function (5) into Eq. (3), we ob-
tain

𝐶(𝑥, 𝜏) =

+∞∫︁
−∞

1

𝑢(𝜏)
√
2𝜋

exp

(︂
− (𝑥− 𝜉)2

2𝑢2(𝜏)

)︂
𝜙(𝜉)𝑑𝜉. (7)

Now, substituting expression (7) to the left- and
right-hand sides of Eq. (1) and taking 1/(𝑢(𝜏)

√
2𝜋)

outside the integral sign, we have

𝜕𝐶

𝜕𝜏
=

𝑢′(𝜏)

𝑢4(𝜏)
√
2𝜋

+∞∫︁
−∞

𝜙(𝜉) exp

(︂
− (𝑥− 𝜉)2

2𝑢2(𝜏)

)︂
×

×[(𝑥− 𝜉)2 − 𝑢2(𝜏)]𝑑𝜉,

𝜕2𝐶

𝜕2𝜏
=

1

𝑢5(𝜏)
√
2𝜋

+∞∫︁
−∞

𝜙(𝜉) exp

(︂
− (𝑥− 𝜉)2

2𝑢2(𝜏)

)︂
×

×[(𝑥− 𝜉)2 − 𝑢2(𝜏)]𝑑𝜉.

(8)

Substituting formulas (8) into (1) and carrying out
the corresponding transformations, we obtain

𝑢′(𝜏) =
𝐷

𝑢(𝜏)
. (9)

Then Eq. (7) can be transformed to the form

𝐶(𝑥, 𝜏) =
1

2
√
𝜋𝐷𝜏

+∞∫︁
−∞

𝜙(𝜉) exp

(︂
− (𝑥− 𝜉)2

4𝐷𝜏

)︂
𝑑𝜉. (10)

With regard for the conditions [8]

𝜙(𝜉) = 𝐶0, 𝜉 = 0,

𝜙(𝜉) = 0, 𝜉 > 0,
(11)

Eq. (10) takes the form

𝐶(𝑥, 𝜏) =
𝐶0

2
√
𝜋𝐷𝜏

0∫︁
−∞

exp

(︂
− (𝑥− 𝜉)2

4𝐷𝜏

)︂
𝑑𝜉. (12)

Let us use the notation 𝑦 = (𝑥− 𝜉)/(2
√
𝐷𝜏), pro-

vided that −∞ ≤ 𝑦 ≤ −𝑥/(2
√
𝐷𝜏) [7]. Then Eq. (12)

can be rewritten as follows:

𝐶(𝑥, 𝜏) =
𝐶0√
𝜋

[︂ 0∫︁
−∞

exp(−𝑦2)𝑑𝑦−

−
𝑥/(2

√
𝐷𝜏)∫︁

0

exp(−𝑦2)𝑑𝑦

]︂
. (13)

The second integral in the brackets is the tabulated
Gauss error function. Let us designate 𝑧 = 𝑥/(2

√
𝐷𝜏 ;

then the error integral looks like

erf (𝑧) =
2√
𝜋

𝑧∫︁
0

exp(−𝑦2)𝑑𝑦. (14)
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Since
+∞∫︁
0

exp(−𝑦2)𝑑𝑦 =

√
𝜋

2
, (15)

the analytical solution of Eq. (1) obtained with the
use of the Green’s function method is

𝐶(𝑥, 𝜏) =
𝐶0

2

[︂
1− erf

(︂
𝑥√
4𝐷𝜏

)︂]︂
. (16)

This expression describes the diffusion in a porous
powder body and satisfies the boundary conditions
(6). It connects the concentration of a diffusing sub-
stance with the time of the diffusion process and
the coordinate in the diffusion region. Equation (16)
makes it possible to determine the concentrations of
components in the diffusion zone and compare them
with experimental data.

3. Application of the Model

The validity of expression (16) for powder systems
was verified by comparing the calculated and ex-
perimental data on the distribution of the diffusing
component concentration in the diffusion zone in the
porous powder copper–titanium system. Experimen-
tal researches were carried out, by using specimens
fabricated from a mechanical mixture of PMS-1 cop-
per powder and VT1-0 titanium powder. The mass
fraction of titanium was 0.5%. The specimen poros-
ity was 5 and 10%. After the bilateral pressing, the
specimens were sintered in the step-like regime for 3 h
at a temperature of 900–920 ∘C in the generator gas
environment. Then they were uniaxially compressed
on a testing machine ZD-4 at temperatures of 100,
400, and 600 ∘C at deformation rates of 0.01 and
0.001 s−1 to a maximum deformation of 50%.

The chemical composition and the component con-
centration distribution in the diffusion zone formed at
the sintering and in the course of a deformation were
determined by analyzing the specimen microstruc-
ture on a raster electron microscope REMMA-102
equipped with an x-ray microanalyzer. To avoid the
influence of the size effect, the diffusion zone near
titanium particles with an average dimension of 20–
22 𝜇m was considered. As an inhomogeneity degree
in the distribution of elements, we used the concen-
tration variation coefficient [2]

𝑉 =
√︀
𝜎2(𝐶)/𝐶, (17)

where 𝜎2(𝐶) is the concentration dispersion, and 𝐶
the average concentration. The measurement error
was equal to 20% at a significance level of 0.1.

According to the experimental data on the distribu-
tion of component concentrations and Eq. (16) that
connects the substance concentration with the known
value of function erf (𝑧), the diffusion coefficient 𝐷
was determined. The coordinate value corresponding
to the component concentration equal to 𝐶0/2 was
taken as a reference mark.

In Table, the calculated diffusion coefficients for
copper and titanium are quoted. The coefficient 𝐷Cu

was 2 to 3 times larger, which testifies to the pre-
vailing diffusion of copper into titanium. After the
sintering, the diffusion coefficients became minimum,
but increased a little after a deformation. As the final
porosity of the sintered specimen increased, the diffu-
sion coefficient for copper decreased and amounted to
𝐷Cu = 6.5×10−11 and 5.4×10−11 cm2/s at porosities
of 5 and 10%, respectively (Table).

The temperature, at which the deformation oc-
curs, considerably affects the magnitude of diffusion
coefficients. At the deformation temperature corre-
sponding to the recovery one (100 ∘C), the begin-
ning of the diffusion interaction was observed. As
a result, the diffusion coefficient 𝐷Cu became 1.6–
2 and 𝐷Ti 1.3–1.8 times as large in comparison
with the corresponding values after the sintering (Ta-
ble). This phenomenon results from the processes
of defect reconstruction, migration, and redistribu-

Diffusion coefficients of copper
in titanium, 𝐷Cu, and titanium in copper, 𝐷Ti

under various deformation conditions

Deposition
temperature,

∘С

𝐷Cu × 10−11, сm2/s 𝐷Ti × 10−11, сm2/s

�̇� = 0.001 s−1 0.01 s−1 0.001 s−1 0.01 s−1

Initial porosity of 5%

After sintering 6.5 3.44

100 11.4 13.2 5.25 6.21
400 21.8 29.3 7.82 8.03
600 28.6 33.1 13.3 15.3

Initial porosity of 10%

After sintering 5.4 2.11

100 10.2 8.6 4.026 5.7
400 19.3 20.9 6.28 7.64
600 25.1 30.4 10.82 12.01
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a

b
Fig. 1. Copper distributions in titanium particles with 𝜃0 = 5

(a) and 10% (b). Curves exhibit theoretical data: after sinter-
ing (1 ), at 100 (2 and 3 ), 400 (4 and 5 ), and 600 ∘C (6 and
7 ). Symbols correspond to experimental data with the defor-
mation rates �̇� = 0.001 (hollow triangles) and 0.01 s−1 (solid
triangles)

tion in the crystal structure. Under such conditions,
there emerge extra vacancies that take part in the
formation of the diffusion zone and activate the
diffusion.

The temperature, at which the intense diffusion
starts, corresponds to the temperature, at which
the recrystallization begins. This correspondence of
the temperatures testifies to an interrelation between
the mechanisms of processes that are running si-
multaneously in the solid phase of a powder mate-
rial [10].

The diffusion acceleration at 600 ∘C results in the
generation of additional free vacancies owing to the
increase in the number of large-angle boundaries,
along which the diffusion rate is maximum, and their
migration [6]. As the temperature and the deforma-

tion rate increase, the diffusion process is intensified
(Table).

The growth in the powder porosity results in a re-
duction of the intensity of diffusion processes. This
fact can be associated with a change of the ratio be-
tween the surface and bulk diffusion processes. It is
evident that the surface diffusion, which takes place
over the surface of particles and pores, prevails at
higher porosities. At a porosity of 5%, the diffusion
is of the bulk character, because the area of contacts
between particles increases, and the pore dimensions
decrease. For instance, if a deformation occurs at a
temperature of 600 ∘C and at the rate �̇� = 0.001 s−1,
the diffusion coefficient 𝐷Cu equals 28.6× 10−11 and
25.1 × 10−11 cm2/s at porosities of 5 and 10%, res-
pectively.

The results of a comparative analysis of the the-
oretical and experimental data on the distribution
of the concentrations of diffusing components in
the diffusion zone are shown in Fig. 1. The concen-
tration was calculated by Eq. (16), by substitut-
ing the diffusion coefficients and the time with re-
gard for the durations of the sintering and a defor-
mation. The copper concentration 𝐷Cu, as well as
the diffusion coefficient in Eq. (16), is determined
by the temperature and strain-rate conditions of a
deformation, as well as by the initial porosity of
specimens. As the temperature and the strain rate
grow, the component concentration in the diffusion
zone increases, but if the initial porosity grows, it
decreases.

Hence, the proposed mathematical model describes
rather accurately the diffusion processes in a porous
powder body and involves the influence of deforma-
tion parameters on the diffusion coefficient and the
concentration of diffusing components. The deviation
of theoretical values from experimental ones did not
exceed 5–7%.

4. Microstructure Analysis

The process of structure formation in powder ma-
terials depends on many factors affecting the diffu-
sion homogenization. Those factors include the ini-
tial porosity of a blank, the granulometric composi-
tion of components in a blend, the aggregate state
of components in the course of sintering, the sin-
tering atmosphere purity (the presence of water va-
por and oxygen in it), the sintering temperature and
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duration, the purity degree of used components in
a powder blend, the sequence of technological op-
erations, the temperature, the rate of blank shape
change, etc. The diffusion mobility of elements de-
pends to a great extent on the mechanism of mo-
tion of atoms in the crystal lattice of metals. For
instance, at the sintering of copper-titanium mate-
rials, substitutional solid solutions are formed, in
which the vacancy mechanism of diffusion domina-
tes [11].

The porous blanks were sintered at 900–920 ∘C.
According to the state diagram of the Cu-Ti system
[12], a liquid phase emerges at the sintering. The li-
quid phase, which accelerates the alloy homogeniza-
tion, is formed only at the beginning of the sintering
period; then, owing to the enrichment of copper with
titanium and the transition into the solid phase, it
disappears. Similar examples of the sintering process,
when the transition from the liquid-phase sintering
to the solid-phase one takes place, were considered in
works [6, 13].

The kinetics of processes running at the sintering
of powder blanks depends considerably on the initial
porosity, amount of the liquid phase, linear dimen-
sions of powder grains, degree of wetting of the solid
phase by the liquid one, and the mutual solubility of
phases [13]. For liquid layers to be formed in a blank,
it is necessary that the separation of two solid parti-
cles, which were in the direct contact, by a liquid be
energetically profitable.

As was marked by Geguzin [6], if the sinter-
ing of a blank takes place with participation of
the liquid phase, there emerges a capillary pres-
sure in the mixture Cu-Ti in the contact region of
solid particles separated by a liquid layer. Our re-
searches showed that, as a result of the surface and
bulk diffusions, the formation of aa diffusion zone
was observed, in which the concentration of com-
ponents was different depending on the titanium
content and the porosity of a specimen. At porosi-
ties of 5 and 10%, the copper concentration on
the boundary of a titanium particle was maximum,
equal to 52–58 and 49.7–53.98%, respectively, and de-
creased toward the particle center. At a higher initial
porosity, the amount of copper was less. The poros-
ity evidently interfers with the transfer of diffusing
atoms [2].

The research of etched microsections carried out on
an electron microscope showed that, after the sinter-

а

b

c

Fig. 2. Microstructures of the intergrain contact zone after the
sintering (a) and the deposition at 𝜀𝑧 = 0.69, �̇� = 0.001 s−1,
and temperatures of 100 (b) and 600 ∘C (c); 𝜃0 = 10%

ing, no appreciable diffusion zone was formed (Fig. 2).
The microstructure revealed separate copper and ti-
tanium sections, although the x-ray microanalyzer de-
tected a change in the concentrations of components
(Fig. 1). It is evident that the sintering dration (3 h)
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was not enough for the complete homogenization in
the alloy.

A plastic deformation promoted the activation of
diffusion processes. The concentration of components
in the diffusion zone increases with the tempera-
ture and the the degree and the rate of deformation
(Fig. 1). In addition, the elevation of the temperature
of a deformation manifested itself in the structural
dispersing (Fig. 2). As the deformation temperature
increases, the reduction of the copper grain size is
observed: in the low-temperature interval, as a re-
sult of the deformation; and in the high-temperature
one, owing to the grain nucleation in the course of dy-
namic recrystallization [10]. Specimens with a poros-
ity of 10% had grains of about 21–22 𝜇m after the
sintering, 16.5 𝜇m at 100 ∘C, and 5.4 𝜇m at 600 ∘C
(Fig. 2). Grain boundaries present the main way to
accelerate the diffusion. Therefore, it is evident that
a reduction in the grain size in the course of deforma-
tion favors the growth of grain boundary areas and
the activation of the diffusion [14].

At dynamic recovery temperatures (100 ∘C), a con-
siderable number of extra vacancies emerge owing
to the processes of dislocation motion and annihila-
tion. An increase in the deformation rate intensifies
this process. The recovery kinetics is governed, to a
great extent, by the mobility of atoms in the fcc lat-
tice and, therefore, by diffusion mechanisms. The in-
crease in the deformation temperature to 400–600 ∘C
and the deformation rate to 0.01 s−1 gave rise to
the appearance of recrystallized grains in the solid
phase of a porous body owing to the motion or mi-
gration of their boundaries driven by diffusion mech-
anisms. A high migration rate between the grains is
associated with a higher concentration of vacancies
at the boundaries of recrystallization nuclei, created
when the moving boundary absorbs dislocations and
gives rise to the acceleration of the boundary dif-
fusion [15]. The rate of vacancy migration and the
speed of grain boundary motion depend on the ac-
tivation energy determined by the temperature and
the strain rate.

5. Conclusions

In this work, an equation describing the diffusion pro-
cesses in a porous powder body is derived. On the ba-
sis of experimental data concerning the distribution
of the concentrations of components in the diffusion

zone in the porous powder copper-titanium system,
the diffusion coefficients and the porosity are calcu-
lated (the diffusion coefficient of copper in titanium
is found to equal 𝐷Cu = 6.5 × 10−11 cm2/s after
the sintering and to 𝐷Cu = 28.6 × 10−11 cm2/s af-
ter a deformation at a rate of 0.001 s−1 and a tem-
perature of 600 ∘C; the initial porosity is evaluated
to equal 5%). It is shown that the diffusion coeffi-
cient increases at the dynamic recovery temperature
(100 ∘C) owing to the appearance of additional va-
cancies, and at the temperature of dynamic recrys-
tallization (600 ∘C) owing to the motion of vacancies
and dislocations, as well as the dispersion of a struc-
ture. The increase of the deformation rate accelerates
the diffusion process.

We have confirmed that the concentrations of dif-
fusing elements in the diffusion zone depend on the
initial porosity of a material: the porosity growth
gives rise to a reduction of the concentration of
components. The microstructure modifications in the
powder copper-titanium materials after the sintering
and after a deformation are analyzed. It is shown that
no complete homogenization takes place in the alloy
after the sintering. The reduction in the grain size as
a result of the dynamic recrystallization is found to
favor the activation of diffusion processes owing to
the increase of grain boundary areas.
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ДОСЛIДЖЕННЯ ДИФУЗIЙНИХ
ПРОЦЕСIВ В ПОРОШКОВИХ МАТЕРIАЛАХ
I ЇХ РОЛЬ У ФОРМУВАННI СТРУКТУРИ

Р е з ю м е

У роботi отримано розв’язок рiвняння другого закону Фi-
ка методом функцiй Грiна, який застосований для опису
процесу дифузiї в порошковому пористому тiлi. Представ-
лена математична модель дозволила виконати аналiз впли-
ву температурно-швидкiсних умов деформацiї та пористо-
стi матерiалу на коефiцiєнт дифузiї. Дослiджено мiкростру-
ктуру мiдно-титанових зразкiв пiсля спiкання та пласти-
чної деформацiї. Встановлено, що пiдвищення температу-
ри, швидкостi та ступеня деформацiї сприяє гомогенiзацiї
сплаву.
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