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EMITTED BY HOT ELECTRONSPACS 71.55Gs, 78.30.-j

The influence of anisotropic scattering mechanisms on the polarization dependences of tera-
hertz (THz) radiation emitted by hot electrons in multivalley semiconductors of the 𝑛-Ge type
has been studied both theoretically and experimentally. The main attention is focused on a situ-
ation where the electric field applied to a multivalley semiconductor is directed asymmetrically
with respect to the valleys. Changing from the anisotropic mechanism of electron scattering by
ionized impurities to that by acoustic phonons is demonstrated to result in the transformation
of maxima into minima in the periodic polarization angular dependence of the radiation in-
tensity emitted by hot electrons. The substitution of one dominating mechanism of scattering
by another one can result from a number of reasons: the lattice temperature variation or the
variation in the concentration of ionized impurities, the change in the magnitude or the orien-
tation of the electron-heating field, the application of a unidirectional pressure or the specimen
illumination. All those factors are shown to affect the polarization dependences of spontaneous
radiation emitted by hot electrons in the case where the temperatures of electrons in different
valleys are also different.
K e yw o r d s: terahertz radiation, anisotropic scattering mechanisms, multivalley semiconduc-
tors.

1. Introduction

Free charge carriers in semiconductors can be in-
volved in the processes of both absorption and emis-
sion of light. However, the conservation laws of en-
ergy and momentum cannot be satisfied simultane-
ously, when a free charge carrier interacts with a light
quantum. Therefore, the processes concerned become
possible only if “third bodies” take part in them. As
such, these can be impurities and lattice vibrations
in semiconductors, as well as the semiconductor sur-
face. Which process (light absorption or emission)
prevails depends on external conditions. If a system of
charge carriers in the thermodynamically equilibrium
state is irradiated with light, the absorption processes
dominate. On the other hand, if external irradiation
is absent but the charge carriers are heated up with
the help of an electric field, radiation emission pro-
cesses prevail. The latter have specific features in the
case of multivalley semiconductors, which originate
from the anisotropy of the electron dispersion law, the
anisotropy of electron scattering mechanisms, and the
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very fact that there are several energetically equiva-
lent valleys (minima) in the Brillouin zone.

Since the dispersion law for charge carriers is ani-
sotropic in vicinities of those minima, the contribu-
tion made by electrons from a separate valley to the
radiation spectrum has to be angular (polarization)
dependent. However, some multivalley semiconduc-
tors, such as 𝑛-Ge and 𝑛-Si, have a cubic symme-
try, so that the valleys are arranged symmetrically
in the Brillouin zone. As a result, the total contri-
bution made to radiation emission by all the valleys
is averaged, and the angular dependence may disap-
pear at all. This polarization dependence of the total
(summed up over all valleys) radiation reveals itself
only in the cases where the temperatures of electrons
and their concentrations become different in the val-
leys owing to some reasons. Just this situation arises
when the electron-heating field is oriented asymmet-
rically with respect to the valleys or when a unidirec-
tional pressure is applied to the semiconductor.

The character of the polarization dependences is
governed by both the dispersion law and the scatter-
ing mechanisms. The change of one scattering mech-
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anism by another one (this change can be stimulated
by the electron heating, the variation of the lattice
temperature or the impurity concentration) results
in that the polarization characteristics transform. In
works [1]to [3], we studied the influence of the electron
heating, lattice temperature, and pressure, respec-
tively, on the polarization characteristics of radiation
spontaneously emitted by hot electrons. In this work,
we also consider a multivalley semiconductor of the
𝑛-Ge type. As an example of the asymmetric orienta-
tion of the electron-heating field, we chose the direc-
tion (1,1,1). In this case, there emerge three “hot” and
one “cold” valleys. The electron temperatures in the
valleys are determined, and their field dependences
are plotted. We will demonstrate how the change of
the dominating scattering mechanism affects the po-
larization characteristics. In particular, we show that
the change of a scattering mechanism results in a
smooth transformation of maxima in the periodic po-
larization angular dependence of radiation into min-
ima. The field dependences of the coefficients describ-
ing the angular characteristics of radiation emission
are obtained. The theoretical and experimental an-
gular dependences of spontaneous radiation emission
by hot electrons at various values of electric field in-
tensity, electron and lattice temperatures, impurity
concentration, and unidirectional pressure are plot-
ted and explained.

2. Theory

In works [4, 5], the theory of spontaneous light emis-
sion in the THz frequency range by hot electrons
in multivalley semiconductors of the 𝑛-Ge and 𝑛-Si
types was developed. The dispersion law for the elec-
tron energy in such semiconductors near the minima
in the Brillouin zone (i.e. in the “valleys”) looks like

𝜀(p) =
𝑝2𝑥 + 𝑝2𝑦
2𝑚⊥

+
𝑝2𝑧
2𝑚‖

, (1)

where 𝑝𝑖 are the components of the electron momen-
tum, and 𝑚‖ and 𝑚⊥ are, respectively, the longi-
tudinal and transverse components of the tensor of
masses.

The dispersion law (1) was used in works [4, 5] to
derive an expression for the energy emitted at the
frequency 𝜔 and into the solid angle 𝑑Ω by electrons
from every valley per unit time. Spontaneous emis-
sion by free electrons is possible only provided certain

scattering mechanisms. Therefore, expressions for the
angular dependence of radiation energy emitted by
hot electrons were obtained in works [4,5] with regard
for the anisotropy of the acoustic and impurity-based
mechanisms of scattering.

2.1. Acoustic scattering

Let the orientation of the rotation axis of ellipsoid
(1) for electrons in the 𝑘-th valley be given by the
unit vector i𝑘. Then, in accordance with the results
of works [4, 5], the expression for the energy emitted
by hot electrons of this valley per unit time at the
frequency 𝜔 into the solid angle 𝑑Ω, when they are
scattered by acoustic phonons, reads

𝑊
(𝑎)
𝑘 = − 2𝑒2

3𝜋5/2𝑐3
𝑛𝑘𝜃𝑘

{︂
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃𝑘)

+

+

(︂
1

𝑚‖𝜏
(𝑎)
‖ (𝜃𝑘)

− 1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃𝑘)

)︂
(i𝑘q0)

2

}︂
×

× (𝑎𝑘)
3𝑒−𝑎𝑘

𝑑

𝑑𝑎𝑘
(𝐾1(𝑎𝑘)/𝑎𝑘) 𝑑Ω. (2)

Here, 𝑛𝑘 is the concentration of electrons from the
𝑘-th valley, 𝜃𝑘 is their temperature (in energy units),
the unit vector q0 describes the polarization direction
of an emitted electromagnetic wave, 𝑎𝑘 = ~𝜔/𝜃𝑘, and
𝐾1(𝑎𝑘) is the Bessel function of imaginary argument.

The anisotropic acoustic scattering of electrons
in multivalley semiconductors of the 𝑛-Ge and 𝑛-Si
types can be characterized by two components of the
relaxation time tensor, 𝜏 (𝑎)⊥ (𝜀) and 𝜏

(𝑎)
‖ (𝜀) (see, e.g.,

work [6]). The dependences of those components on
the energy of an electron from the 𝑘-th valley look
like

𝜏 (𝑎)𝑥 (𝜀) = 𝜏 (𝑎)𝑦 (𝜀) ≡ 𝜏
(𝑎)
⊥ (𝜀) = 𝜏

(0)
⊥

(︂
𝜃

𝜀

)︂1/2
,

𝜏 (𝑎)𝑧 (𝜀) ≡ 𝜏
(𝑎)
‖ (𝜀) = 𝜏

(0)
‖

(︂
𝜃

𝜀

)︂1/2
.

(3)

From whence, we have

𝜏
(𝑎)
⊥ (𝜃) = 𝜏

(0)
⊥ , 𝜏

(𝑎)
‖ (𝜃) = 𝜏

(0)
‖ . (4)

In expressions (3) for 𝜏
(𝑎)
⊥ (𝜀) and 𝜏

(𝑎)
‖ (𝜀), the quan-

tities 𝜏
(0)
⊥ and 𝜏

(0)
‖ do not depend on the tempera-

ture of hot electrons, but only on the lattice tem-
perature and other parameters (the constants of de-
formation potential, the components of mass tensor,
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and so forth). The parameters 𝜏
(0)
⊥ and 𝜏

(0)
‖ can be

expressed in terms of the components of the acous-
tic mobility tensor for cold (not heated up) electrons,
proceeding from the relations

𝜇
(𝑎)
⊥ (𝜃) =

4

3
√
𝜋

𝑒 𝜏
(0)
⊥

𝑚⊥
, 𝜇

(𝑎)
‖ (𝜃) =

4

3
√
𝜋

𝑒 𝜏
(0)
‖

𝑚‖
, (5)

where 𝜃 is the lattice temperature measured in energy
units.

The general expression for spontaneous radiation
emitted by hot electrons (2) can be substantially sim-
plified in the limiting cases ~𝜔 ≪ 𝜃𝑒 (the classi-
cal frequency interval) and ~𝜔 ≫ 𝜃𝑒 (the quantum-
mechanical interval). In particular, in the classical
limit (at ~𝜔 ≪ 𝜃𝑒), Eq. (2) yields

𝑊
(𝑎)
𝑘 =

4𝑒2

3𝜋5/2𝑐3
𝑛𝑘𝜃𝑘 ×

×

⎧⎨⎩ sin2 𝜙𝑘

𝑚⊥𝜏
(𝑎)
⊥ (𝜃)

+
cos2 𝜙𝑘

𝑚‖𝜏
(𝑎)
‖ (𝜃𝑘)

⎫⎬⎭ 𝑑Ω, (6)

Here, cos𝜙𝑘 = i𝑘q0, and 𝜙𝑘 is the angle between the
polarization direction and the orientation direction of
the “valley” (the ellipsoid of revolution). Analogous-
ly, in the quantum-mechanical frequency limit (~𝜔 ≫
≫ 𝜃𝑒), we obtain

𝑊
(𝑎)
𝑘 =

𝑒2

6𝜋2𝑐3
𝑛𝑘√
𝜃
(~𝜔)3/2𝑒−~𝜔/𝜃𝑘 ×

×

⎧⎨⎩ sin2 𝜙𝑘

𝑚⊥𝜏
(0)
⊥

+
cos2 𝜙𝑘

𝑚‖𝜏
(0)
‖

⎫⎬⎭ 𝑑Ω. (7)

2.2. Impurity (Coulomb) scattering

In work [5], the theory of light absorption and emis-
sion by hot electrons in the case where the Cou-
lomb scattering plays the dominating role was devel-
oped. The impurity potential was adopted in the form

𝜐(𝑟) =
𝑒2

𝜀0𝑟
𝑒−𝑟/𝑟D , (8)

where 𝜀0 is the static dielectric constant, and 𝑟D is
the Debye radius.

The general expression for spontaneous radiation
emission by hot electrons at the dominant role of
Coulomb scattering is presented in work [5]. Since
this expression is cumbersome, only its forms in the
limiting cases are presented here. In particular, in the

classical frequency range (~𝜔 ≪ 𝜃𝑒), if the Coulomb
scattering dominates, we obtain [5]

𝑊
(𝑐)
𝑘 ≡ 3𝑒2

16𝜋3/2𝑐3
𝑛𝑘𝜃𝑘 ×

×

⎧⎨⎩ sin2 𝜙𝑘

𝑚⊥𝜏
(𝑐)
⊥ (𝜃𝑘)

+
cos2 𝜙𝑘

𝑚‖𝜏
(𝑐)
‖ (𝜃𝑘)

⎫⎬⎭ 𝑑Ω, (9)

where 𝜏
(𝑐)
⊥ (𝜃𝑘) and 𝜏

(𝑐)
‖ (𝜃𝑘) are the transverse and

longitudinal components of the relaxation time tensor
at the Coulomb scattering of hot electrons,

1

𝜏
(𝑐)
⊥ (𝜃𝑘)

=
8

3

𝑒4(2𝑚‖)
1/2

𝜀20 𝑚⊥𝜃
3/2
𝑘

𝑛𝑐𝛽⊥ ln(𝐶1 𝑥min)
−1, (10)

1

𝜏
(𝑐)
‖ (𝜃𝑘)

=
8

3

𝑒4(2𝑚‖)
1/2

𝜀20 𝑚‖𝜃
3/2
𝑘

𝑛𝑐𝛽‖ ln(𝐶1 𝑥min)
−1. (11)

Here, 𝑛𝑐 is the concentration of ions (according to
the electroneutrality condition, 𝑛𝑐 =

∑︀
𝑘

𝑛𝑘), ln𝐶1 ≈

≈ 0.577... is the Euler constant, and the notations

𝛽⊥ =
𝑏0
2

[︂
𝑏0 + (1− 𝑏20) arctg

1

𝑏0

]︂
, (12)

𝛽‖ = 𝑏0

[︂
−𝑏0 + (1 + 𝑏20) arctg

1

𝑏0

]︂
, (13)

𝑏20 =
𝑚⊥

𝑚‖ −𝑚⊥
; 𝑥min =

~2

8𝑚⊥𝜃𝑘𝑟2D
, (14)

are introduced. (Unfortunately, the notations 1

𝜏
(𝑐)
⊥ (𝜃𝑘)

and 1

𝜏
(𝑐)

‖ (𝜃𝑘)
in work [5] were confused).

In the case of the impurity scattering (at potential
(8)), the components of the relaxation time tensor
(10) and (11) are related to the corresponding com-
ponents of the mobility tensor for electrons from the
𝑘-th valley by the formulas

𝜇
(𝑐)
⊥ =

8√
𝜋

𝑒 𝜏
(𝑐)
⊥ (𝜃𝑘)

𝑚⊥
, 𝜇

(𝑐)
‖ =

8√
𝜋

𝑒 𝜏
(𝑐)
‖ (𝜃𝑘)

𝑚‖
. (15)

In the quantum frequency limit (~𝜔 ≫ 𝜃𝑒) and in the
case of the Coulomb scattering, we have

𝑊
(𝑐)
𝑘 =

𝑒6
√︀
2𝑚‖

𝜋 𝜀20 𝑐
3

𝑛𝑐 𝑒
−~𝜔/𝜃𝑘

√
~𝜔

𝑛𝑘 ×

×

{︃
𝛽⊥

𝑚2
⊥

sin2 𝜙𝑘 +
𝛽‖

𝑚2
‖
cos2 𝜙𝑘

}︃
𝑑Ω. (16)
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If the acoustic and impurity (Coulomb) mechanisms
of scattering act simultaneously, the total energy
emitted by hot electrons is equal to the sum of ener-
gies associated with separate scattering mechanisms.

The formulas for the “acoustic” [Eqs. (6) and (7)]
and “impurity” [Eqs. (9) and (16)] radiation emission
by hot electrons can be expressed in more convenient
forms, if we use the relations

sin2 𝜙𝑘 =
1

2
(1−cos 2𝜙𝑘); cos2 𝜙𝑘 =

1

2
(1+cos 2𝜙𝑘).

Then, e.g., if ~𝜔 < 𝜃𝑘, Eq. (6) yields

𝑊
(𝑎)
𝑘 = 𝐺

(𝑎)
𝑘 (1 + 𝑔𝑎 cos 2𝜙𝑘)𝑑0, (17)

where

𝐺
(𝑎)
𝑘 =

2 𝑒2𝑛𝑘𝜃𝑘
3𝜋5/2𝑐3

⎛⎝ 1

𝑚‖𝜏
(𝑎)
‖ (𝜃𝑘)

+
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃𝑘)

⎞⎠, (18)

𝑔𝑎 =

⎛⎝ 1

𝑚‖𝜏
(0)
‖

− 1

𝑚⊥𝜏
(0)
⊥

⎞⎠⧸︃⎛⎝ 1

𝑚‖𝜏
(0)
‖

+
1

𝑚⊥𝜏
(0)
⊥

⎞⎠.
(19)

An analogous expression can be written down for the
“impurity” radiation emission,

𝑊
(𝑐)
𝑘 = 𝐺

(𝑐)
𝑘 (1 + 𝑔𝑐 cos 2𝜙𝑘)𝑑Ω. (20)

Using Eq. (10), we obtain

𝑔𝑐 =

(︃(︂
𝑚⊥

𝑚‖

)︂2 𝛽‖

𝛽⊥
− 1

)︃⧸︃(︃(︂
𝑚⊥

𝑚‖

)︂2 𝛽‖

𝛽⊥

2

+ 1

)︃
. (21)

3. Manifestation of Multivalley
Structure in Terahertz Radiation
Emitted by Hot Electrons

In the previous section, we have analyzed the con-
tribution made to spontaneous radiation emission by
hot electrons belonging to the same valley. Now, we
consider the total radiation emission of hot electrons
from all valleys. As an example, we examine hot elec-
trons in 𝑛-Ge. In this case, the orientations of “val-
leys” (the rotation axis of the mass tensor) are given
by the unit vectors

i1 =
1√
3
(1, 1, 1), i2 =

1√
3
(−1, 1, 1),

i3 =
1√
3
(1,−1, 1), i4 =

1√
3
(−1,−1, 1). (22)

The Joule power released in the 𝑘-th valley by the
field F applied to the semiconductor looks like

𝑊D(𝜃𝑘) = 𝑛𝑘

{︂
𝜇⊥(𝜃𝑘)𝐹

2+

+(𝜇‖(𝜃𝑘)− 𝜇⊥(𝜃𝑘))(i𝑘F)
2

}︂
, (23)

where 𝑛𝑘 and 𝜃𝑘 are the concentration and the tem-
perature (in energy units), respectively, of electrons in
the 𝑘-th valley. The electron temperature of the 𝑘-th
valley is determined from the energy balance equa-
tion, i.e. from the equality between the Joule power
released in the 𝑘-th valley and the energy transmitted
by hot electrons in the 𝑘-th valley to lattice vibrations
per unit time,

(︀
𝑑𝐸𝑘

𝑑𝑡

)︀
𝑠𝑡

. In particular, for the scatter-
ing by longitudinal acoustic phonons, we have [6, 7](︂
𝑑𝐸𝑘

𝑑𝑡

)︂(𝑎)
𝑠𝑡

= 𝑛𝑘

8
√
2Σ2

0𝑚
2
⊥
√
𝑚‖

𝜋3/2 ~4 𝜌
𝜃
3/2
𝑘

(︂
1− 𝜃

𝜃𝑘

)︂
, (24)

where 𝜌 is the density, and Σ0 is an energy constant.
Analogously, for the scattering by optical lattice vi-
brations, we obtain(︂
𝑑𝐸𝑘

𝑑𝑡

)︂(0)
𝑠𝑡

=

= 𝑛𝑘

√
2𝐷2 𝑚⊥

√
𝑚‖

𝜋3/2 ~2 𝜌
𝑛𝑘

√︀
𝜃𝑘

exp
(︁
~ 𝜔0

𝜃 − ~𝜔0

𝜃𝑘

)︁
− 1

exp
(︀~ 𝜔0

𝜃

)︀
− 1

×

×
(︂
~𝜔0

2 𝜃𝑘

)︂
exp

(︂
~𝜔0

2 𝜃𝑘

)︂
𝐾1

(︂
~ 𝜔0

2 𝜃𝑘

)︂
, (25)

where 𝜔0 is the frequency of optical lattice vibrations,
𝐷 the constant of the electron coupling with optical
lattice vibrations, and 𝐾1(𝑥) the Bessel function of
the second kind of imaginary argument.

In the model of energetically independent valleys,
the temperature of electrons in the 𝑘-th valley is de-
termined by the energy balance equation(︂
𝑑𝐸𝑘

𝑑𝑡

)︂(𝑎)
𝑠𝑡

+

(︂
𝑑𝐸𝑘

𝑑𝑡

)︂(0)
𝑠𝑡

= 𝑊D(𝜃𝑘). (26)

A more rigorous model must also involve the interval-
ley migration of electrons and the intervalley energy
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transmission from “hot” valleys to “cold” ones. Those
issues were analyzed, e.g., in work [7] in detail, and
they will not be considered here. Let us dwell in more
details on the dependence of the electron heating on
the heating field orientation.

From Eqs. (22) and (23), one can see that, if the
electron-heating field is directed along a direction
that is symmetric with respect to the valleys, i.e.
along the direction (1,0,0), then (i𝑘F)

2
= 1

3𝐹
2 for

𝑘 = 1, 2, 3, 4. We obtain

𝑊 (𝜃𝑘) = 𝑛𝑘

(︂
2

3
𝜇⊥(𝜃𝑘) +

1

3
𝜇‖(𝜃𝑘)

)︂
𝐹 2. (27)

Hence, if the electron-heating field is oriented along
the direction (1,0,0), then, according to Eq. (27), the
Joule power per one electron is identical for all val-
leys. This means that Eq. (26) predicts the identical
temperatures 𝜃𝑘 for all valleys (𝑘 = 1, 2, 3, 4), with
the electron concentrations 𝑛𝑘 in all valleys being
identical as well. If so, the polarization dependence
of total spontaneous radiation emitted from all val-
leys disappears. Really, one can see from Eq. (6) or
(9) that, provided identical concentrations and tem-
peratures, the angular dependence remains to be con-
tained only in the factors sin2 𝜙𝑘 and cos2 𝜙𝑘. Since,
in accordance with Eq. (22),

3∑︁
𝑘=1

cos2 𝜙𝑘 =

4∑︁
𝑘=1

(i𝑘 q0)
2 =

4

3
(𝑞20𝑥 + 𝑞20𝑦 + 𝑞20𝑧) =

4

3
,

we obtain from Eq. (6) that, in the case where the
acoustic scattering dominates in the classical fre-
quency limit,
4∑︁

𝑘=1

𝑊𝑘 =
16

9

𝑒2

𝜋5/2𝑐3
𝑛𝑒 𝜃𝑒 ×

×

{︃
2

𝑚⊥𝜏
(𝑎)
⊥ (𝜃𝑘)

+
1

𝑚‖𝜏
(𝑎)
‖ (𝜃𝑘)

}︃
𝑑Ω. (28)

Since the concentration of electrons and their tem-
perature in this case, i.e. if the field F is directed
along the axis (1,0,0), do not depend on the number
of valley, we made the substitution of 𝑛𝑘𝜃𝑘 by 𝑛𝑒𝜃𝑒
in expression (28).

A formula similar to Eq. (28) can be obtained for
the impurity scattering, by proceeding from expres-
sion (9). Hence, in spite of the angular dependence

of spontaneous radiation emission by hot electrons
from one valley, the total emission of all valleys does
not depend on the angles, provided that the electron
temperatures in the valleys are identical.

4. The Case of Different
Electron Temperatures in the Valleys

Let the heating field be oriented along the direction
(1,1,1), i.e.

F = 𝐹 i1. (29)

Then, in accordance with Eq. (22), we have

(i1F)
2 = 𝐹 2, (i𝑘F)

2 =
1

9
𝐹 2; 𝑘 = 2, 3, 4. (30)

From Eq. (23) with regard for Eq. (30), we obtain

𝑊D(𝜃1) = 𝑛1𝜇‖(𝜃1)𝐹
2, (31)

𝑊D(𝜃𝑘) = 𝑛𝑘

{︂
8

9
𝜇⊥(𝜃𝑘) +

1

9
𝜇‖(𝜃𝑘)

}︂
𝐹 2, 𝑘 = 2, 3, 4.

(32)

The energy balance equation (26) and expressions
(31) and (32) show that, if the field is oriented along
the direction (1,1,1), three valleys (𝑘 = 2, 3, 4) are
characterized by the same electron temperature and
electron concentration,

𝜃2 = 𝜃3 = 𝜃4; 𝑛2 = 𝑛3 = 𝑛4. (33)

whereas one valley (𝑘 = 1) has the 𝑛1- and 𝜃1-values
different from those in Eq. (33). Since 𝜇⊥ ≫ 𝜇‖ for
𝑛-Ge, we may assert that there is one “cold” and
three “hot” (with identical temperatures) valleys at
this field orientation.

Radiation emission by hot electrons in all valleys is
described by the formula

4∑︁
𝑘=1

𝑊𝑘(𝜃𝑘, 𝑛𝑘) =

4∑︁
𝑘=1

𝑊𝑘(𝜃𝑘, 𝑛𝑘)+

+𝑊1(𝜃1, 𝑛1)−𝑊1(𝜃2, 𝑛2). (34)

On the right-hand side of expression (34), the same
term 𝑊1(𝜃2, 𝑛2)–the contribution of the (𝑘 = 1)-
valley, but with the same 𝜃2 and 𝑛2 parameters as for
other three hot valleys–is added and subtracted. As
a result of this procedure, we obtain the sum over all
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valleys but with identical temperatures and concen-
trations of electrons, and two more terms, 𝑊1(𝜃1′𝑛1)
and −𝑊1(𝜃2′𝑛2). According to Eq. (28), the total ra-
diation emission from all valleys with the same elec-
tron concentration and temperature has no angular
(polarization) dependence. Hence, the entire angu-
lar dependence of spontaneous radiation emitted by
hot electrons in 𝑛-Ge in the case where the electron-
heating field F is oriented along the direction (1,1,1) is
given by the difference 𝑊1(𝜃1′𝑛1)−𝑊1(𝜃2′𝑛2) ≡ Δ𝑊 .

In the classical frequency range, by supposing
the dominant role of acoustic dispersion and taking
Eq. (6) into account, we obtain

Δ𝑊 (𝑎) =
4𝑒2

3𝜋5/2𝑐3

{︃(︃
𝑛1𝜃1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃1)

− 𝑛2𝜃2

𝑚⊥𝜏
(𝑎)
⊥ (𝜃2)

)︃
×

× sin2 𝜙1+

⎛⎝ 𝑛1𝜃1

𝑚‖𝜏
(𝑎)
‖ (𝜃1)

− 𝑛2𝜃2

𝑚‖𝜏
(𝑎)
‖ (𝜃2)

⎞⎠ cos2 𝜙1

}︃
𝑑Ω.

(35)

Expressing sin2 𝜙1 and cos2 𝜙1 in terms of cos 2𝜙1,
formula (35) is transformed to the form analogous
to expression (17) obtained earlier for the one-valley
model,

Δ𝑊 (𝑎) = Δ𝐺(𝑎) {⊥+Δ𝑔𝑎 cos 2𝜙1} . (36)

Here, the following notations are used:

Δ𝑔𝑎 =

{︃
𝑛1𝜃1

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃1)

]︃
−

−𝑛2𝜃2

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃2)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃2)

]︃}︃
×

×

{︃
𝑛1𝜃1

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃1)

]︃
+

+𝑛2𝜃2

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃2)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃2)

]︃}︃−1

(37)

and

Δ𝐺(𝑎)=
2𝑒2

3𝜋5/2𝑐3

{︃
𝑛1𝜃1

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃1)

]︃
+

+𝑛2𝜃2

[︃
1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃2)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃2)

]︃}︃
𝑑Ω. (38)

In the case of the acoustic scattering, according to
Eq. (3), we have

1

𝑚⊥𝜏
(𝑎)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑎)
‖ (𝜃1)

=

(︂
𝜃1
𝜃

)︂1/2
×

×

{︃
1

𝑚⊥𝜏
(0)
⊥

− 1

𝑚‖𝜏
(0)
‖

}︃
.

Therefore, Eqs. (37) and (38) can be rewritten as fol-
lows:

Δ𝑔𝑎 =

{︃
1− 𝑛2

𝑛1

(︂
𝜃2
𝜃1

)︂3/2}︃⧸︃{︃
1 +

𝑛2

𝑛1

(︂
𝜃2
𝜃1

)︂3/2}︃
, (39)

Δ𝐺(𝑎) =
2𝑒2

3𝜋5/2𝑐3

⎛⎝ 1

𝑚⊥𝜏
(0)
⊥

− 1

𝑚‖𝜏
(0)
‖

⎞⎠×

×
{︁
𝑛1𝜃

3/2
1 + 𝑛2𝜃

3/2
2

}︁ 𝑑Ω√
𝜃
. (40)

Analogously, in the case of the impurity scattering in
the classical frequency limit with regard for formulas
(9)–(11), we obtain

Δ𝑊 (𝑐) = Δ𝐺(𝑐) {1 + Δ𝑔𝑐 cos 2𝜙1} , (41)

where the notations

Δ𝑔𝑐 =

{︃
1− 𝑛2

𝑛1

(︂
𝜃2
𝜃1

)︂1/2}︃⧸︃{︃
1 +

𝑛2

𝑛1

(︂
𝜃2
𝜃1

)︂1/2}︃
(42)

and

Δ𝐺(𝑐)=
3𝑒2

32𝜋3/2𝑐3

(︃
1

𝑚⊥𝜏
(𝑐)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑐)
‖ (𝜃1)

)︃
𝜃
3/2
1 ×

×
[︂
𝑛1√
𝜃1

+
𝑛2√
𝜃2

]︂
𝑑Ω, (43)

were introduced. Expressions for 𝜏
(𝑐)
⊥,‖(𝜃1) in Eq. (43)

are given by formulas (10) and (11). Note that, if
the weak (under the logarithm sign) dependences on
the electron temperature and concentration are ne-
glected, the expression(︃

1

𝑚⊥𝜏
(𝑐)
⊥ (𝜃1)

− 1

𝑚‖𝜏
(𝑐)
‖ (𝜃1)

)︃
𝜃
3/2
1

can be regarded as a known parameter (a numerical
value) for the given specimen.
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We would like to attract attention to the fact that
the quantities Δ𝑊 (𝑎) and Δ𝑊 (𝑐) depend differently
on the electron and lattice temperatures. In addition,
Δ𝑊 (𝑐) also depends on the concentration of ionized
impurities. Therefore, the condition Δ𝑊 (𝑎) = Δ𝑊 (𝑐)

determines the concentration of ionized impurities, at
which the acoustic and Coulomb contributions to ra-
diation emission become equal to each other, provided
that the temperature is fixed. Hence, it is easy to
select such a concentration of ionized impurities, at
which the transition from one dominating scattering
mechanism to the other can be executed by varying
the temperature of electrons (with the help of the
applied electric field).

5. Discussion of the Results and Their
Comparison with Experiment

Formulas (36) and (41) determine the angular depen-
dence of spontaneous radiation emitted by hot elec-
trons in the classical frequency range in semiconduc-
tors with the band structure of the 𝑛-Ge type in the
case where the electron-heating field is oriented along
the direction (1,1,1). In this case, we have one cold
valley (with the electron concentration 𝑛1 and tem-
perature 𝜃1) and three hot ones (with the identical
electron concentration 𝑛2 and temperature 𝜃2). The
temperatures 𝜃1 and 𝜃2 can be determined from the
energy balance equation (see Eq. (26)). Let us discuss
the electron concentrations (in our case, these are 𝑛1

and 𝑛2).
Our calculations were based on the results of ex-

periments carried out at low temperatures (the lattice
temperature was equal to 4 K). The concentrations of
electrons in the valleys were determined from the con-
centration balance equation. As a rule, this equation
is derived with the use of the electron distribution
functions in the valleys taken as the Maxwellian func-
tion with the corresponding effective electron tem-
perature. The electron migration between the val-
leys occurs owing to high-energy “tails” in the elec-
tron distribution functions, i.e. with the participa-
tion of electrons with the energy 𝜀 > ~𝜔𝜇, where
𝜔𝜇 is the frequency of intervalley phonons. Therefore,
the effective temperature approximation in the frame-
work of this energy balance automatically means that
the electron–electron scattering dominates at energies
𝜀 > ~𝜔𝜇 as well. However, the 𝑒− 𝑒 scattering inten-
sity is known to be proportional to the squared elec-

tron concentration, whereas the corresponding scat-
tering cross-section is reciprocal to the relative veloc-
ity raised to a power of four. Hence, when the elec-
tron concentration is not high enough, the 𝑒− 𝑒 scat-
tering can thrust the Maxwellian distribution with a
certain effective temperature on a group of electrons
with energies close to the average one (𝜀 ∼ 𝜃𝑒), but it
ceases to remain the dominating mechanism of scat-
tering for electrons in the energy “tail” with energies
𝜀 > ~𝜔𝜇. As a result, the electron migration between
the valleys becomes insignificant. Just this situation
is realized in our case (relatively high-resistance spec-
imens and low temperatures). Therefore, we consider
below that 𝑛1 ≈ 𝑛2. Nevertheless, it is worth not-
ing that, besides the different heating of electrons in
the valleys that occurs at definite field orientations
and acts as a driving force, the electron migration
between the valleys can also be a result of the uni-
directional deformation in the specimen. In this case,
the concentrations of electrons in the valleys are also
the functions of applied unidirectional pressure.

Hence, if the field is oriented along the direction
(1,1,1), we obtain one “cold” valley with the electron
temperature 𝜃1 and three “hot” ones with the tem-
perature 𝜃2. In this case,

𝜃2 > 𝜃1; 𝑛2 ≈ 𝑛1. (44)

From Eq. (39), one can see that, in the case where
the acoustic scattering dominates and conditions (44)
are satisfied, the value of Δ𝑔𝑎 is negative, whereas, at
the impurity scattering in accordance with Eq. (39),
the value of Δ𝑔𝑐 is positive. So, a conclusion can be
drawn that, if, owing to the temperature growth, the
mechanism of scattering transforms from the impu-
rity to the acoustic one, the angular dependences of
the radiation intensity would undergo the following
modification: minima of intensity should be observed
at those angles where it had maxima.

If the concentration of ionized impurities is known,
the equality Δ𝑊 (𝑎) = Δ𝑊 (𝑐) allows one to deter-
mine the temperature, at which the transition takes
place (as the temperature grows) from the impurity
mechanism of scattering to the acoustic one. In Fig. 1,
the theoretically calculated temperatures in the “cold”
and “hot” valleys as the functions of the applied elec-
tric field are plotted. In the corresponding calcula-
tions, we considered that, at the parameter values
quoted in the figure caption, the energy losses of elec-
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Fig. 1. Dependences of the electron temperatures in “cold”
(numbers) and “hot” (primed numbers) valleys of 𝑛-Ge on the
heating field at various electron concentrations 𝑛 = 0.8× 1014

(curves 1 and 1 ′), 1.2 × 1014 (curves 2 and 2 ′), and 1.5 ×
1014 cm−3 (curves 3 and 3 ′). The lattice temperature 𝑇0 =

4.2 K

Fig. 2. Dependences of the coefficient Δ𝑔 on the heating
field 𝐹 for various concentrations of charge carriers in 𝑛-Ge
𝑛 = 0.8×1014 (1 ), 1.2×1014 (2 ), and 1.5×1014 cm−3 (3 ). The
lattice temperature 𝑇0 = 4.2 K

Fig. 3. Polarization angular dependences of THz radiation
emitted by 𝑛-Ge (𝑛 = 2.5 × 1015 cm−3) under the action of
electric field

trons stem from their interaction with lattice acous-
tic vibrations, and the momentum relaxation results
from the electron scattering by impurities and acous-
tic phonons. We also considered the electron momen-
tum relaxation at the spontaneous emission of acous-
tic phonons, which is a substantial factor at low tem-
peratures [9]. In calculations, the minimum tempera-
ture of electrons was selected to equal 60 K, because
the validity of the Born approximation used to derive
the expressions for the electron mobility components
becomes problematic at lower temperatures.

Note that, if either of the scattering mechanisms
dominates in the momentum relaxation (the momen-
tum is scattered by either acoustic phonons or ion-
ized impurities) and the interaction of electrons with
acoustic phonons prevails in the energy relaxation,
the expressions for the temperatures of “cold” and
“hot” electrons can be obtained from formulas (23),
(24), and (26) in the general analytical form. In par-
ticular, if the relaxation of both the electron momen-
tum and energy takes place on acoustic phonons, we
obtain the following expression for the temperature of
electrons in the 𝑘-th valley, the orientation of which
is given, in accordance with Eq. (27), by the unit
vector i𝑘:

𝜃𝑘 =
𝜃

2
+

{︂(︂
𝜃

2

)︂2

+

√
𝜃

𝑐𝑎

[︂
𝜇
(𝑎)
⊥ (𝜃)𝐹 2 +

+
(︁
𝜇
(𝑎)
‖ (𝜃)− 𝜇

(𝑎)
⊥ (𝜃)

)︁
(i𝑘F)

2

]︂}︂1/2
, (45)

where

𝑐𝑎 ≡
8
√
2𝑚2

⊥
√
𝑚‖

𝜋3/2~4𝜌
. (46)

The corresponding expressions for the acoustic mo-
bility components are given by formulas (5).

In the case where the energy relaxation of hot
electrons is related to their interaction with acoustic
phonons, and the momentum relaxation to the scat-
tering by ionized impurities, we obtain from Eq. (26)
that

𝜃𝑘 = 𝜃

{︂
1− 1

𝑐𝑎𝜃3/2

[︂
𝜇
(𝑐)
⊥ (𝜃)𝐹 2+

+
(︁
𝜇
(𝑐)
‖ (𝜃)− 𝜇

(𝑐)
⊥ (𝜃)

)︁
(i𝑘F)

2

]︂}︂−1

. (47)
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The corresponding expressions for the impurity
mobility components are given by formulas (15).
(While deriving Eq. (47), we used the approximation

𝜇
(𝑐)
⊥,‖ (𝜃𝑘) ≈

(︂
𝜃𝑘
𝜃

)︂3/2
𝜇
(𝑐)
⊥,‖ (𝜃), (48)

i.e. we considered the temperature dependence of the
impurity scattering in the form 𝜃

3/2
𝑘 and neglected the

weak dependence on 𝜃𝑘 under the logarithm sign.)
From Eqs. (45) and (47) with the use of formula

(27), it is easy to obtain the temperatures of electrons
in the “cold” and “hot” valleys.

Note that, in the case where the momentum re-
laxation is associated with the electron scattering by
both acoustic phonons and ionized impurities, the ex-
pression for Joule energy (23) must include the com-
ponents of the resulting mobility, 𝜇⊥,‖ (𝜃). Approxi-
mately, those components can be expressed in terms
of the components of the acoustic and impurity mo-
bilities as follows:

1

𝜇⊥,‖ (𝜃)
≈ 1

𝜇
(𝑎)
⊥,‖ (𝜃)

+
1

𝜇
(𝑐)
⊥,‖ (𝜃)

. (49)

Formula (49) testifies that the resulting mobility is
mainly governed by the mechanism that results in a
lower mobility. Therefore, when the impurity mo-
bility “becomes higher” than the acoustic one, as the
temperature grows, formula (47) for the electron tem-
perature has to be substituted by formula (45).

In Fig. 2, the field dependences of the coefficient

Δ𝑔 =
Δ𝐺(𝑎)Δ𝑔𝑎 +Δ𝐺(𝑐)Δ𝑔𝑐

Δ𝐺(𝑎) +Δ𝐺(𝑐)
(50)

that characterizes the resulting angular dependence
of types (36) and (41) at the simultaneous action of
the acoustic and impurity mechanisms of scattering
are exhibited. The figure shows that the coefficient
Δ𝑔 changes its sign at different values of the electron-
heating field, depending on the concentration of ion-
ized impurities. This regularity is associated with the
fact that the substitution of the impurity mechanism
of scattering by the acoustic one occurs at differ-
ent electron temperatures, depending on the impurity
concentration. The change of the Δ𝑔-sign means that
the maxima in the periodic angular dependence of
spontaneous radiation emitted by hot electrons grad-
ually transform into minima, as the field varies.

Fig. 4. Polarization angular dependences of THz radiation
emitted by 𝑛-Ge (𝑛 = 6× 1014 cm−3) at various temperatures
(temperature of the environment of the emitting specimen is
indicated). The applied electric field 𝐹 = 140 V/cm

Fig. 5. Polarization angular dependences of THz radiation
emitted by 𝑛-Ge (𝑛 = 1.5 × 1014 cm−3) at various pressures
𝑃 = 0 (1 ), 1 (2 ), 3 (3 ), and 5 kbar (4 ). 𝐹 = 200 V/cm

Fig. 6. Polarization angular dependences of THz radiation
emitted by 𝑛-Ge (𝑛 = 2.5× 1015 cm−3) in the absence of illu-
mination (1 ) and when the illumination intensity grows from
minimum (2 ) to maximum (4 ). The electric field 𝐹 = 32 V/cm
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Figures 3 to 5 exhibit the polarization dependences
experimentally measured for 𝑛-Ge. The measurement
technique was described in work [8] in detail. The
electron-heating field was oriented in the direction
(1,1,1). Figures 3 and 4 demonstrate the influence of
the electric field magnitude and the lattice temper-
ature, respectively, on the angular dependences con-
cerned. As one can see from Eqs. (39) and (42), the
sign of coefficient Δ𝑔 can be inverted by changing
the concentration of electrons in the “hot” valleys by
means of a unidirectional pressure (as a result, the
electrons are moved into the “cold” valley). Figure 5
illustrates how this action affects the polarization de-
pendences.

It is worth noting that the acoustic mechanism of
scattering can be substituted by the Coulomb one
by illuminating the specimen with visible light. Such
illumination increases the concentration of Coulomb
scattering centers and can change the lattice scat-
tering to the Coulomb one. As is seen from Fig. 6,
the illumination considerably changes the polariza-
tion characteristics. However, for this effect to be in-
terpreted unequivocally, the influence of illumination
on the electron temperature should be estimated.

Hence, which of the electron scattering mecha-
nisms dominates under specific conditions depends
on the lattice temperature, electron heating (which,
in turn, depends on the field magnitude and orien-
tation), impurity concentration, unidirectional pres-
sure, and illumination. Therefore, all those factors af-
fect the polarization characteristics of spontaneous
radiation emitted by hot electrons.
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ВПЛИВ АНIЗОТРОПНИХ МЕХАНIЗМIВ
РОЗСIЯННЯ НА ПОЛЯРИЗАЦIЙНI ЗАЛЕЖНОСТI
ТЕРАГЕРЦОВОГО ВИПРОМIНЮВАННЯ
ГАРЯЧИХ ЕЛЕКТРОНIВ

Р е з ю м е

Теоретично i експериментально дослiджено вплив анiзотро-
пних механiзмiв розсiяння на поляризацiйнi залежностi те-
рагерцового (ТГЦ) випромiнювання гарячих електронiв у
багатодолинних напiвпровiдниках типу 𝑛-Ge. Основну ува-
гу придiлено ситуацiї, коли прикладене до багатодолинно-
го напiвпровiдника електричне поле направлено у напрям-
ку, несиметричному вiдносно долин. Показано, що замiна
анiзотропного механiзму розсiяння електронiв iонiзованими
домiшками на анiзотропний механiзм розсiяння їх акусти-
чними фононами веде до замiни максимумiв на мiнiмуми на
перiодичнiй поляризацiйнiй кутовiй залежностi iнтенсивно-
стi випромiнювання гарячих електронiв. Замiна одного до-
мiнуючого механiзму розсiяння iншим може бути зумовле-
на низкою причин: змiною температури ґратки або концен-
трацiї iонiзованих домiшок, змiною величини або орiєнтацiї
розiгрiваючого електрони поля, прикладенням однонаправ-
леного тиску або пiдсвiткою зразка. Показано, що всi цi
причини впливають на поляризацiйнi залежностi спонтан-
ного випромiнювання гарячих електронiв у випадку, коли
температури електронiв рiзнi в рiзних долинах.
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