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APPARENT WIDTH OF WIDE RESONANCES AND
QUARK GLUON BAGS IN A THERMAL ENVIRONMENTPACS 25.75.-q, 25.75.Nq

We develop a hadron resonance gas model with the Gaussian width of hadron resonances. This
model allows us to treat the usual hadrons and the quark gluon bags on the same footing and to
study the stability of the results obtained within different formulations of the hadron resonance
gas model. We perform a successful fit of 111 independent hadronic multiplicity ratios measured
in nuclear collisions at the center-of-mass energies

√
𝑠𝑁𝑁 = 2.7–200 GeV. We demonstrate

also that, in a narrow range of the collision energy
√
𝑠𝑁𝑁 = 4.3–4.9 GeV, there exist the pecu-

liar irregularities in various thermodynamic quantities found at the chemical freeze-out. The
most remarkable irregularity is an unprecedented jump of the number of effective degrees of
freedom observed in this narrow energy range, which is seen in all realistic versions of the
hadron resonance gas model, including the model with the Breit–Wigner parametrization of
the resonance width and the one with a zero width of all resonances. Therefore, the developed
concept is called the non-smooth chemical freeze-out. We are arguing that these irregularities
evidence the possible formation of quark gluon bags. In order to develop other possible signals
of their formation, we study the apparent width of wide hadronic resonances and quark gluon
bags in a thermal environment. Two new effects generated for the wide resonances and the
quark gluon bags by a thermal medium are discussed here: the near-threshold thermal reso-
nance enhancement and the near-threshold thermal resonance sharpening. These effects are
also analyzed for the Breit–Wigner width parametrization. It is shown that, if the resonance
decay thresholds are located far away from the peak of the resonance mass attenuation, then
such a width parametrization leads to a stronger enhancement of the resonance pressure, as
compared with the Gaussian one. On the basis of the new effects, we argue that the most op-
timistic chance to find experimentally the quark gluon bags may be related to their sharpening
and enhancement in a thermal medium. In this case, the wide quark gluon bags can appear
directly or in decays as narrow resonances that are absent in the tables of elementary particles
and have the apparent width about 50–120 MeV and the mass about or above 2.5 GeV.
K e yw o r d s: chemical freeze-out, wide resonance enhancement, width sharpening.
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1. Introduction
Last year, the MIT Bag model [1] celebrated its
forty years anniversary. A physical picture about the
color degrees of freedom confined inside some volume
turned out to be very productive, and it is used as
a corner stone in many subsequent phenomenological
models developed in high-energy nuclear physics. In
particular, the hadron bags model [2] very efficiently
exploited this idea and, as compared with the sta-
tistical bootstrap model [3–5], opened entirely new
possibilities to study the strongly interacting mat-
ter thermodynamics. Since the time moment of the
hadron bags model formulation [2], its original frame-
work was greatly extended, and we now have a vari-
ety of exactly solvable statistical models, which de-
scribe the deconfinement phase transition and a cross-
over. For instance, the quark gluon bag with surface
tension model (QGBSTM) is able to describe the tri-
critical [6–9] and critical endpoints [10, 11], by using
the mechanism which is typical of ordinary liquids. In
Ref. [12], the authors studied the influence of an inter-
play between the color-flavor correlations and the def-
inite volume fluctuations of large quark gluon (QG)
bags on the order of the deconfinement phase transi-
tion and the critical endpoint properties (they consid-
ered the phase transitions of higher orders), while the
previous analysis is extended in Ref. [13] to study the
role of the chiral symmetry restoration although at
the vanishing baryonic density. Work [14] is devoted
to a thorough analysis of different internal symme-
tries of large QG bags and to an investigation of the
chiral symmetry restoration effect on the QCD phase
diagram properties at non-vanishing baryonic densi-
ties although at the expense of neglecting the realis-
tic short-range repulsion between the constituents. In
Ref. [15], the novel, but rather complicated way to
account for the hard-core repulsion between the QG
bags is thoroughly analyzed.

The most coherent statistical picture of quark
gluon bags is, however, based on the finite width
model (FWM) [16, 17]. The FWM allows one to con-
sider these bags as heavy wide hadronic resonances. It
involves not only the asymptotic spectrum of the
quark gluon bags, but it also incorporates their fi-
nite and medium-dependent widths. The FWM nat-
urally explains the absence of heavy hadronic reso-
nances in the experimental mass spectrum compared
to the Hagedorn mass spectrum [3]. The FWM ex-
plains also that, besides the large width, the QG

bags are strongly suppressed (by about fifteen to six-
teen orders of magnitude compared to light hadrons!)
for temperatures below about a half of the Hagedorn
temperature 𝑇H, i.e., for 𝑇 < 1

2𝑇H, by the subthresh-
old suppression. The latter is a manifestation of the
color confinement in terms of the FWM. This prop-
erty of QG bags combined with their large width and
a very large number of decay channels leads to great
difficulties in their experimental identification (see a
discussion in [18]).

Nevertheless, the experimental searches for QG
bags within the existing programs and the planned
ones stimulate a strong interest in the formulation
of possible QG bag formation signals. However, the
two key questions, namely where (at which energies)
and how can one observe the QG bag formation, did
not get the definite answers during these four decades
passed since the MIT Bag model formulation. At the
same time, the discrete part of the hadronic mass
spectrum became a precise tool to extract the ther-
modynamic quantities at the moment of a chemical
freeze-out (FO) (see the works of advanced followers
[6–15] of the MIT Bag model, which is known as the
hadron resonance gas model (HRGM) [19–25]). The
chemical FO is the moment, at which the inelastic
collisions cease to exist simultaneously for all sorts
of particles. The recent improvements of the HRGM
achieved in [21–25] allow one to successfully describe
all particle yield ratios measured in the nuclear col-
lisions at the center-of-mass energies from

√
𝑠𝑁𝑁 =

2.7 GeV to
√
𝑠𝑁𝑁 = = 2.76 TeV. Therefore here, we

develop a new formulation of the HRGM, which in-
volves the Gaussian mass attenuation of hadronic res-
onances instead of the Breit–Wigner one used in the
previous versions of the HRGM. Such a model allows
us to treat the usual hadrons and the QG bags of the
FWM [16,17,27] on the same footing and to study the
stability of the results obtained within different for-
mulations of the HRGM. Moreover, a thorough anal-
ysis of the HRGM performed here allows us to answer
the two key questions formulated above.

In particular, we demonstrate that, in a narrow
range of collision energies

√
𝑠𝑁𝑁 = 4.3–4.9 GeV, there

exist the peculiar irregularities in various thermody-
namic quantities calculated at the chemical FO. The
most remarkable irregularity is an unprecedented
jump of the number of effective degrees of freedom
measured in the ratios 𝑠FO/(𝑇FO)3 (it jumps by 1.67
times) and 𝑝FO/(𝑇FO)4 (it jumps by 1.5 times), where
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𝑠FO, 𝑇FO, and 𝑝FO denote the entropy density, the
temperature, and the pressure taken, respectively, at
the chemical FO. In order to distinguish the present
chemical FO concept from the other ones, we name
it the non-smooth chemical FO. On the basis of the
FWM, we argue that these irregularities, which are
observed in all versions of the HRGM analyzed here,
are, possibly, related to the formation of QG bags.

In order to answer the second key question, we
study a modification of the wide resonances in a ther-
mal environment and perform a similar analysis for
the QG bags. Our analysis shows that, even at the
chemical FO, a thermal environment modifies essen-
tially the resonance mass distribution in case of large
widths, by leading to their narrowing and enhance-
ment near the threshold. Based on these findings, we
are arguing that the QG bags may be observed in the
energy range

√
𝑠𝑁𝑁 ≃ 4.9–6 GeV as the narrow res-

onances having the width of about 50–120 MeV and
the mass about or above 2.5 GeV, which are absent
in the tables of elementary particle properties.

The work is organized as follows. The next sec-
tion describes the basic equations of the suggested
HRGM. In Section 3, we present and discuss the par-
ticle yield ratios measured at the collision energies√
𝑠𝑁𝑁 = 2.7–200 GeV. The main attention is devoted

to a discussion of the found irregularities. In Section
4, the apparent widths of wide resonances and QG
bags are thoroughly analyzed. Our conclusions and
some perspectives are discussed in Section 5.

2. Hadron Resonance Gas
Model with Gaussian Mass Attenuation

As a discrete part of the hadron mass-volume spec-
trum, the HRGM [19–25] is contained in all elabo-
rated statistical models of strongly interacting mat-
ter discussed above. In fact, it is a truncated hadronic
mass spectrum of the statistical bootstrap model [3–
5], which, however, accounts for the hard-core repul-
sion of hadrons and their width. The HRGM treats
all hadron resonances known from the tables of parti-
cle properties [26] with masses up to 𝑀0 ≃ 2.5 GeV as
the interacting gas of Boltzmann particles. Its basic
equations define the pressure 𝑝(𝑇, {𝜇}) of such a sys-
tem with its temperature 𝑇 and the set of chemical
potentials {𝜇}

𝑝(𝑇, {𝜇}) ≡ 𝑇
∑︁
𝑘

𝐹𝑘(𝜎𝑘) exp

[︂
𝜇𝑘 − 𝑏𝑘𝑝

𝑇

]︂
, (1)

𝐹𝑘(𝜎𝑘) ≡ 𝑔𝑘

∞∫︁
0

𝑑𝑚
Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑁𝑘(𝑀Th

𝑘 )
×

× exp

[︂
− (𝑚𝑘 −𝑚)2

2𝜎2
𝑘

]︂
𝜑(𝑚,𝑇 ), (2)

𝜑(𝑚,𝑇 ) ≡
∫︁

𝑑3𝑝

(2𝜋)3
exp

[︃
−
√︀
𝑝2 +𝑚2

𝑇

]︃
. (3)

In Eq. (1), the sum runs over all hadrons and in-
cludes the following parameters for each 𝑘-th parti-
cle: the full chemical potential of the 𝑘-th hadron sort
𝜇𝑘 ≡ 𝑄𝐵𝑘 𝜇𝐵 + 𝑄𝑆𝑘𝜇𝑆 + 𝑄𝐼3𝑘 𝜇𝐼3 is expressed in terms
of the corresponding charges 𝑄𝐿𝑘 (𝑄𝐵𝑘 is its baryonic
charge, 𝑄𝑆𝑘 is its strange charge, and 𝑄𝐼3𝑘 is its third
isospin projection charge) and their chemical poten-
tials, 𝑚𝑘 is its mean mass, 𝑔𝑘 is its degeneracy factor,
𝑏𝑘 is its excluded volume, while 𝜎𝑘 is the Gaussian
width of this resonance which defines the true reso-
nance width as Γ𝑘 = 𝑄𝜎𝑘 (with 𝑄 ≡ 2

√
2 ln 2), and

the normalization factor is defined via the threshold
mass 𝑀Th

𝑘 of the dominant channel as

𝑁𝜎(𝑀
Th
𝑘 ) ≡

∞∫︁
𝑀Th

𝑘

𝑑𝑚 exp

[︂
− (𝑚𝑘 −𝑚)2

2𝜎2

]︂
. (4)

The hard core repulsion of the van der Waals type
generates the suppression factor exp(−𝑏𝑘 𝑝/𝑇 ). The
quantity 𝜑(𝑚,𝑇 ) denotes the thermal particle density
per spin-isospin degree of freedom of the hadron sort
of mass 𝑚.

Note that a new important feature of the present
HRGM formulation is the inclusion of the Gaussian
width for all hadronic resonances. Such a feature al-
lows us to treat the usual hadrons and the QG bags
of the FWM, which must necessarily have the Gaus-
sian width [16, 17, 27] on the same footing. This is
a generalization of the most successful formulation of
the HRGM [20–23], in which the hadronic excluded
volumes {𝑏𝑘} are usually chosen to be equal, i.e.,
𝑏1 = 𝑏2 = ... = 𝑏𝑛 ≡ 𝑏. Note that the hadron res-
onance gas model [20, 22, 23] with the excluded vol-
ume 𝑏 = 16

3 𝜋𝑅
3 ≃ 0.45 fm3 and the hard-core radius

𝑅 = 0.3 fm is able to successfully describe the ratios
of hadronic multiplicities measured at the midrapid-
ity in nuclear collisions for the center-of-mass energies
from

√
𝑠𝑁𝑁 = 2.7 GeV to

√
𝑠𝑁𝑁 = 2.76 TeV. The

main difference of the discrete mass-volume spectrum
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of the present model from the one of the most popu-
lar version of the HRGM [20–23] is the usage of the
Gaussian width in (3) instead of the Breit–Wigner
one, although the effect is claimed to be below 10%
even for wide hadronic resonances [20]. This feature
of the present model is similar to the FWM of QG
bags, where the presence of the Gaussian attenuation
is of principal importance. It is so because the Breit–
Wigner attenuation leads to a divergence of the FWM
partition function [16, 17].

Despite its simplicity, the HRGM outlined above
accurately accounts for the complexity of the strong
interaction between hadrons. Indeed, the attraction
between them is taken into account like in the statis-
tical bootstrap model [3–5] via many sorts of hadrons,
while the short-range interaction is modeled via the
hard core repulsion, which leads to the appearance of
the corresponding exponentials exp(−𝑏𝑘 𝑝/𝑇 ) in the
spectrum (1). In principle, a surface tension induced
by an interhadron interaction, like the one discussed
recently in [28], should be considered for the mass-
volume spectrum of hadrons used in (1). But the re-
cent estimates made within the hadron resonance gas
model [22] show that it is small. Hence, it is neglected
here.

It is necessary to stress that the mass attenuation
in Eqs. (1) and (2) has a clear physical meaning, and
it is in line with the basic assumption of the statis-
tical bootstrap model [3–5], which suggests to ac-
count for all hadronic states with their degeneracy,
which can depend on the hadron mass. Therefore,
the Gaussian or Breit–Wigner mass attenuation of
hadronic resonances used in the HRGM accounts for
the different hadronic states that belong to the same
mass interval. This is evident, if one changes the or-
der of a hadron sort summation and the mass inte-
gration in (1)

𝑝(𝑇, {𝜇})
𝑇

≡
∑︁
𝑘

𝐹𝑘(𝜎𝑘) exp

[︂
𝜇𝑘 − 𝑏 𝑝

𝑇

]︂
≡

≡
∞∫︁
0

𝑑𝑚
∑︁
𝑘

Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑁𝑘(𝑀Th

𝑘 )
exp

[︂
− (𝑚𝑘 −𝑚)2

2𝜎2
𝑘

]︂
×

× 𝑔𝑘 𝜑(𝑚,𝑇 ) exp

[︂
𝜇𝑘 − 𝑏 𝑝

𝑇

]︂
. (5)

Before analyzing the hadronic mass spectrum in a
thermal environment, it is necessary to recall that the
question of whether the experimental mass spectrum

of hadrons given in the Particle Data Group tables co-
incides with the spectrum suggested by R. Hagedorn
is of great interest nowadays [29–31]. However, almost
all discussions of the hadron mass spectrum simply
ignore the width of resonances, whereas it was found
long ago that the large resonance width may essen-
tially modify the spectrum [16–18, 32–37]. Therefore,
it is important to study the effective mass spec-
trum of hadrons having a physical width. Another
significant reason to introduce the width and decay
channels of hadronic resonances into the HRGM is
that, without accounting for the decays of wide res-
onances, it is impossible to accurately describe the
particle yield ratios [20, 22]. For instance, the ab-
sence of the wide 𝜎(600)-meson, which decays into
two pions, does not allow one to correctly describe
the pion yield, since just this meson alone is respon-
sible for about 5 % of pions in the low AGS energy
range. Therefore, the total particle density of hadrons
of sort 𝑘 consists of the thermal part 𝑛Th

𝑘 and the de-
cay one:

𝑛tot𝑘 = 𝑛Th
𝑘 + 𝑛decay𝑘 = 𝑛Th

𝑘 +
∑︁
𝑙

𝑛Th
𝑙 𝐵𝑟(𝑙 → 𝑘), (6)

𝑛Th
𝑘 ≡ 𝜕𝑝

𝜕𝜇𝑘
=

𝐹𝑘(𝜎𝑘) exp
[︁
𝜇𝑘−𝑏 𝑝
𝑇

]︁
1 + 𝑏

∑︀
𝑙 𝐹𝑙(𝜎𝑙) exp

[︁
𝜇𝑙−𝑏 𝑝
𝑇

]︁ , (7)

where 𝐵𝑟(𝑙 → 𝑘) is the decay branching ratio of a
hadron of the 𝑙-th sort into a hadron of the sort 𝑘. The
masses, widths, and strong decay branchings of all
hadrons are taken from the particle tables used by
the thermodynamic code THERMUS [38].

The usage of a resonance mass attenuation of the
Breit–Wigner (or Gaussian) type with the vacuum
values of resonance masses and widths was heavily
criticized in [39], but we find such a critique ab-
solutely inadequate for the states below the chemi-
cal FO. First of all, we note that, in the approach
of [39] and similar effective field theoretical mod-
els, the effect of a medium cannot be switched-off
at any finite particle density or temperature. This
means that, according to the treatment in [39] and
[40] (and many similar works!), all the hadrons,
whose momentum spectra are frozen due to the ab-
sence of any strong interaction between them, should
keep their momentum-dependent widths and masses,
which they acquired at the moment of kinetic FO
up to their capture by detectors. Hence, according to
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[39], all hadrons measured by detectors, including the
stable ones, are some resonances that “feel” a thermal
medium, in which they were produced long after the
medium is gone. The typical examples of resonance
mass attenuations obtained within the effective field
theoretical models are shown in Fig. 1.

This problem is well-known in the transport sim-
ulations [41, 42]. Because the traditional field the-
oretical prescription does not provide the correct
asymptotic solutions for the particles, which are sta-
ble in a vacuum, it was suggested to introduce the
density-dependent coupling [42], which shifts the par-
ticles to their mass shell when they propagate to
vacuum. Since there is no first-principle prescription
for such a procedure, we conclude that the usage of
the “crude” approximation (in terms of Ref. [39]) of
Eq. (2) or the Breit–Wigner one is not only possible,
but it is physically adequate after the chemical FO,
when the inelastic reactions, except for the decays,
cease to exist.

Second, all the “effects,” which the authors of [39]
claim to be of principal physical importance, are re-
duced to a slight (by about 20 MeV) shift of the mass
attenuation peak and a small change in its shape for
the Δ33 resonance, as one can see from Fig. 1. In our
opinion, such modifications of the mass attenuation
of the Δ33 resonance compared to the “crude” approx-
imation of Eq. (2) cannot be measured in heavy ion
experiments even for such narrow resonance as Δ33,
since its width in vacuum is known with the accu-
racy of a couple of MeVs [26]. Therefore, a serious
discussion of similar “effects” for heavy hadronic res-
onances, whose masses and widths are often known
with an accuracy of 100 MeV or 200 MeV (or worse)
[26], does not make any sense. Thus, at the present
state of art, there is no alternative to the physically
transparent equation (2) to be used at and after the
moment of the chemical FO. Below, it will be shown
that the finite temperature affects the resulting mass
distributions of resonances much more than those
tiny modifications discussed in [39]. Moreover, none
of the existing field theoretical models is able to tell
us which a mass attenuation can be used for the QG
bags (for a fresh critique of the standard field theoret-
ical approach, see [43]), whereas the requirement of
internal consistency of the FWM [16, 17] leads to the
Gaussian mass attenuation for the QG bags or the
heavy and wide resonances. Furthermore, the FWM
allows one to estimate the parameters of the mass
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Fig. 1. Mass dependence of the Δ33 resonance (upper panel)
and a nucleon (lower panel) found within the effective field
theoretical model at a finite temperature. Upper panel: This
picture is taken from the preprint arXiv:nucl-th/9710014v2 by
W. Weinhold, B. Friman and W. Nörenberg, which is pub-
lished in Ref. [39]. Dashed curve denotes the mass (which is
the energy 𝐸𝑐𝑚 in the resonance center-of-mass frame) attenu-
ation of the Δ33 resonance with vacuum mass and width, while
the solid curve corresponds to the low-density approximation
suggested in [39]. Lower panel: This figure is taken from the
preprint arXiv:nucl-th/0407050v2 by H. van Hees and R. Rapp,
which is published in Ref. [40]. As one can see from the original
figure caption, the authors of Ref. [40] claim that the nucleons
which are supposed to fly directly to a detector after the ther-
mal FO, i.e. after a complete decoupling of the system, still do
not have the vacuum mass and vacuum width

attenuation from the lattice QCD data [16, 17] and
from the experimental Regge trajectories of heavy
mesons [27].

3. Fit of Particle Ratios

The fitting procedure and the choice of particle yield
ratios are the same, as suggested in [20, 21] and
successfully used in [22–24]. To study the effect of
the Gaussian width on the chemical FO, we choose
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Fig. 2. Upper panel: Center-of-mass energy
√
𝑠𝑁𝑁 depen-

dence of the chemical FO temperature 𝑇FO and the baryonic
chemical potential 𝜇FO

𝐵 for three versions of the HRGM: with
the Breit–Wigner width, with a vanishing width, and with
the Gaussian width. Lower panel: Ratio of chemical FO
temperatures 𝑇FO(

√︀
𝑠𝑁𝑁 (𝑖)/𝑇FO(

√︀
𝑠𝑁𝑁 (𝑖− 1)) and the ra-

tio of entropy densities 𝑠FO(
√︀

𝑠𝑁𝑁 (𝑖)/𝑠FO(
√︀

𝑠𝑁𝑁 (𝑖− 1)) for
two subsequent energies of collision (𝑖 ≥ 2) are shown for the
HRGMG. The lines connected the symbols are given to guide
the eyes

the basic formulation of the HRGM outlined in [22]
for the equal hard-core radii of all hadrons 𝑅 =
= 0.3 fm, which correspond to the excluded volume
𝑏 ≃ 0.45 fm3.

For the AGS center-of-mass collision energy range√
𝑠𝑁𝑁 = 2.7–4.9 GeV, the used experimental data

[44, 45] (pions), [46, 47] (proton), [45] (kaons),
[48–51] (strange hyperons) and [52] (𝜑 mesons)

are well-known. As in our previous analysis [22–24]
for the SPS center-of-mass collision energy range√
𝑠𝑁𝑁 = 6.3–17 GeV, we mainly concentrate on the

NA49 Collaboration data [53–58], which tradition-
ally are the most difficult to be reproduced for the
HRGM. The measured data at the RHIC energies√
𝑠𝑁𝑁 = 62.4, 130, and 200 GeV are available from

several experiments, but since the most data agree
with each other well, we employ only the STAR data
[59–64]. More details on the fitting procedure can be
found in [22–24].

As one can see from the upper panel of Fig. 2,
the chemical FO temperature 𝑇FO and the bary-
onic chemical potential 𝜇FO

𝐵 of the present model,
which is called the HRGMG hereafter for conve-
nience, are more close to the HRGM with a zero width
(HRGM0) than to the HRGM with the Breit–Wigner
mass attenuation (HRGMBW). Moreover, the devia-
tion of the chemical FO temperatures obtained within
HRGMG and within HRGMBW slowly grows with
increase of the collision energy, but their difference,
6 MeV, does not. From the lower panel of Fig. 2, it
is clearly seen that, in the narrow range of collision
energies

√
𝑠𝑁𝑁 = 4.3–4.9 GeV, the chemical FO tem-

perature 𝑇FO increases by about 1.35 times, while
the entropy density at the chemical FO in this case
jumps by about 4.2 times! A similar picture is seen
in Fig. 3 for the pressure 𝑝FO and the energy density
𝜀FO at the chemical FO. We would like to note that
the quantities 𝑠FO, 𝑝FO, and 𝜀FO demonstrate a re-
markable irregularity in the narrow range of collision
energies

√
𝑠𝑁𝑁 = 4.3–4.9 GeV. Thus, from Figs. 2

and 3, one can see that, for the HRGMG, the chemi-
cal FO pressure increases by 5 times, the energy den-
sity jumps by about 4.75 times, while the chemical
FO temperature changes by about 1.35 times, when
the collision energy increases from

√
𝑠𝑁𝑁 = 4.3 GeV

to
√
𝑠𝑁𝑁 = 4.9 GeV, i.e., it grows by about 14%

only. In other words, the quantities 𝑠FO/(𝑇FO)3 and
𝑝FO/(𝑇FO)4, which usually characterize the number
of effective degrees of freedom, increase, by about
1.67 and 1.5 times, respectively, while the collision
energy changes by about 14%. For the HRGMBW
and for the unrealistic HRGM0, the results are very
similar, although the pressure and the energy den-
sity obtained by the HRGMBW for the correspond-
ing values of the collision energy are essentially larger
than the ones found by the HRGMG. In Section 4,
it is shown that the main reason for the stronger
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HRGMBW pressure compared to the HRGMG one
is due to the width parametrization.

Note that a similar behavior of 𝑇FO and a large
decrease of the chemical FO volume in this energy
range were found in [20] for the HRGM with a van-
ishing width. However, the authors of [20] never dis-
cussed the strong irregularities in the chemical FO
pressure and the energy density and their reduced
values 𝑝FO/(𝑇FO)4 and 𝜀FO/(𝑇FO)4. It is necessary
to point out that the minimum of the chemical FO
volume reached at

√
𝑠𝑁𝑁 = 4.9 GeV is recently ex-

plained [65] within the shock adiabat model of cen-
tral nuclear collisions. In accordance with the present
framework, this minimum of the chemical FO volume
corresponds to the QG phase formation [65].

It is interesting that the irregularities found here
are also accompanied by the irregularity in the

√
𝑠𝑁𝑁

dependence of the Strangeness Horn [66], i.e., the
multiplicity ratio 𝐾+/𝜋+. As one can see from the
straight lines in the upper panel of Fig. 4, there is a
strong change of the 𝐾+/𝜋+ ratio slope in the energy
range

√
𝑠𝑁𝑁 ≃ 4.3− 4.9 GeV. Of course, the existing

large error bars do not allow us to locate the transi-
tion point with high accuracy, but we can hope for
that the future experiments will provide us with es-
sentially smaller errors, which will allow one, in turn,
to make more definite conclusions. It is odd that all
found dependences of thermodynamic quantities at
the chemical FO were assumed from the very begin-
ning to be continuous and smooth [20, 67]. Probably,
such an attitude did not allow other researchers to
find out these irregularities. In contrast to the tradi-
tional assumptions, Figs. 1, 2 and 3 clearly demon-
strate that the

√
𝑠𝑁𝑁 dependence of the chemical

FO parameters 𝑇FO, 𝑝FO and 𝜀FO has a discontinu-
ity. Therefore, in order to distinguish our concept of
chemical FO from the previous findings with a smooth
functional dependences, we name it as the non-smooth
chemical FO.

In order to parametrize the functions 𝑇FO(
√
𝑠𝑁𝑁 )

and 𝑇FO(𝜇FO
𝐵 ) for the non-smooth chemical FO, let

us introduce, for convenience, the functions

𝑐−(𝑥, 𝑎, 𝑏) =
1

1 + 𝑒(𝑎−𝑥)/𝑏
=

1

2

(︂
1 + tanh

𝑥− 𝑎

2𝑏

)︂
, (8)

𝑐+(𝑥, 𝑎, 𝑏) =
1

1 + 𝑒(𝑥−𝑎)/𝑏
=

1

2

(︂
1− tanh

𝑥− 𝑎

2𝑏

)︂
. (9)

Such functions, sigmoids, are well known in physics,
because they represent Fermi–Dirac distributions. In

Fig. 3. Center-of-mass energy
√
𝑠𝑁𝑁 dependence of the chem-

ical FO pressure 𝑝FO (left) and the energy density 𝜀FO (right)
for three versions of the HRGM: with the Breit–Wigner width,
with a vanishing width, and with the Gaussian width. Both
quantities demonstrate a huge jump in the narrow range of
collision energies

√
𝑠𝑁𝑁 = 4.3–4.9 GeV. The reason for why

the Gaussian and zero-width pressures are smaller than the
Breit–Wigner one is thoroughly analyzed in Sect. 4

the limit of small values of parameter 𝑏, they become
𝑐+(𝑥, 𝑎, 𝑏)|𝑏→0 = 𝜃(𝑎−𝑥) and 𝑐−(𝑥, 𝑎, 𝑏)|𝑏→0 = 𝜃(𝑥−
− 𝑎), where 𝜃(𝑥) is the usual Heaviside function. For
finite 𝑏, the functions (8) and (9) cut the 𝑥 values for
𝑥 > 𝑎 and 𝑥 < 𝑎, respectively. The width of a smooth
cut transition is of about 2𝑏.
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Fig. 4. Upper panel: The center-of-mass energy
√
𝑠𝑁𝑁

dependence of the experimental 𝐾+/𝜋+ ratio (Strangeness
Horn). The straight lines indicate the slope change from
0.667 for

√
𝑠𝑁𝑁 ∈ [2.7; 4.9] GeV to 0.275 for

√
𝑠𝑁𝑁 ∈ [4.3;

7.6] GeV. Lower panel: The chemical FO temperature 𝑇FO

for the HRGMBW as a function of the center-of-mass en-
ergy

√
𝑠𝑁𝑁 and its two theoretical representations. The dashed

curve corresponds to Eq. (10), while the dotted curve repre-
sents Eq. (12)

First, let us discuss some popular parametrizati-
ons for 𝑇FO(

√
𝑠𝑁𝑁 ) and 𝜇FO

𝐵 (
√
𝑠𝑁𝑁 ). In 2009, And-

ronic and collaborators in [21] considered a slightly
different particle spectrum in their HRGM develo-
ped in [20] (in particular, they introduced a 𝜎-me-
son) in order to improve their results of Ref. [20]
on the pion multiplicity and, hence, on the Stran-
geness Horn. Their thermal parameters have alte-
red, but only very slightly. In [21], they suggested
the following parametrizations for 𝑇FO(

√
𝑠𝑁𝑁 ) and

Fig. 5. Upper panel: The baryonic chemical potential 𝜇FO
𝐵

at the chemical FO as a function of the center-of-mass energy√
𝑠𝑁𝑁 for the HRGMBW. The dashed and solid curves are,

respectively, defined by Eqs. (11) and (13). Lower panel: The
chemical FO temperature 𝑇FO as a function of the baryonic
chemical potential at FO 𝜇FO

𝐵 for the HRGMBW. The solid
and dotted curves are, respectively, defined by system (12),
(13) and by Eq. (14)

𝜇FO
𝐵 (

√
𝑠𝑁𝑁 ):

𝑇FO[MeV] =
𝑇 lim
𝐴

1 + exp
[︀
2.60− ln(

√
𝑠𝑁𝑁 )/0.45

]︀ =

= 𝑇 lim
𝐴 𝑐−(ln(

√
𝑠𝑁𝑁 ), 1.17, 0.45), (10)

𝜇FO
𝐵 [MeV] =

𝑎𝐴
1 + 𝑏𝐴

√
𝑠𝑁𝑁

. (11)

Here, 𝑇 lim
𝐴 = 164 ± 4 MeV, 𝑎𝐴 = 1303± 120 MeV,

𝑏𝐴 = 0.286± 0.049 GeV−1, and
√
𝑠𝑁𝑁 is given

188 ISSN 2071-0186. Ukr. J. Phys. 2015. Vol. 60, No. 3



Non-Smooth Chemical Freeze-Out

in GeVs. The functions 𝑇FO(
√
𝑠𝑁𝑁 ) (10) and

𝜇FO
𝐵 (

√
𝑠𝑁𝑁 ) (11) are, respectively, shown by the

dashed curves in the lower panel of Fig. 4 and in the
upper panel of Fig. 5. As one can see from the up-
per panel of Fig. 5, the function 𝜇FO

𝐵 (
√
𝑠𝑁𝑁 ) (11)

rather well describes the chemical FO points of the
HRGMBW, but the function 𝑇FO(

√
𝑠𝑁𝑁 ) (10) de-

scribes well only the points with the collision energies√
𝑠𝑁𝑁 = 9.2, 62.4, 130, and 200 GeV, while the other

points, especially for
√
𝑠𝑁𝑁 ≤ 4.9 GeV, are poorly

reproduced.
We suggest another type of parametrization,

which aims at a precise description of the chem-
ical FO points. We note that the behavior of
𝑇FO(

√
𝑠𝑁𝑁 ) is qualitatively different in the regions√

𝑆 < 4.5 GeV and
√
𝑆 > 4.5 GeV. Therefore, the

dependences 𝑇FO(
√
𝑠𝑁𝑁 ) and 𝜇FO

𝐵 (
√
𝑠𝑁𝑁 ) found by

the HRGMBW are parametrized in the following way:

𝑇FO[MeV] = (𝑇1𝑂 + 𝑇2𝑂
√
𝑠𝑁𝑁 )𝑐+(

√
𝑠𝑁𝑁 , 4.5, 0.1)+

+ (𝑇3𝑂/
√
𝑠𝑁𝑁 + 𝑇 lim

𝑂 )𝑐−(
√
𝑠𝑁𝑁 , 4.5, 0.1), (12)

𝜇FO
𝐵 [MeV] =

𝑎𝑂
(1 + 𝑏𝑂

√
𝑠𝑁𝑁 )

. (13)

Here, the functions 𝑐+ and 𝑐− are used to make a
smooth transition from one kind of the

√
𝑠𝑁𝑁 be-

havior to another. The fitting results in the following
values of the coefficients: 𝑇1𝑂 = −34.4 MeV, 𝑇2𝑂 =
= 30.9 MeV/GeV, 𝑇3𝑂 = −176.8 GeV·MeV, and
𝑇 lim
𝑂 = 161.5 MeV with 𝜒2/dof = 6.6/10

for 𝑇FO(
√
𝑠𝑁𝑁 ) (12). The parametrization for

𝜇FO
𝐵 (

√
𝑠𝑁𝑁 ) (13) is the same as in (11), but the co-

efficients are different, i.e., 𝑎𝑂 = 1481.6 MeV, 𝑏𝑂 =
= 0.365 GeV−1. For parametrization (13), we found
𝜒2/dof = 2.3/12. The resulting curve 𝑇FO(𝜇FO

𝐵 ) (see
the solid curve in the lower panel of Fig. 5) has
𝜒2 = 4.9 for 14 data points, and it does not con-
tain any free parameter. Note that, for the chemical
FO curves of the HRGMG, the parameters entering
Eqs. (12) and (13) are practically the same. Hence, we
do not show these curves in the figures. From the up-
per panel of Fig. 2, it is easy to understand the fact
that the main difference between the parameters of
curves (12) and (13) corresponding to the HRGMBW
and the HRGMG is in the value of 𝑇 lim

𝑂 , which is by
about 6 MeV smaller for the latter model. We hope
that parametrizations (12) and (13) can be verified
with more precise data, which will be measured in a

few years on new accelerators, since the narrow range
of the center-of-mass energy corresponds to a wide
range of the laboratory energy.

In the lower panel of Fig. 5, we compare the re-
sulting curve 𝑇FO(𝜇FO

𝐵 ) (solid curve) obtained in this
work with the parametrization

𝑇 [GeV] = 0.166− 0.139
(︀
𝜇FO
𝐵

)︀2 − 0.053
(︀
𝜇FO
𝐵

)︀4
(14)

suggested in [67]. Equation (14) is a fit to the chem-
ical FO points obtained within different versions of
the HRGM. Several of these HRGM analyzed in [67]
take the hard core repulsion into account, but none
of them includes all hadronic states and none of them
considers the width of hadronic resonances in the full
range of collision energies. Now, it is clear that these
two approximations cause the large deviation from
the results obtained in this work.

From the lower panel of Fig. 5, one can see that, at
small baryonic chemical potentials, the slopes of the
curves defined by Eq. (14) and by system (12), (13)
are different. Note that there is no a priori reason
to believe that the function 𝑇FO(𝜇FO

𝐵 ) should have
a vanishing 𝜇FO

𝐵 derivative at 𝜇FO
𝐵 = 0. The high-

quality description of the chemical FO points pro-
vided by system (12), (13) gives evidence against such
a belief.

It is worth to note that the traditional functions
𝑇FO(𝜇FO

𝐵 ) like the one given by Eq. (14), which
describes the smooth dependence of chemical FO
parameters, are often used in the works employ-
ing the obsolete and oversimplified versions of the
HRGM. The latter versions have a very short list of
hadronic states, and they do not account for the reso-
nance decays and for their nonzero width. In fact, the
vast majority of such models was never used to de-
scribe the actual experimental data, but they are em-
ployed for various “predictions”. Therefore, the likeli-
hood of such “predictions” is very low. Typical ex-
amples of such works are Refs. [68, 69], where the
authors analyze the ratio of the entropy density to
the cube of temperature at the chemical FO in de-
tail, i.e. 𝑠FO/(𝑇FO)3, using a smooth parametriza-
tion 𝑇FO(𝜇FO

𝐵 ) (14) (see, e.g., Fig. 4, b in [68]). As
one can see from Fig. 4, b in [68], the sum of ra-
tios 𝑠FO/(𝑇FO)3 found for mesons and baryons should
demonstrate a strong decrease as a function of the
collision energy at 𝐸lab ≥ 3 GeV, i.e, at

√
𝑠𝑁𝑁 ≥

≥ 2.7 GeV. Note that such a behavior is not seen
within the realistic versions of the HRGM.
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Fig. 6. Particle yield ratios described by the present
HRGMG. The best fit for

√
𝑠𝑁𝑁 = 4.9 GeV is obtained for

𝑇 ≃ 123.8 MeV, 𝜇𝐵 ≃ 514.4 MeV, 𝜇𝐼3 ≃ −16.75 MeV (up-
per panel), whereas, for

√
𝑠𝑁𝑁 = 6.3 GeV (lower panel), it

is obtained for 𝑇 ≃ 127.9 MeV, 𝜇𝐵 ≃ 421.9 MeV, 𝜇𝐼3 ≃
≃ −10.9 MeV. A yield ratio of two particles is denoted by the
ratio of their respective symbols

A few selected particle yield ratios described within
the HRGMG are shown in Figs. 6 and 7. From these
figures, one can see that the overall fit is good, and
the results of the HRGMG are almost the same as
the ones found within the HRGMBW. The result-
ing 𝜒2/dof obtained for the HRGMG is 𝜒2/dof =
= 150.8/59 ≃ 2.56. It is only 17 % larger than
the one 𝜒2/dof = 125.5/59 ≃ 2.12 found in the
HRGMBW. From our previous experience, we know
that the main part of these values of 𝜒2/dof should be

Fig. 7. Same as in Fig. 6, but for
√
𝑠𝑁𝑁 = 8.8 and 130 GeV.

For
√
𝑠𝑁𝑁 = 8.8 GeV, the fit parameters are 𝑇 ≃ 137.4 MeV,

𝜇𝐵 ≃ 338.5 MeV, 𝜇𝐼3 ≃ 2.19 MeV (upper panel), whereas, for√
𝑠𝑁𝑁 = 130 GeV (lower panel), one finds 𝑇 ≃ 158.7 MeV,

𝜇𝐵 ≃ 24.93 MeV, 𝜇𝐼3 ≃ 1.64 MeV

attributed to the ratios involving the heavy strange
particles [22–24] (see, e.g., the ratios Λ/𝜋−, Λ̄/𝜋−,
and 𝜑/𝑝 in Figs. 6 and 7). However, in Refs. [22–24],
it was also demonstrated that the quality of the fit of
these problematic ratios can be essentially improved,
if one uses the multicomponent hard-core repulsion
[23] and introduces the strangeness enhancement fac-
tor [24]. An additional important feature of such im-
provements is that they practically do not affect the
values of thermodynamic functions at the chemical
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FO, since the variations of 𝑇FO and 𝜇FO
𝐵 are small,

and the contributions of heavy strange particles into
𝑠FO, 𝑝FO and 𝜀FO are almost negligible. Moreover,
a close inspection of the thermodynamic quantities
𝑠FO, 𝑝FO, and 𝜀FO obtained within the most success-
ful versions of the HRGM [22–24] shows that the non-
smooth chemical FO is their inherent feature.

Now, we would like to clarify the question whether
the found irregularities and a drastic change in
the number of effective degrees of freedom seen at√
𝑠𝑁𝑁 = 4.3–4.9 GeV are related to the decon-

finement transition from a hadron gas to a QG
plasma. Although the famous irregularities known as
the Kink [70], the Strangeness Horn [66], and the
Step [71] are observed at a somewhat higher energy√
𝑠𝑁𝑁 ≥ 7.63 GeV, we have to point out that, un-

til the more convincing signals of the deconfinement
phase transition will be found, there is no reason to
believe that the mentioned irregularities [66, 70, 71]
are, indeed, the signals of the onset of a decon-
finement. Moreover, despite the widely spread claims
[72], the absence of a solid theoretical backup of these
irregularities [66,70,71] does not allow one to consider
them as the convincing signals of the onset of a de-
confinement. Furthermore, a successful description of
every tiny detail of the Strangeness Horn achieved re-
cently within the HRGMBW [24] tells us that there
are no associated irregularities in the thermodynamic
quantities at and above the corresponding value of
collision energy

√
𝑠𝑁𝑁 = 7.63 GeV. Therefore, un-

til the more convincing signals will be found, the ir-
regularities at

√
𝑠𝑁𝑁 = 4.3–4.9 GeV reported above

can be also considered as the signals of the deconfine-
ment phase transition. Moreover, such a conclusion
was essentially enhanced recently by the shock adi-
abat model of central nuclear collisions [65], which
connects the jump of the number of effective degrees
of freedom 𝑝/𝑇 4 at collision energies

√
𝑠𝑁𝑁 = 4.3–

4.9 GeV with the formation of QG plasma at
√
𝑠𝑁𝑁 ≃

≃ 4.67 GeV.
In contrast to some general speculations [72] on

a possible source of the above-mentioned irregulari-
ties [66, 70, 71], the non-smooth chemical FO has an
additional theoretical backup provided by the FWM
[16, 17, 27]. The FWM [16, 17] is able to success-
fully describe a variety of the lattice QCD thermody-
namics data [73–75] at vanishing baryonic chemical
potential. In addition, its predictions for the Regge
trajectories of non-strange and strange mesons [27]

were successfully confirmed by the thorough analy-
sis of both the real and imaginary parts of the lead-
ing Regge trajectories [37] of 𝜌𝐽−− , 𝜔𝐽−− , 𝑎𝐽++ , and
𝑓𝐽++ mesons for the spin values 𝐽 ≤ 6 and the ones
of 𝐾*

𝐽𝑃 mesons of isospin 1
2 , parity 𝑃 = (−1)𝐽 , and

spin values 𝐽 ≤ 5. One of the most important pre-
dictions of the FWM [16, 17] is that, at the van-
ishing baryonic chemical potential, the QG bags are
strongly suppressed (by a factor of fifteen-sixteen or-
ders of magnitude) compared to nucleons up to tem-
peratures of a half of the Hagedorn temperature,
i.e., 𝑇suppr ≃ 1

2𝑇H. Since, for the different lattice
QCD data analyzed in [17], the Hagedorn temper-
ature varies from 𝑇H ≃ 160 MeV to 𝑇H ≃ 188 MeV,
the corresponding range of the suppression temper-
atures is 𝑇suppr ≃ 80–95 MeV. It is remarkable that
the chemical FO temperatures at

√
𝑠𝑁𝑁 = 4.3 GeV

are 𝑇FO ≃ 90–95 MeV, while, at
√
𝑠𝑁𝑁 = 4.9 GeV,

they are 𝑇FO ≃ 123–128 MeV. In other words, accord-
ing to the FWM [16,17] at

√
𝑠𝑁𝑁 = 4.9 GeV, the QG

bags can be formed. Of course, it is unclear at present
whether the QG bags are formed at the chemical FO
stage as the metastable states of finite systems cre-
ated in nuclear collisions or they are formed at earlier
stages of a collision.

One may dispute our argument concerning the ap-
plication of the results obtained within the FWM
at the vanishing densities to high baryonic ones. We,
however, should point out that the density of states
of QG bags with zero baryonic charge, i.e. meson-
like bags, cannot depend on the baryonic charge of
the system. The question about the baryonic den-
sity dependence of the mass density and the width of
meson-like QG bags cannot be directly answered at
the moment. Nevertheless, one should account for two
facts. The first of them is that the FWM establishes a
strict proportionality between the pseudocritical tem-
perature 𝑇pc at the cross-over and the Hagedorn tem-
perature 𝑇H = 𝑐 𝑇pc with the constant 𝑐 ∈ [0.92–0.98],
which weakly depends on the number of quark flavors
and the number of colors. The second fact is that the
lattice QCD thermodynamics shows a very weak de-
pendence of 𝑇pc on the baryonic chemical potential
𝜇𝐵 [76]:

𝑇pc(𝜇𝐵)

𝑇pc(0)
= 1− 0.0066(7)

(︂
𝜇𝐵

𝑇pc(𝜇𝐵)

)︂2
.

Therefore, we conclude from these facts that the pos-
sible 𝜇𝐵 dependences of the mass density and the
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Fig. 8. Temperature dependence of the mass distribution
𝑓𝐺
𝑘 (𝑚)/𝜑(𝑚𝜎 , 𝑇 ) (in units of 1/MeV, see Eq. (16)) for a 𝜎-

meson with the mass 𝑚𝜎 = 484 MeV, the width Γ𝜎 = 510 MeV
[79], and 𝑀Th

𝜎 = 2𝑚𝜋 ≃ 280 MeV. In the upper panel, the
short dashed curves below the two-pion threshold (vertical
line at 𝑚 − 𝑚𝜎 = −204 MeV) show the mass attenuation
which does not contribute into the particle density (16). From
the lower panel, one can see the effect of the wide resonance
sharpening near the threshold, i.e., the appearance of a nar-
row peak in the resulting mass distribution on the right-hand
side of the threshold, which resembles an icy slide. For dif-
ferent temperatures, this mass attenuation is shown by the
solid, short dashed, and long dashed curves. The 𝜎-meson ef-
fective width was found numerically from these mass attenua-
tions: Γ𝑎𝑝𝑝

𝜎 (𝑇 = 50MeV) ≃ 62.5 MeV, Γ𝑎𝑝𝑝
𝜎 (𝑇 = 55MeV) ≃

≃ 71.5 MeV and Γ𝑎𝑝𝑝
𝜎 (𝑇 = 60MeV) ≃ 82.5 MeV

width of meson-like QG bags should be very weak as
well. Thus, our previous estimates of the Hagedorn
temperature value of meson-like QG bags should be
valid at nonzero 𝜇𝐵 values as well.

In the next section, we discuss the question how
one can observe the meson-like QG bags.

4. An Apparent Width of Wide
Resonances and Meson-Like QG Bags

Now, we would like to analyze the apparent width
of wide resonances and meson-like QG bags in a
thermal environment. The typical term of the 𝑘-
resonance that enters into the mass spectrum (1) of
the HRGMG is as follows:

𝐹𝑘(𝜎𝑘) ≡ 𝑔𝑘

∞∫︁
0

𝑑𝑚
Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑁𝑘(𝑀Th

𝑘 )
exp

[︂
− (𝑚𝑘 −𝑚)2

2𝜎2
𝑘

]︂
×

×
∫︁

𝑑3𝑝

(2𝜋)3
exp

[︃
−
√︀
𝑝2 +𝑚2

𝑇

]︃
. (15)

The notations used in (15) are the same as in
Eqs. (2)–(4). Evidently, the term 𝐹𝑘(𝜎𝑘) for the nar-
row resonances converts into the usual thermal den-
sity of particles, i.e., as 𝜎𝑘 → 0, one has 𝐹𝑘 →
→ 𝑔𝑘 𝜑(𝑚𝑘, 𝑇 ).

The momentum integral in (15) can be written, by
using the non-relativistic approximation 𝜑(𝑚,𝑇 ) ≃
≃

[︀
𝑚𝑇
2𝜋

]︀ 3
2 exp

[︀
−𝑚
𝑇

]︀
. Then, to simplify the mass in-

tegration in (15), one can make the full square in it
from the powers of (𝑚𝑘 −𝑚) and get

𝐹𝑘(𝜎𝑘) ≡ 𝑔𝑘

∞∫︁
0

𝑑𝑚𝑓𝐺𝑘 (𝑚) ≃ 𝑔𝑘

∞∫︁
0

𝑑𝑚
Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑁𝑘(𝑀Th

𝑘 )
×

× exp

[︂
− (�̃�𝑘 −𝑚)2

2𝜎2
𝑘

]︂[︂
𝑚𝑇

2𝜋

]︂3/2
exp

[︁
−𝑚𝑘

𝑇

]︁
, (16)

where the following notations for the effective reso-
nance degeneracy 𝑔𝑘 and the an effective resonance
mass �̃�𝑘

𝑔𝑘 ≡ 𝑔𝑘 exp

[︂
𝜎2
𝑘

2𝑇 2

]︂
= 𝑔𝑘 exp

[︂
Γ2
𝑘

2𝑄2 𝑇 2

]︂
, (17)

�̃�𝑘 ≡ 𝑚𝑘 −
𝜎2
𝑘

𝑇
= 𝑚𝑘 −

Γ2
𝑘

𝑄2 𝑇
(18)

are used. From Eq. (16), one can see that the presence
of the width, firstly, can strongly modify the degen-
eracy factor 𝑔𝑘 and, secondly, it may essentially shift
the maximum of the mass attenuation toward the
threshold or even below it. There are two correspond-
ing effects, which we named as the near threshold ther-
mal resonance enhancement and the near threshold
resonance sharpening. These effects formally appear
due to the same reason as the famous Gamow window
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The parameters of several hadronic resonances together with their decay
channels that are used to determine the quantities 𝛽𝑘 and 𝑇

+
𝑘𝐺. The last two columns show

the corresponding effective width at the temperature 𝑇 = 50 MeV found, respectively,
numerically from Eq. (15) and analytically from Eq. (19), when it can be applied

Hadron 𝑚𝑘 (MeV) Γ𝑘 (MeV) Decay channel 𝑀Th
𝑘

(MeV)
𝛽𝑘 𝑇+

𝑘𝐺 (MeV)
exact Γapp

𝑘

(MeV)
approx. Γapp

𝑘

(MeV)

𝜎-meson 484 510 𝜎 → 𝜋𝜋 280 0.942 91.9 62.5 67.3
𝑃33 1232 120 Δ → 𝜋𝑁 1080 2.98 11.6 43.5 N/A
𝑃11 1440 350 𝑁 → 𝜋𝑁 1080 2.42 38.74 129.5 N/A
𝑃33 1600 350 Δ → 𝜋Δ 1372 1.53 50.4 68.7 80.8
𝑃33 1600 350 Δ → 𝜋𝑁 1080 3.5 30.3 280.0 N/A
𝐺17 2190 500 Δ → 𝜌𝑁 1710 2.26 57.8 74.6 81.8

for the thermonuclear reactions in stars [77, 78]: just
above the resonance decay threshold, the integrand in
(16) is a product of two functions of the virtual reso-
nance mass𝑚, namely, the Gaussian attenuation is an
increasing function of 𝑚, while the Boltzmann expo-
nent strongly decreases above the threshold. The re-
sulting attenuation of their product has a maximum,
whose shape, in contrast to the usual Gamow win-
dow, can be extremely asymmetric due to the pres-
ence of the threshold. Indeed, as one can see from
Fig. 8, the resulting mass attenuation of a resonance
can acquire the form of a sharp narrow peak, which
closely resembles an icy slide. Below, we discuss these
two effects in some details. Qualitatively the same ef-
fects appear, if one uses the Breit–Wigner resonance
mass attenuation in (16) instead of the Gaussian one
(see below).

From the definitions of the effective resonance mass
(18) and the effective resonance degeneracy (17), one
can see that the effects of their change are strong
for 𝑇 ≪ 𝜎𝑘. This can be clearly seen from Fig. 8,
which demonstrates both of the above effects at
low temperatures for the 𝜎-meson. A simple analy-
sis shows that the effect of resonance sharpening is
strongest, if the threshold mass is shifted to the con-
vex part of the Gaussian distribution in (16), i.e.,
for 𝑀Th

𝑘 ≥ �̃�𝑘 or for the temperatures 𝑇 below
𝑇+
𝑘 ≡ 𝜎2

𝑘

𝑚𝑘−𝑀Th
𝑘

≡ 𝜎𝑘

𝛽𝑘
. To demonstrate the effect

of the width sharpening, we list a few typical ex-
amples for baryons in Table. For 𝑇 < 𝑇+

𝑘 and for
𝑚 > 𝑀Th

𝑘 , the Gaussian mass distribution in (16)
can be safely approximated as exp

[︁
− (�̃�𝑘−𝑚)2

2𝜎2
𝑘

]︁
≈

≈ exp
[︁
− (�̃�𝑘−𝑀Th

𝑘 )2

2𝜎2
𝑘

− (�̃�𝑘−𝑀Th
𝑘 )

𝜎2
𝑘

(𝑚−𝑀Th
𝑘 )

]︁
. Now

recalling the standard definition of the width for the
function 𝑓(𝑥) = Θ(𝑥) Const exp [−𝑏 𝑥], one obtains
the temperature-dependent resonance effective width
near the threshold as

Γapp
𝑘𝐺 (𝑇 ) ≃ ln(2)

1
𝑇 − 𝛽𝑘

𝜎𝑘

≡ ln(2)
1
𝑇 − 1

𝑇+
𝑘𝐺

, (19)

since, for such a distribution function 𝑓(𝑥), one gets
𝑓(ln(2)/𝑏) = 𝑓(0)/2. Note that, in evaluating (19),
we neglected the additional 𝑚1.5-dependence in (16),
but one can readily check that such a correction is
numerically small. The rightmost column in Table
demonstrates that Eq. (19) provides, indeed, an ac-
curate estimate for 𝑇 < 𝑇+

𝑘𝐺. To some extent, the
results of Table justify the usage of the 𝜎-meson in
the field theoretical models based on the well-known
𝜎-model for temperatures below 𝑇+

𝜎 ≃ 92 MeV. Of
course, the present approach, which is developed for
the chemical FO stage, when the inelastic reactions
are ceased to exist except for resonance decays, can-
not be applied for earlier stages of heavy ion colli-
sions. However, we would like to recall that the in-
clusion of the large width of the 𝜎-meson in the field
theoretical models of the strongly interacting matter
equation of state is very necessary. From the above
analysis, one can see that the inclusion of the large
width can generate some new important physical ef-
fects like the wide resonance sharpening in a thermal
medium.

From Fig. 9, one can see that the resonance
enhancement can be, indeed, huge for wide (Γ ≥
≥ 450 MeV) and medium wide (Γ ≃ 300–400 MeV)
resonances. This effect naturally explains enhance-
ments of the hadronic pressure and the energy den-
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Fig. 9. Temperature dependence of the resonance enhance-
ment factor 𝑅𝐺 =

𝐹𝑘(𝜎𝑘)
𝑔𝑘 𝜑(𝑚𝑘,𝑇 )

for the HRGMG. The resonance
enhancement factor 𝑅𝐺 is shown for the hadronic resonance
decays given in Table. At low temperatures, the enhancement
factor of wide resonances can be huge

sity at the chemical FO compared to the zero width
case (see Fig. 3). It is appropriate here to define the
apparent width for the Breit–Wigner mass attenu-
ation. Replacing the Gaussian mass attenuation in
(15) by the Breit–Wigner one, we obtain, instead of
the function 𝑓𝐺𝑘 (𝑚) in (16),

𝑓BW
𝑘 (𝑚) ≃

Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑁BW
𝑘 (𝑀Th

𝑘 )

𝑚−𝐵

(𝑚𝑘 −𝑚)2 +
Γ2
𝑘

4

×

×
[︂
𝑚𝑇

2𝜋

]︂3/2
exp

[︁
−𝑚
𝑇

]︁
, (20)

𝑁BW
𝑘 (𝑀Th

𝑘 ) ≡
∞∫︁
0

𝑑𝑚
Θ
(︀
𝑚−𝑀Th

𝑘

)︀
𝑚−𝐵

(𝑚𝑘 −𝑚)2 +
Γ2
𝑘

4

. (21)

Here, we introduced an additional mass dependence
factor 𝑚−𝐵 for convenience (𝐵 = const). Calculating
the mass derivative of ln(𝑓BW

𝑘 (𝑚)) for 𝑚 > 𝑀Th
𝑘 , one

finds:

𝑑

𝑑𝑚
ln(𝑓BW

𝑘 (𝑚)) ≃

≃ − 1

𝑇
− 2(𝑚−𝑚𝑘)

(𝑚𝑘 −𝑚)2 +
Γ2
𝑘

4

+
3
2 −𝐵

𝑚
. (22)

Similarly to the case of the Gaussian width, relation
(22) yields the apparent width in the Breit–Wigner
case as

Γapp
𝑘BW ≃ − ln(2)

𝑑
𝑑𝑚 ln(𝑓BW

𝑘 (𝑀Th
𝑘 + 0))

=
ln(2)

1
𝑇 − 1

𝑇+
BW

, (23)

1

𝑇+
𝑘BW

≃ 2𝛽𝑘

𝜎𝑘

(︁
𝛽2
𝑘 +

𝑄2

4

)︁ +
3
2 −𝐵

𝑀Th
𝑘

≡

≡ 2

𝑇+
𝑘𝐺

(︁
𝛽2
𝑘 +

𝑄2

4

)︁ +
3
2 −𝐵

𝑀Th
𝑘

, (24)

where, on the last step of the evaluation, we used the
same notations as in Eq. (19). From Eq. (24), one
can deduce two conclusions. First, for 𝑀Th

𝑘 ≫ 𝑇, the
last term on the right-hand side of (24) can be safely
neglected, if 𝑂( 32 − 𝐵) ∼ 1. This fact shows that the
power-like deformations of the Breit–Wigner attenua-
tion cannot affect the apparent width (23). This is the
main reason why the tiny deformations of the reso-
nance mass attenuation discussed earlier with respect
to claims of Ref. [39] should not be taken seriously,
since they are much weaker than the effect of a ther-
mal environment clearly seen in Eqs. (19) and (23).

Second, for 𝛽𝑘 ≥ 1, one finds that 2
(︁
𝛽2
𝑘 +

𝑄2

4

)︁−1

≃
≃ 2

(𝛽2
𝑘+1.4)

< 1. From the last inequality, we find two

following important inequalities:

1

𝑇+
𝑘BW

<
1

𝑇+
𝑘𝐺

⇒ Γapp
𝑘BW(𝑇 ) < Γapp

𝑘𝐺 (𝑇 ). (25)

The inequalities above are valid for 𝑇 < 𝑇+
𝑘𝐺. They

show that, compared to the Gaussian width
parametrization, the range of mass states contribut-
ing into the pressure defined by the Breit–Wigner
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mass attenuation of wide resonances is closer to the
threshold. In order to demonstrate how the appar-
ent width of wide resonances behaves at higher tem-
peratures, it is instructive to study the enhancement
factor for the Breit–Wigner and Gaussian attenua-
tions in some details. For this purpose, it is conve-
nient to rewrite the enhancement factor 𝑅 = 𝐹𝑘(𝜎𝑘)

𝜑(𝑚𝑘,𝑇 )

of heavy resonances in the non-relativistic approxi-
mation (𝑚𝑘 ≫ 𝑇 ) as

𝑅𝐺(𝛽, 𝑡) =

∞∫︁
−𝛽

𝑑𝑥 [1 + 𝑠 𝑥]
3
2 exp

[︁
−𝑥2

2 − 𝑥
𝑡

]︁
∞∫︀

−𝛽
𝑑𝑦 exp

[︁
−𝑦2

2

]︁ , (26)

𝑅BW(𝛽, 𝑡) =

∞∫︁
−𝛽

𝑑𝑥 [1 + 𝑠 𝑥]
3
2 exp

(︀
−𝑥
𝑡

)︀(︁
𝑥2 + 𝑄2

4

)︁ ∞∫︀
−𝛽

𝑑𝑦(︁
𝑦2+𝑄2

4

)︁ , (27)

where, for a resonance of the 𝑘-th sort, the parameters
are defined as follows: 𝑠 stays for 𝑠𝑘 ≡ 𝜎𝑘

𝑚𝑘
, while 𝛽

stays for 𝛽𝑘, and the reduced temperature 𝑡 is given
in terms of the Gaussian resonance width 𝜎𝑘 as 𝑡𝑘 ≡
≡ 𝑇/𝜎𝑘. The 𝑥- and 𝑦-integrations in Eqs. (26) and
(27) are performed over the dimensionless variable
(𝑚−𝑚𝑘)/𝜎𝑘.

The enhancement factors (26) and (27) demon-
strate a strong dependence on 𝛽 and 𝑡 and a weak
one on the variable 𝑠. Therefore, we depict the results
for some typical values of 𝛽𝑘 and 𝑡𝑘 in Figs. 10 and
11, while fixing the 𝑠 value to 𝑠 = 𝑠𝑘 ≃ 0.1032, which
corresponds to the Roper resonance. Actually, the pa-
rameters chosen for the upper and lower panels of
Fig. 10 are, respectively, very close to the parameters
of the Roper resonance (compare 𝛽 = 2.5 in Fig. 10
and 𝛽Roper ≃ 2.42) and the 𝑃33 resonance (compare
𝑠 = 0.1032 in Fig. 10 and 𝑠𝑃33 ≃ 0.093), which decays
into a pion and a nucleon (see Table). Therefore, in
case of the Roper resonance, the actual temperature
of the upper panel of Fig. 10 is about 149 MeV, while,
for the 𝑃33 resonance with 𝛽𝑃33

≃ 3.5, its lower panel
corresponds to a temperature of about 75 MeV.

As one can see from the upper panel of Fig. 10, the
Breit–Wigner mass attenuation is more narrow than
the Gaussian one, while the lower panel of this figure
corresponds to the opposite case. Nevertheless, as is
clear from Fig. 11, both of the cases correspond to the
inequality 𝑅BW > 𝑅𝐺. In order to understand this in-
equality, we note that the normalized Breit–Wigner

Fig. 10. Mass attenuations of the resonance enhancement
factors 𝑅𝐺 and 𝑅BW are compared for two values of the re-
duced temperature 𝑡 = 𝑇/𝜎𝑘. Upper (lower) panel corresponds
to 𝑡 = 0.5 (𝑡 = 1). The thin solid curve represents the Gaus-
sian mass attenuation, while the thin dashed curve shows the
Breit–Wigner one. The thick curves correspond to the inte-
grands staying in Eqs. (26) (solid) and (27) (dashed). The
intersection points A, B, and C are discussed in the text

and Gauss mass distributions used in Eqs. (26) and
(27) get equal for 𝑥±𝑘 ≃ ±(1.6±0.1) depending on the
value of 𝛽𝑘, where 𝑥 denotes the dimensionless vari-
able 𝑚−𝑚𝑘

𝜎𝑘
. These intersection points of two normal-

ized distributions are denoted by points A and B in
Fig. 10. Now it is clear that, if the threshold is located
between 𝑥 = 0 and 𝑥 = 𝑥−𝑘 , i.e. for −𝛽𝑘 ≥ 𝑥−𝑘 , then
the enhancement factor of the Gaussian mass attenu-
ation 𝑅𝐺 is larger than 𝑅BW. A similar situation ex-
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Fig. 11. 𝛽𝑘 dependence of the resonance enhancement fac-
tor 𝑅 is shown for two values of the reduced temperature
𝑡 = 𝑇/𝜎𝑘. Thick (thin) curves correspond to 𝑡 = 0.5 (𝑡 = 1).
Solid curves represent the Gaussian mass attenuation of reso-
nances, while the dashed curves show the results for the Breit–
Wigner one

ists, if the threshold is not too below 𝑥 = 𝑥−𝑘 , i.e., for
−𝛽𝑘 / 𝑥−𝑘 . However, if the threshold is located some-
what away from the intersection point 𝑥 = 𝑥−𝑘 , i.e. for
−𝛽𝑘 ≪ 𝑥−𝑘 , then the Breit–Wigner mass attenua-
tion is essentially enhanced near the threshold by the
Boltzmann exponential, as one can see from the both
panels of Fig. 10. Evidently, that effect gets stronger
for lower values of temperature, and the dashed lines
in Fig. 11 clearly demonstrate the exponential de-
pendence for the Breit–Wigner enhancement factor
𝑅BW ∼ exp[𝛽𝑘/𝑡𝑘] for 𝛽𝑘 > 2.

It is of importance that the Breit–Wifner enhance-
ment factor of the narrow and very narrow resonances
is larger than the Gaussian one, if the threshold is lo-
cated somewhat away from the mean resonance mass
𝑚𝑘. For example, at a temperature of 100 MeV for
the 𝜔(783)-meson, which decays with a small width
into three pions, these factors are 𝑅BW ≃ 1.034 and
𝑅𝐺 = 1. We find a more dramatic difference at this
temperature for the 𝜌(770)-meson, which decays into
two pions: 𝑅BW ≃ 1.79 and 𝑅𝐺 ≃ 1.14. Thus, for
−𝛽𝑘 ≪ 𝑥−𝑘 , which is the case for the 𝜔(783)-meson
(𝛽𝜔 ≃ 89.6) and for the 𝜌(770)-meson (𝛽𝜌 ≃ 7.54),
the Breit–Wigner enhancement factor 𝑅BW exceeds
the Gaussian one 𝑅𝐺, i.e. 𝑅BW > 𝑅𝐺.

It is also worth to note that, if the inequality
𝑅BW < 𝑅𝐺 takes place for a given resonance, then the
Gaussian enhancement factor does not exceed usu-

ally 40 % of 𝑅BW, and it very seldom exceeds 50%,
while we found many examples for 𝑇 < 100 MeV that
the opposite inequality for these enhancement factors
can be, in fact, replaced by 𝑅BW ≫ 𝑅𝐺. The typical
examples of such a behavior are given by the thick
curves in Fig. 11. The discussed properties of the
enhancement factors allow one to naturally explain
the fact that the chemical FO pressure within the
HRGMBW can be twice larger than the one within
the HRGMG (see an upper panel of Fig. 3), although
the relative differences of the corresponding chemical
FO temperatures and the baryonic chemical poten-
tials are less than 6%. Thus, the presence of many
resonances (even very narrow ones!), whose decay
thresholds are far away from the peak of the reso-
nance mass attenuation, i.e. for −𝛽𝑘 ≪ 𝑥−𝑘 , leads to a
strong enhancement of the HRGMBW pressure com-
pared to the HRGMG pressure, while the latter is also
enhanced compared to the HRGM0 pressure. For the
energy density, such a conclusion is not obvious, since
one has to take additionally the density of states with
a given mass into account.

The first important result from this analysis is
that there is no sense to discuss the mass spectrum
of hadronic resonances, the empirical or Hagedorn
one, without a treatment of their width. Clearly, the
same is true for the QG bags which, according to
the FWM [16, 17], are heavy wide resonances with
mass 𝑀𝐵 larger than 𝑀0 ≃ 2.5 GeV and with the

mean width of the form Γ𝐵 ≃ Γ0(𝑇 )
[︁
𝑀𝐵

𝑀0

]︁1/2
, where

Γ0(𝑇 ) is a monotonically increasing function of 𝑇 and
Γ0(𝑇 = 0) ∈ [400; 600] MeV. This range of the val-
ues of Γ0(𝑇 = 0) corresponds to the pseudocritical
temperature 𝑇pc ≃ 170 − 200 MeV [16, 17] for the
vanishing baryonic density. The value Γ0(𝑇 = 0) =
400 MeV is well consistent with the results of the
up-to-date lattice QCD thermodynamics [80, 81], but
there is no guarantee that the lattice QCD data will
not change in the future. Therefore below, we con-
sider the whole range of values for the width Γ0(𝑇 )
analyzed in [16, 17].

There are two interesting features of QG bags
which are related to the above treatment. Thus, from
the results of [16, 17] and from Eq. (19), one can find
the temperature 𝑇+

𝐵 for the meson-like QG bags as

𝑇+
𝐵 ≃ Γ2

0(𝑇 )

𝑄2𝑀0 (1− 𝜉𝐵)
≃ 1

(1− 𝜉𝐵)
×
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×

⎧⎪⎨⎪⎩
11.5–26 MeV, if Γ0(0) ≃ 0.4–0.6 GeV,
46–104 MeV, if Γ0(90) ≃ 0.8–1.2 GeV,
140–315 MeV, if Γ0(170) ≃ 1.4–2.1 GeV,

(28)

where 𝜉𝐵 ≡ 𝑀Th
𝐵

𝑀𝐵
denotes the ratio of the leading

threshold mass𝑀Th
𝐵 of a bag to its mean mass𝑀𝐵 . In

(28), the values of temperature 𝑇, which are given in
the expression for Γ0(𝑇 ), are measured in MeVs. Our
justification to apply (28) to the meson-like QG bags
at non-zero baryonic densities was given above.

Clearly, the range of 𝜉𝐵 values can be between
0 and 1 for different bags. Therefore, according to
above results, the bags with 𝜉𝐵 → 1 should have
been essentially enhanced and sharpened, as the or-
dinary resonances. Moreover, according to (19), the
meson-like QG bags should have had a small width
Γapp
𝐵 ≃ 𝑇 𝑇+

𝐵

𝑇+
𝐵 −𝑇 ln(2) in this case for 𝑇 ≪ 𝑇+

𝐵 . Hence,
such QG bags should have long life-time, or, in other
words, there is a chance to observe such QG bags!
We recall that the reason for why such bags are not
observed in the experiments is naturally explained
by the FWM [16, 17]: it is due to the subthreshold
suppression (for more details, see a discussion after
Eq. (42) in [17]).

On the other hand, Eq. (28) shows that the only
hope to observe the QG bags exists, if 𝜉𝐵 → 1. Then,
for chemical FO temperatures much below 𝑇+

𝐵 , such
bags could have a sufficiently long eigen lifetime of
about 𝜏𝐵 ∼ 1

Γapp
𝐵

≃ 𝑇+
𝐵 −𝑇

𝑇 𝑇+
𝐵 ln(2)

≤ 1
𝑇 ln(2) . Substituting

𝑇 ≃ 0.5𝑇H ∈ [80; 90] MeV in the last inequality and
using the estimate of Eq. (28) for 𝑇 = 90 MeV with
𝜉𝐵 = 0.9, one finds the most optimistic estimates for
the QG bag eigen lifetime as 𝜏𝐵 ≤ 3.3±0.3 fm/c. On
the other hand, for 𝜉𝐵 = 0.9 and 𝑇 = 140 MeV, one
finds from (19) and (28) that 𝑇+

𝐵 ≃ 1200 MeV and
Γapp
𝐵 ≃ 100–120 MeV. These estimates allow us to

make the second important conclusion that the ap-
pearance of sharp resonances (mesonic or/and bary-
onic) with the apparent width being in the interval
between 50 to 120 MeV at the chemical FO tempera-
tures 𝑇QGB ≃ 85–140 MeV that have the mass above
2.5 GeV and are absent in the tables of particle prop-
erties would be a clear signal of the QG bag forma-
tion. Their possible appearance at the chemical FO
as metastable states of finite systems created in rel-
ativistic nuclear collisions is justified by the FWM
[16, 17]. At higher temperatures, such QG bags can

be formed too, but their apparent width is larger,
and their enhancement is less pronounced. The lim-
iting values of 𝜉𝐵 at 𝑇, for which the effect of res-
onance sharpening can exist, are determined by the
relation Γ2

0(𝑇 )/𝑇 ≥ 𝑄2𝑀0 (1− 𝜉𝐵). From the latter
inequality, one can see that the condition 𝜉𝐵 → 0.9
can be relaxed, but, in this case, the temperature of
the chemical FO gets higher.

In addition, one has to account for the statisti-
cal probability of the appearance of QG bags at a
given temperature 𝑇 . Relatively to a nucleon, the
thermal probability of a QG bag of mass 𝑀𝐵 is about

𝑊 =
[︁
𝑀𝐵

𝑀𝑁

]︁1.5
exp

[︁
(𝑀𝑁−𝑀𝐵)

𝑇

]︁
𝑅𝐵(𝑇 ), where 𝑀𝑁 ≃

≃ 940 MeV is the nucleon mass, and 𝑅𝐵(𝑇 ) is the res-
onance enhancement factor in a thermal medium. For
𝑇 = 140 MeV and 𝑀𝐵 = 𝑀0 ≃ 2.5 GeV, one gets
𝑊𝐵 ≃ 3.85 × 10−5𝑅𝐵 . It was shown above that,
for such temperatures, the typical resonance appar-
ent width values are about Γ𝐵 ≃ 100–120 MeV,
while the typical values of the resonance enhance-
ment factor can be estimated as 𝑅𝐵 ≃ 10–100 for
𝛽𝐵 ≃ 2.5–4.5. Therefore, compared to a nucleon,
the relative thermal probability of such QG bags is
about 𝑊𝐵 ≃ 3.85× (10−4–10−3), which is essentially
larger than the relative probability of the 𝐽/𝜓 meson
𝑊𝐽/𝜓 ≃ 1.19 × 10−6 at the same temperature. Note
that the chemical FO temperature 𝑇 ≃ 140 MeV cor-
responds to the highest SPS energy of collision, at
which the 𝐽/𝜓 mesons are safely measured. There-
fore, these estimates give us a hope for that the decays
of meson-like QG bags can, in principle, be measured
in the energy range

√
𝑠𝑁𝑁 ≃ 4.3–6 GeV.

5. Conclusions

Here, we developed the HRGM with the Gaussian
mass attenuation of hadronic resonances. A successful
fit of the particle yield ratios allowed us to elucidate
an unprecedented jump of the number of effective de-
grees of freedom existing in the narrow energy range√
𝑠𝑁𝑁 = 4.3–4.9 GeV. It is remarkable that all realis-

tic versions of the HRGM analyzed here demonstrate
the same behavior. Therefore, the developed concept
was named the non-smooth chemical FO. An effort to
explain the non-smooth chemical FO led us to a con-
clusion that these irregularities can be related to the
formation of QG bags at

√
𝑠𝑁𝑁 = 4.3–4.9 GeV. Here,

we give some arguments based of the FWM frame-
work that the found irregularities, especially a jump
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in the number of effective degrees of freedom, can
serve as the signals of the QG bags formation.

We also analyzed the behavior of wide resonances
in a thermal environment, calculated their appar-
ent width for the Gaussian and Breit–Wigner mass
attenuations, and found two new effects occurring,
if the chemical FO temperature is small compared
to the resonance width: the near-threshold thermal
resonance enhancement and the near-threshold res-
onance sharpening. As was discussed, these effects
formally appear due to the same reason, as the fa-
mous Gamow window for the thermonuclear reac-
tions in stars. The found effects allowed us to nat-
urally explain the fact that the HRGM, which ac-
counts for the finite widths of hadronic resonances,
generates higher pressure than the one with a zero
resonance width. As an important application of the
found effects, we studied the apparent width of the 𝜎-
meson for the Gaussian mass attenuation. The analy-
sis showed that, for the temperatures below 92 MeV,
the 𝜎-meson can be rather narrow, and it has an
apparent width of about or below 70 MeV. Thus,
accounting for the 𝜎-meson large width in a ther-
mal medium allows us to justify, to some extent,
the usage of the 𝜎-like field theoretical models for
the strongly interacting matter equation of state
at temperatures below 92 MeV. It is clear that, at
higher temperatures, the usage of the narrow 𝜎-
meson in field theoretical models cannot be justified
within the HRGM, since it requires the microscopic
approach.

The new effects are thoroughly compared for the
Gaussian and Breit–Wigner mass attenuations, and it
is shown that, under the same conditions, the Breit–
Wigner width parametrization enhancement factor
can be essentially larger than the Gaussian one, if
the decay thresholds of a given resonance are far
away from the resonance peak. Such a result helps
one to understand the reason for why the chemical
FO pressure of the HRGMBW can be twice larger
than the one of the HRGMG, although the relative
differences of the corresponding chemical FO temper-
atures and baryonic chemical potentials do not ex-
ceeds 6%. In the present work, a question of the cor-
rect parametrization of the resonance mass attenua-
tion to be used for the phenomenological applications
is addressed to the microscopic models, which do not
provide us with the satisfactory prescriptions at the
moment.

Finally, applying these new effects to the QG bags,
we argue that the most optimistic chance to find the
meson-like QG bags experimentally would be related
to their sharpening and enhancement by a thermal
medium. If this is the case, then the QG bags may
appear directly or in decays as narrow resonances of
apparent widths of about 50–120 MeV, which have
the mass about or above 2.5 GeV and are absent in
the tables of elementary particles.

The practical conclusions that can be drawn out of
these findings can be important for planning the ex-
periments at the FAIR (GSI) and at the Nuclotron
(JINR) facilities. As we argued here, it is possible
that the energy range associated with the onset of the
quark-gluon-hadron mixed phase does not correspond
to the Strangeness Horn energy

√
𝑠𝑁𝑁 ≃ 7.6 GeV,

but such an onset should be searched at the collision
energies

√
𝑠𝑁𝑁 ≃ 4.3–4.9 GeV.
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НЕГЛАДКИЙ ХIМIЧНИЙ
ФРIЗАУТ I ВИДИМА ШИРИНА ШИРОКИХ
РЕЗОНАНСIВ ТА КВАРК-ГЛЮОННИХ МIШКIВ
В ТЕРМОДИНАМIЧНОМУ СЕРЕДОВИЩI

Р е з ю м е

В роботi розвинуто модель адронного резонансного газу з
гаусовою шириною резонансiв. Така модель дозволяє роз-
глянути звичайнi адрони та кварк-глюоннi мiшки єдиним
чином i вивчити стiйкiсть результатiв, отриманих в рiзних
формулюваннях моделi адронного резонансного газу. В цiй
роботi проведено успiшний фiт 111 незалежних адронних
множинностей, вимiряних в зiткненнях ядер за енергiй в
системi центра мас

√
𝑠𝑁𝑁 = 2,7–200 ГеВ. Також показано,

що у вузькiй областi енергiй зiткнення 4,3–4,9 ГеВ спосте-
рiгаються незвичайнi нерегулярностi у рiзних термодинамi-
чних величин, знайдених за хiмiчного фрiзаута. Найбiльш
визначною нерегулярнiстю є невiдомий ранiше стрибок чи-
сла ефективних степенiв вiльностi в цьому вузькому iнтер-

валi енергiй, який спостерiгається у всiх реалiстичних версi-
ях моделi адронного резонансного газу, включаючи модель
iз брейт–вiгнерiвською параметризацiєю ширини резонансiв
та модель iз нульовою шириною всiх резонансiв. Тому роз-
винута концепцiя названа негладким хiмiчним фрiзаутом.
Подано аргументи на користь того, що цi нерегулярностi
свiдчать про можливе формування кварк-глюонних мiшкiв.
Для того, щоб розвинути iншi можливi сигнали їх форму-
вання, нами вивчена видима ширина широких адронних ре-
зонансiв та кварк-глюонних мiшкiв. Обмiрковано два нових
ефекти, якi генеруються для широких адронних резонансiв
та кварк-глюонних мiшкiв термального середовища: бiля-
порогове термальне пiдсилення резонансiв та бiляпорогове
термальне звуження резонансiв. Також цi ефекти проана-
лiзовано для брейт–вiгнерiвської параметризацiї ширини та
показано, що, коли пороги розпадiв резонансiв знаходяться
далеко вiд пiка в розподiлi маси резонансу, то така параме-
тризацiя ширини веде до бiльшого пiдсилення тиску резо-
нанса порiвняно iз гаусовою параметризацiєю ширини. На
основi цих ефектiв ми стверджуємо, що найбiльш оптимi-
стичний шанс експериментально знайти кварк-глюоннi мi-
шки пов’язаний з їхнiм звуженням та пiдсиленням в тер-
мальному середовищi. В цьому випадку кварк-глюоннi мi-
шки можуть виникнути або в розпадах, як вузькi резонан-
си, якi вiдсутнi в таблицях елементарних частинок з ши-
риною близько 50–120 МеВ i з масою близько або бiльше
2,5 ГеВ.
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