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The relativistic theory of Cox’s scalar non-point particle with intrinsic structure in the Proca
approach in external uniform magnetic and electric fields in the Minkowski space is devel-
oped. A generalized Klein–Gordon–Fock equation is derived and is detailed in the presence of
uniform magnetic and electric fields. The extension of this formalism to the arbitrary Rie-
mannian space-time background is given. For a special class of curved metrics allowing for
the existence of nonrelativistic wave equations, a generalized Schrödinger-type quantum me-
chanical equation for Cox’s particle is derived. This generally covariant formalism is suitable
in the presence of external magnetic and electric fields. It is shown that, in the most gen-
eral form, the extended first-order Proca-like system of tensor equations contains non-minimal
interaction terms through the electromagnetic tensor 𝐹𝛼𝛽 and the Ricci tensor 𝑅𝛼𝛽.

K e yw o r d s: zero spin, intrinsic structure, Cox’s particle, generalized Schrödinger equation,
magnetic field, electric field, Minkowski space, Riemannian space.

1. Cox’s Wave Equation

In 1982, W. Cox [1] proposed a special wave equation
for a scalar particle with a larger set of tensor com-
ponents than the usual Proca approach includes: he
used the set of a scalar, 4-vector, and antisymmet-
ric and (irreducible) symmetric tensors, thus starting
with the 20-component wave function. Such a more
general theory for a scalar particle has attracted no
significant attention till now. In the present paper,
some further development of this theory will be pre-
sented, both in the Minkowski space and in arbitrary
curved space models. In addition, we will elaborate
some aspects of description of a Cox particle in ex-
ternal magnetic and electric fields.

First, let us consider the system of Cox’s equa-
tions [1] in the Minkowski space. We will use a Proca-
like generalized system obtained after the elimination
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of two second-rank tensors (applying the notation:
𝐷𝛼 = 𝑖~𝜕𝛼 − 𝑒

𝑐𝐴𝛼 and 𝜇 = 𝑚𝑐; note the presence of
an additional parameter 𝜆 which is associated with
a non-trivial intrinsic structure of the scalar particle)
from the initial system of Cox’s equations

(𝜇𝛿𝛽𝛼 + 𝜆𝐹 𝛽
𝛼 )Φ𝛽 = 𝐷𝛼Φ, 𝐷𝛼Φ𝛼 = 𝜇Φ, (1)

or, shorter,

Λ 𝛽
𝛼 Φ𝛽 = 𝐷𝛼Φ, 𝐷𝛼Φ𝛼 = 𝜇Φ. (2)

The first equation in (2) can be multiplied by the
inverse matrix (Λ−1) 𝛼

𝜌 . So, we obtain

(Λ−1) 𝛼
𝜌 𝐷𝛼Φ = Φ𝜌, 𝐷𝜌Φ𝜌 = 𝜇Φ. (3)

From (3), one derives a generalized Klein–Gordon–
Fock equation for the scalar function Φ:[︀
𝜇𝐷𝜌(Λ−1) 𝛼

𝜌 𝐷𝛼 − 𝜇2
]︀
Φ = 0. (4)
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Equation (4) can be rewritten in the form{︀
𝜇(Λ−1) 𝛼

𝜌 𝐷𝜌𝐷𝛼 +

+𝜇
[︀
𝑖~𝜕𝜌(Λ−1) 𝛼

𝜌

]︀
𝐷𝛼 − 𝜇2

}︀
Φ = 0. (5)

The inverse matrix Λ−1 is of primary importance
for the form of the generalized Klein–Gordon–Fock
equation (5). We are to find an explicit form of the
matrix Λ−1. The calculation in this section is valid
only in the Cartesian coordinates of a flat space; a
generalization to the case of any curved space (or
curvilinear coordinates in the flat space) will be given
below. Let us introduce the notation

Λ =
(︀
Λ 𝛽
𝛼

)︀
=

⃒⃒⃒⃒
⃒⃒⃒ 𝜇 −𝑒1 −𝑒2 −𝑒3
−𝑒1 𝜇 −𝑏3 𝑏2
−𝑒2 𝑏3 𝜇 −𝑏1
−𝑒3 −𝑏2 𝑏1 𝜇

⃒⃒⃒⃒
⃒⃒⃒,

𝑒𝑖 = 𝜆𝐸𝑖 , 𝑏𝑖 = 𝜆𝐵𝑖.

(6)

The inverse matrix is defined by the formula

Λ−1 =
1

detΛ

⃒⃒⃒⃒
⃒⃒⃒ 𝑀 0

0 −𝑀 0
1 +𝑀 0

2 −𝑀 0
3

−𝑀 1
0 +𝑀 1

1 −𝑀 1
2 +𝑀 1

3
+𝑀 2

0 −𝑀 2
1 +𝑀 2

2 −𝑀 2
3

−𝑀 3
0 +𝑀 3

1 −𝑀 3
2 +𝑀 3

3

⃒⃒⃒⃒
⃒⃒⃒.

The determinant of the matrix Λ and the minors are

detΛ = 𝜇4−𝜇2
(︀
e2 − b2

)︀
− (eb)2, 𝑀 0

0 = 𝜇3+𝜇b2,

𝑀 1
1 = 𝜇3 + 𝜇

(︀
𝑏21 − 𝑒22 − 𝑒23

)︀
,

𝑀 2
2 = 𝜇3 + 𝜇

(︀
𝑏22 − 𝑒21 − 𝑒23

)︀
,

𝑀 3
3 = 𝜇3 + 𝜇

(︀
𝑏23 − 𝑒21 − 𝑒22

)︀
,

𝑀 1
0 = −𝜇2𝑒1 − 𝜇 (𝑒2𝑏3 − 𝑒3𝑏2)− 𝑏1(eb),

𝑀 0
1 = −𝜇2𝑒1 + 𝜇 (𝑒2𝑏3 − 𝑒3𝑏2)− 𝑏1(eb),

𝑀 2
0 = 𝜇2𝑒2 + 𝜇 (𝑒3𝑏1 − 𝑒1𝑏3) + 𝑏2(eb),

𝑀 0
2 = 𝜇2𝑒2 − 𝜇 (𝑒3𝑏1 − 𝑒1𝑏3) + 𝑏2(eb),

𝑀 3
0 = −𝜇2𝑒3 − 𝜇 (𝑒1𝑏2 − 𝑒2𝑏1)− 𝑏3(eb),

𝑀 0
3 = −𝜇2𝑒3 + 𝜇 (𝑒1𝑏2 − 𝑒2𝑏1)− 𝑏3(eb),

𝑀 2
1 = 𝜇2𝑏3 − 𝜇 (𝑒1𝑒2 + 𝑏1𝑏2)− 𝑒3(eb),

𝑀 1
2 = −𝜇2𝑏3 − 𝜇 (𝑒1𝑒2 + 𝑏1𝑏2) + 𝑒3(eb),

𝑀 3
1 = 𝜇2𝑏2 + 𝜇(𝑒1𝑒3 + 𝑏1𝑏3)− 𝑒2(eb),

𝑀 1
3 = −𝜇2𝑏2 + 𝜇 (𝑒1𝑒3 + 𝑏1𝑏3) + 𝑒2(eb),

𝑀 3
2 = 𝜇2𝑏1 − 𝜇 (𝑒2𝑒3 + 𝑏2𝑏3)− 𝑒1(eb),

𝑀 2
3 = −𝜇2𝑏1 − 𝜇 (𝑒2𝑒3 + 𝑏2𝑏3) + 𝑒1(eb).

In the tensor notation, the inverse matrix can be pre-
sented as follows:(︀
Λ−1

)︀ 𝛽

𝛼
=

1

𝜇2
(︀
𝜇2 − 𝜆2

2 𝐹 𝜎
𝜌 𝐹 𝜌

𝜎

)︀
− 𝜆4

(︁
1
4𝐹

𝛽
𝛼 𝐹×𝛼

𝛽

)︁2 ×

×
{︂
𝜇

(︂
𝜇2 − 𝜆2

2
𝐹 𝜎
𝜌 𝐹 𝜌

𝜎

)︂
𝛿𝛽𝛼 − 𝜆

(︂
𝜇2 − 𝜆2

2
𝐹 𝜎
𝜌 𝐹 𝜌

𝜎

)︂
×

×𝐹 𝛽
𝛼 + 𝜇𝜆2𝐹 𝜎

𝛼 𝐹 𝛽
𝜎 − 𝜆3𝐹 𝜎

𝛼 𝐹 𝛿
𝜎 𝐹 𝛽

𝛿

}︂
. (7)

Let us consider two simple cases in detail. For the
electric field 𝐴0 = −Ex, Eq. (4) yields[︁
𝐷2

0 −
(︀
1− Γ2E2

)︀
D2 − 𝑖~

𝑒

𝑐
ΓE2 −

−Γ2(ED)2 − 𝜇2
(︀
1− Γ2E2

)︀ ]︁
Φ = 0. (8)

For the magnetic field A = 1
2x × B, we arrive at

(for brevity, we use the parameter 𝜆/𝜇 = Γ)[︁(︀
1 + Γ2B2

)︀
𝐷2

0 −D2 + 𝑖~
𝑒

𝑐
ΓB2 −

−Γ2 (BD)
2 − 𝜇2

(︀
1 + Γ2B2

)︀]︁
Φ = 0. (9)

2. Calculation of the Inverse Tensor
(Λ−1) 𝛽

𝛼 in the Case of the Riemannian Space

For simplicity, we will assume the metric tensor to
be diagonal; however, the final results will be pre-
sented in the generally covariant form, so they are
valid for any metric (including non-orthogonal) coor-
dinate system of space–time).

In a diagonal metric, the following property of the
electromagnetic tensor 𝐹𝛼𝛽 holds:

𝐹00 = 0 =⇒ 𝐹 0
0 = 0, 𝐹11 = 0 =⇒ 𝐹 1

1 = 0,

𝐹22 = 0 =⇒ 𝐹 2
2 = 0, 𝐹33 = 0 =⇒ 𝐹 3

3 = 0.

We start from the explicit form of the tensor (𝐹 𝛽
𝛼 ):

(︀
𝐹 𝛽
𝛼

)︀
=

⃒⃒⃒⃒
⃒⃒⃒⃒ 0 𝐹 1

0 𝐹 2
0 𝐹 3

0

𝐹 0
1 0 𝐹 2

1 𝐹 3
1

𝐹 0
2 𝐹 1

2 0 𝐹 3
2

𝐹 0
3 𝐹 1

3 𝐹 2
3 0

⃒⃒⃒⃒
⃒⃒⃒⃒ =

=

⃒⃒⃒⃒
⃒⃒⃒⃒ 0 𝑔11𝐸1 𝑔22𝐸2 𝑔33𝐸3

−𝑔00𝐸1 0 𝑔22𝐵3 −𝑔33𝐵2

−𝑔00𝐸2 −𝑔11𝐵3 0 𝑔33𝐵1

−𝑔00𝐸3 𝑔11𝐵2 −𝑔22𝐵1 0

⃒⃒⃒⃒
⃒⃒⃒⃒.

Below, we will use the notation

𝑔11𝐸1 = 𝐸1, 𝑔22𝐸2 = 𝐸2, 𝑔33𝐸3 = 𝐸3, 𝑔00 = ℎ,

𝑔22𝑔33𝐵1 = 𝐵1, 𝑔33𝑔11𝐵2 = 𝐵2, 𝑔11𝑔22𝐵3 = 𝐵3.
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Let us compute the convolution of two tensors

(𝐹 𝛽
𝛼 )(𝐹 𝜌

𝛽 ) =⃒⃒⃒⃒
⃒⃒⃒ −ℎ𝐸𝑖𝐸𝑖 −(𝐸2𝐵

3 − 𝐸3𝐵
2) −(𝐸3𝐵

1 − 𝐸1𝐵
3) −(𝐸1𝐵

2 − 𝐸2𝐵
1)

−ℎ(𝐸2𝐵3 − 𝐸3𝐵2) −ℎ𝐸1𝐸
1 −𝐵2𝐵

2 −𝐵3𝐵
3 −ℎ𝐸1𝐸

2 +𝐵1𝐵2 −ℎ𝐸1𝐸
3 +𝐵1𝐵3

−ℎ(𝐸3𝐵1 − 𝐸1𝐵3) −ℎ𝐸1𝐸2 +𝐵1𝐵
2 −ℎ𝐸2𝐸

2 −𝐵1𝐵
1 −𝐵3𝐵

3 −ℎ𝐸2𝐸
3 +𝐵2𝐵3

−ℎ(𝐸1𝐵2 − 𝐸2𝐵1) −ℎ𝐸1𝐸3 +𝐵1𝐵
3 −ℎ𝐸2𝐸3 +𝐵2𝐵

3 −ℎ𝐸3𝐸
3 −𝐵1𝐵

1 −𝐵2𝐵
2

⃒⃒⃒⃒
⃒⃒⃒ .

Next, we compute the convolution of three tensors

(𝐹 𝛽
𝛼 )(𝐹 𝜌

𝛽 )(𝐹 𝜎
𝜌 ) = −

(︀
𝑔00𝐸𝑖𝐸

𝑖 +𝐵𝑖𝐵
𝑖
)︀
×

×

⃒⃒⃒⃒
⃒⃒⃒ 0 𝐸1 𝐸2 𝐸3

−𝑔00𝐸1 0 𝑔22𝐵3 −𝑔33𝐵2

−𝑔00𝐸2 −𝑔11𝐵3 0 𝑔33𝐵1

−𝑔00𝐸3 𝑔11𝐵2 −𝑔22𝐵1 0

⃒⃒⃒⃒
⃒⃒⃒+

+𝐵𝑖𝐸𝑖

⃒⃒⃒⃒
⃒⃒⃒ 0 𝑔11𝐵1 𝑔22𝐵2 𝑔33𝐵3

−𝑔00𝐵1 0 𝑔22𝑔00𝐸3 −𝑔33𝑔00𝐸2

−𝑔00𝐵2 −𝑔11𝑔00𝐸3 0 𝑔33𝑔00𝐸1

−𝑔00𝐵3 𝑔11𝑔00𝐸2 −𝑔22𝑔00𝐸1 0

⃒⃒⃒⃒
⃒⃒⃒.

Then we compute the convolution of two tensors in
two pairs of indices

1

2

(︀
𝐹 𝛽
𝛼 𝐹 𝛼

𝛽

)︀
= −

(︀
𝑔00𝐸𝑖𝐸

𝑖 +𝐵𝑖𝐵
𝑖
)︀
≡ 𝐼(𝑥).

Let us specify the dual electromagnetic tensor

(𝐹×)𝛼𝛽 =
1

2
𝜖𝛼𝛽𝜌𝜎(𝑥)𝐹𝜌𝜎, 𝜖0123(𝑥) = 𝜖(𝑥),

𝜖𝛼𝛽𝜌𝜎(𝑥) = 𝜖[𝛼𝛽𝜌𝜎](𝑥),

where

𝜖(𝑥) =
1√

−det 𝑔
=

1√
−𝑔00𝑔11𝑔22𝑔33

=

=
√︀

−𝑔00𝑔11𝑔22𝑔33.

Then we find the explicit expressions for components
of the dual tensor:

(𝐹×)01 = 𝜖0123(𝑥)𝐹23 = 𝜖(𝑥)𝐹23 = 𝜖(𝑥)𝐵1,

(𝐹×) 1
0 = 𝑔00𝜖(𝑥)𝐵1 = −

√
−𝑔𝑔11𝐵1,

(𝐹×) 0
1 = −𝑔11𝜖(𝑥)𝐵1 = +

√
−𝑔 𝑔00𝐵1,

(𝐹×)02 = 𝜖0231(𝑥)𝐹31 = 𝜖(𝑥)𝐹31 = 𝜖(𝑥)𝐵2,

(𝐹×) 2
0 = 𝑔00𝜖(𝑥)𝐵2 = −

√
−𝑔𝑔22𝐵2,

(𝐹×) 0
2 = −𝑔22𝜖(𝑥)𝐵2 = +

√
−𝑔𝑔00𝐵2,

(𝐹×)03 = 𝜖0312(𝑥)𝐹12 = 𝜖(𝑥)𝐹12 = 𝜖(𝑥)𝐵3,

(𝐹×) 3
0 = 𝑔00𝜖(𝑥)𝐵3 = −

√
−𝑔𝑔33𝐵3,

(𝐹×) 0
3 = −𝑔33𝜖(𝑥)𝐵3 = +

√
−𝑔𝑔00𝐵3,

(𝐹×)23 = 𝜖2301(𝑥)𝐹01 = 𝜖(𝑥)𝐹01 = 𝜖(𝑥)𝐸1,

(𝐹×) 3
2 = 𝑔22𝜖(𝑥)𝐸1 = −

√
−𝑔𝑔00𝑔33𝐸1,

(𝐹×) 2
3 = −𝑔33𝜖(𝑥)𝐸1 = +

√
−𝑔𝑔00𝑔22𝐸1,

(𝐹×)31 = 𝜖3102(𝑥)𝐹02 = 𝜖(𝑥)𝐹02 = 𝜖(𝑥)𝐸2,

(𝐹×) 1
3 = 𝑔33𝜖(𝑥)𝐸2 = −

√
−𝑔𝑔00𝑔11𝐸2,

(𝐹×) 3
1 = −𝑔11𝜖(𝑥)𝐸2 = +

√
−𝑔𝑔00𝑔33𝐸2,

(𝐹×)12 = 𝜖1203(𝑥)𝐹03 = 𝜖(𝑥)𝐹03 = 𝜖(𝑥)𝐸3,

(𝐹×) 2
1 = 𝑔11𝜖(𝑥)𝐸3 = −

√
−𝑔𝑔00𝑔22𝐸3,

(𝐹×) 1
2 = −𝑔22𝜖(𝑥)𝐸3 = +

√
−𝑔𝑔00𝑔11𝐸3.

So, we obtain

1

4
(𝐹×𝛽

𝛼 )(𝐹 𝛼
𝛽 ) =

1

4
Sp
{︀
−
√
−𝑔×

×

⃒⃒⃒⃒
⃒⃒⃒ 0 𝑔11𝐵1 𝑔22𝐵2 𝑔33𝐵3

−𝑔00𝐵1 0 𝑔00𝑔22𝐸3 −𝑔00𝑔33𝐸2

−𝑔00𝐵2 −𝑔00𝑔11𝐸3 0 𝑔00𝑔33𝐸1

−𝑔00𝐵3 𝑔00𝑔11𝐸2 −𝑔00𝑔22𝐸1 0

⃒⃒⃒⃒
⃒⃒⃒×

×

⃒⃒⃒⃒
⃒⃒⃒ 0 𝐸1 𝐸2 𝐸3

−𝑔00𝐸1 0 𝑔22𝐵3 −𝑔33𝐵2

−𝑔00𝐸2 −𝑔11𝐵3 0 𝑔33𝐵1

−𝑔00𝐸3 𝑔11𝐵2 −𝑔22𝐵1 0

⃒⃒⃒⃒
⃒⃒⃒
⎫⎪⎬⎪⎭;
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let us consider the expressions for diagonal elements
of this product:

(00) =
√
−𝑔𝑔00𝑔11𝑔22𝑔33(𝐸𝑖𝐵𝑖) = − 1√

−𝑔
(𝐸𝑖𝐵𝑖),

(11) = − 1√
−𝑔

(𝐸𝑖𝐵𝑖), (22) = − 1√
−𝑔

(𝐸𝑖𝐵𝑖),

(33) = − 1√
−𝑔

(𝐸𝑖𝐵𝑖).

Thus, we arrive at the relation

1

4
(𝐹×𝛽

𝛼 )(𝐹 𝜌
𝛽 ) = − 1√

−𝑔
(𝐸𝑖𝐵𝑖) ≡ 𝐽(𝑥).

Now, we can obtain the following expansion for the
convolution of three tensors:

𝐹 𝛽
𝛼 𝐹 𝜌

𝛽 𝐹 𝜎
𝜌 = 𝐼(𝑥)𝐹 𝜎

𝛼 + 𝐽(𝑥)𝐹×𝜎
𝛼 .

Here, the notation 𝐼(𝑥), 𝐽(𝑥) for two invariants of the
electromagnetic field is used.

Then we can easily find the explicit form of the
convolution of four tensors

(𝐹 𝛽
𝛼 𝐹 𝜒

𝛽 𝐹 𝜎
𝜒 )(𝐹 𝜌

𝜎 ) = 𝐼(𝑥)𝐹 𝜎
𝛼 𝐹 𝜌

𝜎 −

− 𝐽(𝑥)
1√
−𝑔

(𝐸𝑖𝐵𝑖)𝛿
𝜌

𝛼 = 𝐼(𝑥)𝐹 𝜎
𝛼 𝐹 𝜌

𝜎 + 𝐽2(𝑥)𝛿 𝜌
𝛼 .

At the same time, the last relation defines the min-
imal polynomial of the matrix (𝐹 𝛽

𝛼 ). Therefore, the
tensor (Λ−1) 𝛽

𝛼 inverse to Λ 𝛼
𝜎 = 𝜇𝛿 𝛼

𝜎 +𝜆𝐹 𝛼
𝜎 should

be constructed in the form

(Λ−1) 𝛽
𝛼 = 𝜆1𝛿

𝛽
𝛼 +𝜆2𝐹

𝛽
𝛼 +𝜆3𝐹

𝜌
𝛼 𝐹 𝛽

𝜌 +𝜆4𝐹
𝜌

𝛼 𝐹 𝜎
𝜌 𝐹 𝛽

𝜎 .

The identity

Λ 𝛼
𝜎 (Λ−1) 𝛽

𝛼 = {𝜇𝛿 𝛼
𝛿 + 𝜆𝐹 𝛼

𝜎 }×

×{𝜆1𝛿
𝛽

𝛼 + 𝜆2𝐹
𝛽

𝛼 + 𝜆3𝐹
𝜌

𝛼 𝐹 𝛽
𝜌 + 𝜆4𝐹

𝜌
𝛼 𝐹 𝜒

𝜌 𝐹 𝛽
𝜒 } =

= 𝜇𝜆1𝛿
𝛽

𝜎 +𝜇𝜆2𝐹
𝛽

𝜎 +𝜇𝜆3𝐹
𝜌

𝜎 𝐹 𝛽
𝜌 +𝜇𝜆4𝐹

𝜌
𝜎 𝐹 𝜒

𝜌 𝐹 𝛽
𝜒 +

+𝜆𝜆1𝐹
𝛽

𝜎 + 𝜆𝜆2𝐹
𝛼

𝜎 𝐹 𝛽
𝛼 + 𝜆𝜆3𝐹

𝛼
𝜎 𝐹 𝜌

𝛼 𝐹 𝛽
𝜌 +

+𝜆𝜆4𝐹
𝛼

𝜎 𝐹 𝜌
𝛼 𝐹 𝜒

𝜌 𝐹 𝛽
𝜒 = 𝛿 𝛽

𝜎

yields the linear non-homogeneous system of equa-
tions for the parameters 𝜆1, 𝜆2, 𝜆3, 𝜆4:

𝜇𝜆1 + 𝜆𝜆4𝐽
2𝑥 = 1, 𝜆𝜆1 + 𝜇𝜆2 = 0,

𝜆𝜆2 + 𝜇𝜆3 + 𝜆𝜆4𝐼(𝑥) = 0, 𝜆𝜆3 + 𝜇𝜆4 = 0.

Its solution is

𝜆1 =
𝜇(𝜇2 − 𝜆2𝐼)

𝜇2(𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
,

𝜆2 =
−𝜆(𝜇2 − 𝜆2𝐼)

𝜇2(𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
,

𝜆3 =
𝜇𝜆2

𝜇2(𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
,

𝜆4 = − 𝜆3

𝜇2(𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
.

Thus, we arrive at the following explicit represen-
tation of the inverse tensor:

(Λ−1) 𝛽
𝛼 =

1

𝜇2 (𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
×

×
{︁
𝜇
(︀
𝜇2 − 𝜆2𝐼

)︀
𝛿𝛽𝛼 − 𝜆

(︀
𝜇2 − 𝜆2𝐼

)︀
𝐹 𝛽
𝛼 +

+𝜇𝜆2𝐹 𝜎
𝛼 𝐹 𝛽

𝜎 − 𝜆3𝐹 𝜎
𝛼 𝐹 𝛿

𝜎 𝐹 𝛽
𝛿

}︁
.

Using 𝐹 𝜎
𝛼 𝐹 𝛿

𝜎 𝐹 𝛽
𝛿 = 𝐼𝐹 𝛽

𝛼 + 𝐽𝐹×𝛽
𝛼 , we find a sim-

pler representation (the symbol × stands for a dual
tensor)

(Λ−1) 𝛽
𝛼 =

1

𝜇2 (𝜇2 − 𝜆2𝐼)− 𝜆4𝐽2
×

×
{︁
𝜇
(︀
𝜇2 − 𝜆2𝐼

)︀
𝛿𝛽𝛼 − 𝜆𝜇2𝐹 𝛽

𝛼 +

+𝜇𝜆2𝐹 𝜎
𝛼 𝐹 𝛽

𝜎 − 𝜆3𝐽(𝑥)𝐹×𝛽
𝛼

}︁
. (10)

Substituting the above tensor (Λ−1) 𝛽
𝛼 into Eq. (5)

for a scalar function, we obtain (note that 𝐷𝛼 =
= 𝑖~∇𝛼 − 𝑒

𝑐𝐴𝛼)

𝜇
[︁
𝜇
(︀
𝜇2 − 𝜆2𝐼

)︀
𝛿𝛽𝛼 − 𝜆𝜇2𝐹 𝛽

𝛼 +

+𝜇𝜆2𝐹 𝜎
𝛼 𝐹 𝛽

𝜎 − 𝜆3𝐽𝐹×𝛽
𝛼

]︁
𝐷𝛼𝐷𝛽Φ+

+ 𝑖~𝜇detΛ

[︃
∇𝛼

(︃
𝜇
(︀
𝜇2 − 𝜆2𝐼

)︀
detΛ

𝑔𝛼𝛽 − 𝜆𝜇2

detΛ
𝐹𝛼𝛽 −

− 𝜆3𝐽

detΛ
𝐹×𝛼𝛽 +

𝜇𝜆2

detΛ
𝑔𝜌𝜎𝐹

𝛼𝜌𝐹𝜎𝛽

)︃]︃
×

×𝐷𝛽Φ− 𝜇2 detΛΦ = 0. (11)

Let us specify the separate terms under the symbol
of covariant derivative. The first term is reduced to
the ordinary derivative of a scalar. The second and
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third terms are the 4-divergences of the antisymmet-
ric tensor, and the fourth term is a 4-divergence of
the symmetric tensor. They are calculated, by using
the known formulas

∇𝛼(𝐴
𝛼𝛽) =

(︂
1√
−𝑔

𝜕𝛼
√
−𝑔𝐴𝛼𝛽

)︂
,

∇𝛼(𝑆
𝛼
𝛽) =

(︂
1√
−𝑔

𝜕𝛼
√
−𝑔𝑆𝛼

𝛽

)︂
− 1

2
(𝜕𝛽𝑔𝜌𝜎)𝑆

𝜌𝜎.

These results can be significantly simplified in the
case of a purely magnetic or purely electric field.

Magnetic field:

(Λ−1) 𝛽
𝛼 =

1

𝜇2 (𝜇2 − 𝜆2𝐼)
×

×
{︁
𝜇
(︀
𝜇2 − 𝜆2𝐼

)︀
𝛿𝛽𝛼 − 𝜆𝜇2𝐹 𝛽

𝛼 + 𝜇𝜆2𝐹 𝜎
𝛼 𝐹 𝛽

𝜎

}︁
,

𝐼(𝑥) = −(𝐵𝑖𝐵
𝑖), 𝐽(𝑥) = 0,

(︀
𝐹 𝛽
𝛼

)︀
=

⃒⃒⃒⃒
⃒⃒⃒ 0 0 0 0
0 0 𝑔22𝐵3 −𝑔33𝐵2

0 −𝑔11𝐵3 0 𝑔33𝐵1

0 𝑔11𝐵2 −𝑔22𝐵1 0

⃒⃒⃒⃒
⃒⃒⃒,

(︀
𝐹 𝜎
𝛼 𝐹 𝛽

𝜎

)︀
=

=

⃒⃒⃒⃒
⃒⃒⃒0 0 0 0
0 −𝐵2𝐵

2−𝐵3𝐵
3 𝐵1𝐵2 𝐵1𝐵3

0 𝐵1𝐵
2 −𝐵1𝐵

1−𝐵3𝐵
3 𝐵2𝐵3

0 𝐵1𝐵
3 𝐵2𝐵

3 −𝐵1𝐵
1−𝐵2𝐵

2

⃒⃒⃒⃒
⃒⃒⃒.

Electric field:

(Λ−1) 𝛽
𝛼 =

1

𝜇2 (𝜇2 − 𝜆2𝐼)
×

×
{︁
𝜇(𝜇2 − 𝜆2𝐼)𝛿𝛽𝛼 − 𝜆𝜇2𝐹 𝛽

𝛼 + 𝜇𝜆2𝐹 𝜎
𝛼 𝐹 𝛽

𝜎

}︁
,

𝐼 = −
(︀
𝑔00𝐸𝑖𝐸

𝑖
)︀
, 𝐽 = 0,

(𝐹 𝛽
𝛼 ) =

⃒⃒⃒⃒
⃒⃒⃒ 0 𝐸1 𝐸2 𝐸3

−𝑔00𝐸1 0 0 0
−𝑔00𝐸2 0 0 0
−𝑔00𝐸3 0 0 0

⃒⃒⃒⃒
⃒⃒⃒,

(𝐹 𝜎
𝛼 𝐹 𝛽

𝜎 ) =

= 𝑔00

⃒⃒⃒⃒
⃒⃒⃒ −𝐸𝑖𝐸𝑖 0 0 0

0 −𝐸1𝐸
1 −𝐸1𝐸

2 −𝐸1𝐸
3

0 −𝐸1𝐸2 −𝐸2𝐸
2 −𝐸2𝐸

3

0 −𝐸1𝐸3 −𝐸2𝐸3 −𝐸3𝐸
3−

⃒⃒⃒⃒
⃒⃒⃒.

3. Non-Relativistic Approximation
of the Generalized Wave Equation

The non-relativistic approximation of any wave equa-
tion can be substantial for its physical interpreta-
tion. Let us solve this task for Cox’s particle (we use
the general approach developed in [3]). We start from
the system of equations in the form

𝐾 𝛼
𝜌

(︁
𝑖∇𝛼 − 𝑒

𝑐~
𝐴𝛼

)︁
Φ =

𝑚𝑐

~
Φ𝜌,(︁

𝑖∇𝛼 − 𝑒

𝑐~
𝐴𝛼

)︁
Φ𝛼 =

𝑚𝑐

~
Φ.

(12)

Equations (12) can be rewritten in a form more con-
venient for practical calculations:

𝐾 𝛼
𝜌

(︁
𝑖𝜕𝛼 − 𝑒

𝑐~
𝐴𝛼

)︁
Φ =

𝑚𝑐

~
Φ𝜌,(︂

𝑖√
−𝑔

𝜕

𝜕𝑥𝛼

√
−𝑔 − 𝑒

𝑐~
𝐴𝛼

)︂
𝑔𝛼𝛽Φ𝛽 =

𝑚𝑐

~
Φ.

(13)

Considering the space-time models with the met-
ric 𝑑𝑆2 = 𝑐2𝑑𝑡2 + 𝑔𝑘𝑙(𝑥) 𝑑𝑥𝑘𝑑𝑥𝑙, let us perform the
(3 + 1) splitting in (13):

𝐾 0
0

(︁
𝑖𝜕0 −

𝑒

𝑐~
𝐴0

)︁
Φ+𝐾 𝑘

0

(︁
𝑖𝜕𝑘 − 𝑒

𝑐~
𝐴𝑘

)︁
Φ =

𝑚𝑐

~
Φ0,

𝐾 0
𝑗

(︁
𝑖𝜕0 −

𝑒

𝑐~
𝐴0

)︁
Φ+𝐾 𝑘

𝑗

(︁
𝑖𝜕𝑘 − 𝑒

𝑐~
𝐴𝑘

)︁
Φ =

𝑚𝑐

~
Φ𝑗 ,(︂

𝑖√
−𝑔

𝜕

𝜕𝑥0

√
−𝑔 − 𝑒

𝑐~
𝐴0

)︂
Φ0 +

+

(︂
𝑖√
−𝑔

𝜕

𝜕𝑥𝑘

√
−𝑔 − 𝑒

𝑐~
𝐴𝑘

)︂
𝑔𝑘𝑙Φ𝑙 =

𝑚𝑐

~
Φ.

(14)

Next, let us separate the rest energy by the substitu-
tions

Φ =⇒ exp

(︂
−𝑖

𝑚𝑐2𝑡

~

)︂
Φ, Φ0 =⇒ exp

(︂
−𝑖

𝑚𝑐2𝑡

~

)︂
Φ0,

Φ𝑙 =⇒ exp

(︂
−𝑖

𝑚𝑐2𝑡

~

)︂
Φ𝑙.

As a result, relation (14) yields

𝐾 0
0

(︀
𝑖~𝜕𝑡 +𝑚𝑐2 − 𝑒𝐴0

)︀
Φ+

+𝐾 𝑘
0 (𝑖𝑐~𝜕𝑘 − 𝑒𝐴𝑘) Φ = 𝑚𝑐2Φ0, (15)

𝐾 0
𝑗

(︀
𝑖~𝜕𝑡 +𝑚𝑐2 − 𝑒𝐴0

)︀
Φ+

+𝐾 𝑘
𝑗 (𝑖𝑐~𝜕𝑘 − 𝑒𝐴𝑘) Φ = 𝑚𝑐2Φ𝑗 , (16)
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(︂
𝑖~𝜕𝑡 +𝑚𝑐2 +

𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡
− 𝑒𝐴0

)︂
Φ0 +

+

(︂
𝑖𝑐~√
−𝑔

𝜕

𝜕𝑥𝑘

√
−𝑔 − 𝑒𝐴𝑘

)︂
𝑔𝑘𝑗Φ𝑗 = 𝑚𝑐2Φ. (17)

Using (16), we now exclude the vector (non-dynamic)
variable Φ𝑗 :

𝐾 0
0

(︀
𝑖~𝜕𝑡 +𝑚𝑐2 − 𝑒𝐴0

)︀
Φ+

+𝐾 𝑘
0 (𝑖𝑐~𝜕𝑘 − 𝑒𝐴𝑘) Φ = 𝑚𝑐2 Φ0, (18)(︂

𝑖~𝜕𝑡 +𝑚𝑐2 +
𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡
− 𝑒𝐴0

)︂
×

×Φ0 +

(︂
𝑖𝑐~√
−𝑔

𝜕

𝜕𝑥𝑘

√
−𝑔 − 𝑒𝐴𝑘

)︂
×

× 𝑔𝑘𝑗

𝑚𝑐2

[︁
𝐾 0

𝑗

(︀
𝑖~𝜕𝑡 +𝑚𝑐2 − 𝑒𝐴0

)︀
+

+𝐾 𝑙
𝑗 (𝑖𝑐~𝜕𝑙 − 𝑒𝐴𝑙)

]︁
Φ = 𝑚𝑐2Φ. (19)

We introduce the notation

𝑖~𝜕𝑡 − 𝑒𝐴0 = 𝐷𝑡, 𝑖𝑐~𝜕𝑘 − 𝑒𝐴𝑘 = 𝑐𝐷𝑘,

𝑖𝑐~√
−𝑔

𝜕

𝜕𝑥𝑘

√
−𝑔 − 𝑒𝐴𝑘 = 𝑐

∘
𝐷𝑘 .

(20)

Then Eqs. (18) and (19) can be written as follows:

𝐾 0
0

(︀
𝐷𝑡 +𝑚𝑐2

)︀
Φ+𝐾 𝑘

0 𝑐𝐷𝑘Φ = 𝑚𝑐2Φ0, (21)(︂
𝐷𝑡 +𝑚𝑐2 +

𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡

)︂
Φ0+

∘
𝐷𝑘

𝑔𝑘𝑗

𝑚
×

×
(︂
1

𝑐
𝐾 0

𝑗

(︀
𝐷𝑡 +𝑚𝑐2

)︀
+𝐾 𝑙

𝑗 𝐷𝑙

)︂
Φ = 𝑚𝑐2Φ. (22)

Following the method described in [3], we introduce
the small component 𝜙 and the large component Ψ:
Φ = (Ψ + 𝜙)/2, Φ0 = (Ψ− 𝜙)/2. Substituting these
relations in (21), (22), we obtain

𝐾 0
0 𝐷𝑡

Ψ+ 𝜙

2
+
(︀
𝐾 0

0 − 1 + 1
)︀
𝑚𝑐2

Ψ+ 𝜙

2
+

+𝐾 𝑘
0 𝑐𝐷𝑘

Ψ+ 𝜙

2
= 𝑚𝑐2

Ψ− 𝜙

2
, (23)(︂

𝐷𝑡 +𝑚𝑐2 +
𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡

)︂
Ψ− 𝜙

2
+

∘
𝐷𝑘

𝑔𝑘𝑗

𝑚
×

×
(︂
1

𝑐
𝐾 0

𝑗 (𝐷𝑡+𝑚𝑐2)+𝐾 𝑙
𝑗 𝐷𝑙

)︂
Ψ+𝜙

2
=𝑚𝑐2

Ψ+𝜙

2
. (24)

From whence, neglecting the small component 𝜙 in
comparison with the big one Ψ, we have(︁
𝐷𝑡 +

(︀
𝐾 0

0 − 1
)︀ (︀

𝐷𝑡 +𝑚𝑐2
)︀
+

+𝐾 𝑘
0 𝑐𝐷𝑘

)︁Ψ
2

= −𝑚𝑐2𝜙, (25)(︂
𝐷𝑡 +

𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡

)︂
Ψ

2
+

∘
𝐷𝑘

𝑔𝑘𝑗

𝑚
×

×
(︂
1

𝑐
𝐾 0

𝑗

(︀
𝐷𝑡 +𝑚𝑐2

)︀
+𝐾 𝑙

𝑗 𝐷𝑙

)︂
Ψ

2
= 𝑚𝑐2𝜙. (26)

We assume that the energies of nonrelativistic par-
ticles are much smaller than the rest energy, i.e., we
apply the approximation (𝐷𝑡 + 𝑚𝑐2) ≈ 𝑚𝑐2. As a
result, the first and second equations are simplified:(︀
𝐷𝑡 +

(︀
𝐾 0

0 − 1
)︀
𝑚𝑐2 +𝐾 𝑘

0 𝑐𝐷𝑘

)︀ Ψ
2

= −𝑚𝑐2𝜙, (27)(︂
𝐷𝑡 +

𝑖~√
−𝑔

𝜕
√
−𝑔

𝜕𝑡

)︂
Ψ

2
+

∘
𝐷𝑘

𝑔𝑘𝑗

𝑚
×

×
(︀
𝑚𝑐𝐾 0

𝑗 +𝐾 𝑙
𝑗 𝐷𝑙

)︀ Ψ
2

= 𝑚𝑐2𝜙. (28)

With the help of (27), we can eliminate the small
component 𝜙 from Eq. (28). So, we obtain(︂
𝐷𝑡+

𝑖~
2
√
−𝑔

𝜕
√
−𝑔

𝜕𝑡
+
1

2

[︀
(𝐾 0

0 −1)𝑚𝑐2+𝐾 𝑘
0 𝑐𝐷𝑘

]︀)︂
Ψ =

=
∘
𝐷𝑘

(︀
−𝑔𝑘𝑗

)︀
2𝑚

[︀
𝐾 𝑙

𝑗 𝐷𝑙 +𝑚𝑐𝐾 0
𝑗

]︀
Ψ. (29)

With the substitution Ψ =⇒ (−𝑔)−1/4 Ψ, Eq. (29)
takes a simpler form

𝐷𝑡Ψ =
1

2𝑚

∘
𝐷𝑘

(︀
−𝑔𝑘𝑗

)︀ (︀
𝐾 𝑙

𝑗 𝐷𝑙 +𝑚𝑐𝐾 0
𝑗

)︀
Ψ−

− 1

2

(︁(︀
𝐾 0

0 − 1
)︀
𝑚𝑐2 +𝐾 𝑗

0 𝑐𝐷𝑗

)︁
Ψ. (30)

This is the non-relativistic Schrödinger equation for
Cox’s particle.

Let us specify the case where only a magnetic field
is present. Then the Schrödinger equation (30) be-
comes much simpler:

𝐷𝑡Ψ =
1

2𝑚

∘
𝐷𝑘

(︀
−𝑔𝑘𝑗

)︀
𝐾 𝑙

𝑗 𝐷𝑙Ψ. (31)

Let us detail the operator 𝐾 𝑙
𝑗 𝐷𝑙:

𝐾 𝑙
1 𝐷𝑙 = 𝐾 1

1 𝐷1 +𝐾 2
1 𝐷2 +
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+𝐾 3
1 𝐷3 =

1

𝜇2 + 𝜆2𝐵𝑖𝐵𝑖
×

×
[︁
𝜇2𝐷1 + 𝜇𝜆

(︀
𝐵2𝐷

3 −𝐵3𝐷
2
)︀
+ 𝜆2𝐵1(𝐵𝑖𝐷𝑖)

]︁
,

𝐾 𝑙
2 𝐷𝑙 = 𝐾 1

2 𝐷1 +𝐾 2
2 𝐷2 +

+𝐾 3
2 𝐷3 =

1

𝜇2 + 𝜆2𝐵𝑖𝐵𝑖
×

×
[︁
𝜇2𝐷2 + 𝜇𝜆

(︀
𝐵3𝐷

1 −𝐵1𝐷
3
)︀
+ 𝜆2𝐵2(BD)

]︁
,

𝐾 𝑙
3 𝐷𝑙 = 𝐾 1

3 𝐷1 +𝐾 2
3 𝐷2 +

+𝐾 3
3 𝐷3 =

1

𝜇2 + 𝜆2𝐵𝑖𝐵𝑖
×

×
[︁
𝜇2𝐷3 + 𝜇𝜆

(︀
𝐵1𝐷

2 −𝐵2𝐷
1
)︀
+ 𝜆2𝐵3 (𝐵𝑖𝐷𝑖)

]︁
.

Thus, we have (we use the notation Γ = 𝜆/𝜇)

*
𝐷1= 𝐾 𝑙

1 𝐷𝑙 =
1

1 + Γ2𝐵𝑖𝐵𝑖
×

×
[︁
𝐷1 + Γ

(︀
𝐵2𝐷

3 −𝐵3𝐷
2
)︀
+ Γ2𝐵1(𝐵𝑖𝐷𝑖)

]︁
,

*
𝐷2= 𝐾 𝑙

2 𝐷𝑙 =
1

1 + Γ2𝐵𝑖𝐵𝑖
×

×
[︁
𝐷2 + Γ

(︀
𝐵3𝐷

1 −𝐵1𝐷
3
)︀
+ Γ2𝐵2(BD)

]︁
,

*
𝐷3= 𝐾 𝑙

3 𝐷𝑙 =
1

1 + Γ2𝐵𝑖𝐵𝑖
×

×
[︁
𝐷3 + Γ

(︀
𝐵1𝐷

2 −𝐵2𝐷
1
)︀
+ Γ2𝐵3(𝐵𝑖𝐷𝑖)

]︁
.

(32)

Therefore, Eq. (31) can be written in a compact form
as follows:

𝐷𝑡Ψ = − 1

2𝑚

∘
𝐷𝑘 𝑔𝑘𝑗(𝑥)

*
𝐷𝑗 Ψ. (33)

In the case of the Cartesian coordinates of the flat
space, the metric tensor is trivial, and the equation
is simplified to the form

𝐷𝑡Ψ =
1

2𝑚
D

(︂
D− ΓB×D+ Γ2B(BD)

1 + Γ2B2

)︂
Ψ. (34)

If the magnetic field in the flat space is uniform,
Eq. (34) can be simplified still more

𝐷𝑡Ψ =
1

2𝑚

1

1 + Γ2B2
×

×
(︀
D2 − ΓD(B×D) + Γ2(BD)2

)︀
Ψ. (35)

Due to the identity D(B × D) = +𝑖 𝑒~𝑐 B
2, Eq. (35)

can be represented as follows:

𝐷𝑡Ψ =
1

2𝑚

1

1 + Γ2B2
×

×
(︂
D2 − 𝑖

𝑒~
𝑐
ΓB2 + Γ2(BD)2

)︂
Ψ. (36)

Note that the presence of the term 𝑖(𝑒~/𝑐)ΓB2

means that the parameter Γ must be purely imagi-
nary. The explicit form of (36) also implies that there
is a steady shift of all levels by the value determined
by the amplitude of the magnetic field and the pa-
rameter 𝑖Γ.

Now, we consider the case of a uniform electric
field. The operator 𝐾 𝑙

𝑗 𝐷𝑙 + 𝜇𝐾 0
𝑗 is

𝐾 𝑙
1 𝐷𝑙 + 𝜇𝐾 0

1 =
1

1 + Γ2𝐸𝑖𝐸𝑖
×

×
[︁
𝐷1 + Γ2(𝐸𝑖𝐸

𝑖)𝐷1 + Γ2𝐸1(𝐸
𝑖𝐷𝑖) + 𝜇Γ𝐸1)

]︁
,

𝐾 𝑙
2 𝐷𝑙 + 𝜇𝐾 0

2 =
1

1 + Γ2𝐸𝑖𝐸𝑖
×

×
[︁
𝐷2 + Γ2(𝐸𝑖𝐸

𝑖)𝐷2 + Γ2𝐸2(𝐸
𝑖𝐷𝑖) + 𝜇Γ𝐸2)

]︁
,

𝐾 𝑙
3 𝐷𝑙 + 𝜇𝐾 0

3 =
1

1 + Γ2𝐸𝑖𝐸𝑖
×

×
[︁
𝐷3 + Γ2(𝐸𝑖𝐸

𝑖)𝐷3 + Γ2𝐸3(𝐸
𝑖𝐷𝑖) + 𝜇Γ𝐸3)

]︁
.

Thus,

(𝐾 𝑙
𝑗 𝐷𝑙 + 𝜇𝐾 0

𝑗 ) =
1

1 + Γ2𝐸𝑖𝐸𝑖
×

×
[︁
𝐷𝑗 + Γ2(𝐸𝑖𝐸

𝑖)𝐷𝑗 + Γ2𝐸𝑗(𝐸
𝑖𝐷𝑖) + 𝜇Γ𝐸𝑗

]︁
. (37)

So, we have the representation(︀
𝐾 0

0 − 1
)︀
𝑚𝑐2 +𝐾 𝑗

0 𝑐𝐷𝑗 =

= −𝑐
Γ2𝐸𝑖𝐸

𝑖𝜇+ Γ𝐸𝑗𝐷𝑗

1 + Γ2𝐸𝑖𝐸𝑖
. (38)

Thus, we obtain(︂
𝐷𝑡 − 𝑐

Γ2𝐸𝑖𝐸
𝑖𝜇+ Γ𝐸𝑗𝐷𝑗

2 (1 + Γ2𝐸𝑖𝐸𝑖)

)︂
Ψ =

1

2𝑚

∘
𝐷𝑘

(︀
−𝑔𝑘𝑗

)︀
×

×

[︃
𝐷𝑗 +

Γ2𝐸𝑗(𝐸
𝑖𝐷𝑖) + 𝜇Γ𝐸𝑗

1 + Γ2𝐸𝑖𝐸𝑖

]︃
Ψ; (39)

this is the Schrödinger equation for Cox’s particle in
the electric field.
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4. Non-Minimal Coupling
to the Curvature of Space–Time
in the System of Cox’s Equations

We turn to the initial complete Cox’s system of equa-
tions [1], which includes the symmetric and antisym-
metric tensors:

𝜆1𝐷
𝛽Φ𝛽 − 𝜇Φ = 0,

𝜆*
1𝐷𝛽Φ+ 𝜆2𝐷

𝛼Φ[𝛼𝛽] − 𝜆3𝐷
𝛼Φ(𝛼𝛽) − 𝜇Φ𝛽 = 0,

𝜆*
2 (𝐷𝛼Φ𝛽 −𝐷𝛽Φ𝛼)− 𝜇Φ[𝛼𝛽] = 0,

𝜆*
3

(︂
𝐷𝛼Φ𝛽+𝐷𝛽Φ𝛼−

1

2
𝑔𝛼𝛽𝐷

𝜌Φ𝜌

)︂
−𝜇Φ(𝛼𝛽)=0,

(40)

where the auxiliary numerical parameters 𝜆1, 𝜆2, and
𝜆3 subject to the additional constraints

𝜆2𝜆
*
2 − 𝜆3𝜆

*
3 = 0, 𝜆1𝜆

*
1 −

3

2
𝜆3𝜆

*
3 = 1; (41)

symbol 𝐷𝛼 denotes the derivative, which takes the
presence of external electromagnetic and gravita-
tional fields into account:

𝐷𝛼 = 𝑖~∇𝛼 − 𝑒

𝑐
𝐴𝛼, 𝜇 = 𝑀𝑐.

With the help of the third and fourth equations in
(40), let us exclude the tensor components

𝜇−1 (𝜆*
2(𝐷𝛼Φ𝛽 −𝐷𝛽Φ𝛼)) = Φ[𝛼𝛽],

𝜇−1𝜆*
3

(︂
𝐷𝛼Φ𝛽 +𝐷𝛽Φ𝛼 − 1

2
𝑔𝛼𝛽𝐷

𝜌Φ𝜌

)︂
= Φ(𝛼𝛽).

(42)

In two other ones, we have

𝜆1𝐷
𝛽Φ𝛽 − 𝜇Φ = 0, (43)

𝜆*
1𝐷𝛽Φ+ 𝜆2𝐷

𝛼𝜇−1
[︁
𝜆*
2 (𝐷𝛼Φ𝛽 −𝐷𝛽Φ𝛼)

]︁
−

−𝜆3𝐷
𝛼𝜇−1𝜆*

3

(︂
𝐷𝛼Φ𝛽 +𝐷𝛽Φ𝛼 − 1

2
𝑔𝛼𝛽𝐷

𝜌Φ𝜌

)︂
−

−𝜇Φ𝛽 = 0. (44)

Equation (44) can be presented as

𝜆*
1𝐷𝛽Φ− 𝜇−1 (𝜆2𝜆

*
2 + 𝜆3𝜆

*
3)𝐷

𝛼𝐷𝛽Φ𝛼 +

+
1

2
𝜇−1𝜆3𝜆

*
3𝐷𝛽𝐷

𝜌Φ𝜌 − 𝜇Φ𝛽 = 0. (45)

In view of (41), one can use the identity

(𝜆2𝜆
*
2 + 𝜆3𝜆

*
3) = 2𝜆3𝜆

*
3.

Hence,

𝜆*
1𝐷𝛽Φ− 𝜇−12𝜆3𝜆

*
3𝐷𝛼𝐷𝛽Φ

𝛼 +

+
1

2
𝜇−1𝜆3𝜆

*
3𝐷𝛽𝐷𝛼Φ

𝛼 − 𝜇Φ𝛽 = 0. (46)

We use the identity

𝐷𝛼𝐷𝛽Φ
𝛼 = 𝐷𝛽𝐷𝛼Φ

𝛼 + (𝐷𝛼𝐷𝛽 −𝐷𝛽𝐷𝛼) Φ
𝛼 =

= 𝐷𝛽𝐷𝛼Φ
𝛼 + ~2

(︁
−𝑖

𝑒

~𝑐
𝐹𝛼𝛽 −𝑅𝛼𝛽

)︁
Φ𝑎𝛼. (47)

Then Eq. (46) can be converted to the following one:

𝜆*
1𝐷𝛽Φ− 𝜇−12𝜆3𝜆

*
3

[︁
𝐷𝛽𝐷𝛼Φ

𝛼 +

+ ~2
(︁
−𝑖

𝑒

~𝑐
𝐹𝛼𝛽 −𝑅𝛼𝛽

)︁
Φ𝛼
]︁
+

+
1

2
𝜇−1𝜆3𝜆

*
3𝐷𝛽𝐷𝛼Φ

𝛼 − 𝜇Φ𝛽 = 0

or

𝜆*
1𝐷𝛽Φ+ 𝜇−12𝜆3𝜆

*
3~2

(︁
𝑖
𝑒

𝑐
𝐹𝛼𝛽 +𝑅𝛼𝛽

)︁
Φ𝛼 −

− 3

2
𝜇−1𝜆3𝜆

*
3𝐷𝛽(𝐷𝛼Φ

𝛼)− 𝜇Φ𝛽 = 0. (48)

With regard for Eq. (43),

𝐷𝛼Φ
𝛼 =

𝜇

𝜆1
Φ,

we obtain

𝜆1𝜆
*
1𝐷𝛽Φ+ 𝜇−12𝜆3𝜆

*
3~2

(︁
𝑖
𝑒

~𝑐
𝐹𝛼𝛽 +𝑅𝛼𝛽

)︁
𝜆1Φ

𝛼 −

− 3

2
𝜆3𝜆

*
3𝐷𝛽Φ− 𝜇𝜆1Φ𝛽 = 0. (49)

With the use of the second condition in (41)

𝜆1𝜆
*
1 −

3

2
𝜆3𝜆

*
3 = 1,

Eq. (49) can be simplified to the form

𝐷𝛽Φ+ 𝜇−12𝜆3𝜆
*
3~2 ×

×
(︁
𝑖
𝑒

~𝑐
𝐹𝛼𝛽 +𝑅𝛼𝛽

)︁
𝜆1Φ

𝛼 − 𝜇𝜆1Φ𝛽 = 0. (50)

One should remember the additional equation (43)

𝜆1𝐷
𝛽Φ𝛽 − 𝜇Φ = 0. (51)
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The parameter 𝜆1 can be included in the designa-
tion of the vector components 𝜆1Φ𝛽 −→ Φ𝛽 . So, we
arrive at the extended Proca equations

𝐷𝛽Φ𝛽 − 𝜇Φ = 0,

𝐷𝛽Φ− 𝜇Φ𝛽 − 𝑖
~2

𝑀𝑐
(2𝜆3𝜆

*
3)
(︁ 𝑒
~𝑐

𝐹𝛽𝛼 + 𝑖𝑅𝛽𝛼

)︁
Φ𝛼 = 0.

(52)

These equations should be compared with those, from
which we started in Section 1:

𝐷𝛽Φ𝛽 − 𝜇Φ = 0, 𝐷𝛽Φ− 𝜇Φ𝛽 − 𝜆𝐹𝛽𝛼Φ
𝛼 = 0; (53)

they partly correlate if (note that 𝜆 is an imaginary
number)

𝜆 =
~2

𝑀𝑐

𝑒

~𝑐
(2𝑖𝜆3𝜆

*
3). (54)

Obviously, system (52) is more general than (53),
it involves the non-minimal interaction of Cox’s
scalar particle with the external geometric back-
ground through the Ricci tensor.

Equations (52) can be rewritten as

𝐷𝛽Φ𝛽 − 𝜇Φ = 0,

𝐷𝛽Φ− 𝜆

(︂
𝐹𝛽𝛼 + 𝑖

~𝑐
𝑒
𝑅𝛽𝛼

)︂
Φ𝛼 − 𝜇Φ𝛽 = 0.

(55)

In the absence of an electromagnetic field, Eqs. (55)
are simplified (parameter 𝑖𝜆 is a real-valued one)

𝐷𝛽Φ𝛽 = 𝜇Φ,

𝐷𝛽Φ =

(︂
𝑖𝜆

~𝑐
𝑒
𝑅𝛽𝛼(𝑥) + 𝜇𝑔𝛽𝛼(𝑥)

)︂
Φ𝛼.

(56)

This is a purely geometric modification of the theory
of a scalar particle in Cox’s approach.

5. Calculation of the Tensor
(Λ−1) 𝛽

𝛼 with the Ricci Tensor Included

We write Eq. (56) in the form (𝜆* = −𝜆; temporarily,
the coefficient ~𝑐

𝑒 will be a part of the designation of
the Ricci tensor)

𝐷𝛽Φ𝛽 = 𝜇Φ,[︁
𝜇𝛿 𝛽

𝛼 + 𝜆
(︀
𝐹 𝛽
𝛼 + 𝑖𝑅 𝛽

𝛼

)︀ ]︁
Φ𝛽 = 𝐷𝛼Φ.

(57)

With the use of the notation

Λ 𝛽
𝛼 = 𝜇𝛿 𝛽

𝛼 + 𝜆
(︀
𝐹 𝛽
𝛼 + 𝑖𝑅 𝛽

𝛼

)︀
, (58)

Eq. (57) can be written as

Φ𝜌 = (Λ−1) 𝛼
𝜌 𝐷𝛼Φ, 𝐷𝜌Φ𝜌 = 𝜇Φ. (59)

This yields a generalized scalar equation[︀
𝐷𝜌
(︀
Λ−1

)︀ 𝛼

𝜌
(𝑥)𝐷𝛼 − 𝜇

]︀
Φ(𝑥) = 0. (60)

Since the characteristic equation

𝐺4 = 𝑔0 + 𝑔1𝐺+ 𝑔2𝐺
2 + 𝑔3𝐺

3 (61)

for the matrix 𝐹 𝛽
𝛼 + 𝑖𝑅 𝛽

𝛼 = 𝐺 𝛽
𝛼 allows us to express

the fourth power of the matrix 𝐺 through 𝐼, 𝐺, 𝐺2,
and 𝐺3, we can look for the inverse matrix in the form(︀
Λ−1

)︀ 𝛼

𝜌
= 𝜆0 + 𝜆1𝐺+ 𝜆2𝐺

2 + 𝜆3𝐺
3. (62)

From the equation ΛΛ−1 = 𝐼, we obtain

𝐼 = (𝜇+ 𝜆𝐺)
(︀
𝜆0 + 𝜆1𝐺+ 𝜆2𝐺

2 + 𝜆3𝐺
3
)︀
=

= 𝜇𝜆0 + 𝜇𝜆1𝐺+ 𝜇𝜆2𝐺
2 + 𝜇𝜆3𝐺

3 +

+𝜆𝜆0𝐺+ 𝜆𝜆1𝐺
2 + 𝜆𝜆2𝐺

3 +

+𝜆𝜆3

(︀
𝑔0 + 𝑔1𝐺+ 𝑔2𝐺

2 + 𝑔3𝐺
3
)︀
.

So, we have a linear system of equations

𝐼: 𝜇𝜆0 + 𝜆𝜆3𝑔0 = 1,

𝐺: 𝜇𝜆1 + 𝜆𝜆0 + 𝜆𝜆3𝑔1 = 0,

𝐺2: 𝜇𝜆2 + 𝜆𝜆1 + 𝜆𝜆3𝑔2 = 0,

𝐺3: 𝜇𝜆3 + 𝜆𝜆2 + 𝜆𝜆3𝑔3 = 0

(63)

or, in the matrix form,⎛⎝𝜇 0 0 𝜆𝑔0
𝜆 𝜇 0 𝜆𝑔1
0 𝜆 𝜇 𝜆𝑔2
0 0 𝜆 𝜇+ 𝜆𝑔3

⎞⎠ ⃒⃒⃒⃒⃒⃒𝜆0
𝜆1
𝜆2
𝜆3

⃒⃒⃒⃒
⃒⃒ =

⃒⃒⃒⃒
⃒⃒ 100
0

⃒⃒⃒⃒
⃒⃒. (64)

Its solution is

𝜆0 =
−
(︀
𝜇3 + 𝜇2𝜆𝑔3 − 𝜇𝜆2𝑔2 + 𝜆3𝑔1

)︀
−𝜇4 − 𝜇3𝜆𝑔3 + 𝜇2𝜆2𝑔2 − 𝜇𝜆3𝑔1 + 𝜆4𝑔0

,

𝜆1 =
−
(︀
−𝜇2𝜆− 𝜇𝜆2𝑔3 + 𝜆3𝑔2

)︀
−𝜇4 − 𝜇3𝜆𝑔3 + 𝜇2𝜆2𝑔2 − 𝜇𝜆3𝑔1 + 𝜆4𝑔0

,
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𝜆2 =
−
(︀
𝜇𝜆2 + 𝜆3𝑔3

)︀
−𝜇4 − 𝜇3𝜆𝑔3 + 𝜇2𝜆2𝑔2 − 𝜇𝜆3𝑔1 + 𝜆4𝑔0

,

𝜆3 =
𝜆3

−𝜇4 − 𝜇3𝜆𝑔3 + 𝜇2𝜆2𝑔2 − 𝜇𝜆3𝑔1 + 𝜆4𝑔0
.

We introduce the new notation

𝑔0 = 𝑝4, 𝑔1 = 𝑝3, 𝑔2 = 𝑝2, 𝑔3 = 𝑝1,

𝐺4 = 𝑝1𝐺
3 + 𝑝2𝐺

2 + 𝑝3𝐺+ 𝑝4.
(65)

Then

𝜆0 =
𝜇3 + 𝜇2𝜆𝑝1 − 𝜇𝜆2𝑝2 + 𝜆3𝑝3

𝜇4 + 𝜇3𝜆𝑝1 − 𝜇2𝜆2𝑝2 + 𝜇𝜆3𝑝3 − 𝜆4𝑝4
,

𝜆1 =
−𝜇2𝜆− 𝜇, 𝜆2𝑝1 + 𝜆3𝑝2

𝜇4 + 𝜇3𝜆𝑝1 − 𝜇2𝜆2𝑝2 + 𝜇𝜆3𝑝3 − 𝜆4𝑝4
,

𝜆2 =
𝜇𝜆2 + 𝜆3𝑝1

𝜇4 + 𝜇3𝜆𝑝1 − 𝜇2𝜆2𝑝2 + 𝜇𝜆3𝑝3 − 𝜆4𝑝4
,

𝜆3 =
−𝜆3

𝜇4 + 𝜇3𝜆𝑝1 − 𝜇2𝜆2𝑝2 + 𝜇𝜆3𝑝3 − 𝜆4𝑝4
.

(66)

We recall that

(Λ−1)𝛼𝜌 = 𝜆0 + 𝜆1𝐺+ 𝜆2𝐺
2 + 𝜆3𝐺

3.

Degrees of the matrix 𝐺 can be associated with the
following invariants (see Chap. IV in [5]):

Sp(𝐺) = 𝑔1 + 𝑔2 + 𝑔3 + 𝑔4 = 𝑠1,

𝑠1 = 𝐺 𝛼
𝛼 (𝑥),

Sp(𝐺2) = 𝑔21 + 𝑔22 + 𝑔23 + 𝑔24 = 𝑠2,

𝑠2 = 𝐺 𝜌
𝛼 (𝑥)𝐺 𝛼

𝜌 (𝑥),

Sp(𝐺3) = 𝑔31 + 𝑔32 + 𝑔33 + 𝑔34 = 𝑠3,

𝑠3 = 𝐺 𝜌
𝛼 (𝑥)𝐺 𝜎

𝜌 (𝑥)𝐺 𝛼
𝜎 (𝑥),

Sp(𝐺4) = 𝑔41 + 𝑔42 + 𝑔43 + 𝑔44 = 𝑠4,

𝑠4 = 𝐺 𝜌
𝛼 (𝑥)𝐺 𝛿

𝜌 (𝑥)𝐺 𝜎
𝛿 (𝑥)𝐺 𝛼

𝜎 (𝑥).

(67)

Here, the quantities 𝑔1, ..., 𝑔4 stand for four eigenval-
ues of the matrix 𝐺.

The invariants 𝑠𝑖 and 𝑝𝑖 obey the Newton recur-
rence formulas (see [5]):

𝑝1 = 𝑠1 = Sp(𝐺),

𝑝2 =
1

2
(𝑠2 − 𝑝1𝑠1) =

1

2

[︁
Sp
(︀
𝐺2
)︀
− 𝑝1Sp(𝐺)

]︁
,

𝑝3 =
1

3
(𝑠3 − 𝑝1𝑠2 − 𝑝2𝑠1) =

=
1

3

[︁
Sp
(︀
𝐺3
)︀
− 𝑝1Sp

(︀
𝐺2
)︀
− 𝑝2Sp(𝐺)

]︁
,

𝑝4 =
1

4
(𝑠4 − 𝑝1𝑠3 − 𝑝2𝑠2 − 𝑝3𝑠1) =

=
1

4

[︁
Sp
(︀
𝐺4
)︀
− 𝑝1Sp

(︀
𝐺3
)︀
− 𝑝2Sp

(︀
𝐺2
)︀
− 𝑝3Sp(𝐺)

]︁
.

From whence, we obtain the following representations
for the invariants 𝑝𝑖:

𝑝1 = Sp(𝐺), 𝑝2 =
1

2
Sp
(︀
𝐺2
)︀
− 1

2
Sp2(𝐺),

𝑝3 =
1

3

[︁
Sp
(︀
𝐺3
)︀
− Sp(𝐺)Sp

(︀
𝐺2
)︀
−

− 1

2

(︀
Sp
(︀
𝐺2
)︀
− Sp2(𝐺)

)︀
Sp(𝐺)

]︁
=

=
1

3
Sp
(︀
𝐺3
)︀
− 1

2
Sp
(︀
𝐺2
)︀
Sp(𝐺) +

1

6
Sp3(𝐺),

𝑝4 =
1

4

[︁
Sp
(︀
𝐺4
)︀
− Sp(𝐺)Sp

(︀
𝐺3
)︀
−

− 1

2
Sp2

(︀
𝐺2
)︀
+

1

2
Sp2(𝐺)Sp

(︀
𝐺2
)︀
−

− 1

3
Sp
(︀
𝐺3
)︀
Sp(𝐺) +

1

2
Sp
(︀
𝐺2
)︀
Sp2(𝐺)−

− 1

6
Sp3(𝐺)Sp(𝐺)

]︁
;

finally, we find the expression

𝑝4 =
1

4

[︃
Sp
(︀
𝐺4
)︀
− 4

3
Sp(𝐺)Sp

(︀
𝐺3
)︀
−

− 1

2
Sp2

(︀
𝐺2
)︀
+ Sp2(𝐺)Sp

(︀
𝐺2
)︀
− 1

6
Sp4(𝐺)

]︃
.

In the case where the matrix 𝐺 is antisymmetric,
we have the equality

�̃� = −𝐺, 𝑝1 = Sp𝐺 = 0,

𝐺3 = −𝐺3, Sp
(︀
𝐺3
)︀
= 0,

𝑝1 = 0, 𝑝2 =
1

2
Sp
(︀
𝐺2
)︀
,

𝑝3 = 0, 𝑝4 =
1

4
Sp
(︀
𝐺4
)︀
+

1

8
Sp2

(︀
𝐺2
)︀
.

(68)

The characteristic equation (65) takes the form

𝐺4 − 𝑝2𝐺
2 − 𝑝4 = 0, (69)
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this case is realized in the construction of the charac-
teristic polynomial for the electromagnetic tensor. In
this case, relations (66) become simpler:

𝜆0 =
𝜇3 − 𝜇𝜆2 𝑝2

𝜇4 − 𝜇2 𝜆2 𝑝2 − 𝜆4 𝑝4
,

𝜆1 =
−𝜇2 𝜆+ 𝜆3 𝑝2

𝜇4 − 𝜇2 𝜆2 𝑝2 − 𝜆4 𝑝4
,

𝜆2 =
𝜇𝜆2

𝜇4 − 𝜇2 𝜆2 𝑝2 − 𝜆4 𝑝4
,

𝜆3 =
−𝜆3

𝜇4 − 𝜇2 𝜆2 𝑝2 − 𝜆4 𝑝4
.

(70)

For the additional verification, we consider the sim-
ple case without the electromagnetic tensor, when,
additionally, the space-time is described by the Ricci
tensor of the following simple form (elementary ex-
amples are the de Sitter spaces):

𝐺𝛼𝛽 =
𝑅

4
𝑔𝛼𝛽 , 𝐺𝛽

𝛼 =
𝑅

4
𝛿𝛽𝛼,

Sp𝐺 = 𝑅, Sp
(︀
𝐺2
)︀
=

1

4
𝑅2,

Sp
(︀
𝐺3
)︀
=

1

42
𝑅3, Sp

(︀
𝐺4
)︀
=

1

43
𝑅4,

(71)

that is

𝑝1 = 𝑅, 𝑝2 =
1

2

1

4
𝑅2 − 1

2
𝑅2 = −3

8
𝑅2,

𝑝3 =
1

3

1

16
𝑅3 − 1

2

1

4
𝑅2𝑅+

1

6
𝑅3 =

1

16
𝑅3,

𝑝4 =
1

4

[︃
1

16 · 4
𝑅4 − 4

3
𝑅

1

16
𝑅3 − 1

2

1

16
𝑅4 +

+𝑅2 1

4
𝑅2 − 1

6
𝑅4

]︃
= − 1

44
𝑅4.

(72)

The expressions for 𝑝𝑖 correspond to the following
characteristic equation

𝐺 = (𝐺𝛽
𝛼),

(︂
𝐺− 𝑅

4

)︂4
= 0. (73)

Note that, in the presence of a geometric back-
ground,

𝐷𝛽Φ− 𝜆

(︂
𝐹𝛽𝛼 + 𝑖

~𝑐
𝑒

𝑅

4
𝑔𝛽𝛼

)︂
Φ𝛼 − 𝜇Φ𝛽 = 0,

𝐷𝛽Φ𝛽 − 𝜇Φ = 0;

(74)

and in the absence of an external electromagnetic
field, the system of equations (74) reads

𝐷𝛽Φ𝛽 = 𝑀𝑐Φ, 𝐷𝛽Φ =

(︂
𝑀𝑐+ 𝑖𝜆

~𝑐
𝑒

𝑅

4

)︂
Φ𝛽 . (75)

In particular, in the case of the de Sitter spaces
(𝑅(𝑥) = 𝑅), the effective additive (with a plus or
minus) to the mass of a particle is

𝐷𝛽Φ𝛽 = 𝑀𝑐Φ, 𝐷𝛽Φ =

(︂
𝑀𝑐+ 𝑖𝜆

~𝑐
𝑒

𝑅

4

)︂
Φ𝛽 . (76)

6. Conclusion

Thus, Cox’s theory for a scalar particle with a larger
set of tensor functions (the set of a scalar, 4-vector,
antisymmetric and (irreducible) symmetric tensors) is
generalized against the background of the Minkowski
space and an arbitrary Riemannian space in the pres-
ence of external magnetic and electric fields.

For a special class of curved metrics allowing for the
existence of nonrelativistic wave equations, a general-
ized Schrödinger-type quantum mechanical equation
for Cox’s particle is derived. This generally covariant
formalism is specified in the presence of external mag-
netic and electric fields. It is shown that, in the most
general form, the extended Proca-like first-order sys-
tem of tensor equations contains non-minimal inter-
action terms through the electromagnetic tensor 𝐹𝛼𝛽

and the Ricci tensor 𝑅𝛼𝛽 .
Thus, the general conclusion can be done: the ef-

fects of the large-scale structure of the Universe de-
pend greatly on the form of the basic equations for
elementary particles, and their modifications will lead
to new physical phenomena due to the non-Euclidean
geometry background.

The construction of the explicit solutions of gener-
alized wave equations in the presence of magnetic and
electric fields for the flat Minkowski space and simple
curved backgrounds, spherical Riemann and hyper-
bolic Lobachevsky, will be given in separate papers –
see [6, 7].

The present work was developed under the aus-
pices of Grant No. F 13K-079 within the cooperation
framework between Belarus and Ukraine. The author
is grateful to V.V. Kisel and V.M. Red’kov for the ad-
vice and the help. The author thanks the Organizers

ISSN 2071-0186. Ukr. J. Phys. 2015. Vol. 60, No. 6 495



E.M. Ovsiyuk

of the Young scientists conference “Problems of Theo-
retical Physics”, (December 24–27, 2013, Bogolyubov
Institute for Theoretical Physics, Kyiv, Ukraine) for
the opportunity to talk on this subject.

1. W. Cox, J. Phys. Math. Gen. 15, 627 (1982).
2. V.V. Kisel, Vesti NANB. Ser. Fiz.-Mat. 2, 82 (2000).
3. V.M. Red’kov, Fields of Particles in the Riemannian Space

and the Lorentz Group (Beloruss. Nauka, Minsk, 2009) (in
Russian).

4. V.M. Red’kov and E.M. Ovsiyuk, Quantum Mechanics in
Spaces of Constant Curvature (Nova Sci., New York, 2012).

5. F.R. Gantmacher, The Theory of Matrices (Chelsea, New
York, 1960).

6. K.V. Kazmerchuk and E.M. Ovsiyuk, Ukr. J. Phys. 60, 389
(2015).

7. O.V. Veko, Report at the Conference “Problems of Theoret-
ical Physics” (Bogolyubov Institute for Theoretical Physics
of the NASU, Kiev, December 24–27, 2013).

Received 31.01.14

О.М.Овсiюк

СКАЛЯРНА ЧАСТИНКА КОКСА
З ВНУТРIШНЬОЮ СТРУКТУРОЮ: ЗАГАЛЬНИЙ
АНАЛIЗ У ЗОВНIШНIХ ЕЛЕКТРОМАГНIТНИХ
I ГРАВIТАЦIЙНИХ ПОЛЯХ

Р е з ю м е

Релятивiстська теорiя Кокса для скалярної неточечної ча-
стинки з внутрiшньою структурою в пiдходi Прока розвине-
на в присутностi зовнiшнiх однорiдних магнiтних i електри-
чних полiв в просторi Мiнковського. Отримано узагаль-
нене рiвняння Клейна–Гордона–Фока в присутностi одно-
рiдних магнiтних i електричних полiв. Виконано узагаль-
нення цього формалiзму на випадок довiльного рiмано-
ва простору-часу. Для спецiального класу метрик, що до-
пускають iснування нерелятивiстських хвильових рiвнянь,
отримано узагальнене квантово-механiчне рiвняння типу
Шредiнгера для частинки Кокса. Цей загальноковарiан-
тний формалiзм є застосовним за наявностi зовнiшнiх ма-
гнiтних i електричних полiв. Показано, що узагальнена си-
стема Прока тензорних рiвнянь мiстить члени немiнiмаль-
ної взаємодiї через тензор електромагнiтного поля 𝐹𝛼𝛽 i
тензор Рiччi 𝑅𝛼𝛽 .
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