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The connection of the asymmetry of a Hamiltonian with a critical behavior of the Tolman
length is studied from the point of view of a nonlinear transformation of the order parameter. It
is shown that the structure of the critical asymptotics of the Tolman length is determined by
that for the asymmetric part of the isothermal compressibility. The relation to the singularity
of the diameter of a binodal is proved within the canonical formalism approach. It is shown
how to obtain the leading critical behavior from the exact statistical mechanics expressions
for the Tolman length. The results are compared with the known results by M.A. Anisimov,
Phys. Rev. Lett., 98 035702 (2007).

K e yw o r d s: Tolman length, critical point, canonical form.

1. Introduction

The Tolman length can be defined as a finite-size cor-
rection to the surface tension [1]:

𝜎 = 𝜎∞

(︂
1− 2 𝛿𝑇

𝑅
+ 𝑜 (1/𝑅)

)︂
. (1)

This is the lowest order correction in terms of the
Helfrich expansion of the surface tension in curvature
invariants [2].

Such correction exists, because the equimolar sur-
face and the surface of tension do not coincide for a
small droplet (see, e.g., [3]). The difference is caused
by the asymmetry of the coexistence phases with re-
spect to the particle density. The study of the Tolman
correction to the surface tension is of importance be-
cause of its influence on the nucleation process [4, 5].
It could be determined from the data on the satu-
ration pressure curve as proposed in [6] on the basis
of M. Fisher’s droplet model [7] or directly from the
equation of state (EoS) [8]. The latter approach can
be applied to the nuclear matter as well [9, 10].

From the microscopic point of view, the asymme-
try effects are caused by the asymmetry of a Hamil-
tonian. This asymmetry is explicitly reflected in the
form of a Landau–Ginzburg-type effective Hamilto-
nian, which is the functional of the order parameter
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field. It was shown in [11] that, within the square gra-
dient model, the non-zero value of the Tolman length
is caused by the asymmetry of the density functional
(Helmholtz free energy). For symmetric models such
as the lattice gas, the Tolman length is exactly zero
[11, 12]. A similar situation occurs in the case of the
diameter and its singularity [13]. The singular behav-
ior of this quantity is also generated by the asymme-
try of the Hamiltonian as a functional of the order
parameter [14].

The asymmetry effects can be treated consistently
either from the point of view of the global isomor-
phism approach [15–17] beyond the fluctuational re-
gion or with the help of the canonical formalism for
a fluctuational Hamiltonian in the critical region [18–
20]. In particular, the effects due to the asymmetry
of the Hamiltonian are consequences of the improper
choice of the order parameter. Using the properly
chosen order parameter, referred to as the canonical
one, one restores the Ising symmetry with respect to
the transformation 𝜂 → −𝜂.

Recently, the question about the asymmetry of a
Hamiltonian and the critical behavior of the Tol-
man length was studied within M. Fisher’s “complete
scaling” phenomenological approach [21] in a num-
ber of papers [22, 23], where the leading singularities
in the Tolman length and the compressibility were
obtained.
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In this paper, we consider the structure of the Tol-
man length using the canonical formalism. Based on
the expressions for the Tolman length from [11,24], we
will explicitly demonstrate the effect of the asymme-
try of a Hamiltonian on the value of Tolman length.

The main difference between the “complete scaling”
approach [21, 23, 25] and the canonical one is as fol-
lows. In the latter case, there is no need to use three
scaling fields, because the canonical approach deals
directly with the Hamiltonian. In the case of systems
from the Ising model universality class, the Hamil-
tonian depends only on two thermodynamic fields. In
particular, this allows one to draw certain conclusions
about the amplitudes of singularities [20].

The paper is structured as follows. The procedure
for the reduction of a Hamiltonian to the canoni-
cal form is described in Section 2. In Section 3, the
canonical transformation is used to obtain the struc-
ture of the Tolman length due to the asymmetry of
the Hamiltonian. In Conclusion, the main results are
summarized, and some problems for the future re-
search are outlined.

2. Reduction of the Hamiltonian
to the Canonical Form

We consider the case of the second-order phase transi-
tion. Typical examples are the Ising model and simple
molecular liquids. If the order parameter field 𝜙(r) is
chosen, the Hamiltonian of such systems takes the
form [26, 27]:

ℋ[𝜙(r)] = 𝐻ql[𝜙(r)] +

∫︁
ℎloc(𝜙(r)) 𝑑r, (2)

where

ℎloc(𝜙(r); {𝑎𝑛}) =
∞∑︁

𝑛=1

𝑎𝑛
𝑛
𝜙𝑛(r). (3)

For the quasilocal part, the square gradient approxi-
mation is usually used:

𝐻ql[𝜙(r)] =
𝑏

2

∫︁
𝑣

𝑑𝑉 (∇𝜙(r))
2
. (4)

For the sake of convenience, we include the multi-
plier 𝛽 = 1

𝑘B𝑇 into the Hamiltonian. We consider also
the volume 𝑉 as a dimensionless quantity, because
the system always has some cut-off at small distances,
e.g., the size of a particle. In the case of simple liquids,
if the nontrivial reference system is used, the coeffi-
cients 𝑎𝑛, 𝑛 ≥ 1, are definite functions of the chemical

potential 𝜇 and the temperature 𝑇 [26, 27]. The Ising
model without external magnetic field possesses the
symmetry ℋ[𝜙(r)] = ℋ[−𝜙(r)], so that 𝑎2𝑛+1 = 0
𝑛 ≥ 1. The coefficients 𝑎𝑛 can be calculated, in prin-
ciple, with the use of the mean-field model equation of
state for the reference system [23, 27, 28]. Such equa-
tions of state usually lead to a typical double-well pro-
file for the thermodynamic potential. The two wells
represent two coexistent phases, which merge at the
critical point (CP) [29]. Possible transformations of
the minima of the functions are the subject of study in
the Catastrophe Theory (CT) (see, e.g., [30, 31]). For
the case of a finite number of variables, all the possi-
ble canonical forms are classified [32]. As a matter of
fact, the CT provides the mathematical basis for Lan-
dau’s original idea of using a truncated 𝜙4-expression
for the thermodynamic potential in a vicinity of the
CP [29].

The main difference of our approach from the
above-mentioned CT applications is in that it is based
directly on the Hamiltonian rather than the ther-
modynamic potential. In statistical mechanics, the
Hamiltonian plays a twofold role. Besides being a
function on the phase space, whose average deter-
mines the internal energy, it also defines the Gibb-
sian probability distribution. Under the change of the
variables, the density distribution function and the
function itself behave differently, because of the Ja-
cobian of the transformation appears in the former
case. Using this fact, we can take advantage of free-
dom to choose the variables in the Hamiltonian to
simplify the form of the distribution. Actually, this re-
sult is based upon the Radon–Nikodim theorem from
the measure theory [33]. It states that two probabilis-
tic measures, which has the same null-sets, can be
mapped onto each other by some transformation. A
similar idea of the change of variables transforming
the distribution to a simpler (Gaussian) form was
used in a quite different context in [34].

We search for a local transformation of the type:

𝜙(r) = 𝑇 (𝜂(r)), (5)

so that the 𝜂-“Hamiltonian” determining the corre-
sponding probability density for the 𝜂-configurations
takes the form of the Landau–Ginzburg Hamiltonian
(LGH):

𝐻
(can)
loc (𝜂) =

∫︁
𝑉

ℎ
(can)
loc 𝑑𝑉, (6)
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ℎ
(can)
loc = 𝐴1𝜂(r) +

𝐴2

2
𝜂(r)2 +

𝐴4

4
𝜂(r)4.

Since the value of probability is invariant with re-
spect to the change of the variables, the condition

+∞∫︁
−∞

𝑒−ℎ
(can)
loc (𝑥)𝑑𝑥 =

+∞∫︁
−∞

𝑒−ℎloc(𝑦)𝑑𝑦 (7)

is imposed, which can be treated as the invariance of
the partition function for the local part of the Hamil-
tonian. Equation (7) represents one of the constraints
for the determination of the coefficients 𝐴𝑖 of the
canonical form as functions of the initial thermody-
namic variables. It also assures the bijectivity of the
transformation (5).

Let us define the functions:

𝐹 (𝜂;𝐴1, 𝐴2, 𝐴4) =

𝜂∫︁
−∞

exp
(︁
−ℎ

(can)
loc (𝑥)

)︁
𝑑𝑥, (8)

𝐺(𝜙; {𝑎𝑖}) =
𝜙∫︁

−∞

exp (−ℎloc(𝑦)) 𝑑𝑦. (9)

These functions are monotonic and, therefore, invert-
ible. The desired transformation is determined cor-
rectly via the equation:

𝐹 (𝜂;𝐴1, 𝐴2, 𝐴4) = 𝐺(𝜙; {𝑎𝑖}), (10)

so that the local transformation (5) is as follows:

𝜙(r) = (𝐺−1 ∘ 𝐹 )(𝜂(r)), (11)

where 𝐺−1 is the inverse function for 𝐺.
As has been noted before, the local part of Hamilto-

nian (3) is usually based on the mean-field equation
of state. Therefore, by neglecting the fluctuations,
i.e. considering only the local part of the Hamilto-
nian, we can find the coefficients of the canonical
form 𝐴𝑖 from the invariance condition for the mean-
field phase diagram. Namely, the locus of the binodal
𝑓(𝑎1, 𝑎2) = 0 and the CP are invariant with respect
to the transformation of the order parameter field (5).
In the canonical coordinates, the former is determined
by the equation 𝐴1 = 0 and the latter by 𝐴1 = 0,
𝐴2 = 0:

𝑓(𝑎1, 𝑎2) = 0 ⇔ 𝐴1 = 0, (12)

𝑎1(𝜇𝑐, 𝑇𝑐) = 0, 𝑎2(𝜇𝑐, 𝑇𝑐) = 0 ⇔ 𝐴1 = 0, 𝐴2 = 0.

(13)

Of course, (7) should be consistent with this invari-
ance condition. Therefore, from (13), we get the value
of 𝐴4:

+∞∫︁
−∞

exp

(︂
−𝐴4

4
𝜂4
)︂
𝑑𝜂 =

=

+∞∫︁
−∞

exp (−ℎloc(𝜙; 𝑎1 = 0, 𝑎2 = 0)) 𝑑𝜙, (14)

which gives

𝐴4=
𝜋4(︃

Γ
(︀
3
4

)︀ +∞∫︀
−∞

exp (−ℎloc(𝜙; 𝑎1 = 0, 𝑎2 = 0)) 𝑑𝜙

)︃4 .

(15)

Equation (12) allows us to find the coefficient 𝐴2 im-
plicitly:√︂

𝐴2

𝐴4
𝑒

𝐴2
2

2𝐴4 𝐾1/4

(︂
𝐴2

2

2𝐴4

)︂
=

=

+∞∫︁
−∞

exp (−𝐻loc(𝜙)) 𝑑𝜙

⃒⃒⃒⃒
⃒
𝑓(𝑎1,𝑎2)=0

. (16)

where 𝐾𝑞 is the 𝑞-th order modified Bessel function
of the second kind. Note that, according to (16), 𝐴2

can be considered as a function of the temperature
alone. This is because we make use the invariance of
the mean-field phase diagram for the determination
of the coefficients 𝐴𝑖. Finally, (7) determines the co-
efficient 𝐴1, which depends, in general, on both ther-
modynamic fields.

Thus, in terms of the variable 𝜂, the Hamiltonian
takes the Landau–Ginzburg form:

𝐻LG[𝜂(r)] =

∫︁ (︂
𝐴1𝜂(r) +

𝐴2

2
𝜂(r)2 +

+
𝐴4

4
𝜂(r)4 +

𝑏

2
(∇𝜂)2

)︂
𝑑𝑉. (17)

The above procedure relates the coefficients 𝐴𝑖 to the
thermodynamical parameters of the system. Note
that this procedure needs no small parameter and
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is nonperturbative in itself due to the global nature
of the Radon–Nikodim theorem. In contrast to it,
the reduction of a function to the canonical form in
the CT is possible only in a vicinity of the singular
point. Nevertheless, the perturbative form of trans-
formation (5) is also possible to be obtained. This
can be done correctly, at least asymptotically, if one
assumes that the interactions higher than 𝜙4 are
small [35]:

𝑎𝑛/𝑎4 < 1 for n ≥ 5. (18)

Then transformation (5) is close to the identity
mapping. Expanding (11) in a series, we get:

𝜂(r) = 𝜙(r) +
1

2
Γ2 𝜙(r)

2 +

+
1

3
Γ3 𝜙(r)

3 +
1

4
Γ4 𝜙(r)

4 + ..., (19)

where

Γ2 = 𝑎1 +𝐴1, (20)

Γ3 =
1

2

(︀
𝑎2 + 𝑎1

2 +𝐴2 +𝐴2
1 + 3𝑎1𝐴1

)︀
, etc. (21)

Our approach allows us to treat the effects of the
asymmetry of the Hamiltonian. It is natural to ana-
lyze the influence of the asymmetry of the Hamilto-
nian via the representation:

ℎloc(𝜙(r)) = ℎ
(+)
loc (𝜙(r)) + ℎ

(−)
loc (𝜙(r)), (22)

where

ℎ
(+)
loc (𝜙(r)) =

ℎloc(𝜙(r))− ℎloc(−𝜙(r))

2
,

ℎ
(−)
loc (𝜙(r)) =

ℎloc(𝜙(r)) + ℎloc(−𝜙(r))

2
,

and the superscript ± stands for the even and
odd components of the Hamiltonian, correspond-
ingly. The calculation of the canonical coefficients for
the specific case of the van der Waals equation of state
can be found in [20].

Note that all information about the asymmetry
caused by the odd part of the local Hamiltonian ℎ

(−)
loc

is represented by the linear term of the canonical form
with 𝐴1 ̸= 0. It is also present implicitly in 𝐴2 and
𝐴4. The specific calculations of the coefficients 𝐴𝑖 for
the van der Waals equation of state are presented in

[20]. It follows from (10) that if the initial Hamilto-
nian 𝐻loc(𝜙) is invariant under the transformation
𝜙 → −𝜙, then 𝐴1 vanishes identically. This means
that the canonical transformation preserves the par-
ity of the local Hamiltonian.

Assuming that the odd part of the Hamiltonian is
“small” in comparison with the even part (in the sense
of (18)), relation (7) yields

𝐴1 =

⎛⎝1

𝑐1

+∞∫︁
0

(︁
ℎ
(−)
loc (𝑥)

)︁2
exp

(︁
−ℎ

(+)
loc (𝑥)

)︁
𝑑𝑥

⎞⎠1/2+
+ 𝑜

(︁
ℎ
(−)
loc

)︁
, (23)

where

𝑐1 =

{︃√︀
𝐴4Γ

(︂
3

4

)︂
1𝐹1

(︂
3

4
;
1

2
;
𝐴2

2

4𝐴4

)︂
−

−𝐴2Γ

(︂
5

4

)︂
1𝐹1

(︂
5

4
;
3

2
;
𝐴2

2

4𝐴4

)︂}︃⧸︀√
2𝐴

5/4
4 , (24)

and 1𝐹1 is the Kummer function [36]. If we neglect
the fluctuational shift of the CP, then we see that the
main contribution to 𝐴1 in a vicinity of the critical
point is made by 𝑎5 (provided the coefficients 𝑎2𝑛+1

decrease, as 𝑛 increases). Indeed, at the CP, 𝑎1 = 0,
𝑎2 = 0, 𝑎3 = 0, and the first nonvanishing term in
𝐻

(−)
loc is 𝑎5

5 𝜙5.
The procedure of determination of the coefficients

𝐴𝑖 proposed above is based on the mean field ap-
proach. The condition of invariance of the locus of
the CP (13) ignores the influence of fluctuations. The
fluctuations are described by the quasilocal part of
the Hamiltonian, and their account shifts the lo-
cus of the CP from its mean-field position. Since the
quasilocal part of the Hamiltonian has also asymmet-
ric terms in general, the procedure of the canoni-
cal transformation should be constructed in such a
way that these asymmetric terms be cancelled in the
canonical Hamiltonian. The coefficients 𝐴1, 𝐴2, 𝐴4

are correspondingly modified, which leads to a shift
of the mean-field CP.

The appearance of such shift is connected with the
inclusion of the quasilocal interaction between modes
of the order parameter. It is necessary to emphasize
that this shift arises before the renormalization proce-
dure. Note that the local transformation (19) gener-
ates also the quasilocal term 𝜂(∇𝜂)2 multiplied by the
coefficient, which is proportional to Γ2. In this case,
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all local odd power terms, as well as the term 𝜂(∇𝜂)2,
can be cancelled. The parameter of asymmetry Γ2 is
determined by both local and quasilocal parts, which
are represented in the perturbative approach by the
terms 𝜙5 and 𝜙 (∇𝜙)

2
, respectively. This result is

in accordance with that of [14, 37], where the 𝜏1−𝛼

anomaly was derived, by using the asymmetric LGH
with the inclusion of irrelevant asymmetric terms of
the lowest dimension, namely 𝜙5 and 𝜙 (∇𝜙)

2. There
was shown that the results of the renormgroup anal-
ysis of these terms can be interpreted as a nonlinear
transformation of the order parameter (see Appendix
C in [14]).

It was shown in [18, 20] that the singularity of the
diameter is governed by both 𝜏2𝛽 and 𝜏1−𝛼 anoma-
lies. The results of [20], together with Eqs. (15), (16),
and (23), allow us to relate the amplitudes of the
𝜏2𝛽 and 𝜏1−𝛼 singularities to the details of the in-
terparticle interaction in the system. In particular, it
was shown in [20] that these amplitudes have oppo-
site signs. This fact agrees with the results obtained
in [25,38] (see also [39]) by processing the experimen-
tal data. It follows from (23) that, within perturba-
tion theory, this sign is determined by the coefficient
𝑎5. The value of Γ2 can be considered as the asym-
metry factor of the microscopic Hamiltonian, since it
is determined by its odd part, as it follows from (20)
and (23).

Applying (19), the average value of density as the
initial order parameter can be written as

𝑛 = 𝜂0 + 𝜂𝑎sym + ... . (25)

where we omitted the terms of higher order which
are less singular than |𝐴2|1−𝛼 (see below). From this
point, we restrict our consideration by the first two
terms only.

Here,

𝜂0 = ⟨𝜂(r)⟩ = ±|𝐴2|𝛽𝑔𝜂
(︂

𝐴1

|𝐴2|𝛽+𝛾

)︂
+ ...

is the equilibrium value of canonical order parameter,
and the function 𝑔𝜂(𝑥) is its scaling function [13]. The
asymmetric contribution to the order parameter is

𝜂𝑎sym = −1

2
Γ2

(︀
𝜂20 + 𝑠𝜂

)︀
, (26)

where the quantity

𝑠𝜂 =
⟨︀
𝜂2(r)

⟩︀
− ⟨𝜂(r)⟩2 = |𝐴2|1−𝛼

𝑙𝜂

(︂
𝐴1

|𝐴2|𝛽+𝛾

)︂
+ ...

(27)

can be treated as the canonical entropy, since it is
conjugated to the temperature-like variable 𝐴2 (see
(17)). The function 𝑙𝜂(𝑥) determines the critical be-
havior of the fluctuational part of the free energy and
is connected with 𝑔𝜂(𝑥) via relation 𝑔′𝜂(𝑥) = 𝑙𝜂(𝑥).

Representations (25) and (26) form the basis for
treating the asymptotic properties of the physical
quantities due to the asymmetry of the Hamilto-
nian. In particular, relation (26) describes the diame-
ter singularity [20]. To compare our results with those
of the complete scaling approach [21, 22]), we repre-
sent the dimensionless isothermal compressibility of
the coexisting phases in a form

𝑛2𝜒𝑇 =
𝜕𝑛

𝜕𝜇

⃒⃒⃒⃒
𝑇

= �̃�0 + �̃�𝑎sym =

=

(︂
𝜕𝐴1

𝜕𝜇

⃒⃒⃒⃒
𝑇

𝜕

𝜕𝐴1
+

𝜕𝐴2

𝜕𝜇

⃒⃒⃒⃒
𝑇

𝜕

𝜕𝐴2

)︂
(𝜂0 + 𝜂𝑎sym) + ...,

(28)

where dots stand for the terms of the lower order as
in (25). Therefore, in a vicinity if the critical point,
we have

𝜒sym =
1

𝑛2

𝜕𝐴1(𝜇, 𝑇 )

𝜕𝜇

⃒⃒⃒⃒
𝑇

|𝐴2|−𝛾𝑔′𝑠(0) + ..., (29)

𝜒𝑎sym = ∓ Γ̃2

2𝑛2
𝑐

𝜕𝐴1(𝜇, 𝑇 )

𝜕𝜇

⃒⃒⃒⃒
𝑇

(︀
|𝜏 |𝛽−𝛾𝑔𝑠(0)𝑔

′
𝑠(0)+

+ |𝜏 |𝛽−1𝑙′𝑠(0)
)︀
. (30)

Despite the similarity in the ideology (the nonlinear
transformation of the order parameter), the formal-
ism of the canonical form of the Hamiltonian differs
from the “complete scaling” approach [21], which was
originally used to treat the singularity of the diameter
and to resolve the nature of the Yang-Yang anomaly
[40]. Note that the canonical formalism deals directly
with the Hamiltonian. This leads to the prediction
that both 𝜂20 and 𝑠𝜂 contributions are generated by
the asymmetry of the Hamiltonian and are propor-
tional to its asymmetry factor Γ2. Within the “com-
plete scaling” approach, they are actually indepen-
dent, because of the phenomenological nature of the
hypothesis of the complete scaling [21, 25]. In addi-
tion, our approach predicts that these two contribu-
tions are of opposite signs. This seems to agree with
the estimates in [21, 38]. The analysis of [23] carried
out for a number of real and model systems also re-
veals this fact, though some exceptions like water and
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a restricted primitive model of electrolytes (see, e.g.,
[41]) exist. It is not clear, where this exception has
really physical basis or just due to inaccuracies of the
experimental data. Note that one should differentiate
between the pure algebraic term |𝜏 |2𝛽 , which can be
excluded by a redefinition of the order parameter and
the nonlinear fluctuational contribution to the recti-
linear diameter [20, 42].

From Eq. (28), we see that, besides the standard
|𝜏 |−𝛾 singularity, which is the same for both coex-
isting phases, there are also the leading correction
terms |𝜏 |𝛽−𝛾 and |𝜏 |1−𝛼−𝛽−𝛾 . In these phases, they
have opposite signs along the coexistence curve due
to the presence of 𝜂𝑎sym. This result agrees with that
of [22].

Since the Tolman length is expressed via the com-
pressibilities of the coexistent phases (see [43, 44]),
the representation (28) determines the critical behav-
ior of the Tolman length. We consider the application
of the canonical formalism and representation (25) to
this problem in the following Section.

3. Tolman Length and its Criticality

The question of the critical behavior of the Tolman
length has been the subject of interest due to contro-
versial conclusions made within different approaches,
see [24]. The relation of the Tolman length to the
asymmetry of the coexisting phases was noted by
many authors [11, 12, 22].

To obtain the critical asymptotics for 𝛿, we use the
rigorous thermodynamic expression for the Tolman
length derived earlier in [11, 45] and recently repre-
sented in the “compressibility form” in [24]:

𝛿𝑇 ≈ −𝜎∞

Δ
(︁
𝜕𝑛
𝜕𝜇

⃒⃒⃒
𝑇

)︁
(Δ𝑛)

2 . (31)

Here, 𝜎∞ is the surface tension of the planar interface.
Substituting Eq. (25) and Eq. (28) into Eq. (31), we
obtain

𝛿𝑇 ≈ 2
𝜎∞

𝑛𝑐

�̃�𝑎sym

(Δ�̃�)
2 = −𝜎∞

𝑛𝑐

𝜕𝜂𝑎sym

𝜕𝜇

⃒⃒⃒
𝑇

4𝜂20
. (32)

So, in the leading order, we have

𝛿𝑇 ≈ 𝜎∞

𝑛𝑐

𝜕𝐴1

𝜕𝜇

⃒⃒⃒⃒
𝑇

Γ2

(︂
𝑔′𝜂(0)

𝑔𝜂(0)
|𝐴2|−𝛽−𝛾 +

+
𝑙′𝜂(0)

𝑔2𝜂(0)
|𝐴2|−1−𝛽

)︂
+ ..., (33)

which obviously leads to both |𝜏 |𝛽−𝛾 and |𝜏 |1−𝛼−𝛽−𝛾

singularities for the Tolman length.
Let us demonstrate how (33) can be derived di-

rectly from the basic expressions of statistical me-
chanics for the surface tension [46],

𝜎0 =
1

4

∫︁
𝑑𝑧1

∫︁
𝑑r12𝑢

′(𝑟)𝑟(1− 3𝑠2)𝑛2(𝑧1, 𝑧2, 𝑟), (34)

and the Tolman length, [47]:

𝛿𝑇 = − 1

8𝜎∞

∫︁
𝑑𝑧1

∫︁
𝑑r12𝑢

′(𝑟)𝑟(1− 3𝑠2)×

× (𝑧1 + 𝑧2)𝑛2(𝑧1, 𝑧2, 𝑟), (35)

where

𝑛2(𝑧1, 𝑧2, 𝑟) = 𝑛1(𝑧1)𝑛1(𝑧2)(1 + 𝑔2(𝑧1, 𝑧2, 𝑟)),

𝑔2 is the pair correlation function [48], and 𝑛1(𝑧) is
the density profile for the flat surface. There exist ex-
pressions equivalent to (34) and (35), which use the
direct correlation function 𝐶2 instead of 𝑔2. For the
surface tension, this is the Trietzenberg–Zwanzig ex-
pression [49]:

𝜎∞ = 𝑇

∫︁∫︁
𝑑𝑛(𝑧1)𝑑𝑛(𝑧2)𝐾2(𝑧1, 𝑧2), (36)

where
𝐾2(𝑧1, 𝑧2) =

1

4

∫︁
𝑑𝑑−1𝜌𝜌2𝐶2 (𝑧1, 𝑧2; 𝜌), (37)

𝜌 = (𝑥, 𝑦), and 𝐶2 is the direct correlation function
for the planar geometry. The expression for 𝛿𝑇 in the
sense of the Trietzenberg–Zwanzig form was obtained
by E. Blokhuis [50]. We use the result for the cylin-
drical geometry of the interface:

𝛿𝑇 =
𝑇

𝜎0

∫︁∫︁
𝑑𝑛1(𝑧1)𝑑𝑛1(𝑧2)𝑧1𝐾2(𝑧1, 𝑧2); (38)

but, of course, the asymptotics itself does not depend
on the specific geometry. Near the critical point, the
density profile can be represented as follows:

𝑛1(𝑧) = 𝑛0 −
Δ𝑛

2
𝑓(𝑧/𝜉), 𝑛0 =

1

2
(𝑛𝑙 + 𝑛𝑔), (39)

where Δ𝑛 = 𝑛𝑙 − 𝑛𝑔 with Δ𝑛 ∼ 𝜏𝛽 , and

𝑓(𝑧) →

{︃
+1, 𝑧 → +∞,

−1, 𝑧 → −∞.
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Note that the main contribution to the criticality
of the surface tension in (38) is due to the symmetric
part of the function 𝐶2, which can be obtained on
the basis of its isotropic part for the homogeneous
phase. Using the standard relation

1

𝑇

(︂
𝜕𝑝

𝜕𝑛

)︂
𝑇

= 1− 𝑛

∫︁
𝐶2(𝑛; r12)𝑑r12, (40)

along with critical asymptotics 𝜕𝑝
𝜕𝑛

⃒⃒⃒
𝑇
∝ |𝜏 |𝛾 , we get

𝐶2(𝑛; r12) ∝ |𝜏 |2−𝛼+𝛾 ∝ 1

𝜉𝑑+2−𝜂
. (41)

Therefore, in the leading order, 𝐾2 scales as

𝐾2 =
1

4

∫︁
𝑑𝑑−1𝜌𝜌2𝐶2 (𝑧1, 𝑧2; 𝜌) ∝

𝜉𝑑+1

𝜉𝑑+2−𝜂
∝ 1

𝜉1−𝜂
.

(42)

Substituting this result into (36), we get the standard
result for 𝜎0:

𝜎0 ∝ Δ𝑛2

𝜉1−𝜂
∝ |𝜏 |2𝛽+𝜈(1−𝜂) = |𝜏 |(𝑑−1)𝜈 . (43)

Note that the square gradient van der Waals approx-
imation

𝜎vdW =
𝑏

2

+∞∫︁
−∞

(∇𝑛(𝑧))
2
𝑑𝑧 (44)

with 𝑏 = const, which follows from (36) in the local
approximation for the kernel, leads to the inaccurate
critical asymptotics 𝜎vdW ∝ |𝜏 |2𝛽−𝜈 .

Similarly considering the asymmetric corrections in
(40), which come from (28), we can find the critical
behavior for 𝛿𝑇 from (38). Indeed, the inner integral
expression in (37) can be decomposed into odd and
even parts:

𝒦1(𝑧1) =

∫︁
𝑑𝑛1(𝑧2)𝐾2(𝑧1, 𝑧2) =

= 𝒦(+)
1 (𝑧1) +𝒦(−)

1 (𝑧1) (45)

with 𝒦(±)
1 (−𝑧) = ±𝒦(±)

1 (𝑧). Therefore, (36) and (38)
are transformed into

𝜎0 = 𝑇

∫︁
𝑑𝑛1(𝑧1)𝐾

(+)
1 (𝑧1), (46)

𝛿𝑇 =
𝑇

𝜎0

∫︁
𝑑𝑛1(𝑧1)𝑧1𝐾

(−)
1 (𝑧1). (47)

The odd part 𝒦1(𝑧1) due to (28) can be connected
with the asymmetric contribution to the compress-
ibility. In view of (28), Eq.(41) can be written as

𝐶2(𝑛; r12) ∝ |𝜏 |2−𝛼+𝛾
(︀
1 + 𝑐|𝜏 |𝛽 + ...

)︀
,

where 𝑐 is a temperature-independent coeffi-
cient. Following the same estimates as in (36) for (38),
we easily obtain the leading term |𝜏 |𝛽−𝜈 . Another cor-
rection can be obtained in the same way. Thus, we
see that the Tolman length is intrinsically connected
with the asymmetry of the correlation functions and
the microscopic Hamiltonian.

We finish our analysis by making connection of the
above results with the Fisher–Wortis representation
for 𝛿𝑇 :

𝛿𝑛 =

+∞∫︀
−∞

𝑧𝑛′(𝑧)𝑑𝑧

+∞∫︀
−∞

𝑛′(𝑧)𝑑𝑧

−

+∞∫︀
−∞

𝑧𝑛′2(𝑧)𝑑𝑧

+∞∫︀
−∞

𝑛′2(𝑧)𝑑𝑧

, (48)

where 𝑛(𝑧) is the equilibrium density profile of the
coexisting phases. This representation was derived
on the basis of the Landau–Ginzburg functional
[11]. Using the result of the previous section, we per-
form the inverse local canonical transformation:

�̃�(r) = 𝜂(r)− 1

2
Γ2𝜂

2(r) + 𝑜
(︀
𝜂2(r)

)︀
, (49)

where �̃� = 𝑛(r)/𝑛𝑐 − 1. This transformation restores
the symmetry of the thermodynamic functional in
terms of the canonical variable 𝜂, as was shown in
Section 2 (see (25)). By definition, the spatial profile
of the canonical order parameter 𝜂0(𝑧) is an odd func-
tion with respect to the interphase boundary 𝑧 = 0
defined as the “equi-𝜂” surface:

𝜂0(−𝑧) = −𝜂0(𝑧), (50)

just like for any model with the even Landau–
Ginzburg functional [11]. It follows from (25) that the
phase coexistence profile of the density can be written
as

�̃�(𝑧) = 𝜂0(𝑧) + 𝜂𝑎sym(𝑧) + 𝑜
(︀
𝜂20(𝑧)

)︀
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with the obvious Ising-like properties

𝜂0(𝑧) = −𝜂0(−𝑧), 𝜂𝑎sym(𝑧) = 𝜂𝑎sym(−𝑧). (51)

Substituting this expression into (48), we obtain

𝛿𝑇 = −Γ2𝛿can + 𝑜
(︀
𝜂20
)︀
, (52)

where

𝛿can = 𝛿𝜂 + 𝛿𝑠. (53)

Thus, the amplitude value of the Tolman length is
governed by the value of Γ2, which can be either pos-
itive or negative, depending on the details of the mi-
croscopic interaction. Asymptotically, 𝜂0 ∝ |𝜏 |𝛽 and
𝜂𝑎sym ∝ |𝜏 |2𝛽 , so we can write

𝛿𝜂 =
1

2

+∞∫︀
−∞

𝑧𝑑𝜂20(𝑧)

+∞∫︀
−∞

𝑑𝜂0(𝑧)

− 2

+∞∫︀
−∞

𝑧𝜂0(𝑧)𝜂
′2
0 (𝑧)𝑑𝑧

+∞∫︀
−∞

𝜂′20 (𝑧)𝑑𝑧

, (54)

𝛿𝑠 =
1

2

+∞∫︀
−∞

𝑧𝑑𝑠𝜂(𝑧)

+∞∫︀
−∞

𝑑𝜂0(𝑧)

−

+∞∫︀
−∞

𝑧𝑠′𝜂(𝑧)𝑑𝜂0(𝑧)

+∞∫︀
−∞

𝜂′20 (𝑧)𝑑𝑧

, (55)

where 𝜂(𝑧) and 𝑠𝜂(𝑧) are the equilibrium profiles of
the canonical order parameter and the entropy, cor-
respondingly. Since the density profile varies over the
correlation length 𝜉, which is the only relevant char-
acteristic spatial scale near the CP, then the simple
scaling consideration gives

𝛿𝜂 ∝ 𝜏𝛽−𝜈, 𝛿𝑠 ∝ 𝜏1−𝛼−𝛽−𝜈. (56)

Thus, all expressions lead to the same leading crit-
ical behavior. Note that it is the canonical represen-
tation (26), which leads to the correct result even in
the square gradient approximation used in the deriva-
tion of (48). This is in contrast to the inadequacy
of the square gradient approximation for the surface
tension (44) which uses on the non-canonical order
parameter.

Expression (52) for the Tolman length allows us to
shed light on the nature of the approximate relation
between 𝛿𝑇 and the density diameter 𝑛𝑑 =

𝑛liq+𝑛gas

2𝑛𝑐
:

𝛿𝑇 ≃ −𝜉
𝑛𝑑 − 1

Δ𝑛
, (57)

which was proposed in [22]. In fact, this relation ex-
presses the fact that both 𝛿𝑇 𝑛𝑑 has the same origin –
the asymmetry of the Hamiltonian in terms of the ini-
tial order parameter, which is not canonical. In the
canonical formalism, both these quantities are pro-
portional to the same asymmetry factor Γ2 according
to (26) and Eqs. (52),(53).

4. Conclusion

We have performed the detailed analysis of the
asymptotic behavior of the Tolman length near the
CP of a molecular liquid. Within the ideology of the
canonical form for the fluctuational Hamiltonian (see
[18–20]), it is the trivial fact that the non-zeroth value
of the Tolman length is the effect of the asymme-
try of the Hamiltonian. In such a way, the relation
between the critical amplitudes and the coefficients
of the initial Hamiltonian is obtained. With the help
of the transformation to the canonical order parame-
ter, we derive the invariant representation of the Tol-
man length in terms of the profiles of the canoni-
cal order parameter and the canonical entropy. The
leading singular terms are generated by these two
contributions and are proportional to ∝ 𝜏𝛽−𝜈 and
∝ 𝜏1−𝛼−𝛽−𝜈 correspondingly. This is in agreement
with the results of [22, 23] based on the “complete
scaling” approach [21]. It uses the assumption about
three scaling fields for the critical behavior of molec-
ular liquids. Within the canonical approach, we ad-
here to the fact that there is only two fluctuating
fields for the molecular liquids [51]. In addition, the
method of [23] works with the truncated Landau ex-
pansion of the free energy. In contrast to it, the tech-
nique of canonical forms for the fluctuational Hamil-
tonian allows one to operate with the whole expan-
sion. Moreover, there is a profound relation between
the procedure of canonical transformation and the
global isomorphism approach [17,52]. The latter also
uses a transformation that makes the binodal sym-
metric. One can consider the projected transforma-
tions [52] as the mean-field version of the canonical
transformation beyond the critical region. This route
is worth of the further development.

The author is grateful to Mr.Konstantin Yun for
support during the preparation of the manuscript.
The work was partially sponsored by the Min-
istry of Education and Science of Ukraine (grant
No. 0115U003214).
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APPENDIX A
The Canonical Transformation
for the Density Profile

The rigorous mathematical approach to the existence of the
canonical transformation in the case of the infinite number
of variables is not developed yet. Here, we give an indirect
evidence for the existence of the canonic transformation, by
considering the density profile of the phase coexistence.

Let us consider the inhomogeneous equilibrium state of the
liquid-vapor system with planar interface. Let 𝑛(𝑧) be the
density profile. The latter is nothing but the one-particle dis-
tribution function. Evidently, 𝑛(𝑧) has the asymptotes:

�̃�(𝑧) =

{︃
𝑛𝑙, 𝑧 → +∞,

𝑛𝑔 , 𝑧 → −∞.
(A1)

Let us subtract the background constant and use the excess
density

𝑛(𝑧) =

{︃
𝑛𝑙 − 𝑛𝑔 , 𝑧 → +∞,

0, 𝑧 → −∞.
(A2)

If the profile is monotonic, then we can interpret 𝑛(𝑧) as a
distribution function for some measure with 𝑛′(𝑧) > 0 as the
measure density. Then the Radon–Nikodim theorem assures
the existence of the transformation to the profile corresponding
to functional (17).

In general, 𝑛(𝑧) can be non-monotonic or even oscillatory,
as in the case of liquid metals [53]. Then we can define the
functional

𝐹𝑛(𝑧) =
1

ℎ𝑛(𝑧)

𝑧∫︁
−∞

𝑛(𝑥)𝑑𝑥 > 0. (A3)

The functional ℎ𝑛(𝑧) > 0 is chosen in such a way that 𝐹𝑛(𝑧)

is monotonic in 𝑧 and bounded:

𝑑

𝑑𝑧
ln𝐹𝑛(𝑧) =

𝑛(𝑧)
𝑧∫︀

−∞
𝑛(𝑥)𝑑𝑥

−
ℎ′
𝑛(𝑧)

ℎ𝑛(𝑧)
> 0. (A4)

As a minorant in a sense of (A4), it is possible to take ℎ𝑛(𝑧)

in the form

ℎ𝑛(𝑧) = exp

⎛⎝ 𝑧∫︁
−∞

𝑑𝑥
�̃�(𝑥)

1 + �̃�′(𝑥)2

⎞⎠,

where

�̃�(𝑥) =
𝑛(𝑥)

𝑥∫︀
−∞

𝑑𝑦𝑛(𝑦)

.

Therefore, the functional 𝐹𝑛 given by (A3) can be interpreted
as the measure corresponding to the profile 𝑛(𝑧) even if 𝑛(𝑧)

is not monotonic. Then the Radon–Nikodim theorem holds
for 𝐹𝑛.

This means that, for any profile 𝑛(𝑧), we can choose
the smooth invertible local transformation (diffeomorphism)

𝜂(𝑧) = 𝑓(𝑛(𝑧)) so that the profile 𝜂(𝑧) corresponds to the
canonical functional (17). Note that while 𝑛(𝑧) is determined
by both nonlocal and local parts of the system’s Hamiltonian,
this interpretation of the canonical transformation is indepen-
dent of a particular form of these parts and uses only the gen-
eral property (A2).
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АСИМЕТРIЯ ГАМIЛЬТОНIАНА
I СИНГУЛЯРНА ПОВЕДIНКА ДОВЖИНИ ТОЛМЕНА
В РАМКАХ КАНОНIЧНОГО ФОРМАЛIЗМУ

Р е з ю м е

В статтi розглядається зв’язок асиметрiї гамiльтонiана з
критичною поведiнкою довжини Толмена на основi нелiнiй-
ного перетворення параметра порядку. Показано, що стру-
ктура критичної асимптотики цiєї величини збiгається з
такою для асиметричної частини iзотермiчної стисливостi.
Взаємозв’язок сингулярностi дiаметра бiнодалi i толменiв-
ської довжини обґрунтовано в рамках формалiзму канонi-
чної форми гамiльтонiана. Показано яким чином головнi
асимптотичнi члени можуть бути отриманi на основi то-
чних виразiв статистичної механiки для довжини Толмена.
Результати порiвнюються iз вiдомими результатами роботи
M.A. Anisimov, Phys. Rev. Lett. 98, 035702 (2007).
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